Problem session February 20, 2023

(Group algebras)
1. Show that these F-algebras are isomorphic:

a) FG ~ Fx]/(z™ — 1), where G is a cyclic group of order n € N.
b) FG ~ F[z,y]/(2? — 1,y* — 1), where G = Zy X Zs.

Solution
a) Let G =Z,,s0 {d; | g=0,1,...,n— 1} is a basis of FG.

It is easy to verify that for every F-algebra A and for every a € A there
exists a unique homomorphism of F-algebras ¢: Flz] — A satisfying p(z) = a.

We will not prove it here but the only possible definition is ¢(h) := h(a)
for each h € Flz]. That is, if h = Y . fiz" € Flz], then ¢(h) = Y v, fia’. It
remains to check that ¢ is a homomorphism of F-algebras.

We apply this fact for A = FG and a = §;. We get a homomorphism of
F-algebras : F[x] — FG which maps #° to §; mod n. Since Im ¢ contains a basis
of FG, ¢ has to be onto. It remains to find Ker ¢.

Note that p(x™ — 1) = §y — 69 = 0. Therefore 2™ — 1 € Ker ¢. It means
Ker ¢ is an ideal of F[z] generated by a divisor of 2™ — 1. Since FG = Im ¢ =
F[x]/Ker ¢ has dimension n, we get Ker ¢ = (2™ — 1) and FG ~ Flz]/(z™ — 1)
follows.

b) A similar approach can be applied also in this case but we present another
type of argument, which is somewhat ’brute force style’.

First assume that A, B are two F-algebras and ¢: A — B is a map such that

1. ¢ € Homp(A, B),

2. (p(lA) = 1B7

3. there exists a basis X C A such that p(z122) = ¢(x1)p(z2) for every
r1,29 € X.

Then ¢ is a homomorphism of F-algebras.

To check this observation, we assume for simplicity that X is finite and
that a = Y .y fox, @/ = > .y fix are elements of A. Then p(aa’) =
D ex Fofiaa!) = X, o fafupl@s) = X, foo(@) fuo(@’) = ola)pla).
That is, ¢ is indeed compatible with the multiplication.

Let G = Zy x Z2 = {(0,0),(1,0),(0,1),(1,1)}. We consider a basis X =
{64 | g € G} of this algebra.

Then we define a linear map ¢: FG — Flxz,y]/(2% — 1,y?> — 1) by

¢(d0,0) = 1, 0(01,0) = T, 9(0o,1) = 7, (d1,1) = TY
Since ¢(d09) = 1, condition 2. is satisfied.
A bit tedious is the verification of 3. But notice that 7% = 3> = (77)% = 1.
And if «, 8 are two different elements of {Z, ¥, Ty} then af is the third element
of this set. Using these observations we check condition 3. easily.



Finally note that ¢ is onto and dimp(FG) = 4 = dimpF[z,y]/(2* - 1,y* 1),
S0  is indeed an isomorphism of F-algebras.

2. For which groups is the group algebra FG commutative?

Solution: If FG is commutative F-algebra, then 645 = 64 * §), = 0p x 6y = dpy for
every g, h € G. So G has to be a commutative group.

Conversely, it is easy to see that an F-algebra is commutative provided it
has a basis B such that b1by = boby for every by, by € B.

Indeed, let a = >, 5 fsb and B = >, 5 fib where only finitely many
coefficients fp, f; € F are nonzero. Let By C B be a finite set such that o =
> vep, foband B =37, 5 fib. Since the elements of By commute with each
other, @B = Yy e o Jofv bl = Sy e, fi Job'b = Ba

Now assume that G is a commutative group. Then B = {J, | g € G} is a
basis of FG such that d, * 0, = 0y, * d4 for every d4, ;. So the general principle
explained above applies here.

The conclusion of this exercise is: FG is a commutative F-algebra if and only
if G is a commutative group.

