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CHARACTERISTIC HYPERBOLIC IBVP

Consider the problem

Lu=F in Qr,
Mu =G on X,
uj—o = f in Q,

where
e QCR" Qr=02x%x(0,T),Lp =092 x (0,7T)
o L:= Ao(w,t,u)0 + D 5_ Aj(z,t,u)0s; + B(z,t,u),
Aj,B € MN><N
o M = M(x,t) € Mgxn, rank(M) = d (maximal rank)
o u(x,t) €RY, F(z,t) e RN, f(z) € RY, G(z,t) € R?
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CHARACTERISTIC BOUNDARY

The boundary 02 is characteristic if the boundary matrix

Al, = i Ajl/j
j=1

is singular ar 9Q (not invertible). (v = v(x) outward normal vector to

09Q).

Full regularity (existence in usual Sobolev spaces H™({2)) can't be
expected, in general, because of the possible loss of normal regularity
at 0Q2.

[Tsuji, Proc. Japan Acad. 1972],

MHD [Ohno & Shirota, ARMA 1998].

P. SEccHI (BRESCIA UNIVERSITY) CHARACTERISTIC HYPERBOLIC IBVP’S



EE BOUNDARY PROBLEMS

Generally speaking, one normal derivative (w.r.t. 92) is controlled by
two tangential derivatives. Natural function space is the

weighted anisotropic Sobolev space

HM™(Q) :={u € L*(Q) : Z°0% u e L*(Q), |a| + 2k < m},

where
Zy =110, and Zj =0, forj=2,...,n,
if Q= {xl > 0}.

[Chen Shuxing, Chinese Ann. Math. 1982],
[Yanagisawa & Matsumura, CMP 1991].
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KNOWN RESULTS

Known results have been proved for
Symmetric hyperbolic systems

(Ao, A1, ..., A, are symmetric matrices, A is positive definite),

Maximal non-negative boundary conditions:
((Ayu,u) > 0 for all uw € ker M, and ker M is maximal w.r.t. this
property).

o Linear L? theory [Rauch, Trans. AMS 1985],

e Existence theory in H"(£2) [Gues, CPDE '90], [Ohno, Shizuta,
Yanagisawa, JM Kyoto U '95], [Secchi, DIE '95, ARMA '96, Arch.
Math. 2000], [Shizuta, Proc. Japan Acad. MS 2000], [Casella,
Secchi, Trebeschi, IJPAM 2005, DIE 2006],

@ Application to MHD [Secchi, Arch. Math. 1995, NoDEA 2002].

P. SEccHI (BRESCIA UNIVERSITY) CHARACTERISTIC HYPERBOLIC IBVP’S



INTRODUCTION . —
CHARACTERISTIC IBVP FOR HYPERBOLIC SYSTEMS

CHARACTERISTIC FREE BOUNDARY PROBLEMS

OTHER KNOWN RESULTS

Other results for:

Symmetrizable hyperbolic systems under some structural assumptions

Uniformly characteristic boundary (the boundary matrix A, has
constant rank in a neighborhood of 9€2)

Uniform Kreiss-Lopatinskii conditions (UKL)

General theory: [Majda & Osher, CPAM 1975], [Ohkubo, Hokkaido
MJ 1981], [Benzoni & Serre, Oxford SP 2007].

Existence of rarefaction waves [Alinhac, CPDE 1989].

Existence of sound waves [Métivier, JMPA 1991].

Elasticity [Morando & Serre, CMS 2005].
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COMPRESSIBLE VORTEX SHEETS

Characteristic free boundary value problems for piecewise smooth
solutions: 2D vortex sheets for compressible Euler equations:

Oi(pu) + V- (pu®u) + Viplp) =0,

where t > 0, = € R2.
At the unknown discontinuity front ¥ = {z1 = p(z2,1)}

O =vE-v, [p|=0,

where [p] = p™ — p~ denotes the jump across it.
Here the mass flux j = j* := pT(vF - v — Oyp) = 0 at X.

[Coulombel & Secchi, Indiana UMJ 2004, Ann. Sci. ENS 2008].
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CHARAC TEPISTI( FREE BOUNDARY PROBLEMS

STRONG DISCONTINUITIES FOR IDEAL MHD

(00 +V - (pv) =0,
Bi(pv) + V- (pv@v—HH)+V(p+ 3|H?) =0
OH -V x(vx H)=0,
d;(pe + 3 (plv® + |H|?))

