Existence of nonlinear waves of small amplitude To check that we can apply the Crandall-Rabinowitz
theorem in the present setting, we let

T={@,p): q C[&Fm, 7, p =0}, B ={(,p): q C&m, 7, p=npol},

be the top, respectively the bottom of the closed rectangle R, and we define the Banach spaces

X={w [CHP®): w=0 on B}, Y =CpuR)>Cck™M,
where the subscript “per” means 2m-periodicity and evenness in the g-variable. If H(p, A) are laminar flows, set

h(g,p) = H(p,A) +w(q,p) with w X1
and write for A = 2 max the system (bp) in operator form
FMWw,A) =0 with w X}

where F : X > (2max, o) — Y is given by F = (F1, F3) with

Fi(w,A) =1+ wg)(pr + wpp) — 2wc|(Hp + wp)wpq + (Hp + Wp)Zqu —v(—p) (Hp + Wp)3, (F1)

Fa(w,A) = 1+Ww2 +[20(H +w) — QI(Hp + wp)? ET. (F2)
By the equation satisfied by H we have
F@O,A) =0 forall A= 2Mmax-
The linearized operator Fy = (Fyw, Faw) at w = 0 is given by
Fu(0, ) =82 +H2 83 —3y(—p)H; dp in R,  Fau(0,A) =2(A g — Allzap);T. F)

The linear eigenvalue problem (Ip) expresses the fact that m belongs to the nullspace of Fy (0, A).



The null space Assuming (Ibc), we know that there is a unique AL 2 max With u()\l—)_—‘: —1 so that the null
space ker {Fy (0, A3 contains at least one element w(q, p) = M cos(q), where M ch'“[po, 0] is the
unique eigenfunction of (slps) corresponding to the eigenvalue L(A-)= —1. The null space is one-dimensional.
Indeed, if m I:Cje'ro‘ (R) belongs to the null space, then we proved before that its Fourier coe [cights my satisfy
(slp) so that ms(p) is a constant multiple of M(p) while if my &= 0 for some k = 2, we would have

z
0
3 2
—gmZ©) +  a’ (dpmy)’dp
z "0 =—Kk? < -1,
amﬁ dp

Po
contradicting the minimizing property of u()x'?: —1. As for mg, from the di Lerkntial equation and from the
boundary condition at p = pg in (slp) with k = 0 we get

V4
P _
mo(p) = Ao . 3. ADds,  p OO, 0,
0

z
1 0o _
for some Ag [RJ and the boundary condition at p = 0 yields Ag = 0 unless — = a 3(p. A %p, which is

Po
impossible. Indeed, the last relation is the defining property of Ag as the point where, in the context of laminar
flows, the strictly convex function A . Q(A) attains its minimum. However,

AL AN),

by the mongtenicity property of p(A),and the fact that pA 5= —1 while p(Ag) = 0. To see that pu(Ag) = 0,
P
note that F a 3(5, Np)ds, Ag = 0yields p(Ag) = 0. On the other hand, p(Ag) = 0 since F($p, Ag) =0

Po
for any ¢ [HI(pg, 0) such that ¢(pg) = 0, as
, «wZ o v, Z 0 4 o )
go°(0) =g Gp(P)dp = a™%(p, Ao) dp(p) a (P, Ao) dp
“z Po e Po - Z
03 2 0 3 03 2
=g a*(p, Ao) &, (p) dp a “(p,Ao)dp = a’(p, Ao) dp(p)dp -
Po Po Po



The range The fact that the operator Fy (0, )\'-)_—'. X — Y has a closed range of codimension one is ensured if
we prove that the pair (A, B) [Ylbelongs to the range if and only if it satisfies the orthogonality condition

zZZ V4
1
L A.P) a3, A5, p) dadp + ; . B@ a2(0,A5%d. 0)dg =0, (0c)

where

¢ d. p) = M(p) cos(q) £xX1

generates the null space ker {Fy (0, )\'ﬁ. Indeed, assuming the validity of the characterization (oc), the range
R(Fw (0, AD5Yis clearly closed in Y. Notice that A'™= 0 as A== 2Mnax and F(0) = 0 ensures 2Mmax = 0. On
the other hand, a(p, A5 0 for p [C[pb, 0] and F(M, A= —1 ensure M(0) & 0. Since a0, AD= A5ve
deduce from (oc) that

(0, cos(q)) IR(Fw (0, AD).