3. For which finite groups is the group algebra FG field?

Solution: We will use a well-known theorem (I hope it is still tought in some
course) - every finite subgroup of the multiplicative group of a field is cyclic. So
FG can be a field only if G is a cyclic group. On the other hand, using the result
of the first exercise, if G is a cyclic group of order n, then FG ~ F[z]/(a2™ — 1).
So we are left to answer for which n € N 2™ — 1 € F[z] is irreducible. The
factorization 2™ — 1 = (x — 1)(z" ! + 2" 2+ --- + 2 + 1) gives the answer -
2™ — 1 is irreducible only if n = 1.

The conclusion of this exercise is: If G is a finite group and F is a field, then
FG is a field of and only if G = 1. In this case FG ~ F.

Remark: Note that in fact we proved that if G contains an element of finite
order different from 1, then FG is not an integral domain.

Remark: When writing this solution I realized there is an easier argument
which works also for infinite groups. If G is a nontrivial group then FG has a
proper two-sided ideal (called the augmentation ideal)

I={) ty6, €FG | t, =0}

geG geG
So if G # 1, then FG cannot be a field.

(Invariant subspaces)
4. Let G = S3, let F be a field. Consider the following action G on V := F3,

g* (131,952,503)T = (l”g*l(l)aIg71(2)7$gfl(3))T79 € 53, (1’1,962,953)T eV
This action gives a representation ¢: G — Autyp(V) given by

o(g):v—gxv,ge GueV



a) Check that ¢ is really a representation of G.

b) Give examples of some p-invariant subspaces.

d

)
)

¢) Find all p-invariant subpaces if char(F) # 2, 3.
) Try to find all p-invariant subspaces if F = Fy.
)

e) Try to find all p-invariant subspaces if F = Fs.

(parts d),e) are cases when char(IF) | |G|. In representation theory such rep-
resentations are called modular and the theory for modular representations is
more complicated that the one which we are going to learn during our lectures).

Solution

a) Obviously ¢(g) € Autp(F?) for every g € S3. We need to check that
©:S3 — Autp(F3) is a homomorphism of groups. Let e; = (1,0,0)%,es =
(0,1,0)T,e3 = (0,0,1)T be the canonical basis of F3. If g € S3 then

3 3
[90(9)](2 $iei) = Z$¢6g(i) .

And if h € S3, then
3 3 3
[o(h) 0 eI wiei) = [p(M](D_ miegw) = D Tien(g) -
i=1 i=1 i=1

On the other hand ga(hg)(zg’zl xie;) = Z?Zl Tih(g(i))-
So ¢(h) o ¢(g) = p(hg) for every g,h € G, i.e, p is indeed a homomorphism
of groups.

b) For sure 0 and V = F? are g-invariant subspaces. Another example
is U = {(t,t,t)T | t € F} since for any g € G and for any u € U we have
[¢(9)](v) = u. Note that py:S3 — Autp(U) is a trivial representation of Ss
over F. That is, dimp(U) = 1 and ¢y (g) = 1y for every g € Ss.

c),d) Consider W = {(z1,29,73)T € F? | 21 + 22 + 23 = 0}. Obviously
W is a g-invariant subspace, since if w = (21,2, 23)7 € W and g € S, then
gxw = (xg—l(l),xg_1(2),:cg—1(3)) ew.

We claim that o € S3 — Autp(W) is irreducible. Let W’ be a -
invariant subspace of W (notice that it is the same as saying that W' is a ¢-
invariant subspace contained in W). Assume 0 # (1, 22, 73)T € W'. Note that
either xy # w3 or x1 # x3. Since for any g € S3 the element (y-1(1), Tg-1(2), Zg-1(3)) €
W' we may assume x1 # x2. Then

(371, To, xg)T S W’

(1,2) * ($1,$2,$3)T = ($2,$179€3)T ew



(1 — 29,20 — 1,0)T € W’

So W’ contains (1,—1,0)7 and also (0,1,—-1)7 = (1,2,3) x (1,-1,0)T. But
notice that {(1,—1,0)%,(0,1,—1)T} is a basis of W, so W' = W.

Therefore every non-zero py -invariant subspace of W is equal to W.

