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Motivation



Situation

Modeling assumptions:

� Multiple fluids

� Incompressible fluids

� Viscous fluids

� Isothermal fluids

Prototypical phase-field model: Navier-Stokes Cahn-Hilliard model
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Navier-Stokes Cahn-Hilliard models

Navier-Stokes model

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0,

divv = 0.

Cahn-Hilliard model

∂tc − div (M∇µ) = 0,

µ− σ

ε
F ′(c) + σε∆c = 0.
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Navier-Stokes Cahn-Hilliard models

Navier-Stokes model

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0,

divv = 0.

Cahn-Hilliard model

∂tc − div (M∇µ) = 0,

µ− σ

ε
F ′(c) + σε∆c = 0.

Notation Navier-Stokes model:

� ρ density

� v velocity

� T stress

� b body force

Notation Cahn-Hilliard model:

� σ surface energy parameter

� ε interface width parameter

� M mobility, c concentration
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Navier-Stokes Cahn-Hilliard models

Navier-Stokes model

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0,

divv = 0.

Cahn-Hilliard model

∂tc − div (M∇µ) = 0,

µ− σ

ε
F ′(c) + σε∆c = 0.

Navier-Stokes model + Cahn-Hilliard model?

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0,

divv = 0,

∂tc − div (M∇µ) = 0,

µ− σ

ε
F ′(c) + σε∆c = 0.

Constant density → [Hohenberg and Halperin, Rev. Mod. Phys., 1977]
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Non-matching densities - Navier-Stokes Cahn-Hilliard model

Mass-averaged velocity model - Lowengrub and Truskinovsky:

ρ∂tv + ρv · ∇v +∇p̌ − divτ̌ + σεdiv(ρ∇c ⊗∇c) = 0,

∂tρ+ div(ρv) = 0,

ρ(∂tc + v · ∇c)−div (m̌∇µ̌) = 0,

µ̌+ρ−2 ∂ρ

∂c
p−σ

ε
f ′(c) + σερ−1div(ρ∇c) = 0.

Notation:

� order parameter: concentration difference c = c1 − c2

� density ρ ρ−1(c) = ρ−1
1 c1 + ρ−1

2 c2

� velocity v: mass-averaged ρv = ρ̃1v1 + ρ̃2v2, with ρ̃α = ρcα

� mobility m̌ = const ≥ 0

[Lowengrub and Truskinovsky, Proc. R. Soc. A, 1998]
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Non-matching densities - Navier-Stokes Cahn-Hilliard model

Volume-averaged velocity model - Abels, Garcke, Grün:

∂t(ρu) + div(ρu⊗ u) + div (u⊗ J) +∇p̂ − divτ̂ + σεdiv( ∇φ⊗∇φ) = 0,

divu = 0,

∂tφ + u · ∇φ− div (m̂∇µ̂) = 0,

µ̂− σ

ε
F ′(φ) + σε∆φ = 0.

Notation:

� order parameter: volume fraction difference φ = φ1 − φ2

� density ρ ρ(φ) = ρ1φ1 + ρ2φ2

� velocity u: volume-averaged u = φ1u1 + φ2v2, with ρ̃α = ραφα
� mobility m̂ = m̂(φ) ≥ 0

� diffusive flux J =
ρ1 − ρ2

2
m̂∇µ̂

[Abels, Garcke, Grün, M3AS, 2013]
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Overview Navier-Stokes Cahn-Hilliard models

Model Velocity

Ord
er param.