+V - (pv(e+%|v\2)+vp+H>< (UXH)) =0,
V.-H=0,

p density, S entropy,

v velocity field, H magnetic field,

p = p(p, S) pressure (such that pj, > 0),
e = e(p, S) internal energy.
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C FREE BOUNDARY PROBLEMS

" Gibbs relation”
TdS =de+pdV

1
(T absolute temperature, V = — specific volume) yields
_ (e eyl
Oe
T— <> .
95/,

We have a closed system for the vector of unknowns (p,v, H, S).

'CHI (BRE!
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CHARAC TEPISTI( FREE BOUNDARY PROBLEMS

RANKINE-HUGONIOT CONDITIONS FOR MHD

The Rankine-Hugoniot jump conditions at ¥ = {1 = ¢(x9,x3,1)}
read

[i]1=0, [Hx]=0, jlun]+I[gIN]*=0,
Jlvr] = HJJ\?[HTL JlHz/pl = H]J\rf[vf]

dle+ glof? + 5] + lgvw — Hy(v- H)] =0,
where
N = (1, =0z,0, —0zs0) (normal vector),
vy =v- N, Hy=H: N,
vy = v — UNDN, H.=H— HyN,
j:=plony — Op) (mass flux),
q:=p+3|H> (total pressure).
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CHARACTERISTIC FREE BOUNDARY PROBLEMS

Classification of strong discontinuities in MHD:

@ MHD shocks:
JE#0, [p] #0,

@ Alfvén or rotational discontinuities (Alfvén shocks):

JE#0, [p] =0,

@ contact discontinuities:

j¥=0, Hi #0,

@ current-vortex sheets (tangential discontinuities):

Except for MHD shocks, all the above free boundaries are
characteristic.
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FREE BOUNDARY PROBLEMS

The Rankine-Hugoniot conditions are satisfied as follows:

@ Alfvén or rotational discontinuities (Alfvén shocks)
(5= #0,[p] = 0):

pl=0, [S]=0, [Hyx]=0, [H]=0, [v-

j=J*=p vy — Bwp) = Hf/pt #0.
- Planar Alfvén discontinuities are never uniformly stable (uniform
Lopatinskii condition is always violated). They are either weakly stable
or violently unstable (Hadamard ill-posedness).
Incompressible MHD [Syrovatskii, 1957], Compressible MHD [llin &
Trakhinin, Preprint 2007].
- The symbol associated to the front is not elliptic.
- The front is characteristic.
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FREE BOUNDARY PROBLEMS

o Contact discontinuities (= = 0, H3 # 0):

[v] =0, [H]=0, [p]=0.
(We may have [p] # 0, [S] #0.)

- Boundary conditions are maximally non-negative (but

non strictly dissipative).

A priori estimate by the energy method [Blokhin & Trakhinin,
Handbook Math. Fluid Dyn. 2002].

- The symbol associated to the front is not elliptic.

- The front is characteristic.
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FREE BOUNDARY PROBLEMS

o Current-vortex sheets (tangential discontinuities)
: £ .
(£ =0, Hy =0):

at()(J = Ujj\:ﬁ [Q] =0, H]:{:] = 0. (2)

(We may have [v,] # 0, [H,] # 0, [o] # 0, [S] #0.)

- Planar current-vortex sheets are never uniformly stable (uniform
Lopatinskii condition is always violated). They are either weakly stable
or violently unstable (Hadamard ill-posedness).

- The symbol associated to the front is elliptic.

- The front is characteristic.
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FREE BOUNDARY PROBLEMS

Stability of current-vortex sheets [Trakhinin, ARMA 2005]:

- New symmetrization of the MHD equations,

- Under the assumption H* x H~ # 0, and a smallness condition on
[vr] # 0, the b.c.s (2) are maximally non-negative (but

not strictly dissipative),

- For non-planar current-vortex sheets, prove an a priori estimate by
the energy method, without loss of regularity w.r.t. the initial data
(but not to the coefficients).

