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Motivation



Modeling assumptions:
e Multiple fluids
e Incompressible fluids
e Viscous fluids

e [sothermal fluids

Prototypical phase-field model: Navier-Stokes Cahn-Hilliard model



Navier-Stokes Cahn-Hilliard models

Navier-Stokes model Cahn-Hilliard model

Or(pv) + div (pv @ v) — divT — pb = 0, Orc — div(MVpu) = 0,
divv = 0. - gF’(c) +oelAc= 0.
€



Navier-Stokes Cahn-Hilliard models

Navier-Stokes model Cahn-Hilliard model
Or(pv) + div (pv @ v) — divT — pb = 0, Orc — div(MVpu) = 0,
divv = 0. w— %F’(c) +oelc = 0.
Notation Navier-Stokes model:
e p density 03
e v velocity —F
e T stress 02
e b body force 0.1t
Notation Cahn-Hilliard model: ol
e o surface energy parameter - :

e ¢ interface width parameter

e M mobility, ¢ concentration



Navier-Stokes Cahn-Hilliard models

Navier-Stokes model Cahn-Hilliard model
Or(pv) + div (pv @ v) — divT — pb = 0, Orc — div(MVpu) = 0,
divv = 0. - gF’(c) +oelAc= 0.

€

Navier-Stokes model + Cahn-Hilliard model?

Or(pv) + div (pv @ v) — divT — pb = 0,
divv = 0,

Orc — div (MVyp) = 0,

w— %F’(c) +oeAc= 0.

Constant density — [Hohenberg and Halperin, Rev. Mod. Phys., 1977]



Non-matching densities - Navier-Stokes Cahn-Hilliard model

Mass-averaged velocity model - Lowengrub and Truskinovsky:
pOv + pv - Vv + Vp — div¥ + oediv(pVe® V) = 0,

Orp + div(pv) = 0,
p(Orc +v-Ve)=div(mVii) = 0,

;‘1+p72@p—gf'(c) + oeptdiv(pVe) = 0.
Jdc €
Notation:
e order parameter: concentration difference c=¢— 0
e density p pHe)=pila+pte
e velocity v: mass-averaged PV = p1Vv1 + pPava, with p, = pc,
e mobility m = const > 0

[Lowengrub and Truskinovsky, Proc. R. Soc. A, 1998]



Non-matching densities - Navier-Stokes Cahn-Hilliard model

Volume-averaged velocity model - Abels, Garcke, Griin:

O(pu) + div(pu @ u) +div(u® J) 4+ Vp —divF + gediv( Vo @ Vo) = 0,

Notation:

e order parameter: volume fraction difference
e density p

e velocity u: volume-averaged

e mobility

e diffusive flux

[Abels, Garcke, Griin, M3AS, 2013]

divu = 0,
0t +u- Vo —div(mVa) = 0,
- %F’((;S) T oelg = 0.

O =¢1— P2

p(P) = prd1 + p22

U = ¢rus + ¢ova, With g = pada
m = m(¢) >0
PL— P2 n o
J= mV
2 14



Overview Navier-Stokes Cahn-Hilliard models

Model N ($) <© <
Abels et al., u 10} | non-deg. /deg. v
Math. Mod. Meth. Appl. Sci. 2012

Aki et al., v ) v non-deg. v
Math. Mod. Meth. Appl. Sci. 2014

Boyer, u ) v deg. X
Comput. Fluids 2002

Ding et al., u ) v deg. X
J. Comput. Phys. 2007

Lowengrub and Truskinovsky, v c () non-deg. v
Proc. R. Soc. A, 1998

Shen et al. v ) v non-deg. v
Commun. Comput. Phys. 2013

S. Roudbari et al., v ¢ v non-deg. v

Math. Mod. Meth. Appl. Sci. 2018



Modeling assumptions:

e Multiple fluids
e Incompressible fluids
e Viscous fluids

e [sothermal fluids

Observation:

e Same physics, yet different Navier-Stokes Cahn-Hilliard (Allen-Cahn) models
— similar situation for N-phase flow