We claim that the only ¢-invariant subspaces are 0, U, W, V. Assume that W’
is a p-invariant subspace of V, W' & {0, U, W, V'}. Since @ is irreducible, W'N
W = 0 (otherwise W' NW would be a non-trivial ¢y -invariant subspace of W).
But then W/ @& W = F2. Note that this implies dimp(W’) = 1. If we consider the
factor representation pyy: S3 — Autp(F3/W) we get a representation equivalent
to py. It means that every element of S acts as the identity on W’. But every
vector which is fixed by every element of S3 has to be of the form (¢,¢,t)7 for
some t € F. It follows that W’ = U. (An argument avoiding the use of a factor
representation can be for example this: Write w’ € W’ as w’ = u+w,u € U,w €
W. Forevery m€ Syismsxw —w =7m*xu+mrw—u—w=m*xw—w, ie.,
Txw —w e W NW =0).

e) Again we have ¢-invariant subspaces 0, U, W, V, where U := {(t,t,1)
t € F} and W = {(z1, 72, 23)T € F3 | 21 + 75 + 73 = 0}. We claim that there
is no other ¢-invariant subspace but the argument has to be different since
t+t+1t =0 (because of char(F) = 3) and hence U C W.

Consider a nonzero -invariant subspace W’ < V. We distinguish 2 cases:

case 1: W' ¢ W: take (z1,x0,73)T € W'\ W, that is 2y + x5 + x3 # 0.
Then

T

(1‘1,1172, I3)T + (17 2a 3) * (zlam27x3)T + (17 37 2) * (I17x27x3)T =

(Jfl,ZL'Q,Ig)T + (xg,xl,xQ)T + (33'2,1’3,2171)T = (I‘l + T2 + IL’3)(1, 1, 1)T e W/

We got (1,1,1)T € W’ and also (1, 79, 23)T —21(1,1,1)T = (0, 2%, 25)T € W'\
W. Note that x5 + x4 # 0. Then also (2 +25)(0,1,1)T = (0, 2%, 25)T + (2, 3) *
(0,2, 25)T € W'. We got (1,1,1)7,(0,1,1)T € W', hence also (1,0,0)7 =
(1,1, )T = (0,1,1)7 € W’. And then (0,1,0)T = (1,2,3) * (1,0,0)T € W’ and
(0,0,1)T = (1,3,2) * (1,0,0)T € W".

So in if W’ is not contained in W, then W’ =V (since it contains a basis of
V).
case 2: Assume W/ CW. If W C U, then W’ = U since 0 # W’ and U has
dimension 1. Assume W’ & U and let (21,72, 23)7 € W’ be such that x; # 2
(we can get such an element by permutation of coordinates of an arbitrary
element of W’ \ U). Then

($3,$2,$1)T = (1a3)*(1‘1,$27$3)T ew’, ($1’$3,$2)T = (2’3)*($17$27$3)T ew’

Then also (211 +23, 20+ 23, 11 +To+23)T = (221 +23, 220 +23,0)T € W’. Note
that 21 +x3 = 11 — 29 and 229 + 23 = 2 — 1. Then (221 +x3, 222 +23,0)T =
(r1 — 22)(1,-1,0)T € W’'. So we got that (1,—1,0)7 and also (0,1,—1)T =
(1,2,3) * (1,—1,0)T are in W’. That is W’/ = W.

Remark: Another approach for case 2 could be to realize that if 0 # W' #
W then W’ has dimension 1 and to be a g-invariant it has to be a common



eigenspace to all automorphism of the set {(g) | g € S3}. Then it is easy to see
that every common eigenvector of this set has to be of the form (¢,¢,t),t € F,
so W’ = U. This observation could also simplify the solution of ¢) and d), since
the irreducibility of ¢y is an immediate consequence of it.

5. (Some module theory) Show that every module over F[x]/(x?) is isomorphic
to a direct sum of cyclic modules.

Solution: Let M be an arbitrary left R = F[z]/(2%)-module. Consider the
following sets

My={meM|zm=0},M; =M ={me M |3Im' € M m =7zm'}

Since 72 =0, M1 C M,

Note that every F-subspace of M is actualy an R-submodule of M| since
for every «, 8 € F and for every m € My is (o + SZ)m = am € Fm.