Notice that if (A1, B1), (A2, Bp) [YI\ R(Fy (0, )\lﬁ_ﬁl then

(A1, B1) — ¢ (A, By) TR(Fw (0,25
for 77 1 z
RA1a3¢q{1dp+ 2 . Blazd)l—_n‘h

Aza®d Sabdp + % Bya’ ¢ dh
R T

C = ££

the denominator of which being nonzero as (Az, B,) ITR(Fw (0, )\[—)_-)'A This proves that the Banach space
Y /R(Fw (0, A'—)_-)‘ is one-dimensional, that is, R(Fw (0, A has codimension one.

As for the necessity of (oc), if Fy (0, )\% = (A, B), then multiplying the partial di Cerential equation
A=F 0,2 = dpp + sz bggq — 3y(—Pp) HS bp

by a3¢ Cntegrating by parts, and using the fact that

B vy vy
B=Fau@AYd =2 S ¢—dp AT
in combination with F(H, A) = 0, Fy (0, A)¢ == 0 and Hp = a™%, one obtains (oc).



The proof of the su LCciehcy of (oc) is technically more intricate. Let us introduce the closed subspaces

z
hLs
Xo = {o CXI: ©(q,p)dg =0 forall p Cfpb, 0]} CX]
z,. " z
Yo = {(A, B) [XY: A(q,p)dgdp =0 forall p CIpb, 0], Bdq =0} Y1
—Tt T

Given (A, B) [Ylsuch that (oc) holds, since

_ _ V.
Hp=a !, a=—y(—p)a !, a@= AL

using (FI), we see that Fy (0, A D¢ = (A, B) for some ¢ [X1if and only if

8 3 3 H
2 Pope =dA in (.0,

1
% 9<Po—333p(00=53230 at p=0, (ocl)
® =0 at p=po,
and 8 , 3
% @ dp)p + adgqg =a’>(A—Ap) in R,
1
= gd)—a3¢p=§a2(B—Bo) on T, (oc2)
" ¢p=0 on B,
for

d=0—@o CXp, (A—Ag, B—Bgy) [V},
where B [CR] ¢ CCP%[pg, 0], Ag [CTF[pg, 0] are given by
12 1%n 1%n
Bop=_— Bdg, @o(p)=— @(g, p)dadp,  Ag(p) = — A(g, p) dqdp, p Cpb, 0]
2n T 2 —m 2 —m

Claim 1 For any (Ag, Bp) I:Cj’“[pg, 0] < R the problem (ocl) has a unique solution ¢g I:Cf'“[po, 0].



Indeed, from the diLerkntial equation in (ocl) we infer that
Zp
ool =c+ AN As)ds,  p Tl 0],
Po

for some constant C [R] so that the boundary condition at p = pg yields

z z «wZ .
P _ P _ S
e@=Cc a AN+ Ta AN @@ aHAmdt ds,  p CImb, 0.
Po Po Po

The boundary condition at p = 0 becomes

n Z, o Z, “Zg
c 1—g a3@EAblp =g a3 AH B aAbhg)dt ds
Po P% Po

0 1
— a8 AYHho(t)dT — 5 2?0, A5y Bg.
Po

We already proved (in the analysis of the null space) that
z z
1 0 _ 0 _
S= aleag)dp < a (e ANp.
9 Po Po

Consequently the constant C is always uniquely determined and the proof of Claim 1 is proved.

The above considerations reduce the proof of the su Lciehcy of (oc) to showing that if (oc) holds, then (oc2) has a
solution ¢ [X§. Notice that both integrals in (oc) vanish if they are evaluated on Ay, respectively Bg.
Consequently we have to prove that if (A, B) [Y} are satisfying (oc), then (oc2) has a solution ¢ [Xp.