Free energ
y

M
obilit

y

Energ
y law

Abels et al., u φ Ψ non-deg./deg. 3

Math. Mod. Meth. Appl. Sci. 2012

Aki et al., v φ Ψ non-deg. 3

Math. Mod. Meth. Appl. Sci. 2014

Boyer, u φ Ψ deg. 7

Comput. Fluids 2002

Ding et al., u φ Ψ deg. 7

J. Comput. Phys. 2007

Lowengrub and Truskinovsky, v c ψ non-deg. 3

Proc. R. Soc. A, 1998

Shen et al. v φ Ψ non-deg. 3

Commun. Comput. Phys. 2013

S. Roudbari et al., v φ Ψ non-deg. 3

Math. Mod. Meth. Appl. Sci. 2018
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Objective

Modeling assumptions:

� Multiple fluids

� Incompressible fluids

� Viscous fluids

� Isothermal fluids

Observation:

� Same physics, yet different Navier-Stokes Cahn-Hilliard (Allen-Cahn) models

→ similar situation for N-phase flow

Objective:

� A unified framework for Navier-Stokes Cahn-Hilliard (Allen-Cahn) models

� A mixture-theory compatible phase-field framework
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Phase-field mixture models



Preliminaries

Definitions:

Partial constituent density: ρ̃α(x, t) := lim
|V |→0

Mα(V )

|V |

Specific constituent density: ρα(x, t) := lim
|V |→0

Mα(V )

|Vα|

Constituent volume fraction: φα(x, t) := lim
|V |→0

|Vα|
|V |

Constituent concentration: cα(x, t) := lim
|V |→0

Mα(V )

M(V )

Mixture density: ρ(x, t) := lim
|V |→0

M(V )

|V |
Relations:

ρ =
∑
α

ρ̃α 1 =
∑
α

φα 1 =
∑
α

cα ρ̃α = ραφα ρ̃α = cαρ
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Two sets of equations

Balance laws constituents:
∂t ρ̃α + div(ρ̃αvα) = γα,

∂tmα + div (mα ⊗ vα)− divTα − ρ̃αbα = πα,

Tα − TT
α = Nα,

∂t
(
ρ̃α
(
εα + ‖vα‖2/2

))
+ div

(
ρ̃α
(
εα + ‖vα‖2/2

)
vα
)

−div (Tαvα)− ρ̃αbα · vα + divqα − ρ̃αrα = eα.

Balance laws mixture (consequence):
∂tρ+ div(ρv) = 0,

∑
α γα = 0

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0,
∑
α πα = 0

T− TT = 0,
∑
α Nα = 0

∂t
(
ρ
(
ε+ ‖v‖2/2

))
+ div

(
ρ
(
ε+ ‖v‖2/2

)
v
)

−div (Tv)− ρb · v + divq− ρr = 0,
∑
α eα = 0.

[Truesdell, Toupin, 1960]
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Two sets of equations

Balance laws constituents:
∂t ρ̃α + div(ρ̃αvα) = γα,

∂tmα + div (mα ⊗ vα)− divTα − ρ̃αbα = πα,

Tα − TT
α= Nα,

∂t
(
ρ̃α
(
εα + ‖vα‖2/2

))
+ div

(
ρ̃α
(
εα + ‖vα‖2/2

)
vα
)

−div (Tαvα)− ρ̃αbα · vα + divqα − ρ̃αrα= eα.

Balance laws mixture (consequence):
∂tρ+ div(ρv) = 0,

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0,

T− TT= 0,

∂t
(
ρ
(
ε+ ‖v‖2/2

))
+ div

(
ρ
(
ε+ ‖v‖2/2

)
v
)

−div (Tv)− ρb · v + divq− ρr= 0.

[Truesdell, Toupin, 1960]
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Two sets of equations

Balance laws constituents:

∂t ρ̃α + div(ρ̃αvα) = γα,

∂tmα + div (mα ⊗ vα)− divTα − ρ̃αbα = πα.

Balance laws mixture (consequence):

∂tρ+ div(ρv) = 0,

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0.

[Truesdell, Toupin, 1960]

12



Two sets of equations

Balance laws constituents:

∂t ρ̃α + div(ρ̃αvα) = γα,

∂tmα + div (mα ⊗ vα)− divTα − ρ̃αbα = πα.

Balance laws mixture (consequence):

∂tρ+ div(ρv) = 0,

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0.

