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Content of the talk:

@ Phase transformations in NiMnGa
@ Martensitic/austenitic transformation
@ Ferro/para-magnetic transformation
@ Coupling of transformations: magnetostriction

© The model and its analysis
@ Partly linearized ansatz
@ Analysis: semi-implicit discretisation, a-priori estimates
@ Analysis: convergence

© Some other phenomena to be involved
@ General nonlinear ansatz
@ Pinning effects
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Phase transformations in NiMnGa Martensitic/austenitic transformation
Ferro/para-magnetic transformation

Coupling of transformations: magnetostriction

Shape-memory materials (SMM): alloys (=SMAs) or intermetalics.
The mechanism behind shape-memory effect (=SME):
o higher temperatures:
atoms tend to form a latice with high symmetry (mostly cubic):
austenite phase, higher heat capacity
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Phase transformations in NiMnGa Martensitic/austenitic transformation
Ferro/para-magnetic transformation

Coupling of transformations: magnetostriction

Shape-memory materials (SMM): alloys (=SMAs) or intermetalics.
The mechanism behind shape-memory effect (=SME):
o higher temperatures:
atoms tend to form a latice with high symmetry (mostly cubic):
austenite phase, higher heat capacity
a lower-symmetrical latice: martensite phase, lower heat capacity.
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Coupling of transformations: magnetostriction

Shape-memory materials (SMM): alloys (=SMAs) or intermetalics.
The mechanism behind shape-memory effect (=SME):
o higher temperatures:
atoms tend to form a latice with high symmetry (mostly cubic):
austenite phase, higher heat capacity
a lower-symmetrical latice: martensite phase, lower heat capacity.
the lower-symmetrical latice occurs in several variants;
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o higher temperatures:
atoms tend to form a latice with high symmetry (mostly cubic):
austenite phase, higher heat capacity
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Phase transformations in NiMnGa Martensitic/austenitic transformation
Ferro/para-magnetic transformation

Coupling of transformations: magnetostriction

Shape-memory materials (SMM): alloys (=SMAs) or intermetalics.
The mechanism behind shape-memory effect (=SME):
o higher temperatures:
atoms tend to form a latice with high symmetry (mostly cubic):
austenite phase, higher heat capacity
a lower-symmetrical latice: martensite phase, lower heat capacity.
the lower-symmetrical latice occurs in several variants;
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Phase transformations in NiMnGa

Martensitic/austenitic transformation

Ferro/para-magnetic transformation
Coupling of transformations: magnetostriction

Crystalographical options of lower-symmetrical martensite:
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Phase transformations in NiMnGa

Martensitic/austenitic transformation

Ferro/para-magnetic transformation
Coupling of transformations: magnetostriction

Crystalographical options of lower-symmetrical martensite:
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Phase transformations in NiMnGa

Martensitic/austenitic transformation

Ferro/para-magnetic transformation
Coupling of transformations: magnetostriction

Crystalographical options of lower-symmetrical martensite:
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1 variant 3 variants 6 variants 12 variants

4 variants
martensite in:

austenite NiMnGa, InTI  CuAINi, AuCd  NiTi, CuZn

R—phase in NiTi
Self-accomodation of a microstructure (example of CuAlINi)
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Phase transformations in NiMnGa Martensitic/austenitic transformation
Ferro/para-magnetic transformation

Coupling of transformations: magnetostriction

Schematic stress/strain response of SMM:

low temperature Vs high temperature
stress ¥ stress M
1 A
— strain strain
M M
quasiplasticity pseudoelasticity

Tomas Roubitek (Workshop, MFF, Prague, March 31, 2012)  Phase transformations in NiMnGa



Phase transformations in NiMnGa Martensitic/austenitic transformation
Ferro/para-magnetic transformation

Coupling of transformations: magnetostriction

Experiments by L.Straka, V.Novédk, M.Landa, O.Heczko, 2004:
Compression experiment: reorientation of tetragonal martensite in a
(001)-oriented smglecrystal NanGa under temperature 293 K:

0

0

pressure [MPa]
pressure [MPa]
3

o 1 2 3 4 5 & 7 8 005 1 15 2 25 3 35 4 45 §
compression strain [%] compression strain [%]
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Phase transformations i Marte

Ferro/para-magnetic transformation
Coupling of transformations: magnetost

Computational simulations:
Compression experiment with NiMnGa (001)-oriented singlecrystal

Reorientation of martensite during a compression experiment at 293 K.

pressure [MPa]
pressure [MPa]
3

o 1 2 3 4 5 6 7 8 0
compression strain [%] compression strain [%]

Stress/strain response during a compression experlment at 293 K and at 323 K.
Calculations, visualizations: courtesy of Marcel Arndt, Universitat Bonn.
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Phase transformations in NiMnGa Martensitic/austenitic transformation

Ferro/para-magnetic transformation
Coupling of transformations: magnetostriction

Transformation in magnetic materials:

low temperature (below Currie point): highly-ordered, ferromagnetic state
very low temperature: the Heissenberg constraint |m| = M; is well satisfied
but in higher temperatures the deviation from it can be large in outer field
high temperature (above Currie point T.): dis-ordered, paramagnetic state
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G.Bertotti: Hysteresis in Magnetism.
Academic Press, San Diego, 1998.
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Phase transformations in NiMnGa Martensitic/austenitic transformation
Ferro/para-magnetic transformation

Coupling of transformations: magnetostriction

Both martensite/austenite and ferro/para-magnetic transformations are coupled:

Strong dependence of thermo-mechanical response on magnetic field
in Ni;MnGa single crystals — for example
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FIG. 2. Strain vs temperature in zero field and in 10 kOe. The two curves
have been displaced relative to each other along the strain axis for clarity.

K.Ullakko, J.K.Huang, C.Kantner, R.C.O’ Handley, V.V.Kokorin
in Appl. Phys.' Lett." 69 (1996), 1966—1968.
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Phase transformations in NiMnGa Martensitic/austenitic transformation
Ferro/para-magnetic transformation

Coupling of transformations: magnetostriction

Other phenomena to be captured:

electric resistivity depending on temperature and phase (an example in NiTi):
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Fig. 5. Simulation: tensile stress—strain curves (a) and corresponding electrical

sistivity changes (b) simulated for NiTi-H wire during tensile loading at various
temperatures after cooling down from temperature 7=80“C (austenite phase is
stable) at zero stress.

V.Novak, P.gittner, G.N.Dayananda, F.M.Braz-Fernandes, K.K.Mahesh,
Materials Science and Engineering A 481-482 (2008) 127-133.
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence

Variables (minimal scenario):
u displacement, E(u) = 2(Vu)"+1Vu = small-strain tensor,
m magnetisation,
0 temperature,
h magpnetic field,
e electric field.
Basic concepts: small strains, Kelvin-Voigt rheology, 2nd-grade materials,
electric displacement current (~ electric-field energy) neglected,
=- eddy-current approximation of the Maxwell equations,
partly linear free energy w(E, m,0) = ©o(E, m) + 01 (E, m):
= heat capacity ¢ = —gj, = —¢y,(0),
cross-effects neglected (no Peltier/Seeback effects).
Main parameters of the model:
K = K(E, m, 8) thermal conductivity,
S = S(E, m, 0) electrical conductivity, ¢ = c(0) heat capacity,
~v = (|m|) effective gyromagnetic ratio, o vacuum permeability,
« magnetic-dissipation constant, A magnetic exchange-energy constant,

0 mass density, fo bulk force (inertial and load),
D viscosity tensor,
Cg hyperelasticity tensor, Dy hyperviscosity: tensor.
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence

The equations:

Momentum equilibrium:
ol — div(npg(E(u), m, 0) + DE(i1) — div(CuVE(u) + ]D)HVE([/))) —fo — puoVh m