Claim 2 With a = a(p, ADhnd (A, B) Y, we clalm that for every € [(Q, 1) the approximate problem
8
5z —ea 3v® + (1+¢) a3 (5) ++eavid =aA in R,
p
gv® — (1 +¢g)ay, (s) = 1 a?B on T, (aep)

v® =0 on B,

has a unique solution v(& [Xg.

To prove the claim we introduce the space
z

T
H=4{¢ EElter(R) : ¢eveningq, ¢(q,p)dg =0ae. in[pp,0], ¢ =0ae. onB}.
—Tt
z Ris
Notice that ¢ G- q>(q, p) dqg is by Fubini’s theorem a bounded linear map from Héer(R) EIﬁ(R) to

Ll[pg, 0], and the trace operator is also bounded from Hper (R) to LZ(B) cf. [Evans] so that H is a Hilbert space,
being a closed subspace of the Hilbert space Hper (R). A function ¢ [Hlis a weak solution to (aep) if
zz zz zz z
@+e) A opgpdadp+(1+e)  abgpqdadpre  a’dedap —g dpdg
z ' zz . (ws)
. Ba®@dg — RAa @ dgdp

for all @ CHI For @ [CHINn c3 (R) we have

per

> o,

&@.p) = dy(p) cos(ka) in Cper(R),
k=1

with ¢y I:C?[pg, 0] given by
1 z T
b (p) = T on ®(a,p) cos(ka)dg,  p Cfpb,0], k=1.



Clearly ¢y (pg) = 0 for any k = 1, and

zZ z Y4 z z
3.2 __ X0 4 2 2 _ X L0, 2, _ X,
a“¢, dgdp = Tt a” (9pdk)” dp, apg dgdp =1  k ady dp, ¢ dg=m ¢y (0).
R k=1 Po R k=1 Po T k=1
Taking into account the mimimization problem (j), we deduce that
zZ Y4 z z
342 dad S o S L N 2% g D w20) = 2
a“ ¢y, dqdp + adg dqdp = 1t & (Opd)” +ad, dp=mg (0 =g _¢"dg.
R R k=1 Po k=1 T
Consequently 77 77 z
a3¢2 dgdp + a¢2 dgdp =g ¢2 dq (coe).
R P R 4 T

3 . .
Moreover, the space H n Cper(R) being is dense in H cf. [Evans & Gariepy], (coe) holds for all ¢ [HI

Since infp [1pg.0] {a(p, )\[% = 0, using (coe) we see that the left-hand side of (ws) defines a bounded and
coercive bilinear form in H, while the right-hand side defines a bounded linear functional on H. An application of
the Lax-Milgram theorem (see e.g. [Evans]) yields the existence and uniqueness of a weak solution v® [CHito
(aep). Standard elliptic regularity theory — see [Brézis] — yields v(® [X}. Moreover, cf. [Gilbarg & Trudinger,
Chapter 8], we have the Schauder estimates

3o =C @Idqg- + Al]q
Cpér (

)
el ® R) e " Bldom ™ o ey )

with the constant C depending only on [l §  —. .
Cpér (R)



Claim 3 We now claim that if (A, B) [Y} satisfy (oc), then for any sequence g ! 0 the sequence {V(sk)}k21
is bounded in Céé,"(ﬁ)

Indeed, the existence of some g 1 0 with v 29 I%-ﬂ(ﬁ) — oo implies by (Sc) that k) Ledor) — ©o.
per
vEK) _
But then (Sc) ensures that the normalized functions vy = ——~———— are bounded in CF}E'P‘(R). The compact

i) [ gy
1

embedding Cééf’(ﬁ) B:éer (R) enables us to extract a subsequence {vn, } that converges in Coer (R) to some v

with [T do gy = 1. Consider now (ws) with € = &n, and ¢ = v | divide by e [ido (ry, and pass to
the limit ng — oo to obtain

7z zZ z
. a3vp(pp dqdp + . avg@q dqdp = g . v dq, @ CH

Thus v I:C;Ller (R) is a weak solution (in H) of the problem

8 3 X
v, Vgg =0 i ,
3 (@ vp)p + avgg =0 in R
= gv—avp=0 on T, (wl)
~ v=0 on B.