Existence of current-vortex sheets [Trakhinin, ARMA 2008]:

- Tame estimate in anisotropic Sobolev spaces H]* (),
- Nash-Moser iteration.
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CHARACTERISTIC FREE BOUNDARY PROBLEMS

The above problems are (non standard) characteristic free boundary
value problems for symmetrizable hyperbolic systems.

- The boundary conditions may be not maximally non-negative.

- For these problems the Uniform Kreiss-Lopatinskii condition (UKL) is
never satisfied. The Kreiss-Lopatinskii condition is either violated
(Hadamard ill-posedness) or satisfied in weak form.

SECccHI (BRESCIA UNIVERSITY) CHARACTERISTIC HYPERBOLIC IB



MAIN RESULT

PROBLEM OF REGULARITY

For general boundary conditions, the current theory is mainly devoted
to establish sufficient conditions for the L? well-posedness.

We consider the problem of regularity:

Prove the regularity of any given L? solution, satisfying an apriori
energy estimate, for sufficiently smooth data.

(Independently of the structural assumptions on L and M providing
the L? well-posedness).
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CHARACTERISTIC IBVP

Consider the problem

Lu=F in Qr,
Mu=G on X, (3)
u\tzozf inQv

where
0 QCR",Qr=Qx(0,T), S = 0Q x (0,T)
o L:= Ao(z,t)0; + 3 _7_ Aj(x, )0z, + B(x,t), Aj, B € Myxn
e M = M(x,t) € Myxn, rank(M) = d (maximal rank)
o u(z,t) € RN F(x,t) e RN, f(x) e RN, G(x,t) € R?
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ASSUMPTIONS

Assume that:

o L is symmetric hyperbolic.

o Characteristic boundary of constant multiplicity:
the boundary matrix A, has constant rank r at 092, 0 < r < N.

M (z,t) € C* and rank(M) = d equals the number of
negative eigenvalues of A,.

Reflexivity:
ker A, C ker M.

Let P(z,t) be the orthogonal projection onto ker A, (z,t)*.
Then P(z,t) € C*.
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e Existence of the L?-weak solution:
Assume A; € Lip(Qr), for i = 0,...,n. For all B € L*(Qy),
there exists yp > 1 such that for all F' € L*(Qr), G € L*(Xr),
f € L%(Q) problem (3) admits a unique solution
u € C([0,T]; L*(Q)) with Puyx,. € L*(Zr).

@ u enjoys the energy estimate for all v > v, 0 < 7 < T,

(I + [ e (YOI +11Pu s, (Ol

T 1
<G (If1Ba + [ e (ZIF@IRs + G Baon ) o).

Cfr. [Rauch, CPAM 1972].
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Let us introduce the spaces
Cr(H) := (090, T]; Hy 7 (9))
j=0

LF(HD) = (W0, T; HI' 7 (Q)).
j=0

We denote by f(") the A" time derivative calculated from (3) at ¢ = 0
(in terms of f, F(0),0:F(0),...), and f© = f. Define

A1 lef(h [

The compatibility conditions of order m — 1 are:

P

Z(Z)(af_hM)H:Of(h) zﬁfG‘tZO, ond), p=0,...,m—1.

h=0
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THEOREM (MORANDO, S., TREBESCHI, 2008)

Let m € N and s = max{m, [(n+1)/2] + 5}.

Assume Aj € LF(HS), for j =0,...,n, and B € LF(H).

For all F € H™(Qr), G € H™(S7), f € H™(Q), with

f® e HP=M(Q) for h = 1,...,m, satisfying the compatibility
conditions of order m — 1, the unique solution u to (3) belongs to
Cr(H") and Pujx, € H™(Xr).

Moreover v enjoys the a priori estimate

uller(zmy + 1Py sl Hm (2 0)

(4)

< Co (1l + 1F (@) + NGl Em(57)) -

Cfr. [Tartakoff, Indiana UMJ 1972]
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ProOOF . > 2
A NORMAL REGULARITY FOR m > 2

TANGENTIAL REGULARITY

Reduce locally to the case (t = x;,41)
o Q =R} ={z: >0}, £={z1 =0} xRY,
@ supp(u) C {|z| <1, z; > 0}.