Landau-Lifshitz-Gilbert equation:

. mxm
am — X\ Am+ ¢, (E(u), m, 6) = poh,
v(Imf)

heat equation

C(G)éfdiv(K(E(u), m,G)VG) = S(E(u), m,0)e:e + DE(i):E(d) + Dy VE(i):VE(d)
+ a|ml? + Oogy (E(u), m, 0):E(d)+0p7o(E(u), m, 6)-rh
Maxwell system

pio(h+ m) + curl e = —po(divi)m — peVm i,
goé — curl h+ S(E(u), m,0)e = 0.
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence

The equations:

Momentum equilibrium:
ol — div(npg(E(u), m, 0) + DE(i1) — div(CuVE(u) + ]D)HVE([/))) —fo — puoVh m

Landau-Lifshitz-Gilbert equation:

. mxm
am — X\ Am+ ¢, (E(u), m, 6) = poh,
v(Imf)

heat equation

C(G)éfdiv(K(E(u), m,0)V0) = S(E(u), m, 0)e:e + DE(4):E(d) 4+ D VE( i1):VE(i1)
+ a|ml? + Oogy (E(u), m, 0):E(d)+0p7o(E(u), m, 6)-rh
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pio(h+ m) + curl e = —po(divi)m — peVm i,
— curl h+ S(E(v), m,0)e = 0.
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence
The equations: ...analysed for slow loading = pinning terms still needed

Momentum equilibrium: K.R.RAJAGOPAL + T.R., 2003

0ii — div ((pfz(E(u), m, 0) + DE(i1) — div(CuVE(u) + ]D)HVE([/))) = fo|— VA m

Landau-Lifshitz-Gilbert equation:

. mxm
am — X\ Am+ ¢, (E(u), m, 6) = poh,
v(Imf)

heat equation

C(G)éfdiv(K(E(u), m,0)V0) = S(E(u), m, 0)e:e + DE(4):E(d) 4+ D VE( i1):VE(i1)
+ a|ml? + Oogy (E(u), m, 0):E(d)+0p7o(E(u), m, 6)-rh
Maxwell system (in eddy-current approximation):

pio(h+ m) + curl e = —po(divi)m — peVm i,
— curl h+ S(E(v), m,0)e = 0.
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence

Derivation of the Maxwell system:
ms = magnetisation in the physical space,
“magnetic’ part of the Maxwell system:

pio(h+ mg) + curle = 0
m = magnetisation in the reference configuration related with mg by
det(T+Vu(t, x))ms(t, x+u(t, x)) = m(t,x).
Differentiation in time:
det(I+Vu)(ms + (I+Vu)~ T (divi)ms + Vmgd) = m.

Small-displacement approximation x + u = x, which entails:
I+Vu=1, ms~m, and Vms =~ Vm, so that

ms ~ m— (divi)m —Vmd  <— occuring as r.h.s. of the Maxwell system

u is not considered small
= small but very fast mechanical vibrations
in some experiments on frequencies about 1 MHz or more.
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Partly linearized ansatz
Analysis: semi-implicit discretisation, a-priori estimates

The model and its analysis
Analysis: convergence

Energetics:
Test: momentum eq. by 4, LLG by m, heat eq. by 1, Maxwell by (h, e):

Use: cancelation of the gyromagnetic term: ,’;("Xm”") -m=0,

+ cancelation of curl-terms + the identity:

/ po((divi)m + Vm i) ~hdx:/p0div(m® i)-hdx

r.h.s. of Maxwell eq. “
_ / o ({6 0 ) = (o M)
Q
= /,uo(m~h)(il~n) ds —/ poVh'm - Gdx
r Q>
r.hs. of
momentum equation
d . .
I € + %|h|2 + §|u|2 dx = / foru  dx + boundary power.
Q ~~
internal magnetic kinetic ex{)eci*ﬁgli {)ofad

energy energy energy
Gibbs' relation: 1) = € — s with entropy s = —¢j,
internal energy: € = ¥ +1(E, m,0) + 2Cy VE:VE + 1\|Vm|?, enthapy ¢ = f09 c(:).

