Steady periodic waves

Given ¢ = 0, we are looking for two-dimensional periodic steady waves traveling at speed c, that is, the space-time
dependence of the free surface, of the pressure, and of the velocity field has the form (x — ct) and is periodic with
period L = 0. Let the y-axis point vertically upwards, with the oriQin lying on the mean water level so that the

n(x) dx = 0. The flat bed is given by

wave profile y = n(x — ct) oscillates around the flat surface y =
y = —d, with d = 0 representing the mean water depth. Let (u, v) be the velocity field.

y=n(x-ct)

A periodic traveling water wave .
We define the stream function Y (x, y) by
Yy =—v, WYy =u-—c,

and let = uy — vx = Ay be the vorticity of the flow.



The free boundary problem for steady periodic water waves can be simplified eliminating time by the change of
frame (x —ct,y) & (X,y). In the new reference frame, in which the origin moves in the direction of propagation
of the wave with wave speed c, the wave is ?ationary and the flow is steady. The mass flux across x = Xg at time

) ) .7 nkxo—cto) ) )
tp relative to the uniform flow at speed c is u(xg — ctp, y) dy, and we define the relative mass flux as
—d
z neo ”
Po= u(x,y) —c dy,

which is independent of x by the kinematic boundary conditions (tk) and (bk). These boundary conditions also
ensure that Y(x, y) is constant on the free surface [y = n(x)] and on the flat bed [y = 0]. We normalize y by
choosing Y = 0 on the free surface. Then, as a consequence of our definiti% of pp, the flat bed is the streamline

[ = —pg]. From the equation of mass conservation (mc) we deduce that v(&,y)d¢& is independent of y and
0

(bk) shows that this constant is 0, so that y is L-periodic in x.

The waves we investigate are such that the propagation speed c of the surface wave is larger than the horizontal
velocity u of each individual water particle, that is,

u < c throughout the closed fluid domain (ns).

Field evidence indicates that this assumption holds for wave patterns that are not near the spilling or breaking
state, while in laboratory experiments c is an order of magnitude greater than u cf. [Lighthill]. We will show below
that the assumption (ns) guarantees the existence of a function vy, called the vorticity function, such that

w = y(y) throughout the fluid. Thus AY = y(g). Let

z P
r(p) = . y(—s)ds

have maximum value Mmax for p C[ph, 0]. Notice hat pg < 0 by (ns) and the definition of pg.



From the Euler equation (ee) we obtain Bernoulli’s law, which states that

_ (c —u)? +v?
2

E +gy +P +T(—y)

is constant thoughout the flow. Therefore the dynamic boundary condition (d) is equivalent to stating that

Wi+l
%+g(y+d)=0 on y =nx),

where Q = E — Pam + gd. The hydraulic head E, and hence also Q, has for any flow a constant value that will
be regarded as a parameter for the family of solutions that we will construct. In our analysis the mean water depth
d is not fixed but will also depend on the particular solution.

Summarizing the above considerations, we can reformulate the free boundary problem as

%Aww(w) N —d<y<ne,

| i +29(y +d)=Q on y =n(x),
§ Y=0 on y=nX),

T y=—p on y=nX),

(fop)

which is to be solved in the class of functions that are of period L = 21t in the x-variable. The main di Cculkies
associated with the problem (fbp) are its nonlinear character and the fact that the free surface [y = n(x)] is
unknown. The approach we present follows that developed in [Constantin & Strauss], with minor changes — some
aspects are simplified and certain inaccuracies are removed (the main one being the fact that the vorticity therein
had the opposite sign to the physical vorticity).



The latter di Cculky can be overcome by introducing a coordinate transform devised by Dubreil-Jacotin in 1934.
Since  is constant both on the free surface and on the flat bed, with y 0. y(x, y) strictly decreasing in view of
(ns), for every fixed x the height

h=y+d

above the flat bed is a single-valued function of . This leads us to the change of variables

that transforms the (unknown) fluid domain Dy = {(x,y) : x [(Fm, M), —d <y < n(x)} of one wavelength
into the (known) rectangular domain R = (—Tt, 11) < (pg, 0). We choose the wave crest on the line x = 0.
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The hodograph transform .