Consider the BVP

(v + Lu, = F, in Q, (5)
Mu, =G, on X,

where uy, = e Mu, F, = e "F, G, = e "'G.
Define the " conormal” Sobolev space

Hip,(Q) = H™(Q;2) == {u € L*(Q) : Z% € L*(Q), |a| < m}.
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THEOREM (MORANDO, S., TREBESCHI, 2008)

Under all the previous assumptions, there exists v,, > 7o such that, if
Y > Ym, and F, € Hj7 (Q), G, € H™(Y), then u, € H], (Q) as

tan
well, with Pu. s, € H™(X). Moreover u., enjoys the estimate

2 2
Y uqyll gn(Q)_’_HPuﬂEHHm
< Cn (LBl ) +11C Hmz)

where Cy, is independent of v,u, F, G.

Cfr. [Rauch, Trans. AMS 1985].

Here the matrices A; need not to be symmetric.
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SCHEME OF THE PROOF

Introduce the (norm preserving) bijection
§: 2Ry — L2(R™H)
by
wh(z) := w(e™, z')e™ /2,
The map
t: Hiy, (RYT) — HIR™)

tan

is an isomorphism.
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Consider the family of norms

0l g sams = Nl g = [ NP O (€ (0) s

for 0 < 6 <1, with (€)% := 1+ [£]2. Here (w*)"(£) denotes the

Fourier transform of wf(z) w.r.t. x.

This norm is equivalent to HwHqu(RnH) for each fixed 0 < § < 1.
—_— tan +

Moreover,
w e HE, (R
w € Hiy, (RY™)
and
||w||R1+17q_1,tan75 remains bounded as § | 0.
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We define the following mollifier [Nishitani & Takayama, CPDE 2000].

Let x € C§°(R™™1). Forall 0 < e < 1 set x:(y) :=e "x(y/e). We
define J. : L2(RT) — L2(REH) by

Jew(z) = /Rn+1 w(zie ¥, 2’ — y’)e*yl/zxg(y)dy.

Then

c
||J€w||H§an(R1+l) < gHwHLZ(Riﬂ) Vg > 1,Ve >0,

[2;,J] =0, j=1,...,n+1.
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Because of
(sz)ﬁ = wh Xe
a result by [Hormander, 1963] yields

THEOREM
Assume that the function x € C§°(R"*1) satisfies

X(§) = O([¢fF) as & — 0, for some p € Zy;
X(t§) =0, forallteR, implies{ =0.

Then for q € Z with q < p, there exists Coy = Cy(x, q) > 0 such that
forall 0 < 6 <1 and w € H{: '(RTHY)

tan

061 | |w| |]?§"+1 ,q—1,tan,6

< fo ||Je wHLz Rn+1) g2 (1 + ) o HwHHq 1 (R7H)
< Collw]|?

R g—1tan,s’
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From (5) we infer

(v + L)Jeuy = JFo + [L, Je]uy in Q,
MJou, = Gy * X on X,

where
X=(") rz/Reyl/zxa(yhy’)dyu y eR".

By assumption

Yews 172 gy + I1PIetts) =03 172

(6
<co<1uJF L T gy + 116 * Rl ) -

For semplicity, let us remove the subscript v from u,, F,, G,.
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F € HL, (R, g < m, yields

—1
HJFH (15 & ompe
L2 R"Jrl) e2 e — Rfrl,q,tan,l’

forall 0 <6 < 1.
Moreover, G € H4(R"™), q < m, yields

1 2\ —1
- _ ) de
[ 16 R (1+5) 5 <ClGIny,
0 (3 13

forall 0 < 6 < 1.
We need to estimate the commutator in (6).
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LEMMA
Ifu e LA R and if a(x) € CZ (R, then ([a, J.Ju)* can be

. (0)
written as

/ bz, y)uf (z — y)y™xe(y)dy, la = 1.
Rn+1

Forj=1,---,n+1, ([aZ;, Je]u)ti can be written as sum of terms of
the form

/ b(z, y)uf (z — y)x=(y)dy,
Rt1

1

e /Rnﬂ bz, y)uﬁ(x - y)ya(aij)e(y)dy, ’a’ — 1.

