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Partitions

Definition
Let n € N. A partition of nis a tuple A = (A1, A2, ..., A¢) where
A1, A2, ..., Ap € N satisfy

LAMx>2X>--2>2N2>1

2. Zle )\,‘ =n
We write \ + n.

Remark
Note there is a bijection between the set of all conjugacy classes of
Sn and the set of all partitions of n. In this correspondence \ - n
corresponds to the of permutations which are products of ¢
independent cycles of lengths A1, Ao, ..., Ap.
For example, if n = 3 this bijection is

(3) {(1,2,3),(1,3,2)}

(2,1)  {(1,2)(3),(1,3)(2),(2,3)(1)}

(LL1) {id} = {()E)}



An overview

For each A\ - n we define ¥* € Rep(S,) and show that this
representation is irreducible, and whenever A # 1 F n then ¢ and
H are not equivalent.

The general theory of representations of finite groups over C then
implies that for every irreducible representation ¥ of S, over C
there exists unique A - n such that ¢ and ¢ are equivalent.



Young diagrams (also Young frames)

Definition

LetneN, A= ()\1,)\2,...,)\@), AEn.

The Young diagram of A\ consists of n boxes placed into ¢ rows in
such a way that the i-th row contains exactly )\; boxes

(i=1,....0).



Dominance order

Definition
Let ne N, \,ukn If A= (A1, N2,..., ) and
w=(p1, f2,. .., m) we say that X\ dominates p (and write A >
or p < A) if
At X > g

for every i € N, where A; := 0 for every t > ¢ and us := 0 for
every s > m.

Remark

It is easy to see that > is a partial order on the set of all partitions
of n. Note that (n) is the greatest element and (1,1,...,1) is the
least element of this poset.

Also note that the dominance order is not linear - for n = 7, the
partitions (3,3,1) and (4,1,1,1) are not comparable in >.



Young tableau

Definition
Let n € N, A+ n. A A-tableau (a Young tableau of shape \) is a
Young diagram with numbers {1,2,...,n} placed into the boxes

(each number to one box).

Remark
For a given shape At n there are n! different A-tableaux.



The dominance lemma

The following result will be crucial.

Lemma
Let n € N, X\, u - n. Suppose there are tableaux t* and s*
satisfying
1. t* is a A-tableau and s* is a y-tableau
2. every pair of different numbers located in the same row of s*
is not located in the same column of t*.
Then A D> p.



The action of S, on the set of all A-tableaux

Let n € N and A F n. Let X* be the set of all A\-tableaux. The
group S, has a natural action on X*: If 1 € S, and t* € X*, then
7 % t* is the tableau obtained from t* by applying 7 to each
number in t*

EXamp/e" n= 4| )\ = (27 2)| t)\ = ;) £2|' i

Form e Sais 7+t =




The column stabilizer

Definition

(Column stabilizer) Let n € N, A n, A = (A1, Aa, ..., Ap),

t € X*. The column stabilizer of t, denoted by C;, is the set of all
permutations of S, permuting only numbers within the same
column of t. More precisely,

C={meS,|Vie{l,...,n} i and 7(i) are placed in the same
column of t}.

Remark

Note that if ¢; is the length of the i — th column of the Young
diagram of A (in particular, ¢c; > ¢ > -+ > cy, ), then

‘Ct| = C1!C2! cee C)\I!.



Some remarks on the column stabilizer

Remark

Consider the relation ! on X* given by s, t € X* satisfy s t if and
only if for each 1 < | < £ the i-th column of s contains the same
set of numbers as the i-th column of t. Then 1 is obviously an
equivalence on X* and the action of S, on X* can be transfered
to the action of S, on X* /v :={[t], | t € X*} by 7 * [t], = [7 * t];.
Then C; is actually the stabilizer of [t], in this action, that is

Ce = {m € Sp | mx*[t], = [t],}



Tabloid

Definition

Let neN, AF-nandlets,te XA, We say that s and t are
equivalent \-tableaux (s ~ t), if for each 1 < j </ the set of
numbers contained in the i-th row of s is the same as the set of
numbers in the i-th row of t.

Note that ~ is an equivalence on X*.

Definition
An equivalence class of a A-tableau is called a A-tabloid. If t € XA,
the equivalence class

[t] ;= {seX|s~t}

is called the tabloid of t. The set of all A-tabloids is denoted by
T i e, TV =X/ ~.



The action of S, on T

Note that if t;, t> € X* and 7 € S,,, then
ti1~bh & Tkt ~ Tk

It follows that 7  [t] := [r * t], 7 € S, [t] € T* is a correctly
defined map from S, x T* — T*. Obviously

id  [t] = [t], 1 * (72 * [t]) = (m1m2) * [t](= [m1 * (72 * t)])

for every [t] € T* nad 71,7 € S,. Thus we get natural action of
S, on the set of all A\-tabloids.