Choose an arbitrary basis B; of M; and extend this basis to a basis of M.
B = B1UBqy is a basis of My. For every b € B fix an element m;, € M such
that Tm, = b.

We claim that

M = (®pep, Rmy) ® (Poep,RD)

First we check that M is generated by the set {my, | b € B1} U By. Let M’
be the submodule of M generated by {m; | b € B} U By. Since every m € M,
is a linear combination of elements from the set {Zmy, | b € By} U By, My C M'.

If m € M, then Tm € M; so there exists m’ € M’ (in fact a linear combi-
nation of elements from By = {Tmy | b € B;1}) such that Tm = m/. Assume
that m' = ZbeBl tyTmy for some t, € F. Put m; := ZbeBl tymp. Then
Z(m —my) = 0, that is m —m; € My C M’. Hence also m € m; + My C M.

To conclude the proof we check that if ZbeBl rbmb—l—zbeBO r,b = 0 for some
rp € R, where only finitely many of r,’s are nonzero, then necessarily r,my = 0
for every b € B. We check this in two steps

1. Look at T(_yc g, Tomb+ e, Tob) = 0 which is equivalent to 3, 5 750 =
0. For every b € By write 1, as ap + 8T for some ay, 8, € F. The linear
independence of B; together with r,b = ;b gives «p, = 0 for every b € Bj.

2. For every b € By write r, = 5, for some 3, € F and substitute this to
ZbGBl Ty + ZbEBO b = 0. We obtain

> Bb+ D> mb=0

be B, be By

Now use the linear independence of B (notice that r,b € Fb for every
b € By) to conclude that every (3, is zero and that rpb = 0 for every
b € By.

So we proved that every r, = 0 if b € By and rpb = 0 for every b € B.
6. (Finite groups of exponent 2)



a) Describe representations of the group Zs x Zs over a field F whose char-
acteristic is not 2

b) Try to understand the category Repp(G) where F and G are as in part a).

¢) A group G has exponent 2 if g? = 1 for every g € G. Find all finite groups
of exponent 2 up to isomorphism.

d) Try to generalize a) and b) to get an idea of representations of finite groups
of exponent 2 over fields of characteristic different from 2.

Solution:

a) Let G = Zy x Zy = {(0,0),(1,0),(0,1),(1,1)}, H = {(0,0),(1,0)} =~ Zs.
Assume ¢: G — Autp(V). Our approach is based on these observations

(1) ¢ :=|g: H— Autp(V) is a representation of H over F.

(2) ¢((0,1)) € Autp(V) is compatible with the action of H on V. In other
words ¢((0,1)) € Repz(¢', ¢').-

The first one is obvious. Let us check the second one: We have to prove Vh € H

©((0,1)) o p(h) = p(h) o ((0,1)) .

Since ¢ is a representation, we have ¢((0,1)) o o(h) = ¢((0,1) + ) and ¢(h) o
(6(0,1)) = (l + (0,1)) and (0, 1)) 0 ¢(k) = (k) o $((0, 1)) holds (even for
every h € G).

Now we use what we know about Repp(H) from the lecture:

(1)” Let Vi :={v e V | [p((1,0)](v) = v} and Vo = {v € V| [¢((1,0))](v) =
—v}. Then V=V, ®V_.

(2 (0, D](V4) € V4 and [p(0, D}(V-) € V.

Since ¢(0,1)* = 1y, we have that ¢(0,1)|y, € Autp(Vy) and ¢(0,1)]y. €
Aut]p(V_).