Objective 1: Phase-field modeling framework - Navier-Stokes Cahn-Hilliard

∂t ρ̃α + div(ρ̃αvα) = γα,

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0.
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Two sets of equations

Balance laws constituents:
∂t ρ̃α + div(ρ̃αvα) = γα,

∂tmα + div (mα ⊗ vα)− divTα − ρ̃αbα = πα.

Balance laws mixture (consequence):
∂tρ+ div(ρv) = 0,

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0.

Objective 1: Phase-field modeling framework - Navier-Stokes Cahn-Hilliard

∂t ρ̃α + div(ρ̃αvα) = γα,

∂t(ρv) + div (ρv ⊗ v)− divT− ρb = 0.

Objective 2: Phase-field modeling framework - Full mixture

∂t ρ̃α + div(ρ̃αvα) = γα,

∂tmα + div (mα ⊗ vα)− divTα − ρ̃αbα = πα.
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Navier-Stokes Cahn-Hilliard model - two components

Balance laws mixture - mass-averaged formulation:

∂tρ+ div(ρv) = 0,

∂t(ρv) + div (ρv ⊗ v)−divT− ρb = 0,

∂tφ+ div (φv) +divh = 0,

• Constitutive models for T and h = φ1(v1 − v)− φ2(v2 − v)

[ten Eikelder et al., M3AS, 2023]
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Navier-Stokes Cahn-Hilliard model - two components

Balance laws mixture - mass-averaged formulation:

∂tρ+ div(ρv) = 0,

∂t(ρv) + div (ρv ⊗ v)−divT− ρb = 0,

∂tφ+ div (φv) +divh = 0,

• Constitutive models for T and h = φ1(v1 − v)− φ2(v2 − v) −→ Energy-dissipation law:

NSCH model - mass-averaged formulation:

∂tρ+ div(ρv) = 0,

∂t(ρv) + div (ρv ⊗ v) +∇p − divτ + φ∇µ− ρb = 0,

∂tφ+ div(φv)−div (M∇(µ+ αp)) = 0.

[ten Eikelder et al., M3AS, 2023]
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Navier-Stokes Cahn-Hilliard model - two components

Balance laws mixture - volume-averaged formulation:

divu = 0,

∂t(ρu + J) + div

(
ρu⊗ u + J⊗ u + u⊗ J +

1

ρ
J⊗ J

)
−divT− ρb = 0,

∂tφ+ div (φv) +divh = 0,

• Constitutive models for T and h = φ1(v1 − v)− φ2(v2 − v) −→ Energy-dissipation law:

NSCH model - volume-averaged formulation:

divu = 0,

∂t(ρu + Ĵ) + div

(
ρu⊗ u + Ĵ⊗ u + u⊗ Ĵ +

1

ρ
Ĵ⊗ Ĵ

)
+∇p − divτ + φ∇µ− ρb = 0,

∂tφ+ div(φv)−div (M∇(µ+ αp)) = 0.

[ten Eikelder et al., M3AS, 2023] 15



Navier-Stokes Cahn-Hilliard model - two components

NSCH model - mass-averaged formulation:

∂tρ+ div(ρv) = 0,

∂t(ρv) + div (ρv ⊗ v) +∇p − divτ + φ∇µ− ρb = 0,

∂tφ+ div(φv)−div (M∇(µ+ αp)) = 0.

• Variable transformations ρv = ρu + Ĵ:

NSCH model - volume-averaged formulation:

divu = 0,

∂t(ρu + Ĵ) + div

(
ρu⊗ u + Ĵ⊗ u + u⊗ Ĵ +

1

ρ
Ĵ⊗ Ĵ

)
+∇p − divτ + φ∇µ− ρb = 0,

∂tφ+ u · ∇φ −div
(

M̂∇(µ+ αp)
)

= 0.

