Problem session February 27, 2023
Awveraging principle

1. Assume G finite group and F is a field such that char(F) does not divide
|G]. Let ¢:G — Autp(V) be a representation of G over F and let U be a
p-invariant subspace of V. Let ¥:G — Autp(WW) be another representation
of G over F and let 6y € Homp(U, W) be a morphism in Mor(¢y,) (that is
[Bop(g9)](w) = [¢(g)0o](uw) holds for every ¢ € G and uw € U). Pretending no
knowledge of Maschke’s theorem show there exists § € Homy(V, W) such that

(i) 6 extends 6y, i.e., (u) = Og(u) for every u € U
(if) @ € Mor (g, ), i.e., [0p(g)](v) = [1(g)8](v) for every g € G and v € V.

In the module-theoretic language we have that every FG-module is injective
and hence FG is semisimple artinian.

Solution: First we extend 6y somehow, for sure there exists 6/ € Homp(V, W)
such that 0'(u) = 0y(u) for every u € U. We improve 6’ in the same way as we
improved 7 in the proof of Maschke’s theorem:
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It remains to verify that 6 has required properties:

(i) if w € U, then [p(g~1)](u) € U for every g € G (U is p-invariant). To
make the formulas understandable, write ¢, for ¢(g) and v, for ¢)(g).Then

0(u) = g 32 (Ol () = 157 3 bolBo(y2 ().
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Using that 6y € Mor(py,v) we get 8(u) = ﬁdeG g (hg-1(00(u))) .
Since 14 and 94-1 are mutually inverse, this formula simplifies to
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(ii) Let h € G be arbitrary. Then

§jwh90 “Hhh) = (Y b@)8 e(@ ) p(h) = 0p(h).

|G| geG |G| zeG

Therefore 6 € Mor(p, ).

2. Now assume G has a normal subgroup H such that G/H is a finite group and
F is a field whose characteristic does not divide |G/H]|. Let ¢: G — Autp(V),



: G — Autp(WW) be representations of G over F, U < V a g-invariant subspace
and 6p: V' — W an F-linear map such that [op(h)](v) = [(h)fp](v) for every
v € V and for every h € H. Assume further that [0 (9)](u) = [0(g)00](u) holds
for every g € G and for every u € U. Show there exists 6: V — W F-linear such
that

(i) for every u € U is §(u) = Oy(u)
(i) [fp(g9)](v) = [¥(g)0](v) for every v € V and every g € G.

Solution: Note that the first exercise is basically a special case of this one
for H = 1. This time 6y is already defined on the whole V| so we just have to
improve it. Let g1,..., gi be a transversal of cosets of H in G, i.e., G = Uf:lgiH.

Define 6 := %Z;C:l ¢(9i)90¢(9¢_1)- Then

(i) fueU, [plg; ))(u) € U and Oo([p(g:)"(u)) = ¥(g; *)fo(u). The same
computation as in the first exercise shows that 0(u) = 6p(u) for every
ueU.

(ii) Let g € G. Since H is a normal subgroup of G there are hy,...,hy € H
and a permutation o € Sy such that gg; = gs(;)h; for every 1 < i < k.
Then
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Now use that 3 commutes with the action of H.
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3. Now assume G is a finite group, V is a finite dimensional real vector space
with scalar product (—, —) and ¢: G — Autg(V) is a representation of G over
R. Show that ¢ is equivalent to a representation ¢':G — Aut(V) which
respect the scalar product, that is, for every g € G,u,v € V the equality
([¢"(@)](u), [¢"(9)](v)) = (u,v) is true.
Solution:  First, we define another scalar product on V, (-, —)g:V x V —
R which is ¢-invariant. The basis change transfering (—, —) to (—, —)¢ then
defines ¢’ of required properties. No one should be surprised by the definition
of <—, —>GI
(v1,v2)G \G| Z [p(9)](v2))
geG

This is obviously a positive definite form on V. Moreover, if h € G

(e (vr), lp(h)](v2)) e = ‘G|Z p(gh)l(v1), [e(gh)](v2)) = (v1, v2)c -

geG



Consider by,...,b, an orthonormal basis of (—,—) and bV},...,b, an or-
thonormal basis of (—, —)g. That is, (b;,b;) = d; ; = (b}, V))c. If ¥ € Endp(V)
satisfies 1(b;) = b for every i = 1,...,n, then (vi,v2) = (¢¥(v1),¥(v2))g for

every vy,ve € V. Finally for every g € G,v1,v2 € V we have

(W e(9) (W (01))), ™ e(9) (% (v2)))) = ((9)(P(v1)), (9) ((v2))) e =
(V(v1),¥(v2))a = (v1,v2) .