Phase transformations in NiMnGa
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence

Example of a free energy considered in NiMnGa:
described by the magnetization M. A free-energy expansion is formulated in
such a way that the functional is invariant under the actions O of the space
group of the fec phase of Ni-Mn-Ga (O(F) — F, O € Oy,), leading to

1 Lo, o1 2, 2, o, 1 2 2
F= §(c“ + 2cp0)el + Sales +€5) + Sea(e + €5 + &) + gb(i(fj — 3e3)

L2, 20 L 2 1 2 2 1 2 2
+IC(E‘Z +e) + EBLE‘“H + B vlii‘z(ﬂlj —-m,) + ﬁeg(er —m”)
+Bs (esmamy, + egmym, 4 egm,my) + Kl(mgmi + mgm? + mim?}
1 1.
+;muj+iﬁlm‘ — MoHy, (1)

where the ¢; are linear combinations of the strain tensor components e,

e1= (Caw + €y +€:2)/V3,
eg= (ear—ey)/V2,

o 3
ey = (2e.: —er —ey)/V6,

€4 = Egy, 85 = By, €6 = €z (2)

In (1), @, b and c are linear combinations of the components of the second,
third and fourth order elasticity moduli, respectively, with a = ej; — ¢g2,
b= (c1n1 — 3cnz + 26123)/6v/6 and € = (cin + Geniz — Jei1ze — Beinas) /48
(Fradkin, 1994); m = M/Mg is the unit vector of the magnetization and My
saturation magnetization; B; are magnetostriction constants; K is the first
cubie anisotropy constant; oy and §; are exchange parameters.

in partly linearized ansatz:

critical points T and Ty the parameters a and e can be expressed as

a=ag(T —Ty), a=a(T—Tg),

A.T.Zayak, V.D.Buchelnikov, P.Entel: A Ginzburg-Landau theory for Ni-Mn-Ga.
Phase Trans. 75 (2002), 243-256

mas Roubitek (Workshop, MFF, Prague, Ma 31, 2012) Phase ti



Partly linearized ansatz
The model and its analysis

Analysis: semi-implicit discretisation, a-priori estimates
Analysis: convergence

Fully implicit time-discretisation -+

Recursive formula for the 5-tuple (uX, m, ¥k, ek, hX) solving the system

Momentum-equilibrium equation:

k_n k=1 k=2
el e v div(sﬁ — div Hﬁ) = 5 — (VAT mE  with
~

uk k-1
SK = og(E(uk), m¥, 0¥) + DE(Z—2—)

, and
-

k k—
HE = DHVE(%)JFCHVE(L&)

Landau-Lifshitz-Gilbert equation:

k—1
mr—mz mz mz—mz k k k qk
— X — AAm E ms
« T ’7(|ml,; ) T T+Um( (U ) T ‘r)
— pohf =

(Workshop, MFF, Prague, March 31, 2012)
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Partly linearized ansatz
The model and its analysis

Analysis: semi-implicit discretisation, a-priori estimates
Analysis: convergence

Heat equation:
k _ k-1
U= v —div(Ko(Ei,mm&)wi) = S(EX, mk, 9%)ek ek
-
1

+ (1 f)DE( =

> k
oyt ()

k k_pk—1 k k—1
T ms m EX—EX mi—m
+(—£)a\ — [+ A(e mt. ),
2 T T T

Maxwell system:

Rk _pk=1  curl ek o N S ok yk-t

an T T _ vmi ar T _ T T + dlvimi,

T o T T T

curl KX — S(EK, mk, 9%) ek =

for k =1,...,K, := T /7, where we abbreviated EX = E(u¥) and

A(E, m,9; E, m) = 0ty (E, m, 0):E4+0," ,(E, m, 6)-m
with  =c¢c71(¥) and ¢ =c.