Let K = {(0,0), (0,1)}. The representation ¢ induces two represenations of
K over F:

(erZ K — AutF(VJr); (0, 0) = 1V+v (07 1) = 30((03 1))|V+

o_: K — Autp(V_); (0,0) — 1y, (0,1) — ¢((0,1))]v_

Apply our knowledge on representations of Zs over F again: V, =V, &V, _
Vo =V_, ®&V__, where

Vii = {v € Vi | (0, 1)](0) = v}

Vio = {v e Vi | [p(0, )](v) = v}
Voi = {ve Vo | [p(0, D](v) = 0}



- ={ve Ve, D](v) = —v}

Since ¢((1,1)) = ¢((1,0)) 0o p((0,1)), the representation ¢ is determined by the
values ¢((1,0)) and ¢((0,1)). These values are given by the decomposition of
thespace V=V, o V,_dV_L®V__

The following table summarizes our observations about ¢

Vie Vi_ V.  V__
(0,0) 1V++ ]-V+_ 1v_+ 1v__
(1,0) | 1y,, 1y, —ly, -1y _
0,1) | 1v,, -1y, 1y, —ly
(L) |1y, —ly, 1y, 1y _

(there are 4 @-invariant subspaces and the table describes how elements of G
act on these subspaces)

Conversely, let V7, V5, V3, Vy be F-spaces and let V = V3 @& Vo @ V3 & Vj.
Consider the following map ¢: G — Auty(V)

©((0,0)): (v1,v2,v3,v4) = (v1,v2,v3,V4)

80((170)) ('[}1,1}271)3,’04) = (U17U27 —vs, _1)4)
©((0,1)): (v1,v2,v3,v4) = (v1, —V2, V3, —V4)
90((17 1)) (U17U27’L)3,U4) = (Uh —U2, _U37U4)

We want to check that ¢ is a homomorphism of groups. We easily verify that
¢((0,0)) = 1v, p(g)* = 1y for every g € G and p(z) 0o p(y) = ¢(2) if {z,y, 2} is
the set of all nonzero elements of G. From this it follows that ¢: G — Autp(V)
is a homomorphism of groups.

b) Let G = Zy X Zg, ¢:G — Autp(V) and ¢": G — Autp(V’) two representa-
tions of G over F, where char(F) # 2. We want to understand Repg(G) (¢, ¢’).
Keeping the notation from part a) we decompose V=V, &V, _®V_, ®V__
and V' =V, @ V]_ @V’ ®V'_ according the action of (1,0) and (0,1) on
V and V.

First let us check that every 8 € Homp(V, V') preserving these decompo-
sitions is in Repp(G)(p,¢’). That is assume that 0(Via) C Via for every
*,@ € {+,—}. We want to prove 6 o [p(g)] = [¢(g)] o @ for every g € G.

Let v =vyy + vy +v_p +v__, where vy € Vi, vp_ € Vi_jv_y €
V_i,v__€V__. Then

0([p((1,0)](v)) = O(viy+v4——v_y—v__) = O(v4y ) +O(v4— ) —O(v_y ) —O(v__)
[ ((1,0))]0(v) = [¢"((1,0)]0(v4 4 +vi— +vy +v_ )=
[ (1, 0)](0(v4+) +0(v4—) +0(v_1) +0(v__)) =
[" (1, 00)](0(v4+))+[" (1, 00)](O(v4—))+[¢" (1, 0)](O(v—1))+[¢"((1,0)](O(v--)) =
0(v44) +0(v4—) —O0(v—4) — O(v——).



(the last equality needs that 0 preserves decompositions of V and V') We proved

[#"((1,0))] 06 = 0 0 [((1,0))].

Similarly we proceed with other elements of G.
0([p((0,1)](v)) = O(vig—v4—+v_y—v__) = O(v4q)—0(v4—)+0(v—4 ) —O(v——)
[£"((0, 1))]0(v) = ["((0, 1))]0(v44 +vi— + vy +v__) =
[£"((0, ))}(O(v41) + O(v4—) + O(v—y) + 0(v__)) =
[£"((0, )))(O(v44))+1" (0, 1) (O (04-))+ " ((0, D)NO(v—4)) +["(0, D)(B(v--)) =

O(vi4) = O(vi—) +0(v—y) — O(v—-).
(

Thus we proved [¢’((0,1))] 08 = 6 o [¢((0,1))].

We could do the same for elements (0,0) and (1,1) but it is not necessary.
In fact, ©((0,0)) = 1y and ¢’((0,0)) = 1y so 80 p((0,0)) = ¢'((0,0)) o 8 holds
for every 6 € Homp(V, V).