Since

hg = v , hp = ! s
u—c c—u
we have hq 1 hq
v = E’ u:c—%, ax:aq—aap, Oy %ap
Consequently " . . »
Ogw = ax+:i;ap w = 6x—c_u6y w

Taking the curl of the Euler equation (ee) we get (¢ — u)wx — vwy = 0. Consequently wg = 0 and w is a
function of p throughout the rectangle, w = y(—p), with

1 “ P
—p) = =w=0yu—0xv=—0p C— — — Oq— — O - —
y(=p) =vW) y X hp P ho TR P hp

and (fbp) becomes

(1 + h2hpp — 2hghphgp + h2hgg = y(—p)hS in po <p <0,
1+h2+(2gh—Qh2 =0 on p=0, (bp)

WA

h=0 on p=po,
with h of period 21 in the g-variable and (ns) replaced by
hp = 0 throughout the closed rectangle R. (hs)
The boundary problems (fbp) under the assumption (ns) and (bp) under the assumption (hs) are equivalent. To

see this one has to recover Y, the free surface n and the mean depth d, assuming that h I:Cl‘er (R) with k = 2
solves (bp) and satisfies (hs), where the subscript per indicates 2mt-periodicity in the g-variable.



1 L
The free surface is easily identified as n(x) = h(x,0) —d, where d = P h(qg, 0) dg. To recover Y we
T —7

— 1
define the Cé{;l(R) function F(q, p) = ﬁ For a fixed xg [_Rlwe solve the ordinary diLerkntial equation
p(Q. P
Wy (X0, ¥) = —F(x0, —W(x0,Y)) (de)

with initial data y (xg, N(X0)) = 0. Since F I:C_f'(ﬁ) there is a unique local solution. Moreover, (hs) ensures

F = & = 0 throughout R, for some & = 0, so that y . W(Xg, y) is strictly increasing as y decreases and the
solution can be continued uniquely until it reaches the value —pg at some y(xg) << n(xg). This shows that for any
x [CRlwe can define Y(x, y) on some interval [y (x), n(x)] with y(x) < n(x). By uniqueness for (de), the fact
that F is 21t-periodic in q ensures the 21t-periodicity of  in the x-variable. For x [Rlfixed, di Lerkntiating the
expression with respect to y L[[yx), n(x)] and using (de), we see that

y +d —h(x, —@(x, y))
is independent of y [[ykx), n(x)]. Since at y = n(x) the expression is zero we infer that
y +d —h(x, —g(x, y)) =0, y CBKx), n()]- (hp)
As Y(x, y(x)) = —pp yields " P
h x, =gk, y(x) =0,

we deduce that
y(x) = —d, x Rl

The fact that @ is of class cX follows by the dependence on data for the solutions to (de). To show that the
constructed  satisfies (fbp), observe that we already know that y = —pg ony = —d, and ¢ = 0 ony = n(x).
Di Cerkntiating (hp) with respect to x, we obtain

hq (. —W(x, ¥))

BN = =ty

while (de) and the definition of F yield

Wy ) = — bty



The nonlinear boundary condition in (fbp) follows at once. As for the partial di Lerential equation, di Lerkntiating
(de) with respect to y, we get

h
PP 06 —Wx, YD),

Wyy (%, ¥) = Wy (X, ¥) Fp(x, —W(x,y)) = —F (X, —W(x,y)) Fp(x, —W(x,y)) = ey
P

while di [erkntiating the identity Wx (X, y) hp (X, —W(X, y)) = hq(x, —W(x,y)) with respect to x yields

“h h n2»
= 99 _opo 1 4pg, 2 _
Wxx (X, Y) 2hqgp +hpp — X, —W(x, y)).
ho hp n

Now
Wxx + Wy = Y(P)

follows from the quasilinear partial di [erential equation in (bp). Defining v = —x and u = yy + ¢ we obtain a
solution of the original problem, where ¢ = 0 specifies the moving frame in which the wave is stationary.

For further considerations we notice that if the solution to (bp) is more regular, h I:C;fer" (R) for some o [(Q, 1),
then y |:<:|"-°‘([0, Ipol]) and the physical solution

(u,v,n) TR ®n) > €2 On) > Cu(R),
where Dy, is the closure of the fluid domain

Dn ={(x,y): x (Rl —d <y <nX)}.