(Workshop, MFF, Prague, March 31, 2012)
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Partly linearized ansatz
Analysis: semi-implicit discretisation, a-priori estimates

The model and its analysis
Analysis: convergence

We use the discrete scheme recursively, starting from k = 1 by using

0 -1 0 0 _ 4 0
u; =, U =Upr—TVo, m.=mo,, U.=2(0), h=ho,

Existence of (uX, mk, 9% ek, hk):
7 large enough (namely n > 8) = pseudomonotone coercive operator
= Brézis’ theorem =

ukeWn(QR?),
mle W (QIR?),
IreW3(Q),

hielin (UR?),

ekel? (UR3)

curl

where L2:9 (2 R?) := {ve LP(UTR?); cwrl veLI(Q;RY)}.

Non-negativity: 9% > 0.

Phase transformations in NiMnGa
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence
A-priori estimates (u,, U, etc. are interpolants over [0, T]):
Energy-type test (by iy, m,, 1, hy, &) =

H iz H Whoo(L2(IR3))NWL2(1; W22 (2;1R3)) =&

||m"'||LOO(I;leZ(Q;]R3))ﬁW1=2(I;L2(Q;IR3)) =&

197 ] i 1y < €

1zl 1200y <

||eTHL2 (QR3) <G

|| E(@-) < C7'71/’7

HL°° LWL (Q;)) =

HmT < Crm,

i wr @iy <
HeTHLn(Q;]R3) <cr v
based on the semi-convexity of the functional

T T
(E,m) = (B, m) + Z[EJ? + = |m]?
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence
A-priori estimates (u,, U, etc. are interpolants over [0, T]):
Energy-type test (by iy, m,, 1, hy, &) =

H iz H Whoo(L2(IR3))NWL2(1; W22 (2;1R3)) =&

||m"'||LOO(I;leZ(Q;]R3))ﬁW1=2(I;L2(Q;IR3)) =&

197 ] i 1y < €

1zl 1200y <

||eTHL2 (QR3) <G

||E u, < C7'71/’7

HL°° sWhn(Q;)) —

HmT < Crm,

i rwanamsy) <

HeTHLn(Q;]R3) < Croi/m

based on the convexity of the functional  (for enough small = > 0)
DE:E + a|m|?

T T
E, m) — o(E, m) + —|E|"+ —|m|" +
(E,m) = o )nH 77|| N

Tomas Roubitek (Workshop, MFF, Prague, March 31, 2012)  Phase transformations in NiMnGa



Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence
A-priori estimates (u,, U, etc. are interpolants over [0, T]):
Energy-type test (by i,, m., 1, h;, &) =

||UTHlem(I;LZ(Q;]R3))F‘|W112(/;W2*2(Q;IR3)) =&

|| 2y HLoc(/ WL2(QR)NWI2(L2(QR?)) = ¢

ch

17| o 1203y < €

Il i2g@ums) < €

||E(uT

||1§THL°°(I;L1(Q))

HLoo (wia)) = crt

||mT < Ccr i,

HLoc(/ Wi (Q; IR3))
< Cr !

HeT‘ L7(Q;IR3)

+ a special nonlinear test of the heat equation 4+ Gagliardo-Nirenberg interpolation

Iv9-|

r(QRY) = <C with r <5/4.
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence

Further a-priori estimates:

<C

||QUT ’ —
L2(1;W2:2(;IR3)*)+Ln" (1; W2 (Q;IR3)*)

3

ng;; — rdiv(|E(z, )" 2E(T,))

<C,

) E(z n—2 E(u
+Td1V (‘V (UT)| V (UT)>‘ LQ(I;WZ,Z(Q;]RB)*) B

HéTHLl(/;W;z(Q)*) < C7
chrl I_77- + TléT‘n_zéTHL2(Q;IR,3) S C,
I <c.