By elliptic regularity v [—X§. Notice that (wl) is precisely (Ip) so that v [kar {F (0, )\'ﬂ. Since
ker {Fw (0, )\‘% is one-dimensional, v is a multiple of ¢'ﬂ, p) = M(p) cos(q), where M I:(IF'O‘[pO, 0] is the
eigenfunction of (slps) corresponding to p(A) = —1, that is,

v=3p" (vp)

for some & [RI If (A, B) LY} satisfy (oc), we can infer more about this limit v.



Indeed, performing in (ws) with € = Eny ¢ = V(E”k), = ¢',_én integration by parts and using the fast that
& Ssbives (wl) and (oc) holds true, we get

Y4 z
ad o EyXEn) dgdp + g ad EyXEn) dg = 0.
R T

Dividing by i) [gdo (r) and passing to the limit ng — oo, the previous relation yields

zzZ z
Ral3z1>|§|dqdp +g Taq)qldq =0.

But then (vp) forces v = 0, and we had [T do gy = 1. The obtained contradiction proves Claim 2.

Claim 3 and the compactness of Cééra R) I:Céer (R) yields the existence of a subsequence {v (Eny )} converging

to some limit w in C;er (R). Passing to the limit ng — oo in (ws) with & = &, , ¢ = v | we obtain that w is
a weak solution (in H), and by elliptic regularity a classical solution w [—X§, of

8
= @wpp+awg =a’A in R,

= gw—a3Wp=%azB on T, (w)

w=0 on B,

which is precisely (0c2). This completes the proof of the su Lciehy of (oc).



Let us emphasize a delicate technical point. It was essential to split X into Xg and its topological complement
corresponding to zero Fourier mode. Indeed, if try to solve (aep) directly in X for (A, B) LYl then the function

zZ
p _
Po(p) = W2 3(s,A0)ds,  p CIpb, 0],
0

would be in corresponding Hilbert space H, in the definition of which we dispense of the condition that the means
over [—Tt, 1t] should vanish for a.e. p [[ph, 0]. Evaluated on (¢g, ¢g) the bilinear form in (ws) becomes

z z
0 0
m@a+e)  &@, A A)dp +2me  a%(p, ATYbE(p) dp — 21 g $5(0).
Po Po
1
But ¢o(0) = = by the defining property of Ag, and (AX) yields a(p, A5 a(p, Ag) on [po, 0] so that
[*]

Zo 3 —6 Zo —3 1
3@ AN @A) dp < a 3(p, Ag)dp = hg(0) = o
Po Po

We see that for € = 0 small enough coerciveness is lost!



The transversality condition To ensure the applicability of the Crandall-Rabinowitz theorem it su Lced to

check the transversality condition [Fyy, (0, )\'ﬁ(l, 0] '—T—']EE(FW ©, A%l. Since ap = —vy(—p) a—1, where
a = a(-, ADy;'from (FI) we compute

n 2

“ 1 1
E 5L 452 3, / :
aw (A a "0q *@pa "0, 20 S Xlﬁp

By the previous characterization of the range R(Fy (0, A I—)_-)‘ it su [ced to check that

zz Z n
e I ] 3.9 g 1V. =2
Ra3¢ a 4¢qq + 3apa 3¢p dqdp + ; )T(q)'-_)z + 5 mli_p'p dq 0. (neq)

V.
Since ¢'ﬂ, p) = M(p) cos(q) with M £ 0 solving (slps) with p = —1, and a(0) = AL e have that

g a3 o 3a%ap ppLad L0 in (po,0),
= A2l 2ge ™ at p=o, @5

o520 at p=pg.

Thus
Y4 z zz Y4
ap & Py ohap = ap"dydh—  ao"dydadp—  a(dy)”dadp
R T 727 LR - R 77
= aotdidhe o BpepTa e dadp —  a(dy)” dadp

so that

zzZ 1 1 Y4 1 zzZ

apd Pldidp=—= a¢"Pdidh+=  ar@Hdadp+ = a(e))?dadp.
R P 2T P 2 R 2 r P



Consequently we can express (neq) as

zz 3 zzZ 3 Y4
Jatetdggdae + 2 ATt (@hdadp+ o a(¢p)”dadp
z

v
+ . %ﬂqﬁz— A@‘%‘;ﬁdq@o.