The choice of function spaces

We seek classical solutions so that the function h should be periodic in the g-variable and at least twice
continuously di Cerentiable and periodic in both variables. The C;'J(er (R) Banach spaces (here k = 0 is a integer) of
all functions which are periodic in g and k times continuously di [erentiable in ¢ [CRland p [[nh, 0], with the

norm given by > o
T gy = sup |04 (a, p)l
® vj=c@p P

are not appropriate for elliptic PDEs, while the Holder spaces Cge'ro‘ (R) and the Sobolev spaces W[’;e'rs (R) are
particularly useful.

Holder spaces Holder continuity is a quantitative measure of continuity (think of it as fractional di Lerkntiability),
the Holder spaces C[';e'ro‘(ﬁ) with 0 =< a < 1 being designed to fill up the gaps between C:er (R) and C;;l(ﬁ).
For k = 0 and 0 = o =< 1 these spaces are defined as the subspace of functions h I:(I'fer (R) which obey the
Holder continuity bound o

If(®) —f(@)l=C|0—0,]

for some constant C = 0 and all ©, ©®; [CR] and endowed with the norm

Fcd.am = sup {IF@)[} + sup nf©) —f©I°

AR T grra 0,0, [R,1020; 10 — 0,

they are Banach spaces. The restriction to o < 1 is due to the fact that a = 1 would imply that all partial
derivatives exist and are zero so that the function would be constant. For o = 1 the space C°'1(§) is the space of

per
1 (R) since e.g. the function

Lipschitz functions - a space slightly larger than Cper

g
©=(q,p) B [0 = g2 +p?

belongs to Cge'rl(ﬁ) but is not continuously di [Efentiable, so that the scale C% % (R) with 0 < o = 1 provides a

per
; 0 1 =
near-continuum of spaces between Coer (R) and Coer (R).



For k = 1 we define C;je'ro‘ (R) as the subspace of functions h I:Cé‘er (R) whose norm

< S
TR = Oh+ sup (Y0 (9, P) Lcd,on gy

j+j=k (@,p) R
is finite. Equipped with these norms, CX**(R) are Banach spaces, and if f; Ecielr'al R), f, Eci(ezr'az(ﬁ), then
the product f;f) I:C;fe'ro‘(ﬁ), where k + a = min{k; + ai, ky, + ay}. Moreover, the Arzela-Ascoli theorem

ensures that the inclusion map C:;ezrvuz R Cgelr’al (R) is compact if kp + oy > ki + 1. A good reference
for Holder spaces is [Gilbarg & Trudinger].

K:S(R) with k = 0 integer and 1 < s < oo o [EAalso a suitable setting for elliptic

Sobolev spaces The spaces Wper
PDEs. They consist of locally integrable functions h : R — R that are periodic in the g-variable and such that for
i,j = 0withi +j < k the distributional derivative a'qagjh belongs to LS (R). Wé‘e'rs (R) are Banach spaces —

respectively Hilbert spaces for s = 2, in which case they are denoted Hk(R) — if endowed with the norm

« Lo «wZZ »

> 1/s
ks vy = Mgy — . where [MIslg) = th(q,p)lsdqdp

O=i+j=k

We denote by Wé('S(R) the closure in W;{e}s (R) of the test functions, that is, of the C° functions of compact

support in (—Tt, 1) >< (M, 0) which are extended by periodicity in the g-variable to the strip R > (m, 0). Since the
top and bottom boundary R of R is C* (due to periodicity in the g-variable, we may ignore the lateral boundary),
functions in Wééf (R) have a trace on AR that belongs to LS(@R), and h mple'rs (R) is in WOI’S(R) if and only if
its trace is zero. Notice that R has planar Lebesgue measure zero so that restricting an integrable function in R

to the boundary has no direct meaning, the problem being resolved by the notion of the trace operator which

e (R)

associates to h I:Cf(ﬁ) its continuous restriction to OR and extends to a bounded linear operator from Wper

to LS(@R). Good modern sources for Sobolev spaces are [Evans] and [Evans & Gariepy].