7 H Lz(l;Liurl ,O(Q;R3)*) —
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence

Convergence for 7 — 0: Step 0: Banach' selection principle:

Ur = u strongly in - Wh2(I; W22(Q; R?)),
m; —m strongly in W12(1; W?(Q; R?)),

9, =1 strongly in L°(Q) with any s <5/3,
& —e strongly in L*(Q;R?),

h, — h weakly* in L°(/; L*(Q; R?)),

and, moreover (with Ay, from not-mentioned boundary conditions)

hy—hy - — h—hy weakly in L' (1; L2 (2 R®)), and

curl ,0

curl h, 4 7|87 728, — curl h weakly in L%(Q;IR3>*3).

for a subsequence.

Then we want to prove that any (u, m, ¥, h, e) obtained in this way is a
weak solution to the considered IBVP (after the transformation 6 — )
which also preserves the total energy.
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence

Step 1: Convergence in the semilinear mechanical/magnetic/electro part:
Aubin-Lions' theorem: strong convergence of E(z.), m,, and 1§T.

Then weak convergence suffices in semilinear terms, while

the quasilinear regularizing terms vanish, e.g.

]/QT|E(3T)|"—2E(,-JT) E(v) dxdt| < 7/|E(@,)|?

< CTE()]| 1o (@umersy = O

Ln Q IR3%3) HE(V)”L"(Q;IR3><3)

for any smooth v.

Step 2: Mechanical/magnetic energy preservation:
test respectively by u, m, h, and e and make the by-part integration

oul —rdiv(|E(a,)|"2E(T,)) +7div? (|VE(G,)|"2VE(T,)) — ¢€ L2(I; W22(Q; R3)")
and then
(C.wh =lim, [ o i rlE(E) (T < EQw)
+T|VE(BT)|"‘2VE(aT)EVE(w)dxdt—/an-v:/dxdt.

= (=i = ot isinduality with & € L2(/; W?2(Q; R?)).
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence

Step 3: Strong convergence of VE(u,) and m, and &:

/ DE(&):E(d) + DuVE(d):VE(d) + a|m[*> + S(E, m, 9)e-e
Q

< liminf [ DE(&,):E(d,) + DgVE(d,):VE(d,) + a|m,|? + S(E,, m,, D, )&, -8 dx

7—0 Q

< i sup/]D)E([JT):E([JT) + D VE(ity):VE(ir) + alis P + S(Er, i, 7 )8 -85 dx
T—0 Q

< lim supCD(uoT, Vo, Mor, ho) — CD(uT(T), ur(T),m(T), hT(T))

7—0
T T T _ . = .
+ [T 0" + L IVEG0)" + Cimorltax — [greinaes [ beut i e
afl o 7 X _ Q
+ pio(hy + e — Vinir — (divity),) bor — A(Er, ftr, Dy v, i )dxdt
< <I>(u07 vo,mo,ho) — ¢(u(T), u(T), m(T), h(T)) — / g-udt + / f-0+ curl hy-e
= Q
+ po(h+ m— Vmu — (divi)m)-h, — A(E, m,9; E, m)dxdt
:/]DDE([;):E([J)+]D>HVE(1'J):VE(L':)+a|n'7\2+S(E, e
Q
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Partly linearized ansatz
The model and its analysis Analysis: semi-implicit discretisation, a-priori estimates

Analysis: convergence

Step 4: Limit passage in the heat equation:

Having proved the strong convergence in Step 2, the right-hand side of
the heat equation converges strongly in L}(Q) and this limit passage is
then easy.

Step 5: Total energy preservation:

We have 9 € L}(/; W32(Q)*), and realize the already proved the heat
equation, which is in duality with the constant 1, we can perform
rigorously this test and sum it with mechanical/magnetic energy balance
obtained already in Step 2.
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General nonlinear ansatz
Pinning effects

Some other phenomena to be involved

Fully nonlinear coupling:

more symmetry ~ higher heat capacity
heat capacity is higher in austenite than in martensite
= shape-memory effect

¢ should depend rather directly on E (and also m, not only on 6)

fully general nonlinear ansatz (E, m,6) instead of ¢o(E, m) + 6¢1(E, m)

then the heat capacity ¢ = —1j, depends, beside 6, also on E and m.