Representation

Since S, acts on T we can consider the representation of S,
induced by this action.

Let us briefly recall its construction: Let M* be a vector space over
C with basis T, ©*: S, — Autc(M?) be the representation of S,
over C given by ¢*(7) := ¢}, where

pa([t]) == mx [t] = [m+ 1]

Note that if A = (n), then | T*| = 1 and the ©* is the trivial
representation of S, over C.

For other partitions of n the space M* has dimension > 2 and
contains a one dimensional ¢*-invariant subspace (Xerth)-
The irreducible representations we are searching for are given by
some  -invariant subspaces of M*.



Polytabloid

Definition
Let n€ N, A\ nand t € X*. The element

er = Z sgn(m)[r * t] € MA
ﬂ'ECt

is called the polytabloid associated to t.

Remark

Important: Note that the polytabloid is a linear combination of
tabloids. But the parametr t is a tableau. So we can have tableaux
s,t € X such that s ~ t and es # e;.



Action of ¢* on polytabloids

Proposition
Let ne N,\Fn t € X*. Foreveryo € S, is

Sﬁé(et) = €oxt

Proof.

Recall that if G is a group acting on the set X, the stabilizer of x
is defined as C, := {g € G | g *x = x}. Then for every x € X and
g € G we have Cgux = gCig™ L.

Apply this rule on the action of S, on X*/1 - the column stabilizer
Gyt is the stabilizer of o « [t], in this action. Therefore

Ca’*t = O'CtO'_l .

The rest of the proof is just a standard computation O



some standard computation

900' et ()00' Z sgn 7T)g07r [t] Z Sgn (paﬂ([t]

TeCe el

> seu(m)e),aloxt] =) sgu(omo)g) alox t] =
meCe meCy

S sen(a)ed (o * 1]) = epue.

n'coCro—1



Specht’'s module

Definition
Let n € N, A+ n. Let S* be the subspace of M* given by all
polytabloids related to tableaux of shape A. That is,

Shi= (e | t e XN

The proposition implies that S is a ¢*-invariant subspace of M*,
therefore there exists a representation ¥ : S, — Autc(S?) given

by 9 1= .

Definition

The representation 1)*: S, — Autc(S?) is called the Specht’s
representation of S, associated to A.

So finally we defined representations ¢*. It remains to show that
every Specht’s representation is irreducible and 1) % 1" if X and
w are different partitions of n.



How the Dominance lemma is applied

Let 41, A be partitions of n € N, t € X*. We define an operator

At € Endc(MH*) by A; =37 ¢, sgn(m)eh.

Note that if A = p, then A¢([t]) = e, the polytabloid associated to
t.

Lemma

Let n€ N, \,uFn, t* € X*, s* € XI. Assume A,x([s"]) # 0.
Then A D> p.

Moreover, if A = p and A ([s*]) # O, then Ap([s*]) = Lepn.



proof of the lemma part 1:

We show that if A ([s#]) # O, then the assumption of the
dominance lemma is satisfied for t* and s*.

If it not the case there are i # j € {1,...,n} such that i, are
located in the same row of s* and also in the same column of t*.
The second condition says that H := {id, (i,j)} C C,». Let
01,...,0k € Cox be a transversal of left cosets of H in C,», that is

Ct)\ = U,Ileo'rH .

Then A ([s"]) = Yrec,, sen(m)¢h([s"]) =

>y sen(or)[or + ] + sgn(o(i,)))loe = ((i,)) * 5]
Since i, are located in the same row of s#, we get
(i,j) = [s*] = [s"]. Therefore Axx([s*]) = 0.

The dominance lemma implies that A > p.



proof of the lemma, part 2

The proof of the dominance lemma in the case A = u shows that
there exists a A-tableau v such that

> There exists 0 € C,a such that o * [t"] = [u?]

» s ~ u* (recall the assumption \ = 1)
Now compute
Ap[s"] = Yrec, sen(m)en([st]) = Xrec, sen(m)pn((u?]) =
Yorec, sen(m)en(lo « tY]) = Yrcc, sen(o)sgn(om)en, ([t]) =
s81(0) e, sen(@)eh (tY]) = e



A corollary

Corollary

Let n€ N and let t € X*. Let
At = cc.sen(m)ey € Ende(M?). Then Im A; = Ce;

Proof.

Since M* has basis T*, Im A; is the subspace of M* generated by
{A:([s]) | [s] € T*}. If Ac([s]) # 0, then A.([s]) = *e;.

On the other hand, A:([t]) = e;. O



End of part 1

Thank you for your attention.