[ten Eikelder et al., M3AS, 2023]
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Navier-Stokes Cahn-Hilliard model - N-components

NSCH model - mass-averaged formulation:

∂t ρ̃α + div(ρ̃αv)+divĴα = 0,

∂t(ρv) + div (ρv ⊗ v) +
∑
β

φβ∇(µα + p)− divτ − ρb = 0,

Ĵα +
∑
β

mαβ∇gβ = 0, gα = ρ−1
α (µα + p)

• Variable transformations ρv = ρu +
∑
α Ĵuα and Ĵuα = Ĵα − ρ̃α

∑
β ρ
−1
β Ĵβ :

NSCH model - volume-averaged formulation:

∂t ρ̃α + div(ρ̃αu) + divĴuα = 0,

∂t(ρv) + div (ρv ⊗ v) +
∑
β

φβ∇(µα + p)− divτ − ρb = 0,

[ten Eikelder, arxiv.org, 2024] 17



Invariance of set of fundamental variables

Balance laws
mass-averaged v

Balance laws
volume-averaged u

Navier-Stokes
Cahn-Hilliard model

mass-averaged v

Navier-Stokes
Cahn-Hilliard model

volume-averaged u

closure models closure models

variable transformations

variable transformations

Observation:

� NSCH mixture theory framework invariant to set of variables

[ten Eikelder et al., M3AS, 2023; ten Eikelder, arxiv.org, 2024]
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Invariance of set of fundamental variables

BL
v, φ

NSCH
v, φ

BL
u, φ

NSCH
u, φ

BL
v, c

NSCH
v, c

BL
u, c

NSCH
u, c

closure closure closure closure

transform

transform

transform

transform

transform

transform

Observation:

� NSCH mixture theory framework invariant to set of variables

[ten Eikelder et al., M3AS, 2023; ten Eikelder, arxiv.org, 2024]
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Invariance of set of fundamental variables

BL
v, φ,Ψ

NSCH
v, φ,Ψ

BL
u, φ,Ψ

NSCH
u, φ,Ψ

BL
v, c,Ψ

NSCH
v, c,Ψ

BL
u, c,Ψ

NSCH
u, c,Ψ

BL
v, φ, ψ

NSCH
v, φ, ψ

BL
u, φ, ψ

NSCH
u, φ, ψ

BL
v, c, ψ

NSCH
v, c, ψ

BL
u, c, ψ

NSCH
u, c, ψ

closure closure closure closure

closure closure closure closure

transform

transform

transform

transform

transform

transform

transform

transform

transform

transform

transform

transform

transform transform transform transformtransform transform

[ten Eikelder et al., M3AS, 2023; ten Eikelder, arxiv.org, 2024] 20



Phase-field full mixture model

Balance laws constituents:

∂t ρ̃α + div(ρ̃αvα) = 0

∂t(ρ̃αvα) + div (ρ̃αvα ⊗ vα)− divTα − ρ̃αbα = πα

Constitutive models for Tα and πα −→ Second law of thermodynamics for mixtures:

∂t ρ̃α + div(ρ̃αvα) = 0,

∂t(ρ̃αvα) + div (ρ̃αvα ⊗ vα) + φα∇ (p + µ̂α)

−div(να(2Dα + λα(divvα)I)− ρ̃αb =
∑
β

Rαβ(vβ − vα).

[ten Eikelder et al., JFM, 2024]
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Phase-field full mixture model

Mixture model:

∂t ρ̃α + div(ρ̃αvα) = 0,

∂t(ρ̃αvα) + div (ρ̃αvα ⊗ vα) + φα∇ (p + µ̂α)

−div(να(2Dα + λα(divvα)I)− ρ̃αb =
∑
β

Rαβ(vβ − vα),

µ̂α −
∂Ψα

∂φα
+ div

∂Ψα

∂∇φα
= 0

Phase-field characteristics:
3 Phase-field/order parameters φα/cα

3 Diffuse-interface (thickness εα)

3 Chemical potentials µ̂α

3 Energy-dissipation/thermodynamics

7 Mobility m

3 Gradient theory (∇φα)

7 Chemical potential in phase-field equation

3 Energy depends on interface thickness

3 Tanh-interface profile possible

3 Order parameter 0 ≤ φα, cα ≤ 1

[ten Eikelder et al., JFM, 2024]
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Comparison

