June 18, 2008



@ AN EXAMPLE OF LOSS OF REGULARITY

© TWwO FOR ONE



AN EXAMPLE OF LOSS OF REGULARITY

In @ =R2 = {z > 0} consider the linear IBVP

Ut + Uz +vy =0
vet+uy =0
U|J::0:O

(u, U)\t:o = (uo, o),



AN EXAMPLE OF LOSS OF REGULARITY

In @ =R2 = {z > 0} consider the linear IBVP

Ut + Uz +vy =0
vet+uy =0 (1)
U|J::0:O

(u, U)\t:o = (uo, o),

In matrix form
U 1 0 U 0 1 u
(3)+ (o o) (1) + (0 0)a (1) -0

@ Symmetric hyperbolic system
@ The boundary is characteristic

@ The boundary condition is maximally nonnegative
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AN EXAMPLE OF LOSS OF REGULARITY

We look for a priori estimates of the solution.
Assume that

(U(),’U()) € Hl(Q) with H(UQ,’UQ)HHl(Q) < K.

(1) We multiply the first equation by u, the second one by v, integrate
over (0,t) x £ and obtain (|| - || stands for || - [|z2(q))

()P + 1ot = luol® + [Jvol > VE> 0.
It follows that

lu@)I] + v )] < C(K) V> 0.
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AN EXAMPLE OF LOSS OF REGULARITY

(IT) Consider the tangential derivatives (u,,vy). By taking the
y—derivative of the problem we see that (u,,v,) solves the

same problem as (u,v) with initial data (uoy, voy). In particular it
satisfies the same boundary condition as (u, v). It follows that

[y ()11 + oy (811 = [Juoyl)® + [lvogl> ¥t > 0.

Thus
[y ()] + vy )] < C(K) Vit > 0.

(III) By taking the t—derivative of the equations we see that (u, v;)
is also a solution. This yields

et )12+ e ()12 = e (0,120 (0, )17 = [[uow+voy| [P +[luoylI?,

e (&) + Moz (8] < C(K) - Ve > 0.
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(IV') Normal derivative u,.
From

Uy = —Us — Vy

[l ()] < [l (8] + [0y (8,)]] < C(K) - Ve > 0.



AN EXAMPLE OF LOSS OF REGULARITY

(IV') Normal derivative u,.
From

Uy = —Us — Vy
[lue (E,)1] < JJue (@)1 + oy (8)]] < C(K)  vE>0.

Let P be the orthogonal projection onto ker A, (z,t)*. Then

P(2)=)

(noncharacteristic component of (u,v)T).
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(V') Normal derivative v,.

=2 ()=()

(characteristic component of (u,v)%).




AN EXAMPLE OF LOSS OF REGULARITY

(V') Normal derivative v,.

n()-()

(characteristic component of (u,v)%).
Take the z—derivative of the second equation in (1)

Uy = Uy = . (2)
Take also the y—derivative of the first equation in (1)

Uty + Ugy + Vyy = 0.



AN EXAMPLE OF LOSS OF REGULARITY

Multiply (2) by v, and integrate over Q. Then ([ = [, dxdy)
%%H%HZ = — [ uayvz = [(ury + vyy)va
= % Juyve = [uyvie + [ vyyvs

= % f UyVg + f Uy Uy — f”yvxy

=4 v+ 3 [(W2)e— 5 [(02)a

1
=& [uyvs — 2/| ) wy(t,0,9)dy +3 [io—o 03 (1,0, 9)dy.
T=

-~
=0
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1d
2 dt f\xzo vydy = f|$:0 Uy Uy dy = — f|m:0 Vytyydy =0



1d
2 dt f\xzo vydy = f|$:0 Uy Uy dy = — f|m:0 Vytyydy =0

Then

/| U;(tvoa y)dy = / v(%y(y)dy = constant in time.
x=0
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Then
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Then

/| U;(tvoa y)dy = /| v(%y(y)dy = constant in time.
=0 =0

We then obtain
L lvg]|? = 24 [uyv, + Jie=0 g, (y)dy
Integrate in time between 0 and ¢ > 0

1oz (t)112 = [[voel* +2 [ uyve — 2 [ uoyvos +1 [i,_o V5, (y)dy.
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AN EXAMPLE OF LOSS OF REGULARITY

By the Young's inequality we finally obtain
1t flomo B, W)dy — CL(E) < [Jug(t,)]? <

< 2t Ji,o Vi (Y)dy + Co(K), ¢>0.