Here b(z,y) € B>®(R"T! x R"*1), the space of C*° functions with
bounded derivatives.
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From the previous lemma one has

LEMMA (NISHITANI & TAKAYAMA, 2000)

Let a € C (R*1) and g > 1. Then there exists a constant C' > 0
such that f%)r all0 <6 <1

' 2 -2 0%\ de 2
/0 H[a, JE]U"LQ(R1+I)E q <1 aF 62) ? < CHuHRiﬂ,qu,tan,J’

and, forj=1,--- ,n+1,

' 2 -2 0%\ de 2
[ Moz 2l (14 %) E < Cllllgon g1

(This suffices for tangential derivatives)
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THE IBVP FOR m = 1

ProOOF = > 5
A NORMAL REGULARITY FOR m >

THE COMMUTATOR [A10, J.

Reduce locally to the case
A== (s ahn)
where
A{I € M« is invertible ,
and
AT =0, Af'f=0, AfT=0  at T={z, =0}

Decompose accordingly u = (u!,u'"). Then Pu = u!
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THE IBVP FOR m = 1

ProOOF T 2
A NORMAL REGULARITY FOR m > 2

From (3) we infer (0y, , = Oy, Apy1 = 1)

n+1 I
0ol = —(AID | AT, o1 4 <7u + ZAJ‘(?%'“ + Bu — F)
j=2

where AT 9, u' behaves like Zju. Therefore 0,,u’ is controlled by
only tangential derivatives.
The other normal derivatives in L are

oI I o I
A7 PO u, A7 YO0 u

which also behave like Z;u.
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PROOF THe IBVP =1
A NORMAL REGULARITY FOR m > 2

We obtain

LEMMA
Letqg=1,...

,m. There exists a constant C' > 0 such that

-1
fol ||[A101, J. ]u||L2R”+1) —2q<1+ ) de

&)

— 2 -1
< Cfo ||J€u”L2 Rn+l)8 2q (1 + %) de

&1

—I—C’)’ HUHHq 1(Rn+l +C"F’|]§i+1,q—2,tan,5'

for all 0 < § <1 and for ~y large enough.
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Combining all the previous estimates gives for v > v,, where 7, > 79
is large enough,

1
1 _ 62 d
7f0 HJéu’YHiz(Ri+1)6 2q (1 L ?> ?5
1
1 _ 52 d
o Vetd gy gy ey (14 5) £
< O (A8, B g + G 2l )

foral0<é<landg=1,...,m.
Therefore, if u, € H{ '(R""!) we infer that

tan

2
R?fl,q,tan

I
H“WH%TI,qq,mn,a + Hu7|{x1:0}HI%€",q—1,6

is uniformly bounded in §.
Then

uy € Hi, (R, b, _y € HYR™).

tan

By induction we thus obtain u, € H, (R'1) with
I m (RN
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TANGENTIAL REGULARITY
FOR m

ProOOF ' > 2
A NORMAL REGULARITY FOR m > 2

THE HOMOGENEOUS IBVP

From the result on tangential regularity we infer for the solution u, of
the homogeneous IBVP

Wity = IR, in Qr,
Mu, =G, on Xr, (7)
Uqyjt=0 = 0 in Q,

that
Uy € H{gn(QT’) with Pu"/|ZT S Hm(ET/)

(VT < T), provided that

NFy =0 =0, O8Gy4=0=0, h=0,....m—1.
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TANGENTIAL REGULARITY
FOR m

ProOOF ' > 2
A NORMAL REGULARITY FOR m > 2

THE NONHOMOGENEOUS IBVP FOR m =1

Consider the nonhomogeneous IBVP

Lou, = F, in Qr,
Mu, = G, on Xr, (8)
u7|t:0 = f in Q).

Now we look for an approximated solution uy of (8) of the form
up, = vy, + wg, where vy, is solution to

ka = Fk — ka, in QT
Muv, = G, — Mwy, on X (9)
Vgjt=0 = 0, in €.
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Let us denote ugy = €~ " uy, vy, = e vg and so on. Then (9) is
equivalent to

Lovpy = Fry — Lywiey, in Qp
Muvgy = Gy — Mwyi,, on X (10)
Vkyjt=0 = 0, in €.