Mixture model NSCHAC model

Mixture theory 3 7

Modeling restriction Second law Approximation second law

# mass balance laws N N

# momentum balance laws N 1

Diffusive flux Evolution equation Constitutive model

[ten Eikelder et al., JFM, 2024, ten Eikelder, arxiv.org, 2024]
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Computation



Objective

Objective:

� Benchmark Navier-Stokes Cahn-Hilliard unified framework

� Structure-preserving discretization Navier-Stokes Cahn-Hilliard model
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Benchmarking NSCH unified framework

NSCH model - volume-averaged formulation:

divu = 0,

∂t(ρu + Ĵ) + div

(
ρu⊗ u + Ĵ⊗ u + u⊗ Ĵ +

1

ρ
Ĵ⊗ Ĵ

)
+∇p − divτ + φ∇µ− ρb = 0,

∂tφ+ u · ∇φ −div
(

M̂∇(µ+ αp)
)

= 0.

[ten Eikelder and Schillinger, JCP, 2024]
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Rising bubble

� isogeometric discretization

� divergence conforming spaces

[J.A. Evans and T.J.R. Hughes,

J. Comput. Phys., 2013]

� no stabilization required

� midpoint time stepping

[ten Eikelder and Schillinger, JCP, 2024]
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Rising bubble

[ten Eikelder and Schillinger, JCP, 2024]
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Rising bubble

(a) Case 1 (b) Case 2 (c) Case 3

Rising bubble problem. Final bubble shape. Top: [Bhaga and Weber, JFM 1981], Bottom: [ten

Eikelder and Schillinger, JCP, 2024]. 27



Liquid filament contraction

[ten Eikelder and Schillinger,

JCP, 2024]
28



Liquid filament contraction

time(ms):

t = 0.0 t = 4.0 t = 6.3 t = 10.7

[ten Eikelder and Schillinger, JCP, 2024] 29



Structure-preserving scheme - NSCH mass averaged formulation

NSCH model - alternative mass-averaged formulation:

div v − αdiv (M∇(µ+ αp)) = 0,

v

2
∂tρ+ ρ∂tv +

1

2
v div(ρv) + ρv · ∇v +∇p − divτ + φ∇µ− ρb = 0,

∂tφ+ div(φv)− div (M∇(µ+ αp)) = 0.

Structure-preserving scheme satisfies the conservation of phase, mass, and the energy dissi-

pation law:

〈φn+1
h , 1〉 = 〈φ0,h, 1〉, 〈ρ(φn+1

h ), 1〉 = 〈ρ(φ0,h), 1〉,
E (φn+1

h , vn+1
h ) + ∆tDn+1 ≤ E (φnh, v

n
h)

[Brunk, ten Eikelder, 2025]
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Structure preserving scheme - preliminary results

[Brunk, ten Eikelder, 2025]
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Structure preserving scheme - preliminary results

Volume-averaged Mass-averaged

[Brunk, ten Eikelder, 2025] 31



Structure preserving scheme - N-phase - preliminary results

[ten Eikelder, Brunk, 2025] Smaller gravity Larger gravity
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Conclusions

Modeling:

1. NSCH mixture theory framework invariant to set of variables

2. Mixture model is a phase-field model but not Cahn-Hilliard (Allen-Cahn) type

Computation:

3. NSCH mixture model benchmark

4. Structure-preserving schemes NSCH mixture model
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Outlook

Flory-Huggins Ginzburg-Landau

� Bound-preservation

� Temperature

� N-component flows

� Sharp-interface limits

� Model comparison

� more ...

[ten Eikelder, Khanwale, Stanford CTR Proc., 2024]
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� ten Eikelder, Khanwale, CTR Stanford Uni. Proc. 2024

� Brunk, ten Eikelder, in preparation, 2025

� ten Eikelder, Brunk, in preparation, 2025

35


	Motivation
	Phase-field mixture models
	Computation
	Backup - slides
	Continuum mixture theory

