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Double diffusive convection

F1GURE 1. A field of salt fingers formed by setting up a stable temperature gradient and pouring
a little salt solution on top. The downward-moving fingers were made visible by adding fluores-
cein to the salt and lighting through a slit from below.

Huppert & Turner (1981)
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Binary mixture theory

Mixture theory — Truesdell

Idea of co-occupancy:

Vs velocity
Vi velocity
Ps density
DPw density
Os, €s temperature/internal energy

0w, ew temperature/internal energy

Table: Unknowns in problems for binary mixtures.

Eckart(1940), Truesdell (1957), Samohyl (1987), Rajagopal & Tao (1995)
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Governing equations

Governing equations for components - non-reacting binary mixture of
non-polar constituents

ds .
T? = —psdivg,
dW W .
Ti = —pw div vy,
d
Ps ;‘;S =div Ts + psb + m,
d
Yw _ =divTy 4+ pwb — 7
dg _ ,-
P @ |Vs Tyvs) — divgs + gs + €' + psbg o v
d,, . ,-
Po e (et |Vw| (Twvy) — divQy + gy — € + pyby, @ vy,
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Governing equations

Governing equations for components - non-reacting binary mixture of
non-polar constituents

dsps

T div vy,
dwpw .
di = —pw divvy,
d
05 d‘t’ — divT, + peb +
Ay Vw .
pWT‘; =divTy + pwb— 7
dgeg . i
Ps 1t =Ts: Vvg—divgs + gs + €' — m e vg + psbg e v
dyeéw . i
pWT :Tw:vvw_dlvqw+qw_e +7T.vW+prW.VW
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Single-component form

@ We formulate balance laws for the mixture as a whole, rewrite them in a
single-component form in terms of mixture properties and identify additional
balances for complementary quantities .

@ Mixture components properties ps, Pw, Vs, Vw, €s, €w

@ Mixture properties

p = pPstPw
PV = PsVs t PV
1 1
pe = ps&+ pwew + Epsus o u + Epwuw ® Uy

where Ug ;= Vg — V, Uy 1= Vi — V.

@ Complementary properties (only ¢ and Jg, same temperature "e;—e,," not

needed)
c = &
p
Js = ps(vs—v)

Ondrej Soutek (Charles University) Non-reacting binary mixtures 31 March 2012 5/21



Governing equations in "new" variables

dt
dc

P
dv
P
aJ.
dt

de
Pt
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—pdivv
—div Jg

divT + pb

—J, o (Vv — (divv)I) — div C} (i - 1_16> J.® JS>

div((l1—¢)Ts — cTyw)+TVec+m

—divq+T:D(v) +gq
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Governing equations in "new" variables

dp
dat
de
T
dv
Pt
aJ,
dt

de

Pt

with

—pdivv
—div Jg

divT + pb

—J, e (Vv — (divv)I) — div (; (i - 1) J.® JS>

1-c
div((l1—¢)Ts — cTy)+TVec+m

—divq+T:D(v) +gq

T:=Ts+ Ty — psts ® Usg — Pyl @ Uy
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Governing equations in "new" variables

dp
dat
de
T
dv
Pt
aJ,
dt

de
Pt

with

—pdivv
—div Jg
divT + pb

. (1 /1 1
—Js o (Vv — (divv)I) —div (p (c - 1—c> JS®JS>
div((1—¢)Ts — cTyw)+TVc+m

—divq+T:D(v) +gq

1

T:=Ty+Ty - ————
st pc(l—c)

Js® Js
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Governing equations in "new" variables

de .
i —divq+T:D(v) +gq
where

q = Jot+Jdo +Jq+ 1

Jo = psesus t+ pyeyly
J - ! |lug|?u +1 luy [2u
ex 2ps s s 2pw W w
Jo = ast+4qw

J’]]‘ = — TSUS — Twuw

q = gs+quw
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Binary mixture theory

Governing equations in "new" variables

where

Ondrej Soutek (Charles University)

Pae

= —divq+T:D(v) +gq

Jo + o +dg+ I

Js(es - ew)