V.
since a(0) =  AL—But the boundary condition at p = 0 in (¢ DVields the vanishing of the boundary integral,
and since ¢q'q_‘: —¢ e deduce that (neq) equals

zzZ 3 Y4
L2 @Hdadp+ o a(@p)” dadp > 0.

This completes the proof of the transversality condition.

Conclusion These considerations show that if we can find A =% 2Mmax for which u()\l—)_—‘: —1, then this
ensures the existence of nonlinear waves of small amplitude. The condition (Ibc) is su [cieht to ensure the
existence of A —While the hypotheses of the Crandall-Rabinowitz theorem are generally only su Ccieht but not
necessary for local bifurcation, in our case the condition (A "= —1 is necessary and su [cieht for local
bifurcation. Indeed, the proof of su [ciehcy is also contained in the previous considerations: the existence of a
bifurcating curve implies that the linearized problem (Ip) has a nontrivial solution and we saw that this is possible
only if p(A 5= —1 for some A2 2Mmax.



The dispersion relation

Since for the laminar flows 1 . V_
Hy 10,0 = (e —u): =
p OGN =( u)‘at the flat surface

e see that waves of small amplitude occur exactly when the velocity of the laminar flows reaches the critical speed
e flat surface. In some special cases it is possible to compute plicitly.
ATkt the flat surface. | I t ble t te A explicitl

v_
Irrotational flow If y = 0, then a(p, A) = A and the problem (slps) with p = —1 becomes
Mpp =A7IM on (po,0),
Mp =gA™3M at p=0,

WA

M =0 at p=pg.

The general solution of the diCerkntial equation with the boundary condition at p = pg is
o “p—py”
M(p) = & sinh # , p b, 0],
with & [CRI For d & 0 the boundary condition at p = 0 is equivalent to the implicit equation
A — g tanh !E%I =0. (iei)

As a function of A the left-hand side can be easily seen to be a strictly increasing function from (0, co) onto R, so
that AT 0 is its unique root. We can compute )\'—_e‘xplicitely in terms of the depth d of the laminar water flow
at which bifurcation occurs. Indeed, by (tf) we have

P~ Po
HEATE Sy p CIb 0],

.\/
s0 Hp_z(p, A5= ASand in the physical variables we get the uniform current u(x,y) —c = — AL



But the definition Zg - »
Po= _ uky)—c o dy

V.
of the relative mass flux yields d = AT—= |pg| so that (iei) becomes the dispersion relation for 2mt-periodic
irrotational gravity water waves

. a_
Ko u):at the flat surface 9 tanh(d). (din)

To elucidate the meaning of “dispersion”, notice that in our analysis we assumed that the wave period is precisely
21t. We have to write the value of the bifurcation parameter for periodic traveling waves with wavelength Ll For

this, given the wavelength 0= 0, let
2mn

G
be the associated wavenumber, representing the number of cycles of this periodic wave that appear in a spatial
window of length 271t in the direction of wave propagation. Consider a solution of period [l to the governing
equations for periodic traveling water waves

8 (Uu—c)ux +vuy = —Px in —d <y <n(x—ct),
U—cw+wy =—Py—g in —d<y<nk-—ct),
ux +vy =0, in —d<y<n(x-—ct),
Uy —Vx =w, in —d<y<n-—ct), (m]

v=@u—cinon y=nx-—ct),
P =Pam on y=n(x—ct),

v=0 on y=—d,
and perform the change of variables (scaling)

A=kn, T=c, U=u, V=yv, 5=P,Y=Kx, y=ky, T=kt, §=k g, C):K_lm. (sv)