We look for wy,, such that

(Fiy = Lywy)jt=0 = O0¢(Floy — LyWiy ) jt=0 = 0,
(11)
(Gry — Mwgy)ji=0 = 0 O(Gry — Mwiy)j1=0 = 0.
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TANGENTIAL REGULARITY
THE IBVP FOR m = 1

ProOOF - - 5
N NORMAL REGULARITY FOR m > 2

REGULARIZATION OF THE DATA

LEMMA

Let F € H(Qr), G € H'(Z7), f € HX(Q), with f1) € L2(Q), such
that Mf|69 e G\t:O-

Then there exist Fy, € H3(Qr), Gx € H*(X7), fi € H3(Q), such that
M(0)fi = Gi(0), BM(0)fi + M(0)f") = 8,G1(0) on 02,

and such that Fy, — F in H:(Qr), Gy — G in H'(S7), fr. — f in
HY(Q), £V = O in L2(Q), as k — +oo.

It seems that this Lemma can be proved in H]" only for m = 1.

Then we take a function wy € H3(Qr) such that

1 2
Wijt=0 = fky  OtWpjt=0 = f;i ) Ofwj—o = f,i ),
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A No s FOR m > 2

Notice that this yields

(Lwg) =0 = Frjt=0, Oe(Lwg) =0 = O Frp—o,

i.e.
(Fkv - L'ywk'y)|t:0 =0, at(Flc'y - L'ywkv)\tzo =0,
and
M(0) frjoo = Grjt=0, M (0) frja0 + M(O)f;gi%g = 0 Gji=0,
yields

(Gk,y - kafy)“:() = O, at(Gk'y - ka'y)|t=0 = 0.

Thus we have (11) and we may deduce uy € HZ,,(Q7), with
P'U,klzT/ € H2(ZT/), VT <T.
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A PRIORI ESTIMATE IN H!

In local coordinates one shows that the commutator [L, Z;] contains
only tangential derivatives:

there exist matrices I'g, I'g, U such that
[L,Z] = —Z|ﬁ‘zlrﬁzﬁ+ro+u, i=1,...,n+1.
Then Zuy, solves the problem

LZug + X 521 LsZPuk = (Zi + O)Fy, + Touy, in REx]0,T7],

MZluk = Zle, on {1'1 = 0},
Ziugji—0 = Zi [k, in R%}.
We may apply the L? estimate, find an a priori estimate in Cr(H}),
extend up to T, pass to the limit, ... . This concludes the proof for
m=1.
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@ Normal regularity for m > 2
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TANGENTIAL REGULARITY
THE IBVP FOR m = 1

Proor
i NORMAL REGULARITY FOR m > 2

NORMAL REGULARITY FOR m > 2

By induction, assume that u € Cp(H™1).
We need to increase the regularity by one more tangential derivative
and, if m is even, also by one more normal derivative.

We consider:
@ Only purely tangential derivatives
@ Tangential derivatives and only one normal derivative

@ Tangential derivatives and more than one normal derivative

Recall that in the space H]"(2) tangential derivatives have
“weight one” and normal derivatives have “weight two".
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i NORMAL REGULARITY FOR m > 2

PURELY TANGENTIAL DERIVATIVES

In local coordinates we decompose A; ( ) and accordingly
81u1
Oiu = .
! o'l
By inverting A{’I, we can write djul as

ol =AZu+ R (12)

where

AZu = (ADH)~1 [(An+1Zn41u+ Z A;Zju)! + A{J[aluHL
j=2
R=(APY"Y(Bu—F).

Since A1 =0 at {1 = 0}, AI119, u!! behaves like Zyu. Therefore
Oz, u! also behaves like a first order tangential derivative.
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Applying the operator Z%, |a| = m — 1, to (3) and substituting (12)
gives a problem with the form

(L +B)Z% = F, inR2x]0,T],
MZ% = Z°G on {z; = 0},
Z% =0 = fa in R,

where
ﬁ = ) M = .
L M
We may apply Theorem 1 for m = 1 and infer Z%u € Cr(H}), for all
o] =m — 1.
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Proor
i NORMAL REGULARITY FOR m > 2

TANGENTIAL AND ONE NORMAL DERIVATIVES

We apply to the part I of (3), the operator Z70;, with |y| = m — 2.
We obtain o
(L+C) 270l =g,

where

L

o
I
i

with T = 41410, + S0, AT g,

@ The boundary matrix of £ vanishes at {z; = 0}. We don’t need
any boundary condition.