1 1-2c

27— e

s + Qu

(- am et ()
gs + quw
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Entropy balance

d .
Ps (S;ZS +divd,, = &+ ¢
dwhw | .
Pw dt +d|VJnW = &w—¢
dn .
P +div), =¢
provided we define
PN = Pshs + Pwilw
Jy = Iyt + (s — 1w )ds
§ = &G+
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The "minimal” constitutive model

@ From the energy and entropy balance

1 1
pe = Ps€s + Pw Ew + Epsus ® Ug + Epwuw ® Uy
PN = Pshs T Pwilw
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Binary mixture theory

The "minimal” constitutive model

@ From the energy and entropy balance

e = pces+p(l—c)e —I—li
pe = pc& T v T2 (1 - ©)

pn = pens+ p(l— c)nw
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Binary mixture theory

The "minimal” constitutive model

@ From the energy and entropy balance

e = pces+p(l—c)e —I—li
P - PCEs P W 2pC(1—C)

pn = pens+ p(l— c)nw

@ Constitutive assumption:

1 [Jg?
pe(p,c,n,Js) pees(p, c,n) + p(1 = c)ew(p,c,m) + 5 |

2 pc(1-¢)
psns(ps ¢, €) + pwiw(ps ¢, €)

pn(p,c,e) =
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Binary mixture theory

The "minimal” constitutive model - Helmholz potential

@ Defining absolute temperature

Y= %
87] c,p,ds
@ Defining the Helmholz potential
\Us = & — 19775
Yy, = ey — Uy
vV = e—Un

@ our constitutive assumptions imply
V(p,c,9,ds) = cVWu(p,c, ) + (1 — c)Wy(p, c ﬁ)+1&
p? y Vs ) T Sp7 I Wp7 ) 2p2c(1_c)
@ This is one of the results of theory of fluid mixtures of Miiller (1968).
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The "minimal” constitutive model

Using
w2V YR v\,
. dc 0,9, - dp )9, oY 0,65
We may now express
dn de oVdp 0OVde oV dJg
pP— = p——plaort it ®
dt dt Opdt Odcdt 9dJy dt
= —divq+T:D(v)+ pdivv + pdivJ —io%
- q . p /’L S pC(l _ C) dt )
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Binary mixture theory

dn 4 (I, 1 , 5 Lol \*\
pﬂdt = <p+3pc(1_c)+3trT divv+ | T° + (1= 0 : D°(v)

e (0om ey 202 (0 122)) v (i)

Js
— (m+pc(l—c)Vu+TVc)e (pc(l—c))
— div(Jg +Jde — pds — Je,)
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Binary mixture theory

dn 4 |12 1 _ s Lol \°\
J— = ——F—+ -t1T | d T _— :D
PUa <p+3pc(1—c) * 3" v * pc(l—c) (v)

o (toommen 202 (0 5)) 7 ()

Js
(m+ pc(l —c)Vu+TVc) e (pc(l—c))
div(Jgq +Jde — pds — Jo,.)

Vp = o Vp + ou Ve + Ou
J dc J oY
9, pc(ls—c) p,’l97 pc(lsfc)

dp
Js ou
v (pc(l - c>> [
c,p,d

pc(lic)

) vo
Js
P Hei—0)

+
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Binary mixture theory

dp 4 ()2 1 _ 5 Lotk \°\
pz?dt = <p+3 - )+3trT divv + | T° + e — ) : D°(v)

o (toommen 202 (0 )) 7 ()

Js
(m+pc(l=c)Vu+TVc) e (pc(l—c))
div (g + e — pds — Jo,)

R v (21 Vet |
. et dc PO et o

dp

V(oeia) g

) Vi
Js
P Hei—0o)
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Binary mixture theory

Our model thus suggests to identify

B 4 32 1 _ Lok \)
195 - (P+ 3[)C(1—C)+3trT> divv + (T(;—F <pC(1—C)> > .D5(v)
Js
+ ((1_C)TS—CTW) . D(pc(l-c))

- (w + pe(l - ¢) (Z‘p‘vH ?{fw) + TVC) . (pc(1J—c)>

- ((que —ﬁqu—Jek)> s

and
Jog+Je — nds — Jey,

J, = 3
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Binary mixture theory

