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How the Dominance lemma is applied

Let p, A be partitionsof n€ N, t € XA

We define an operator A} € Endc(M*) by

AY = e, sen(m) ek

If X\ = p, then AY([t]) = e, the polytabloid associated to t.

Lemma

Let n €N, A\, uk n, t* € X*, s € X, Assume AL, ([s"]) # 0.
Then A& p.

Moreover, if A = pu and A%, ([s*]) # 0, then AY ([s"]) = Fep.



proof of the lemma part 1:

We show that if A%, ([s*]) # 0, then the assumption of the
dominance lemma is satisfied for t* and s*.

If it is not the case there are i # j € {1,...,n} such that i, are
located in the same row of s* and also in the same column of t*.
The second condition says that H := {id, (/,/)} C Cpx. Let
01,...,0k € Cox be a transversal of left cosets of H in C;», that is

Ctk = L.J,lf:]_O'rH .

Then AL ([s"]) = Zﬂ'ect)\ sgn(m)@r([s"]) =

>y sen(op)or x ]+ sgn(o, (i, ) o, * ((i,)) * 5]
Since i, are located in the same row of s*, we get
(i,J) * [s"] = [s"]. Therefore AY\([s"]) = 0.

The dominance lemma implies that A > p.



proof of the lemma, part 2

The proof of the dominance lemma in the case A = u shows that
there exists a A-tableau v such that

> There exists 0 € C,a such that o * [t"] = [u?]

» s ~ u* (recall the assumption \ = 1)
Now compute
AL = Yorec,, sen(m)en([st]) = Xrec, sen(m)pn((u?]) =
Yorec, sen(m)en(lo « tY]) = Xrcc, sen(o)sgn(ra)en, ([t]) =
81(0) X e, sen(@)ed (]) = Lep.



A corollary

Corollary

Let n€ N and let t € X*. Let
At = cc.sen(m)ey € Ende(M?). Then Im A; = Ce;

Proof.

Since M* has basis T*, Im A; is the subspace of M* generated by
{A:([s]) | [s] € T*}. If Ac([s]) # 0, then A.([s]) = *e;.

On the other hand, A:([t]) = e;. O



Scalar product on M*

On M* we consider a standard scalar product, (—, —) such that
T* is an orthogonal basis w.r.t. (—, —). That is, for [s],[t] € T

(Is],[t]) == O1s),11 -
Note that the product is invariant w.r.t. gp>‘, since for every o € S,

(e ([s]), oo ([t]) = (o *[s], 0% [t]) = Opguspoue) = S1ep 1 = (Is], [£])



A; is self adjoint

Proposition
Let n€ N, \-n, t € X* and A, = Y orec, sgn (7)), For every
u,v e M <At(u)7 V> = <U7At(v)>

Proof.

Standard arguments using linearity of A; and properties of scalar
products enable reduction to the case u,v € T*.

Note that if u & {o  [t] | 0 € C;}, then A¢(u) = 0. Since A¢(u) is
a multiple of e, (u, v) can be nonzero only if

ve{ox[t]|oe G}

Similar arguments show that (u, A¢(v)) # 0 only for
u,ve{ox[t]| o € C}.

Now assume u = o, * [t],v = o, * [t] for some 0,,0, € C;. Then
(Ae(u), v) = sgn(ou)(et, 00 * [t]) = sgn(ou)sgn(ov).

(u, Ae(v)) = sgn(oy){oy * [t], e:) = sgn(oy)sgn(oy). O



Subrepresentation theorem

Theorem

Let n€ N and let \F n. If V C M* is a o*-invariant subspace of
M?, then either S C V or V C (SA)J-.

Remark

Recall S* is the subspace of M* spanned by {e; | t € X*}. We
already know that S* is ¢*-invariant.



The proof of subrepresentation theorem

Proof.
We distinguish two cases: a) Assume there exists t € X* and
v € V such that A;(v) #0, i.e,

> san(m)er(v) #0

WECt

Since V is ¢*-invariant, A;(v) € V.
By the Corollary, Im A; = Ce, so e; € V. We also proved

©o(er) = €yvt. Since V is py-invariant, e, € V for every o € S,.

Hence also S* C V.
b) For every t € X* and every v € V is A¢(v) = 0. Then

(er; v) = (Ae([t]), v) = ([t]; Ar(v)) = 0

for every t € X* and for every v € V. Since S* is spanned by
{e; | t € t*}, we get V C (S*)*.



Specht's representations are irreducible

Corollary

Let n€ N and let A= n, *: S, — Autc(S?) the Specht’s
representation associated to . Then ¥ is irreducible.

Proof.
The important observation is that every 1)*-invariant subspace of
S* is also a ¢*-invariant subspace of M*.
If 0 ¢ V & S*is a ¢ -invariant subspace, then it is ¢ -invariant
subspace and we may apply the subrepresentation theorem.
Since V cannot contain S* it has to be contained in (S*)+. But
then V C S* N (SM)+ = 0. This is not possible, so S* contains no
Y -invariant subspaces other than 0 and S*.

L]



Equivalence of S* and S*

Let n € N, A\, uF n and assume that 9)* is equivalent to ¢*.
Maschke’s theorem implies there exits a ¢*-invariant subspace
C*< M* and a M-invariant subspace C* < M* such that

M) =S @ CA MH =St CH.

Let T € Home(S?, S#) be a witness of the equivalence of 1* and
Y*. Thatis, T is an isomorphism satisfying

WRT =Ty

for every m € S,. Extend T to T =T ©0 ¢ Homc(M*, MH).
It is easy to check that T € Repc(Sn)(¢?, ¢#), in other words

T =Ty



Some computations

Let t € X*. Then

T(er) = T sen(m)ed () = 3 sen(m)eh(T(18]) =

el el

AL(TIt]), where AY = > e, sgn(m)eh € Endc(M*).

Since T(e;) # 0 for some t € X* the value of AY([s]) has to be
nonzero for some [s] € TH.

The dominance lemma implies A > p. But using the symmetric
arguments we can obtain also u > A.

Therefore if 9 and ¥* are equivalent, we have \ = p.



The conclusion

Theorem
Let n € N. Then
a) For each A\ n the representation 1*: S, — Autc(S?) is
irreducible.
b) For every irreducible representation of S, over C there exists
exactly one \ & n such that v is equivalent to .

c) Every representation of S, over C is equivalent to a direct
sum of Specht’s representations.



The End.

Thank you for following the course. To schedule the date and the
form of the exam, please write me an email (preferably about a
week in advance).