The new variables (dependent and independent) satisfy a 21t-periodic system in the X variable of a form almost
identical to (D), the only dierknce being that g should be replaced by § and w by & (corresponding to replacing y
by ¥ = Kily). In view of (din), we obtain the dispersion relation for periodic irrotational gravity water waves

|
c—ubk 9 tanh(kd) , (di)
K

where (¢ —u= (c —u . . Let us now analyze some aspects:
( ( )‘at the flat surface v P
_The function on the right-hand side of (di) being strictly decreasing in K, we deduce that the speed
(¢ — u5bxhibits a monotonically increasing dependence on the wavelength = 21t k1. This is the
dispersive e [edt: within the linear framework (where the superposition principle applies) waves of di [erknt
lengths travel at diLerent speeds. A group of waves of di Lerent wavelengths starting together would spread
out, so that after a while the larger waves are at the front.
allow water waves are encountered in the limit & — 0, where & = d/Lis the “shallowness parameter”.
Writing (di) in the form s
tanh(2md
c—ubHE gd tanh(213)

2md
. . tanh(2md)
since lim ————— =1, for shallow water waves we have
30 2mnd
©—u5= Pa. (sww)
s
. tanh(s) )
Numerically =~ ——— lies between 0.97 and 1 for s << 0.44 so that (sww) falls short of (di) by at most

s
3% provided that & < 0.07, which for practical purposes is the appropriate range for shallow water waves
cf. [Lighthill]. The importance of (sww) lies in that according to it, all waves, if su Lciehtly long compared
with the average water depth, travel at the same speed. This explains why a ride in a speed boat on 3,
relatively calm sea is smoother at higher speeds: if the boat has a speed inferior to the critical speed  gd,
the waves created by the boat’s displacement will overtake it and consequently will create a disturbance in
front of the boat, hindering the displacement. To overcome this, the boat must be capable of a sudden
burst of power that carries it beyond the critical speed before the wave ahead of it has had the time to
form — this is similar to the di Cculky in making an aircraft break the sound barrier, that is, travel faster
than waves in the air. It is easy to work out the critical speed as g = 9.8 m/s2. For example, if the depth
of the water is 6 m, then the critical speed is 7.8 m/s = 29 km/h.



|——A4‘0ther important regime for water waves is that of deep water waves, obtained in the limit § — oo.
Writing (di) in the form
tanh(2md)

B —
Cc—uE g ———,

2mnd

since limg _, oo tanh(2md) = 1, for deep water waves we have

s
c—ubk 9. (dww)

2n

Numerically I:)tanh(s) lies between 0.97 and 1 for s = 1.75 so that (dww) falls short of (di) by at most
3% provided that > 0.28, so d = 0.28 Ll characterizes for practical purposes the deep water regime cf.
[Lighthill]l. The most common cause for waves at sea is due to the wind blowing over the surface of the
sea, so that (dww) tells us that waves produced in a storm at sea will travel away from the storm region at
speeds proportional to the square root of their wavelengths. In the North Atlantic Ocean, where the average
water depth is 3.3 km, under normal conditions waves range from those having lengths of 50 m to those
having lengths of 100 m. Formula (dww) tells us that the shorter waves travel at 30 km/h and the longer
ones travel faster at 40 km/h to a rough approximation that is, however, not far from reality. In the South
Pacific, where the average depth is in excess of 4 km, wavelengths around 300 m can be encountered and
such waves travel at speeds around 70 km/h. Notice however that even in the deep sea we can encounter
shallow water waves: tsunami waves often have wavelengths in excess of hundreds of km and the deepest
point in the ocean is in the Marianas Trench in the Western Pacific Ocean at approximately 11021 m.

[_The time period of the wave [(the ratio between wavelength and wave speed) is much easier to measure
than wavelength. For waves of small amplitude we obtain from (di) the approximate formula

21
= p—
gK tanh(kd)
so that, for a fixed undisturbed depth d, the function k . [(K) is decreasing. Since k = 21t/ we infer

that the time period of the wave is increasing as a function of wavelength [l The numerical value of the
period for typical surface gravity waves varies roughly from 0.1s to 30s cf. [Lighthill].