Our model thus suggests to identify

2
vE = (p+ gpc(JlgL) + ;trT) divv + (Ts + Ty)’ : D(v)
+ ((1=¢)Ts— cTy) : D(us — uy)

—-J) ou  Jg
+p (1_C)319pc(l—c)) o VY,

Jg+de—pdy — I,
9

((
(ﬂ'—i—pc (1-0¢) (g Vp—i—ch) +'IFVc>o(us—uw)
(e

and

J, =
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Binary mixture theory

Our model thus suggests to identify

4 |32 1 . 5. mo
vE = p+§ﬁ+§tr’ﬂ‘ divv + (Ts + Ty)" : D°(v)

+ (A= o)Ts —cTy): D(PC(:S—C)>

1 - e— - ..
™+ pc(l—c ( Vp+ Vc)+ VC).( a )>

(
( —Je)

o Js
1_ -~ .= (¢
+ pe( C)ﬁﬁpc(lc)).V0’

and
Jg+Jde — pds — Je,

)

J, =
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Binary mixture theory

Our model thus suggests to identify

4- |JS|2 1 . 5 F)
9 = <p+3()+3tr'ﬂ‘>d|vv+(']l‘s+'ﬂ‘w) :D%(v)
Js
Rl =)
ou ou ou Jq

— <7r+pc (1-¢) (8 Vp —l—a—V +MV19>+’JI‘VC)0</)C(1C)>

_ (J tde - Jek))-Vﬁ,
and

Jo+de—pds— I,
D

J, =
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Binary mixture theory

Our model thus suggests to identify

4 |Js|2 1 . ) F)
195 = <p+3pc(1—c)+3trT> dIVV+(TS+TW) ZD(V)
Js
O =)

((
o ou d/ Js
(e (a o B i) wrve) o (L)

+(1_a)pc(1_c)8ﬁpc(lc)).V§7

and
Jg+Jde — pds — Je,

)

J, =
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Binary mixture theory

@ Let us postulate the rate of entropy production as

g = % ; 32 (divvy?

e e I =)

t H(eag) s Gaig) Favrevr o

for v, > 0,2v + 3\ >0,k > 0,k > 0.

@ Let us employ the postulate of maximization of rate of entropy production
with respect to the thermodynamic affinities (see e.g. Rajagopal & Srinivasa

(2004)) (div v,D?(v), D (m) s S w)
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Binary mixture theory

Final constitutive relations

4 |JP 1 2v+3X\
=l 4T = d
p+3pc( )+3r 3 IV Vv

Lol \°
T+ | ) = 2wD’
(i) )

(1-¢)Ts— cTy) = 20D <pc(1J—c)>

7+ pc(l - c) v + 291099 yTve = k.
dc 09
(Jq—i—Je—qu—Jek) 3 o Js _ K
3 + (1—a)pc(l —¢) Wpcl—c) A\,
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Binary mixture theory

Final constitutive relations

+:CH_2)+;MT = 2V—gw\divv
T+ T, = 2uD(v)
(1— )T, — cTy) = 20D (us— uy)
m+pc(l—c) <8“Vp+8uv +aa/"LVz9)+’Jl‘Vc = —kJs
) d v
(Jatde 1;”5 Jo) 41 a)pc(l—c)aﬁc(:s_c) - —gw
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Heat and entropy fluxes

@ Let us inspect the final form of heat flux q and entropy flux J,,

q = —K,v'l? + Je + Jek + JT
865 aew 9
(G -G —atgtent 0 -cm) )5
1
3y, = E(quJekf‘JTiqu)
_ gy
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Heat and entropy fluxes

@ Let us inspect the final form of heat flux q and entropy flux J,,

q = -V + Je + Jek + JT
865 aew a
+ (c 5c T (1- C)W - 0419& (ens + (1 - C)nw)> I
1
J77 = 5(‘]72‘]8}( 7J']I‘ 7,u'JS)
K 0
= =5V —a)s(ens+ (1 - c)nw) ds
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Heat and entropy fluxes