So ¢': g+ 1~ rp(g) is a representation equivalent to ¢ whose action respects
scalar product (—, —).
Remark: We can use this result to give a quick proof of Maschke’s theorem for
representations of finite groups over R:

Note that the lattice of g-invariant subspaces is complementary if and only
if the lattice of ¢’-invariant subspaces is complementary.

If U <V is a ¢-invariant subspace, then UL = {v € V | (U,v) = 0}
obviously satisfies U @ U+ = V. Note that UL is ¢/-invariant, since for every
weUwveU+andgeG

(u, &' (9) () = {[¢' (g7 ))(u),v) =0

that is [¢'(g)](v) € UL.

Assumptions in Maschke’s theorem

Recall the theorem of Maschke: If G is a finite group, F a field and char(FF) t
|G| and ¢: G — Autp(V) a representation of G over F, then the lattice of -
invariant subspaces of V' is complementary (or in the module-theoretical form
FG is semisimple artinian).

1. Assume G = (R, +), V =R? and ¢:a — ¢,, where

w(3) ()
“\y y
(i-e., ¢, acts as a multiplication by a matrix ( (1) Cll ))

a) Find a ¢-invariant subspace of V' which has no ¢-invariant complement.

b) Find all p-invariant subspaces of V.

Solution: Consider U := {( 8 ) | re R}. Obviously, this is a ¢-invariant

subspace of V' (and ¢y is a trivial representation). If w € V' \ U then p,(w) —
p(w) is a nonzero element of U whenever a # b. Therefore if W is a @-invariant
subspace not containing V', then W N U # 0, therefore U has no @-invariant
complement.



Note that since V' is 2-dimensional, every nontrivial ¢-invariant subspace of
V is of the form (u), where u is a common eigenvector of the set {¢, | a € R}.
It is easy to see that every such u has to be a scalar multiple of (1,0)7.

2. Let G be a finite group. Consider e: FG — F a map given by

1) tybg i Yt
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Obviously, this is an F-linear map and, in fact, it is not hard to check that this
map is actually a homomorphism of F-algebras. Therefore Ker ¢ is an ideal in
FG. This ideal is often called the augmentation ideal of FG. Show that if char F
divides |G| then there is no left ideal I of FG such that I & Ker ¢ = FG. So in
this case the theorem of Maschke does not hold.

Solution: Consider e =) . d,. Since char(IF) divides |G|, e € Ker €. Consider
an arbitrary element f = i tg0g,tg € F. Then

geG
€ * f = Z tg(shg = Z(Z th—lm)(szl
g,h€G 2€G heG

So if f & Ker ¢, then t := deG ty #7 0 and e x f = te is a nonzero element of
Ker e. In particular, every left ideal of FG not contained in Ker £ has nonzero
intersection with Ker ¢.

3. (only if you know what a Jacobson radical is) Assume that G is a finite
p-group and F is a field of characteristic p. Show that the augmentation ideal
of FG is exactly the Jacobson radical of FG.

Solution: First of all, the augmentation ideal I is a maximal ideal of FG, since
FG/I ~TF (cf. the homomorphism e from Exercise 2). Therefore it is enough to
show, that I is nil, that is, for every f € I there exists n € N such that f™* = 0.
In this case 1 — f has inverse (1 — f)~' =1+ f+ f2+--- f7=1. Therefore if K
is a maximal left ideal different from I, then [ + K =FG and §; = 1= f+ k
for some f € I and k € K. But then k =1 — f is invertible and K = FG which
is not possible. Hence if we prove that [ is nil, then I is the only maximal left
ideal of FG and hence also the Jacobson radical of the group algebra.

By induction on |G| we prove that I'¢l = 0, which implies that I is nil.

First let us consider |G| = p = char(FF), let g be a generator of G. Observe
that I is a left ideal generated by 1 —d,. Indeed, FG(1 —d,4) contains §gi — dgit1
for every 0 < i < p — 1, hence also 1 — 0, for every 1 <4 <p—1anditisa
basis of I.

Since G is a commutative group, FG is a commutative ring. Because of
the characteristic (f1 + f2)? = f¥ + f% for every f1, fo € FG (write a binomial
formula and note that most of the binomial coefficients are divisible by p). Then

1P = [FG(1 — 8,)P = FG(81,, — 6,)° = FG(d1,, — dgr) = 0.

Le x f denotes the product in FG



So we are done if |G| = p.