Schauder estimates To explain why it is necessary to introduce Holder and Sobolev spaces into elliptic theory
(as opposed to the more intuitive Ck(ﬁ) spaces), for a given function f : R — R that is periodic in the g-variable,
let us consider the Poisson equation

Ah=f in R, (D2

with homogeneous Dirichlet boundary conditions
h=0 on O0R={(,0): q CR} [{q.m): q [R}. (md
Then for any f [LI(R) with 1 < s < oo there is a unique solution h IMOZ’S(R) of (D+ ([DXJand
[]il%oh's(R) =T OTslpR (Sp)
where € depends only on s. Also, for f I:Cﬁe'ro‘(ﬁ) with a {0, 1) there is a unique solution h I:Cge'ro'(ﬁ) and

I ary = Ca Fed,ar, )
where cq depends only on a. For the proofs of these assertions we refer to [Gilbarg & Trudinger].

The Schauder estimates (Sp) and (S) assert, roughly speaking, that if Ah belongs to L%(R) or has co« regularity,

then all second derivatives of h belong to LS(R) or have C%< regularity as well. This remarkable phenomenon —
that control of a special linear combination of derivatives of h at some order implies control of all derivatives of h
at that order — is known as elliptic regularity. The scales of Holder and Sobolev spaces are thus suitable to express
elliptic regularity, in marked contrast to the Ck(ﬁ) spaces.

The failure of the Ck(ﬁ) spaces to express elliptic regularity can be seen by considering the homogeneous Dirichlet
problem for the Poisson equation (in the open set B 02 {(a,p) CRf: q2 + p2 < %} with

n 1 _ o
f@p) =— P 2% P == (G

a2 + p?

where fo(q, p) = — 3 In(q? + p?).



Indeed, a direct calculation shows that

« v
172 ar-y
hd.py=ap ;72— 2,
belongs to C*(BT)-With hyy;'h I CP(BTyhnd satisfies ah =2 £ in B “ith h =2 on 88 -While
v__ 1 2p2 N 1 o
1 (172 —1/2 q-p —1/2 —3/2
h,-—=f — In2— —f + — — —f — oo for ,p — O.
p — To 20 @+phz © 20 q.p

This proves that a Schauder estimate of type (S) on the Ck(ﬁ) scale, asserting that
Mlcdgry = o Medgry

simply does not exist. Moreover, in this case there is no C2 solution in B =-were h [_CF(B D solution, the
diefence h — h “vould be a C! harmonic function in B T-ith zero boundary values on 0B Cand thus
h — h'™== 0 throughout B T—But then h —would be C2 at the origin and this is not the case.

The previous considerations explain why Holder or Sobolev spaces are proper for elliptic theory. Since we deal with
classical solutions and in the degree-theoretic considerations showing the existence of waves of large amplitude as
well as in proving the symmetry of the waves we rely upon maximum principles, the most suitable setting for our
purposes is that of Holder spaces — the maximum principles lend themselves well to the suprema that appear in
the definition of the norms.



Local bifurcation

When describing the structure of the set of solutions of an equation that depends on a parameter, local bifurcation
is the appearance of new solutions when the parameter reaches a critical value. If X, Y are real or complex Banach
spaces — we mainly discuss the case of real Banach spaces but all considerations are equally valid in the case of
complex scalars — and F : R < X — Y is a map such that

FA,0=0, ALR (B1)

local bifurcation addresses the question: for which Ag is there a sequence (An, Xn) [RIx X with x, & 0 of
solutions to F(An, Xn) = 0, converging to (Ag, 0) [CRI>< X? A is then called a bifurcation point.

If F CCH(R = X, Y) and if the bounded linear map dxF (Ao, 0) XX, Y) is a homeomorphism from X to Y, by
the implicit function theorem all solutions to F (A, x) = 0 in a neighborhood of (Ag, 0) [CRI>< X lie on a unique
curve {(A, x) 1 x = p(e)F with d : (A\g — €, Ag +€) - X of class c1, for some € > 0. From (B1) we conclude
that p(A) = 0 for all A [(Ag — €, Ag + €). Consequently a necessary condition for A to be a local bifurcation
point is that 8y F (Ag, 0) : X — Y should not be a homeomorphism. Since dxF (Ag, 0) [LXX,Y) as F is C1, in
view of the open mapping theorem this is equivalent to 0y F (Ao, 0) not being a bijection. This condition is
however not su Lcieht for local bifurcation, as can be seen by regarding X = C as a Banach space over R (we do

not identify X with RZ since we want to take advantage of multiplication by complex numbers) and consider the
compact operator F [_CF(R = X, X) given by