Generalized enthalpy transformation:
0
9 =¢(E,m,0) := / c(E,m,©)do
0

. O0¢(E,m,0)
c(E, m,0)0 = ot

0 0
a(E,m,6) = / ct(E,m,©)d® and c(E,m,0) = / c/(E,m,©)d®e.
0 0

— ca(E, m, 9):é — c(E, m, 6)-m,
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General nonlinear ansatz
Pinning effects

Some other phenomena to be involved

Define: T(E, m,-) := [¢(E, m,-)]~*

Ko(E, m,9) :== K(E, m, T(E, m,9))T3(E, m, ),
K1(E, m,9) :==K(E, m, T (E, m,9))T¢(E, m,9),
)

(

(
Ko(E, m, ) := K(E, m, T(E, m,9))T,,(E, m,¥),
S(E, m,9) := S(E, m, T(E, m,9)),
A1(E, m,9) := T (E, m,9)pge(E, m, T(E, m,9)) + c1(E, m, T(E, m, 9))
A2(E, m,9) := T(E, m,9)ppmg(E, m, T(E, m,9)) + c2(E, m, T(E, m,9)),
oe(E, m,9) := ¢g(E, m, T(E, m,9)),
om(E, m,9) := ! (E, m, T(E, m,¥)).

Then the heat flux transforms to:

K(E, m,0)V8 = K(E, m, T (e,9))VT(E, m,9)
= Ko(E, m,9)VI + K1(E, m,9)VE + K2(E, m,9)Vm
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General nonlinear ansatz
Pinning effects

Some other phenomena to be involved

Thus, in terms of the 5-tuple (u, m, ¥, e, h), the original system
transforms to the following 5 equations:

0l — div(aE(E(u), m, ) + DE(&)

. div((CHVE(u)HD)HVE([/))) = fo— VA m,

mxm
v(Iml)
d—div (/CO(E(U), m, 9)V9 + K1(E(u), m, 9)VE(u) + Ka(E(u), m, 19)Vm)
= S(E(u), m,9)e-e + DE(d):E(d) + Dy VE():VE(d) + a|m|?

+ A1(E(u), m,9):E(d) + Ax(E(u), m,9)-m,

am — —AAm+ om(E(u), m,9) = po + poh,

po(h + m) + curle = —poV'm & — po(div i) m,
curl h — S(E(v), m,9)e = 0,
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General nonlinear ansatz

Pinning effects

Some other phenomena to be involved

Pinning effects: phase field x = x(E(u), m) and additional dissipation {(x).
Thus, in terms of the 6-tuple (u, m, ¥, e, h,w), the original system
expands to the following six equations/inclusion:

ol — div(aE(E(u), m, 9) + DE(&) + X (E(u), m) Tw
. div((CHVE(u)—i—DHVE([:))) = fo— poVh' m,
mxm
v(|ml)
1.97div<lCo(E(u), m, )V + K1(E(u), m,9)VE(u) + Ka(E(u), m, 19)Vm)
= S(E(u), m,9)e-e + DE(i):E(d) + Dy VE(i):VE(d)+a|m|?
+ Ay (E(u), m, 9):E(d) + Ax(E(u), m, 9)-h
+ C(XE(E(u), mE(&)+xm(E(u), m)m),
,uo(/.7 +m) +curle = —pgVmu — po(div d)m,
curl h — S(E(u), m,9)e = 0,
w € 9C(xe(E(u), m)E(&)+Xm(E(u), m)m).

am — — AAm + 0, (E(u), m,9) = po + poh — X, (E(u), m) T w,
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General nonlinear ansatz

Some other phenomena to be involved P it
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General nonlinear ansatz
Pinning effects

Some other phenomena to be involved
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