@ G contains only tangential derivatives of order at most m.

We deduce Z701u € Cp(L?), for all |y| = m — 2.
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MORE THAN ONE NORMAL DERIVATIVE

Again by induction.
Suppose that for 1 < k < [m/2], it has already been shown that
Z%0M € Cp(L?), for every h=1,--- ,k, o] +2h < m.
From (12) we infer
zeoM e op(L?).
It rests to prove that Z@9F 1wl € Cp(L?).
We apply operator Z“@f“, |a| + 2k = m — 2 to the part II of (3),

and obtain o
(L +Cp)zeoy T ull = Gy
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NORMAL REGULARITY

@ (. contains derivatives of u of order m, but normal derivatives of
order at most k.

@ The boundary matrix of £ vanishes at {z; = 0}.

We infer that
Zozaic-f—luﬂ e CT(L2)
for all v, k with |a| + 2k =m — 2.

By repeating this procedure we obtain the result for any k < [m/2],
hence v € Cp(H}").

The end!
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APPENDIX

EULER EQUATIONS

%”(Btp—i-%Vp)—FV-v:O,
p{Ow + (v-V)v} + Vp =0,
oS +v-VS=0.

This is a quasi-linear symmetric hyperbolic system since it can be
written in the form

(Pp/p)(Or +v- V) V. 0 p
AV p(at+U'V)I3 Q v = 0.
0 o7 O +v-V
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Boundary matrix:

(pp/p)o-v VT 0
A, = v pv-vlzg 0
0 oT V-V

If v-v =0, then
ker A, ={U" = (p',v',5") : p =0,v"-v =0},

Projection onto (ker A,)=:

1 07 o
P=10 r®v 0
o o o

P has the regularity of v.
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IDEAL MAGNETO-HYDRODYNAMICS

pp(Or +v-V)p+pV-v=0,

p{dw+ (v-V)v} + Vp+ puH x (V x H) =0,
OH + (v V)H — (H-V)u+HVY v =0,
oS +v-VS =0,

V.-H=0.

The constraint V - H = 0 may be considered as a
restriction on the initial data.
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This is a quasi-linear symmetric hyperbolic system:

pp/p 0T 0T

0" 0 j4
0 plz 03 0 v
0o o0, 1, of%|m|T
o 07 o7 1 S
(po/p)v -V V- 0" 0 P
\V v - Vs V()-H-H-VI; 0 vl _,
0 HV -—H-VI; v-Vis 0 H| ™~
0 o7 0T v-V S
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A different symmetrization with the total pressure ¢ = p + |H|?/2:

{0 +v-V)g—H- (0 + (v-V)H}+V-v=0,

p(Or+ (v-V))v+Vq—(H-V)H =0,

(Or+ (v-V)H — (H -V)v—
—2H{(O+v-V)g—H- (0 + (v-V))H} =0,

(O:S +v-VS =0,
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that we rewrite as

Po/P 0"

0 pl3

—(pp/P)H 03

0 o”

(pp/p)v -V

\%

—(pp/p)Hv -V
0

where

~(pp/p)HT 0 q
03 Q v
an Q 8t H +
o” 1 S
V- ~(pp/p)H™v -V 0 q
pv - Vi3 —H -VI3 0 v
—H - VI agv - V 0 H
o7 o” v-V S

ap = Is + (pp/p)H @ H.
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Boundary matrix:

(pp/p)v -V 2
A — v pv - vig
Y | =(pp/p)Hv-v —H -vi;
0 0"
@ Ifv-v=0, H-v=0, then
ker A, ={U' = (¢',v', H',
Projection onto (ker A,)*:
1 oF
|0 v®v
P=lo o
0o oF
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¢ =0,v-v=0}

o loIo O
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° IfH-Z/:()andU-V;éO,U'V#%:I:c(p),then

ker A, = {0}, P =Id.

(Non characteristic boundary)
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@ Ifv-v=0and H v #0, then

ker A, ={v'=0,vq¢ — H -vH' =0},
rank A, = 6.