F()\,z):zf)\zfﬂzlzz, AR z[X (B2)
Then oxF (A, 0) CIXX, X) is the multiplication operator (1 — A) which fails to be bijective at Ag = 1. But

Ao = 1 is not a bifurcation point since a solution z & 0 of F(A, z) = 0 should satisfy (1 — A) |z|2 =i|z|* after

multiplication by Z and this is impossible for A Rl



Crandall-Rabinowitz theorem Let X, Y be Banach spaces and let F I:Cj‘(R > X, Y) with k = 2 satisfy:
(i) F(A\,0) =0 forall A CR)

(i) L = 0xF (Ao, 0) XX, Y) is a Fredholm operator of index zero (i.e. its range is closed and has finite
codimension equal to the finite dimension of the kernel) with ker(L) one-dimensional;

(iii) the transversality condition [6;\)( F (Ao, 0)] (1, &) Oranhge(L) holds, where & [X] &y £ 0, is such that
ker(L) = {s& : s R} and a;\xF()\o, 0) = Ox[OxF (A, 0)]2)\7?\ IR, L(X,Y)) = L(R < X, Y).
Then Ag is a bifurcation point: there exists g = 0 and a branch of solutions

LA, x) = (A(B), sX(s)) : s [R] |s| < g} R X

of F(A, x) = 0 with A(0) = 0, X(0) = &p, and such that s - A(s) [CR]s - sx(s) [Xlare of class ck=Lon
(—¢o, €p). Furthermore, there exists an open set Uy [RP< X with (A, 0) U} and

{O\x) COp: FAA,x) =0, x §0}={(AG), sx(s)): s CRI0<|s| <gp}.

Let us briefly discuss the hypotheses of this theorem — for a proof of the result we refer to [Bu [odi & Toland].
Example (B1) shows the importance of hypothesis (ii). Concerning the transversality condition (iii), for

FOLX) =x(A2 +x2), (A, x) CRIxR, (B2)
we have L = 05F(0,0) = 0 LR, R) with ker(L) = {0} and range(L) = {0} of codimension 1 but the

transversality condition is not satisfied since aixF(O, 0) = 0 [LXR < R, R). In this case Ag = 0 is not a
bifurcation point since F (A, x) = 0 is only possible if x = 0.

The Crandall-Rabinowitz local bifurcation theorem has wide applicability (and in particular it is well-suited for our
purposes) but does not exhaust all possible bifurcations. For example, Ag = 0 is a bifurcation point for

FOLX) =x(A8 +x%), (A x) CRIxR, (B3)

even though the transversality condition fails.



The existence of rotational waves of small amplitude

Given pg < 0, a [(@, 1) and the vorticity function y [CH%(R), we seek solutions h [CCP'*(R) to the
problem (bp), subject to the condition (hs). Such solutions correspond to solutions

n CCRf®n). v, v LTS @), P CTh™ On),

of the governing equations, with specified vorticity y. Notice that a solution h that depends on q corresponds to
an undulating free surface, while g-independent solutions h correspond to laminar flows — parallel shear flows with
a flat free surface and such that each particle moves horizontally with a speed that depends on the height above
the flat bed — representing pure currents.

Local bifurcation theorem Let Yoo = [¥Tegh o, P1 = max{p [Ipb, 0] : F(p) = Mmax} and assume that

V_ V_

2 372 72,2 2 172, 37
9> vl Il =S v e (Ibc)

Then there is a C1-curve Cio of solutions h I:C‘&r“(ﬁ). Moreover, the solution curve Cj,c contains precisely one
function that is independent of q.

The proof of this result relies on an application of the Crandall-Rabinowitz theorem. In order to apply it we have to
identify the bifurcating parameter. For this notice that the laminar flow solutions to (bp) are given explicitly by

z z

H, A) p ds Q—A p ds =0=0 af)
W A) = P + = =5 , =p=0,
P o TA—2r() 29 o A=21) Po=p
the parameters A and Q being related by
Zo ds Q—A
0< = (%))

po A—2() 29

With 0 < 2Mmax < A < Q.