[t dtus investigate the dependence of (¢ — u™bn the average depth d for fixed frequency B = k(c — u ;!
representing the number of cycles of the wave that pass by any fixed point during a time interval of length
2m. From (di) the get

B2 = h(kd) = § h“ " B
—gKtan(K)—gC_uljan p—— ®)

This shows that as the average depth d varies gradually becoming smaller and smaller (at a fixed frequency
), the speed (c — u ") has to decrease. The interest of this consideration lies in the fact that as ocean
waves approach the coast, passing through water of gradually less and less depth, the frequency B is
practically constant (so that the number of crests approaching the shore per unit time is equal to the
number far from the shore — as a glance at these waves will confirm). Let us consider for example a wave
with time period = 8s having wavelength L= 100 m in water of large uniform depth. By (B) we have

19 Rd g
c—u = — tanh =
R c—ul= g
hich yield: GdR Bzd that
which yields > Rd — = — d so tha
y c—ultd g g
— 9 “ a7 g w5 e
c—u ==tanh —— > = tanh —d
[ c—ul= g

The previously two displayed relations show that for B fixed we have
(c—u I‘)_‘|= % = 45km/h for large d.

82 d
Numerically, since tanh(s) > 0.95 fors > 1.5, and — d = F the above estimate has an accuracy
m

within 5% for d = 24 m. Both the wave speed and the wavelength are reduced with passage into
gradually shallower water: at a depth of 1 m, using (sww), the speed of this wave with time period C= 8s
(as the frequency R is preserved, = 2m/R remains also constant) is

© —u5= Pod = 11kmsn
2m(c —uH?

and, since 0= * the wavelength is reduced to about 25 m — a fourfold reduction!



Flows with constant vorticity If y & 0 is a constant, the substitution

“\/

1 A—2
M(p) = v Mo Ve
A —2yp Y

transforms the di Lerkntial equation in (slps) with p = —1 into Momjz Mp. Since Mg(pp) = 0, we deduce that up
to a multiplicative constant

VvV P—
1 i A—2yp— A—2ypo

M(p) = ~~ sinh » p CIpb, 0].

“x—2vp Y

The boundary condition at p = 0 in (slps) is then equivalent to AL o being a solution of the equation

«V_o P

x—Px—2 A

tanh ALV AA— (o)
\ Yy A—g

From (tf) we obtain that the bifurcating laminar flow is given by

P 2
AT 2ypp — " ATT2yp
He ASE " , p CIpb, 0]

For the corresponding velocity field in physical coordinates we have v = 0, uy =y and

(c —uHLk (¢ —u) :msothat

at the flat surface

v __
(u—c,v)=(— Aldyy,0), —d=y=0. (vf)



From the definition Z . e »
Po= ux,y) —c dy

V.
of the relative mass flux we get |pg| =d AT+ % d?, thus

V.
PRI ayp, — AT
g= MTyp— AT )
Y

the other root being negative. The previous formula enables us to express (dr0) as

—

A
tanh(d) = ——=~/—
g—vy A

Solving for - AT= (¢ — u5);'we obtain the dispersion relation for 2m-periodic rotational gravity water waves with
constant vorticity

1 Q
c—ut— % tanh(@) + 2 tanh2(d) + 4g_ tanh(d).

As with irrotational waves, replacing g by K_lg, d by kd, and y by K_ly, we obtain the dispersion relation for
rotational periodic gravity water waves with constant vorticity

1 qa
c—ubk— Zl tanh(kd) + P y?2 tanh2(kd) + 4gK tanh(kd). (drc)
K K

For y = 0 we see that (drc) particularizes to (di). Since the right-hand side of (drc) is strictly decreasing in y, a
negative vorticity enhances the intrinsic wave speed (c — u I¥€vith respect to the case of an irrotational flow,
whereas a positive vorticity diminishes it. A smaller speed facilitates the appearance of waves and this suggests
that a current with y = 0 is a favorable current while y < 0 corresponds to an adverse current.



To further clarify this issue, notice that the bifurcating laminar flow with velocity field (vf) is such that
©—w: = “Vxrxo
along the flat surface and, using (d),
(c— u)5y=70| = —DATZ\/[)() <0

on the flat bed. This current is positively sheared for y = 0 and negatively sheared for y < 0.

- -
y=0 S y=0 R
- =<
y=-d y=-d
i Y >0 (i) y<O0

The current in the moving frame .