This shows that

ve(t,) € L*(Q) for t > 0 if and only if vy € H'(99).

By the trace theorem, vy € H'(2) only gives vgj9q € HY2(6Q).
Therefore

(ug,v9) € HY(Q) % (u(t,),v(t,)) € H(Q) for t > 0.
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TwO FOR ONE

PROBLEM:
Which space X for the persistence of regularity

(ug,vo) € X = (u(t,),v(t,)) € X, Vt>07

We assume

(Uo,'l}o) S HQ(Q) with H(UO,Q}0)HH2(Q) < Kos.

After the above analysis, we don't expect to obtain
(u(t,), v(t,)) € H*(Q).
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Calculations as above give
orobul(t,), ofofu(t,) € L*(Q), t>0,h+k<2,

with norms bounded by C(K3).
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Calculations as above give
orobul(t,), ofofu(t,) € L*(Q), t>0,h+k<2,

with norms bounded by C(K3). By the ¢ and y differentiation of the
first equation in (1) we readily obtain

wie = —uy — vy € LX(Q),  Nuealt,)l| < C(K2), ¢ >0,

Upy = —Upy — Vyy € L2(Q),  |ugy(t,)|] < C(Kz), t>0.



TwO FOR ONE

v € H?(Q) yields vgjpn € H'(99), so that by the above analysis
va(t,) € L2(Q), lwa(t,)l| S C(K2), 0<t<T,

for any T' < +o0.
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We look for an estimate of the mixed derivative v,,. Here we start

from
Utyy + Uzyy + Vyyy = 0,

Vtxy + Ugyy = 0.



TwO FOR ONE

We look for an estimate of the mixed derivative v,,. Here we start
from

Utyy + Ugyy + Vyyy = 0,
Vtxy T Ugyy = 0.
Multiply the second equation by v,, and integrate over ). Then

%%HUWHQ = — [ gyyvay = [(tyy + vyyy)vay

= % f UyyVry — f UyyVtzy — f UyyVazyy

= % f UyyVzy + f UyyUzyy — % f(”gy)x

1
d
:dtf“yyvryJFQ/

- Uy (t,0,9)dy +3 [, vy (t, 0, y)dy.
=

=0
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Since viyy = —Uyyy, We have
1d 2 g _ —
23t Jjw=o Vyy W = f|z:0 Uy Vtyydy = — f|$:0 OyyUyyydy = 0

again by the boundary condition on w.
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TwO FOR ONE

Since viyy = —Uyyy, We have
1d 2 g _ _ _
3t Jom0 Vsy @ = Jiumo VoV dy = = [jp—o Vyytiyyydy = 0

again by the boundary condition on u. It follows that

/I Ugy(t,O,y)dy = /I vgyy(y)dy = constant in time.
z=0 =0

We then obtain

I vgy||? = 24 [ uyyvay + f\x:O vgyy(y)dy.
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TwO FOR ONE

Integrating in time between 0 and ¢ > 0 yields
3t Jiamo Wy (W)dy — C1(E2) < JJugy(t,)I1? <
< 2tf|x=0 vgyy(y)dy + Co(Kq), t>0.

It follows that,

if vo € H%(Q), but vg90 & H?(0RQ), then vey(t,) & L*(Q).

Since Uyy = —Upy — Vgy and u(t,) € L2(Q), then ug,(t,) & L2(Q).
A fortiori we also have v, (t,) & L2( ).
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