Projection onto (ker A,)*:

A 0" —AH V)T 0

p_ 0 I3 03 0
—AH-v)v 03 Is—Av®@v 0

0 o’ o’ 0

where A :=[1 + (H -v)?]~L.

P has the (finite) regularity of H - v (for 92 € C*°). However, ther is
full regularity (solvability in H™) [Yanagisawa, Hokkaido MJ 1987].
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KREISS-LOPATINSKII CONDITION

Consider the BVP

{Lu:F, in{z; > 0}, (13)

Mu=G, on{x =0}.

o L:=0;+ Z?Zl A0y, hyperbolic operator (with
eigenvalues of constant multiplicity);
) Aj eEMpxn,j=1,...,n,and det A; #0 (i.e.
non characteristic boundary);
@ M € Myxy, rank(M) = d = #{positive eigenvalues of A;}.
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o Let u=wu(xy,2',t) (' = (x2,...,2,)) be a solution to (13) for
F=0and G=0.

e Let u = u(xy,n,7) be Fourier-Laplace transform of u w.r.t. z’
and ¢ respectively (1 and 7 dual variables of 2’ and ¢ respectively).

e U solves the ODE problem

d =An,7)u, x>0,

day

M7(0) =0, (14)

where A(n,7) := —(A1)7 | 71, +i Y Ajn;
=

P. SEccHI (BRESCIA UNIVERSITY) CHARACTERISTIC HYPERBOLIC IBVP’S



DNDITION

IONS
APPENDIX

Let £ (n, 7) be the stable subspace of (14).
e Kreiss-Lopatinkii condition (KL):

kerMNE~(n,7) = {0}, V(n,7) ER" xC, Rr>0.]

)

V(n,7) e R x C, Rr >0,3C =C(n,7) >0 :
|A V| < CIMV| YV e & (n,1).

e Uniform Kreiss-Lopatinskii condition (UKL):

3C >0: V(n,7) eER" I xC, RT>0:
1A V| < CIMV| YV € & (n, 7).
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LOPATINSKII DETERMINANT

e Forall (n,7) e R x C, R >0, let {X1(n,7),..., Xa(n,7)} be
an orthonormal basis of £7(n,7) (dim &~ (n, 7) = rank M = d).

e Constant multiplicity of the eigenvalues = X;(n,7), j =1,...,d,
then £~ (n, 7) can be extended to all (n,7) # (0,0) with ®7 = 0.

A(n,7) :=det [M (X1(n,7),...,Xaq(n,7))]
V(n,7) e R x C, RT > 0.

(KL) < A(n,7)#0, VYRr>0,VpeR™ 1.

(UKL) < A(p,7)#0, YRr>0,¥peR" 1,
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KREISS-LOPATINSKII CONDITION AND
WELL POSEDNESS

1. |det Ay # 0] (i.e. non characteristic boundary)

o (UKL) < L2—strong well posedness of (13);

e (KL) but NOT (UKL) = Weak well posedness of (13) (energy
estimate with loss of regularity);

e NOT (KL) = (13) is ill posed in Hadamard's sense.

2. (i.e. characteristic boundary)

(UKL) + structural assumptions on L = L?—strong well
posedness of (13).
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STRUCTURAL ASSUMPTIONS

e [Majda & Osher, 1975]:
@ L symmetric hyperbolic, with variable coefficients +
@ Uniformly characteristic boundary +
@ (UKD +

@ Several structural assumptions on L and M, among which that:
ZA () aza(m)”
35 = az, 1(77) az(n)

where a;(n) has only simple eigenvalues for || = 1.

Satisfied by: strictly hyperbolic systems, MHD, Maxwell's
equations, linearized shallow water equations.
NOT satisfied by: 3D isotropic elasticity (a1(n) = 03).
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e [Benzoni-Gavage & Serre, 2003]:

@ L symmetric hyperbolic, with constant coefficients, M constant +
© Characteristic boundary +

Q (UKL) +
(4 ]

_ 0 az,1(n)”

Aln) = (02,1(77) ax(n) )

with as(n) = 0.
Satisfied by: electromagnetism, Maxwell's equations, acoustics.
NOT satisfied by: isotropic elasticity (az(n) # 0).

e [Morando & Serre, 2005]: 2D, 3D linear isotropic elasticity.
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