Objective:

e A unified framework for Navier-Stokes Cahn-Hilliard (Allen-Cahn) models

e A mixture-theory compatible phase-field framework



Phase-field mixture models



Preliminaries

Definitions:
Mo (V
Partial constituent density: Palx, t) = |\I/i\n_w}O |\£| )
Mo (V
Specific constituent density: Pal(x, t) == |\I/i\n_w}O V(a )
Constituent volume fraction: da(x,t) == lim Vol
V=0 |V|
Mo (V
Constituent concentration: Calx, t) == |\I/i‘rg0 M((V))
M(V
Mixture density: p(x, t) := |\I/i‘rg0 $/|)
Relations:

p:Zﬁa 1:Z¢a 1:ZCQ Pa = Paba Po = Cap
« [e%
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Two sets of equations

Balance laws constituents:
atﬁa + div(ﬁava) = Yo
a1.‘mo¢ + div (moz ® Va) —divT, — ﬁ(yboz = Ta,
Toz - T;— - Na;
Oe (o (€ + IVal/2)) + v (B (ea + IVal2/2) va)
—div (Tava) — Paba Vo + divae — fafa = €a.
Balance laws mixture (consequence):
Op + div(pv) = 0, Y a 0
O(pv) + div (pv @ v) — divT — pb = 0, > . mwa=0
T-T" =0, v 0
Ot (p (e +|Ivl?/2)) +div (p (e + [Iv]?/2) v)
—div (Tv) — pb - v+ divqg — pr = 0, >

[Truesdell, Toupin, 1960] H



Two sets of equations

Balance laws constituents:
atpa + div(pava) = Yo

O¢mg, + div (moz 2y Va) —divT, — ﬁ(yboz = Ta,

Balance laws mixture (consequence):
Op + div(pv) = 0,

O(pv) + div (pv @ v) — divT — pb =

[Truesdell, Toupin, 1960] H



Two sets of equations

Balance laws constituents:
8tﬁo¢ + div(ﬁuva) = Ya»
Ormy +div (my @ vy) — divTy — paba = ma.

Balance laws mixture (consequence):
Orp + div(pv) = 0,
O¢(pv) + div (pv @ v) — divT — pb = 0.

[Truesdell, Toupin, 1960]
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Two sets of equations

Balance laws constituents:
OtPa + di\'(f),\v,\) = g
Ormy +div (my @ vy) — divTy — paba = ma.

Balance laws mixture (consequence):
Orp + div(pv) = 0,
Ot(pv) + div (pv @ v) — divT — pb = 0.

Objective 1: Phase-field modeling framework - Navier-Stokes Cahn-Hilliard

Otpa + div(pava

~
loy

) p—
Ot(pv) + div (pv @ v) — divT — pb = 0.
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Two sets of equations

Balance laws constituents:
(:)t/N’u i ‘U\'(/N’uvu) = Ya»

Oema + div (M @ va) — divTa — faba = Ta.
Balance laws mixture (consequence):
Orp + div(pv) = 0,
Or(pv) + div (pv @ v) — divT — pb = 0.
Objective 1: Phase-field modeling framework - Navier-Stokes Cahn-Hilliard
Otpo + div(PaVa) = Ya,
O(pv) + div (pv ® v) — divT — pb = 0.
Objective 2: Phase-field modeling framework - Full mixture
Otpa + div(fava) = Ya,

Ormey + div (my ® vy) — divT, — faby = 4.
14



Navier-Stokes Cahn-Hilliard model - two components

Balance laws mixture - mass-averaged formulation:

Orp + div(pv) = 0,
O(pv) + div (pv @ v) —pb=0,
0t + div (¢v) +divh = 0,

e Constitutive models for T and h = ¢1(v1 — V) — ¢o(v2 — V)
[ten Eikelder et al., M3AS, 2023]
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Navier-Stokes Cahn-Hilliard model - two components

Balance laws mixture - mass-averaged formulation:
Orp + div(pv) = 0,
O(pv) + div (pv @ v) —pb= 0,
Ot + div (¢v) +divh = 0,

e Constitutive models for T and h = ¢1(v1 — V) — ¢2(va — v) — Energy-dissipation law:

NSCH model - mass-averaged formulation:

Op + div(pv) = 0
Ot(pv) + div (pv @ v) —pb=0,
Ot + div(¢v)—div (MV(u + ap)) = 0

[ten Eikelder et al., M3AS, 2023]
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Navier-Stokes Cahn-Hilliard model - two components

Balance laws mixture - volume-averaged formulation:

divu = 0,
at(pu-i-J)—l-div<pu®u+J®u+u®J+;J®J> —pb =0,
Ot¢ + div (¢v) +divh = 0,
e Constitutive models for T and h = ¢1(vy — v) — ¢2(v2 — v) — Energy-dissipation law:

NSCH model - volume-averaged formulation:

A A A Ta &
at(pu+J)+diV(pu®u+J®u+u®J+J®J> —pb =0,
p

|
S

Ot + div(pv)—div (MV (i + ap))

[ten Eikelder et al., M3AS, 2023] 15



Navier-Stokes Cahn-Hilliard model - two components

NSCH model - mass-averaged formulation:

afp + le(pV) = 07
Ot(pv) + div (pv @ v) —pb= 0,
Ot + div(¢v)—div (MV (i + ap)) = 0.

e Variable transformations pv = pu + J:

NSCH model - volume-averaged formulation:

divu = 0,
A A A la &
3t(pu+J)+diV(pu®u+J®u+u®J+J®J> —pb= 0,
p
Bep+u - Vo —div (MV(H i ap)) — o

[ten Eikelder et al., M3AS, 2023] "



Navier-Stokes Cahn-Hilliard model - N-components

NSCH model - mass-averaged formulation:
Otfo + div(pav)+divl, = 0,
Or(pv) + div (pv @ V) —divr —pb = 0,

Ja+ ) magVes =0,  ga=p3"(Ha +P)
E

e Variable transformations pv = pu+ > J; and Jg =Jo — Pa > s pgljﬁ:

NSCH model - volume-averaged formulation:
OtPa + div(pau) + divl¥ = 0,
O(pv) + div (pv @ v) —pb =0,

[ten Eikelder, arxiv.org, 2024] 17



Invariance of set of fundamental variables

PN
Balance laws Balance laws
mass-averaged v ~_ volume-averaged u

variable transformations

closure models closure models

variable transformations

Navier-Stokes Navier-Stokes
Cahn-Hilliard model Cahn-Hilliard model

mass-averaged v )v volume-averaged u

Observation:

e NSCH mixture theory framework invariant to set of variables

[ten Eikelder et al., M3AS, 2023; ten Eikelder, arxiv.org, 2024]
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Invariance of set of fundamental variables

transform transform transform

closure closure closure closure

transform transform transform

Observation:

e NSCH mixture theory framework invariant to set of variables

[ten Eikelder et al., M3AS, 2023; ten Eikelder, arxiv.org, 2024]
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Invariance of set of fundamental variables

transform transform transform

closure closure closure

transform transform transform

transform transform

transform transform transform

closure closure closure

transform transform transform

[ten Eikelder et al., M3AS, 2023; ten Eikelder, arxiv.org, 2024] 20



Phase-field full mixture model

Balance laws constituents:

Bt + div(fava) = 0
Ot(PaVva) + div (PaVa @ Vo) — divT, — faba = 7,

Constitutive models for T, and w, —> Second law of thermodynamics for mixtures:

Otfo + div(Pava) = 0,
8t(ﬁavo¢) + le (ﬁozva ® Va) + C)ov (P + /A’u)
—div(va(2Da + Aa(divva)l) = fab = Y " Rap(vs — va).
B

[ten Eikelder et al., JFM, 2024]
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Phase-field full mixture model

Mixture model:
Otpa + div(pava) = 0,
8t(ﬁava) + div (ﬁava & Va) + ¢V (P + ,aoz)

—div(v(2D4 + Ao (divvy)l) — gab = ZR(” V3 — Va),
L0V, OV,
ey = 56, +dw8V¢a 0
Phase-field characteristics:
v Phase-field /order parameters ¢ /ca v Gradient theory (V. )
v Diffuse-interface (thickness €4 ) X Chemical potential in phase-field equation
v/ Chemical potentials [in v/ Energy depends on interface thickness
v Energy-dissipation/thermodynamics v/ Tanh-interface profile possible
X Mobility m v Order parameter 0 < ¢po, o <1