The bifurcation parameter A =

2
¢ —u(0,0) . We point out that A is not a single-valued function of Q, as the function A & Q(A) is strictly
convex for A = 0, its minimum Qg on (0, oo) being attained at the unique point Ag = 0 where

1
m is the square of the current velocity at the surface in the moving frame,
5@,

Z e ”
o —3/2 1
A —2r(s) ds = —.
9

Po

For every Q = Qq there is exactly one A = Aq satisfying (Q), and generally only for certain Q = Qg there is
another solution A (A max, Ag). We will see that the bifurcation point A5id located to the left of Ao-



The linearization In order to find waves of small amplitude, we first linearize the problem (bp) about a laminar
solution H. We seek solutions h 2 (R), even in the g-variable and zero on p = pg, of the form

h=H+e&em.

The symmetry of the waves is expressed by requiring m to be even. Denoting
q—
a(,A) = A—2r(p),
at order € we obtain for m Fh (R) even in the g-variable the boundary problem
@ mp)p +amgg =0 in R,

a®mp =gm on p=0, (Ip)

WAV

m=0 on p=pg.

We claim that m e’,"(ﬁ) even in the g-variable has the Fourier series representation
X . 2 —
m(g,p) =  m(p) cos(ka) in Cpo (R), (fs)
k=0

with C3:%[p, 0] coe [Cights
1 %n 1%n
mo(p) = — m(q, p) dq, mg(p) = — m(g, p) cos(kq) da, k=1
2n  —m —Tt

]

x —
The other cases being similar, it su [ced to prove that mkuj(‘b) cos(kq) converges in Cper (R). Notice that
k=0
% < 1 z T .
m = m ,p)dge < [mlil By
Img (Pl = ¢ 2 PP (@, p) da: l?péer(R)
z z Tt

T 1 .
mpp (g, p) cos(kq) dq = —— Mppq (4, p) sin(kq) dq, k=1.
—Tt km —m



Thus for N = n = 1 we have

L3 PR ' 7, X Zn 7
<7 mp) coska):” = Imdp) =" = Mppq (@, p) sin(ka) dg:
k=n k=n k=n km -n
n3k jon3“;Zy in(k d"zo m®ni1Zn I
= — — m , p) sin =— — m s = — =
o) T o ppa (d, p) sin(ka) dg 6 N —n ppq @+ P) dg 5 3.®

x _ <

Therefore mku:ﬁl) cos(kq) converges in Cper (R). Similarly we show that my (p) cos(kq) converges in
k=0 k=0

Cper (R) and the convergence of the right-hand side of (fs) to m(-, p) in Lz[fn, t] for every fixed p [[pb, 0]

< _ X
yields m(q, p) = my (p) cos(kq) in Cper (R). Then mk'IElp) cos(kq) converges to mpp (g, p) in the sense of
k=0 k=0

< —
distributions and this permits us to identify the limit of mkD:E'p) cos(kq) in Cper (R) as being precisely

k=0
mMpp (g, p). Repeating this procedure we establish the validity of (fs).
From (fs) we deduce that m is a solution to (Ip) if and only if each my solves the Sturm-Liouville problem

8 3 2 h

= (@ Mp)p =k“aM in (po,0),

= a®Mp =gM on p=0, (slp)
" M=0 on p=py,

with m being g-dependence amounting to my & 0 for some k = 1. We seek solutions of period 21t so that we
investigate (slp) for k = 1.



The variational approach We associate to (slp) with k = 1 the minimization problem

z
0
—g 2O+ aP3dp

. . P
Q) = inf {F(d, N}  with F(, = —2;—20—— ., ()
& CHH(pg.,0), P (pp)=0, pE=0 ad? dp
Po
suggested by the fact that for a solution M of (slp) we have F(M, A) = —k2, while the choice of the function

space is motivated by the quest for the largest possible Hilbert space for which the F is well-defined, with the
boundary condition on p = pg captured while that on p = 0 is encoded in the form of F(-, A). For each
A = 2lmax the existence of p(A) [CRlis ensured since if £(A) = El% o {a(p, A)} = 0, then

p X

z 2 Z z 2 Z z
0.3.2 49 0 2 3 0 2 49 0 2 0 2 o
agpdp+ — ap“dp =e’(A)  ¢pdp+ — ¢°dp=4g  ddpdp =29¢°(0) (ivi)
Po €*(A) pg Po e3(A) pg Po
492
whenever ¢ [CHE (pg, 0) satisfies ¢p(po) = 0. Thus H(A) > — :é)\). We now claim that the infimum in (p) is
£

attained by a function M cch »A[po, 0]. Choose a minimizing sequence ¢n [HIF (pg, 0) with ¢n(pg) = 0 and
such that F(¢pn, A) - p()\) Since F(6¢, A) = F(¢, A) for any number 6 & 0, we can normalize the sequence