Since (1,1) = (1,0) + (0,1) and we know 6 o ¢((1,0)) = ¢’((1,0)) o § and
00((0,1)) = ¢/((0,1)) 0 6 we get

¢’ ((1,1))0 = ¢'((1,0))¢'((0,1))6 =
' ((1,00)0%((0,1)) = 0lp((1,0)¢((0,1))] = b((1, 1))

Thus we proved that every linear map preserving decompositions of spaces
is a homomorphism between the corresponding representations.

Conversely we can prove that every 6 € Repp(G)(p, ') preserves the de-
composition. For example assume v € V; ;. Then

[¢"((1,00)](0(v)) = 0([(1,0)](v)) = O(v), [¢'((0,1))]((v)) = O([(0, D)](v)) = O(v),
s0 0(v) € V. Similarly if v € V,_
[©"((1,00)](0(v)) = 0([(1,0)](v)) = O(v), [¢'((0,1))](6(v)) = ([(0, )](v)) = —0(v),
sof(v) e Vi_. IfveV_y,
[¢"((1,0)](6(v)) = O([(1,0)](v)) = =0(v), [¢"((0,1))](0(v)) = O([£(0, ](v)) = O(v)
s0 O(v) € V_,. And finally if v € V__, then

(

—~

[£"((1,0)](6(v)) = 0([¢(1,0)](v)) = =0(v), [¢'((0,1))](6(v)) = O([(0, 1)](v)) = —b(v)

so O(v) e V__.

Our conclusion is that a linear map 6: V — V’ is in Rep(yp, ¢’) if and only if
O(Viy) CVE, OV ) SV, 0(V_ ) SV and O(V__) C V! _.

The corresponding statment about the category of representations of G over
F could be Repp(G) ~ F—Mod x F—Mod x F—Mod x F—Mod, where F-Mod is
the category of F-spaces and linear maps.



c) Assume g?> = 1 (or equivalenty g = g~!) for every g € G. Then G is
commutative. Indeed, if z,y € G, then

1 1

L= (zy)(ay) = ay=y o =yz.

We can use a structure theorem for finite abelian groups: Every finite group
is isomorphic to a product of cyclic groups. The only non-trivial cyclic group
of exponent two is (up to an isomorphism) Zs,. This shows that G has to be

isomorphic to Z5 for some k € Ny.

d) We just sketch one of the possible ways how to proceed. Let G = Z% and
er = (1,0,...,0),e2 = (0,1,0,...,0),...,e, = (0,...,0,1) be its canonical
generators. The natural conjecture is that a representation ¢: G — Autp(V)
is described by a direct sum decomposition of ¢ into 2" invariant subspaces
(though some of them could be zero) and these spaces are determined by the
action of canonical generators.

Let us try to describe it: Let X := {+, —}" (all ordered n-tuples of signs).
For o € ¥ let V,, be the set of all v € V such that [¢(e;)](v) = v for each
1, where the sign is determined by the i-th component of . We would expect
V= @UEEVO"

We can prove this by induction (note we did the case n = 1 in the first
lecture and the case n = 2 is the part a) ). Let H = (e1,ea...,e,-1) and
K = (e,), that is, H ~ Z3 ™" and K ~ Z,.

Consider ¢': H — Autp(V) and apply the induction hypothesis to get a
decomposition of V into 2"~ /-invariant spaces determined by the action of
€1,...,€n_1. Let W be any of these ¢'-invariant subspaces. Use the commuta-
tivity of G to show that [¢(e,)](W) C W and in fact ¢(ep)|w € Autp(W).

We can consider a representation ¢,: K — Autp(W) and split W as W =
WiaeW_.

Doing this with every of the 27! ¢/-invariant subspaces given from the
induction, we obtain 2" y-invariant spaces decomposing V.

Conversely, take 2™ vector spaces over F. On each of this vector spaces
define an action of G saying whether e; acts on the space as the identity or the
minus identity. Verify that you defined correctly a representation of G on each
of these spaces. Then direct sum of these 2" representations of G is again a
representation of G. In the previous paragraph we showed how to prove that
every representation of G over I is equivalent to a representation of G over F
constructed in this way.