In the physical variables the waves of small amplitude whose existence is ensured by the local bifurcation result
arise as genuine nonlinear solutions representing small perturbations of the laminar flow with a flat free surface

v
(c— AC4yy, 0, —d=y=o. (bif)

Given pg < 0 and the normalized wavelength O = 2m, we found solutions in the moving frame, specifying thus v,

P, the wave profile n and the horizontal velocity (u — c). This raises the issue of how to determine the wave speed
— a nontrivial matter even in the context of irrotational flows, where the issue was settled by Stokes in 1847. In the
physical variables the velocity field (u, v) beneath the wave can he decomposed into a current of vorticity y that is

steady and aligned in the plane of the wave motion, of the form y(y +d),0 , and a wave-induced velocity field

(Uo(x —ct,y), Vo(x —ct,y)) = u(x —ct,y) —y(y +d), v(x —ct,y)

z

1 s
whose horizontal average beneath the trough level is a uniform current of strength S = P u(x, —d) dx.
T s

Indeed, for each fixed y [C[=+d, n(—1)] we have

ZT[

v(x,y)dx =0
—TT

since v is odd in the x-variable as h is even in the g-variable, while

z “ ,. z b 7 o« »

s T s
u(x,y) —y(y +d) dx — u(x, —d) dx uy(x,y) —y dydx
—Tt

T
= Vx(x,y) dxdy =0
—Tt

since v is 21t-periodic in the x-variable. Consequently, at any horizontal level beneath the trough level y = n(—r1)
the average of (Ug, V) over one wavelength is precisely (S, 0). We find ¢ by requiring S = 0: the wave-induced
motion is a pure wave motion without an underlying current.



In the case of the laminar flow (blf) we have
V.
ux —ct,y) =c— AL4vyy, v(x—ct,y) =0, —d=y=0,
so that v
c= Ab4yd= p)\‘—_—‘» 2ypo

in view of (d). This formula is a good approximation of the speed of the waves of small amplitude.

y=— y=-c¢

@i Y >0 (i) ¥ <0



We proved in the context of discussing the possibility pi(A) = —1 that for functions y = 0 there always exists a
solution A% 2max = 0. Notice that a solution }\ljé 2Mmax of L(A) = —1, if it exists, is unique since

A B> H(A) is strictly increasing in wherever pi(A) << 0. We also saw that y << 0 constant with |y| su Cciehtly large
might prevent local bifurcation. It is of interest to find the necessary and su [cieht condition for local bifurcation in
the case of constant vorticity y < 0. We discuss the general case in which we do not fix the wavelength 0= 2.
Defining the wavenumber k = 2mt/L] the necessary and su [cieht condition for local bifurcation is the existence of

a solution A = 2max of (dr0) in which we replace g by Kilg, y by Kily, and pp by Kpp: we have

PR 9) = k(. y).
That is, we seek roots A = 2 may of

« ok " e
fON) = tanh  ~v——po - . (drK)
A+ A—2ypo Y A—g

i) For y = 0 we have ' = 0. The smooth function f : (0, o2) — R is such that limy _, oo f(A) = oo while
limy,0 f(A) = —1 so that there exists a root A 0.

ii) For constant y = 0 we have '(p) = yp so that Mmax = 0. The srgaoth function f : (0, 92/y?) - Rhasa

. . . . 2
root since lim, | >, > f(A) = oo while limy ;o f(\) = —tanh Kk @ <o.

iii) For constant y << 0 we have '(p) = yp so that Mmax = ypo and local bifurcation occurs if and only if there is
a solution A = 2ypg of (drk). The function f : (2ypp, o) — R is smooth and strictly increasing (as a sum of
two strictly increasing functions). Clearly limy, _, oo f(A) = oo so that for waves with wavelength Llin a flow of
constant vorticity y < 0 the necessary and su Lcieht condition for local bifurcation is

s

p T PvpK
tanh Kk o > —ypvol—, (nsc)
9—VY 2¥po

expressing Iim)\lzypo f(A) < —1. Passing to the limit Kk — 0 and k — oo we see that for local bifurcation to
occur the wavelength 0 must be su Lciehtly large, while for very short wavelengths there are no genuine waves.