{dnFn=1 by setting a¢n dp = 1 so that, using (ivi), we infer that

Po
Fom) = 0 420+ "R @ptmdn = L at petp— L = SO T ey 2
n) =—9g a® n P - a n p— = — n p— .
" o 2 5 ¥ g4 (\) 2 ¥ N)
nZ, ,. O
Since F(pn, A) — H(A) we deduce that the sequence (Opdn) dp - is bounded. As
po n=
r_t Zoa¢2dp>zo¢2dp n=1
N &N p "

we have that {¢n}n~1 is bounded in the Hilbert space H1(pg, 0) and consequently cf. [Evans] has a weakly
convergent subsequence {¢nk } with limit M EEﬂl(po, 0).



Notice that dp ¢”k [ dplweakly in Lz(po, 0) and ¢’”k (po) = 0 yield
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From 0p ¢n, [—dplwe can generally not infer the a.e. convergence of some subsequence as wild oscillations are
possible, and nonlinear operations with weakly convergent sequences are generally prohibited cf. [Evans].
Fortunately, the sequence {¢nk} is minimizing and the functional F(-, A) has suitable structural properties:
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and a3Mp E[j(po, 0) together with 0p¢n, Mgl weakly in Lz(po, 0) ensure that the last two terms converge
towards zero as ng — oo. From (pl) and (il) we infer that
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and since the sequence {¢nk} is minimizing for F(-, A), the infimum is a minimum attained at M EEI]l(pO, 0).
Actually, M I:CF'O‘[po, 0]. Indeed, as a minimum M satisfies the Euler-Lagrange equation
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for every ¢ EEIf'(pO, 0) with ¢(pp) = 0. Observe that F(M, A) = p(A) and am? dp = 1 by the dominated
Po
convergence theorem in view of (pl), the normalization of {q)nk }. and the fact that the boundedness of {¢nk }in
H1(pg, 0) ensures an L= [pg, 0] uniform bound for {®n, }- This allows us to explicitate (el) as
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Choosing ¢ smooth and compactly supported in (pg, 0), we infer that
@ Mp)p =—paM in H Y(pg, 0). (eli)

associated to the variational problem (p). Since a I:CF"’[po, 0] EEj(po, 0), we have aM [CHI (pg, 0) so that
a®Mp [CHP(po, 0) and Mp [HF(po, 0), that is, M [_HP(po, 0) [_CA[po, 0]. Consequently (eli) holds classically
and a [CP*%[po, 0] yields M [-CF**[po, 0]. Multiplying (eli) by some ¢ [HI (pg, 0) with d(pg) = 0 and
integrating yields z z
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-2 OM©O)$©0) +  a’PppMpdp =p(A)  aMbdp.
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Choosing above and in (ele) ¢(p) = p — po we obtain the missing boundary condition at p = 0 so that the
minimizer M IZCF’O‘[po, 0] is a classical solution of the (weighted) Sturm-Liouville problem
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= (@ Mp)p = —paM in (po,0),
= a®™p =gM on p=0, (slps)
" M=0 on p=pg.

For the existence of linear waves it is necessary that pu(A) = —1 for some A > 2max and we will see that this

also su [ced for the existence of nonlinear waves of small amﬂitude. First we\erove that jL(A) depends smoothly on
A = 2l max. Since for A = g + 2[max we have a(A,p) = A+ 2I(p) = g for p [[ph, 0] and thus
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whenever ¢ [CHE(pg, 0) is such that ¢(po) = 0, we deduce from (p1) that p(A) > —1 for A > g + 2Mmax.
Consequently the existence of some A = 2Mmax with pu(A) = —1 is ensured if pu(A) = —1 for some A = 2Mmay .
In this context notice that, given pp < 0, there are constant vorticities y < 0 such that p(A) = —1 for all

A = 2 max, Which explains the need of some assumption of type (Ibc).