@ Let us inspect the final form of heat flux q and entropy flux J,,

q = 7Iﬁ}v19 + Je + Jek + JT
8es 86w 8
+ (c 5 +(1—c)§—0ﬁ9& (Cns+(1—c)77w)> Js
1
J, = 3 (q—2Je, = I — pds)

p d
= —5VI+ (- )5 (e + (1= c)nw) ds

@ Choiceof a?: =0
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Heat and entropy fluxes

@ Let us inspect the final form of heat flux q and entropy flux J,,

a4 = KVt et o+
Oeg Oey
<C 8(: +(1_C)8C) JS

1
(@ =20, —dr— i)

_|_

—
3
Il

K 8775 677w
_ﬁVﬁ_F(ns_nw)Js"'(Cac+(1_C) )Js

@ Choiceof a?: =0

@ satisfactory - no entropy contribution in heat flux q + correct diffusive term
present in entropy flux J,
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Heat and entropy fluxes

@ Let us inspect the final form of heat flux q and entropy flux J,,

q

+

KV + Jo + Jo, + Ir
Oeg Oey
(Cac + (1 — C)ac) JS

1
5 (@ 2o, = Jr —puds)
_k

9

ons ONw
VI + (ns — nw)ds + (c 5 +(1- C)8c> Js

@ Of particular interest is the quantity 9J,, — q
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Comparison 9J,, — q

@ Our result
0
Wy —q=—Je, —Jr — E(C\US + (1= c)Vy)ds
@ Fluid Mixture theory of Bowen (1976) (entropy flux postulated)
Wy —q=—Jo, — v — (Vs — Vy)Jg

@ Miiller (1984) theory for mixtures of non-viscous fluids (entropy flux derived)

0y —q=—Jo, — I — (U, — W),
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Evolution equation for Jg

dJs . (171 1
T Js o (Vv — (divv)I) — div <p (c 1—c> JS®JS>

+ div((l—¢)Ts —cTy) +TVec+ =
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Evolution equation for Jg

dJs . (171 1
T Js o (Vv — (divv)I) — div <p (c 1—c> 3 ® JS>
+ div((l—¢)Ts —cTy) +TVec+ =

Using the constitutive relations for w + TV ¢ and (1 — ¢)Ts — cTy,:

dJs . (1 /1
T Js o (Vv (dlvv)]I)erlv(p(C 1—C)JS®JS)

. ~ Js o ou
+ div <2I/vsym <pc(1—c)>) — pC(l — C) (apr + 8CVC> — kJS
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Evolution equation for Jg

dJs . (171 1
T Js o (Vv — (divv)I) — div <p (c 1—c> 3 ® JS>
+ div((l—¢)Ts —cTy) +TVec+ =

Using the constitutive relations for w + TV ¢ and (1 — ¢)Ts — cTy,:

dJs . (1 /1
i —Js o (Vv — (divv)I) + div (p <c - 1—(:) JS®JS)

. ~ Js ou o
+ div <2I/vsym <pc(1—c)>) — pC(l — C) ((f?pvﬂ + GCVC) — kJS

Provided fast relaxation % ~ 0 and neglecting non-linear terms in v,Jg, and
assuming 7 ~ 0, one obtains

kds ~ —pc(l —c) (?;Vp + ?jVC)
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Conclusions

o Key features of the presented model: reformulation in traditional
variables p, ¢, v, ¥ and also Jg, for all of them evolution equations are
available - equivalent to 2 mass balances, 2 momentum balances and
single energy balance (class Il mixtures (Hutter))

@ Minimal scenario for Helmholz potential implied by balance eq.

152

Wip, .0, d5) = cVislp, e, 0) + (L= fWulp, . 0) + 575 57—

fits well the framework of earlier mixture theories.

@ Choice of rate of entropy production - satisfaction of 2nd law of
thermodynamics

@ Maximization of r.e.p. — constitutive equations
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Conclusions Il

Classical viscous-fluid relations for fluid part T + Ty, ~ D(v)
Additional relation for (1 — ¢)Ts — cTy, ~ D(us — uy,)

Interaction force 7 contains all relevant (for diffusion) mechanisms.

Energy and entropy flux consistent extensions of theories of Miiller
and Bowen.

@ "Physical” limit of evolution eq. for diff. flux Jg yields classical Fick's
diffusion.
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Binary mixture theory

Thank you for your attention!
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