)
[ten Eikelder et al.. JFM. 2024]



Comparison

Mixture model NSCHAC model
Mixture theory v X
Modeling restriction Second law Approximation second law
# mass balance laws N N
# momentum balance laws N 1
Diffusive flux Evolution equation Constitutive model

[ten Eikelder et al., JEM, 2024, ten Eikelder, arxiv.org, 2024]

23



Computation



Objective:

e Benchmark Navier-Stokes Cahn-Hilliard unified framework

e Structure-preserving discretization Navier-Stokes Cahn-Hilliard model

24



Benchmarking NSCH unified framework

NSCH model - volume-averaged formulation:
divu = 0,
A A A Ta &
8t(pu+J)+diV(pu®u+J®u+u®J+pJ®J) —pb= 0,

Oedp+u- Vo —div (Mv(u + Ozp)) = 0.

[ten Eikelder and Schillinger, JCP, 2024]

25



Rising bubble

e isogeometric discretization

e divergence conforming spaces
[J.A. Evans and T.J.R. Hughes,
J. Comput. Phys., 2013]

no stabilization required

midpoint time stepping

[ten Eikelder and Schillinger, JCP, 2024]
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Rising bubble

Gravity | ' @ <ot Initial bubble

[ten Eikelder and Schillinger, JCP, 2024] ”7



Rising bubble

(a) Case 1 (b) Case 2 (c) Case 3

Rising bubble problem. Final bubble shape. Top: [Bhaga and Weber, JFM 1981], Bottom: [ten
Eikelder and Schillinger, JCP, 2024]. 27



Liquid filament contraction

Gravity | ' <o - Initial liquid filament

[ten Eikelder and Schillinger,
JCP, 2024]
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Liquid filament contraction

©

time(ms):
t=20.0 t=4.0 = 0.3 t =10.7
[ten Eikelder and Schillinger, JCP, 2024] Y



Structure-preserving scheme - NSCH mass averaged formulation

NSCH model - alternative mass-averaged formulation:
divv — adiv(MV(u + ap)) = 0,
%ur,) + 0B + %v div(pv) + pv - Vv + Vp — divr + ¢V — pb = 0,
Orp + div(¢v) — div (MV(u + ap)) = 0.

Structure-preserving scheme satisfies the conservation of phase, mass, and the energy dissi-
pation law:

< Z+17 1> = <¢0,h7 1>7 <p( Z+1)7 1> = <p(¢0,h)7 1>a
E(of™ vt + AtD™ < E(¢7, Vi)

[Brunk, ten Eikelder, 2025]
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Structure preserving scheme - preliminary results

[Brunk, ten Eikelder, 2025]
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Structure preserving scheme - preliminary results

Volume-averaged Mass-averaged

[Brunk, ten Eikelder, 2025] 3



Structure preserving scheme - N-phase - preliminary results

[ten Eikelder, Brunk, 2025] Smaller gravity  Larger gravity »



Conclusions

Modeling:

1. NSCH mixture theory framework invariant to set of variables

2. Mixture model is a phase-field model but not Cahn-Hilliard (Allen-Cahn) type
Computation:

3. NSCH mixture model benchmark

4. Structure-preserving schemes NSCH mixture model

33



e Bound-preservation
e Temperature

e /N-component flows
e Sharp-interface limits
e Model comparison

e more ...
Flory-Huggins Ginzburg-Landau

[ten Eikelder, Khanwale, Stanford CTR Proc., 2024]
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ank you for your attention!

Marco ten Eikelder - marco.eikelder@tu-darmstadt.de

e ten Eikelder, van der Zee, Akkerman, Schillinger, M3AS, 2023
e ten Eikelder, van der Zee, Schillinger, JFM, 2024

e ten Eikelder, Schillinger, JCP, 2024

e ten Eikelder, arxiv.org, 2024

o ten Eikelder, Khanwale, CTR Stanford Uni. Proc. 2024

e Brunk, ten Eikelder, in preparation, 2025

e ten Eikelder, Brunk, in preparation, 2025
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