Example: large constant negative vorticity If y < 0 satisfies
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while F(p) = yp on [pg, 0] with Tmax = ypo, so that

q q qq
a(p,A) = A—2r(p) > 2 (po) —2r(p) = 2lyl(P — po). p CIpb, 0], A > 2Mmax-

Therefore, if ¢ [CHF(pg, 0) with ¢(pg) = 0, b E= 0, then we have
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and the characterization (p) yields p(A) = —1 for A = 2 max.
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Ground state dependence on the parameter We now prove that A 3. () is real-analytic (in the sense
that near any point it may be represented by a convergent power series on some interval of positive length centered
at that point) for A > 2 max, with pi(A) depending monotonically on A = 2Mmax whenever p(A) < 0.



We first prove the smooth dependence of p(A) on A = 2Mmax. Let M(p, A) be the C3-%[pg, 0]-eigenfunction of
(slps) corresponding to the eigenvalue pi(A), normalized by requiring M(0, A) = 1; M(0; A) = 0 would imply
M = 0, as can be easily seen by multiplying the di [erential equation for M by M, and integrating by parts on

[0, po]. Notice that
M@, A) = ¢(p, A, L(A))

where ¢(p, A, W) is the unique solution of the linear di Lerkntial equation

@ dp)p = —nad in (po,0) (dem)
with initial data 8
= o =1,
_ 9 (idm)
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depending analytically on (A, ) by the dependence of solutions on parameters. The variational approach that
provided the existence of p(A) yields
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which we regard as a functional relation between p(A) and A. Di [erkntiating (dem) with respect to p, multiplying
by = M and integrating on [pg, 0], yields, in view of (idm) and the fact that M(pg, A, i) = 0, that
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2u aMMy dp — 2 a°MpMp dp = —2 aM“ dp.
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Therefore the partial derivative with respect to p of the function of (1, A) on the left side of (fem) equals
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By the implicit function theorem we deduce the real-analytic dependence of p(A) on A = 2max = 0.
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Denoting a = 5 and so on, we compute

From (slps) we obtain that M satisfies

8 . 3 1 .
= @Mp)p + - (@Mp)p = —f1aM — — uM —paM in (3o, 0),
3 - .
§ EaMp+a Mp =gM at p=0,
M=0 at p=pg.
Multiplying the above di [efential equation by M and the di [erential equation in (slps) by M, integrating on (pg, 0)
and substracting the outcomes we obtain
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Consequently A & p(A) is increasing in any interval where it is negative and the solution AEtb HA) = —1, if it
exists, is unique. Moreover, a solution exists if and only if limx , or,, H(A) < —1.



Existence of solutions for the linearization Assuming the validity of (Ibc) we prove the existence of
non-trivial solutions to the linearized problem (Ip). The previous developments show that this amounts to proving
that for some A = 2 max We have p(A) < —1. Let py = min{p [pb, 0] : M(p) = Mmax ¥ and define for

1
k > 3 and n = 2 the function

< 0, Po =Pp = pn,
on(p) = .
(P —pn)", ph=p=0,
where . s

1 1
ph= 1—— pp+—pg<0.
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Clearly ¢n EEI]I(pO, 0) is such that ¢n(0) = 0 and ¢ E 0; the reason why we introduced py << 0 instead of
simply setting pn = p1 was to prevent ¢, = 0 in the special case when p; = 0. We have
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a(p, 2Mmax) =  2Mmax —2F(P) = 2M(p1) —2I(P) = 2Yeo P2 —pl, p L0l pol,

so that
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The last expression can be computed explicitly as
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since ¢\ﬁ(0) = |pn|2k. On the other hand, by construction we have M = 1 while limp _, o |p1 —pn| = 0.
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Using (Ibc), we can find k > 2 su Lciehtly small and some integer N = 2 such that for some € = 0 we have
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whenever n = N. With this specified value of k we can now choose n = N large enough to ensure
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This provides us with ¢p satisfying
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Since a depends continuously on A, the previous inequality ensures that F(¢p) < —1 for some A = 2Mmax. At
this specific A we have p(A) < —1.

Example: non-negative vorticity If y = 0 then Mmax = 0 so that p; = 0 and the linearized problem has
solutions as (Ibc) clearly holds true. Earlier we saw that this can not be expected for negative constant vorticities
with |y| su Lciehtly large!