The induction step uses the fact that every finite p-group has non-trivial
center. Let h € Z(G) be an element of order p. Then H := (h) is a normal
subgroup of G and we may consider a map

EHIFG — FG/H

which is an F-linear map defined by ep(d,) = 04m. Since en(dy, * 0g,) =
en(0g,) ¥€m(dy,), and eg(015) = 014, this map is in fact a homomorphism of
F-algebras.

Note that the augmentation ideal I of FG is mapped onto the augmentation
ideal of FG/H. The induction hypothesis for G/H says that I'G/H| C Ker g5y =:
J.

We claim that J? = 0. Let O1,04,...,0,, be the list of the cosets of H
in G. So every of these cosets is of the form O; = {x;, ha;, h®z;, ..., WP~ 1z;}.
Then dec t404 € J if and only if for each 1 <i <m deoi ty = 0. Note that
> pco, tadg = (g thiz,0ns)0x,. Let z := 1 — 3. Note that z € Z(FG) and
by the first induction step every element of J is a (left) multiple of z. That is
J = FGz. Finally JP = FG2zP. From the first part of the induction we already
know 2P = 0.

Overall: /Gl = (11G/Hlyp C jr = 0.

Centers

If R is a ring, then Z(R) := {s € R | V¥r € Rrs = sr} is a subring of R called
the center of R.
Show that

a) If Ris a ring and n € N, then

Z(M,(R)) = {diag(z,...,2) | z € Z(R)}.

b) If R, S are rings, then Z(R x S) = Z(R) x Z(S).
Ic) Let F be a field. Show that Z(M,,, (F) x - --x M, (F)) is an F-vector space

of dimension k.

d) Find Z(GL(n,TF)), where F is a field (in this exercise you can apply pre-
vious ones to find center of the general linear group).

Solution: a) Assume A € Z(M,(R)), for 1 < i,j < n let E;; be the matrix
having the only non-zero entry in the position (4, j), where is placed 1. Notice
E; ;A has nonzero entries only in the ¢-th row which is (a;1,...,a;,) and AE; ;
has nonzero elements only in the j-th column which is (a1, ... ,am)T. There-
fore E; jA = AE; ; can hold only if a;, = 0 for every k # j, ar, for every k # 1
and a;; = a;;. Since ¢,j can be chosen arbitrary, we see that every matrix



in Z(M,(R)) are of the form diag(r,...,r), where € R. Since the center of
M,,(R) has to commute with all diagonal matrices we see that

Z(Mn(R)) C {diag(r,...,r) | r € Z(R)}

The opposite inclusion is checked by a direct computation.

b) This is just a straightforward verification (r, s) € Z(RxS) < (r,s).(r',s') =
(r',s")(r,s) for every (1',s') € RxS < (rr',ss") = (r'r,s's) forevery 1’ € R, s’ €
S<reZ(R),se Z(S).

¢) Combine a) and b). If E; € is the identity matrix of M, (F) then the
center of M, (F) x --- x My, (F) is {(ME1,..., A\eEg) | A1y..., A, € F}. This is
obviously an F-vector space of dimension k.

d) If n = 1, then GL(1,F) ~ F* is commutative, so assume n > 2. If F
is algebraically closed we can use Schur’s lemma: The identity i: GL(n,F) —
GL(n,T) is an irreducible representation of GL(n,F) over F. If A € Z(GL(n,TF)),
then AX = X A for every X € GL(n,F). (Multiplication by A is considered as
a morphism in Mor(,).) Schur’s lemma imply that A is a scalar multiple of
identity. Therefore

Z(GL(n,F)) ={\E | N € F*}

If F is not algebraically closed we can prove the following claim: Every
element of M,,(F) is a sum of (finitely many) regular matrices. Then every
element of Z(GL(n,F)) is also in the center of M, (F) and, by a), we get the
same result.

Consider a matrix A € M,,(F). Our goal is to write A as a sum of finitely
many regular matrices. Write A = L + A + U, where L is a strictly lower
triangular matrix, U is a strictly upper triangular matrix and A is a diagonal
matrix. Then A = (L + E) + A+ (U — E), where L + E,U — E are regular.
So we have to write a diagonal matrix A as a sum of regular matrices. Observe
it is easy if F # Fy. The following method should work also for Fy. Let
X = (x;;) satisfy jn—ip1 = 1for 1 <i<nandx;; =0ifi+j #n+1.
Consider Y = E; 1 + X (so we change the top left corner of X to 1). Note that
Ei1 =Y — X is a sum of 2 regular matrices, and so is every nonzero scalar
multiple of E; ;. Note that for every 1 < ¢ < n matrices E;; and E;; are
similar, so also every nonzero element of E;; is a sum of regular matrices. It
follows that every diagonal matrix is a sum of regular matrices.



