22nd lesson
https://www2.karlin.mff.cuni.cz/~kuncova/en/teaching.php,
kuncova@karlin.mff.cuni.cz

Exercises

Find F - the antiderivative of a function f at the maximal (open) set. (Specify the set.)

1. Substitution

(a) / sin® z cos z dz.

Solution: Let us use the substitution y = sinx. Then dy = cosz dxr and we

have 6

6 .
/sin5xcosxdaz:/y5dyg % = 51116 *

(b) / —2ze " du

Solution: Let us use the substitution y = —22. Then dy = —2z dz and we

have
/—2x6_$2 dr = /ey dy Cev=e
x
© [
Solution: Let us use the substitution yy = 1 + z?. Then dy = 2z dz and we
have
/ﬂfdle/dyg_“:_ll
(1+22)2 2/ y? 2y 21+ a2

1
(@) / (arcsin x)2v/1 — x? dr
1

Solution: Let us use the substitution y = arcsin z, then dy = s dx and

we have

/ 1 d dy ¢ 1 1
€Tr = —_— = —— _—
(arcsin )2v/1 — 22 y? Y arcsin x

2. Per partes

(a) /:Ucos:nda:

Solution: Per partes: v’ = cosz, u =sinz, v =z, v/ = 1.

. . C .
/xcosxda:: [« sin z] —/Slnxda::xsmm—l—cosm
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(b) /xexdw

Solution: Per partes: v/ = e~

/xe_$ dr = [—;re_x] - /—e_ﬂﬁ dr € e~ — @

Tyu=—eT v=q,v =1

(c) e*sinxdx
Solution:

Let us apply per partes twice. (In both per partes we will derive e* and
integrate the goniometric function.)

We have

/ez sinz dx = —e” cos x+/ e’ cosx dr = —e” cos x+e” sin x/ e’ sinx dz.

Hence
. C .
2/6$ sinz dez = —e®cosx + eFsinzx
thus .
. C .
/em sinz de = 5(—633 cosz + € sinx)
3. Mixture

1 .1
(a)/ﬁsmxdx

Solution: Let us use the substitution y = 1

2+ Then dy = —x% dx and we
have

(b) / Inz dz

Solution:
Let W' =1, v =Inz. Thenu = [1dz =z a v’ = (Inz) = 1 and by per
partes we have

1 .1 . c 1
—sin—dzr = — [ sinydy = cosy = cos —
x x x

1
/lnxda:: [xlnx]—/az'dazgxlnaf—x

x

e$
d
<c>/2+ex .

Solution: Let us use the substitution y = e*. Then dy = e® dr and we have

e’ dy c
dr= [ —— =1n|2 =In(2+¢"
[y [ Sy = me+ e
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1
(d) /xlnxln(lnx) dz

Solution: Let us use the substitution y = In(Inz). Then dy = —— dx and
we have

1 1
/dx:/ydygln\y] = In(|In(Inz)|)

zlnzIn(lnz)

(e) /arcsin rdx

Solution:

Per partes: v/ =1, u = x, v = arcsin z, v/ =
. , x
/1 -arcsin « dx = [rarcsin x| — / ——dr =
Substitution y = 1 — 2.

1 1
= zarcsin x + — / —dy € rarcsin +/y = zarcsin z + /1 — 22
2) VY

(f) /3-362352 da

Solution: Let us use the substitution y = 3 — 222, Then dy = —4x dx and
we have

x 1 fdy ¢ 1 1 9
T dr=—2 [ Ty =—Sn|3-2
/3—2x2 Ty Iyl = =g 3 =227

(g) / 2% sin 2z dz

Solution:

First per partes: «' = sin2z, u = —% cos2z, v =% v = 2z.

1
/x2 sin 2z dx = [2902 COSQTL‘:| +/mcos2x =

Second per partes: v’ = cos2zx, u = %sian, v=ux,v =1.

1 1 1 1 1 1
= —ixz cos 2x+ |:2.CU sin 24 —3 /sin 2x dx ¢ —§x2 cos 2x+§x sin 2$+1 cos 2x

(h) /eax cos bz dx

Solution:
For a = b =0 we have [ €% cos(0z) dz = [1dz g
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Now let @ # 0, b # 0. Let us use per partes twice. Then we have
axr 1 ar .: a ar _.: 1 axr _.: a axr a2 axr
e cosbr dz = Ee sin bx—g e sinbx dox = Ee sin bx+b—26 cos bx—b—2 e cosbr dz.
Hence

2
1
<1 + Z2> /e‘w cosbz dz € ge‘w sin bx + %eam cos bz

axr
/eax cosbz dz € a2b+b2€ax sin bx+%weax cosbr = (1267—1—112 (bsinbx + a cos bx)
It is easy to verify that the solution is correct also for b = 0, a # 0, or for
a=0,b+#0.
) 1
(0 /sian{‘/mdx
Solution:
Let us use the substitution y = cotg x. Then dy = —ﬁ dx and we have

1 dy ¢ 4 3 4,
—d = — _ = — /4: — v/ t 3
/sin2:r{‘/cotg z /y1/4 37 g Ve

() / cos(Inz) dz

Solution: Per partes, let us set v = 1, u = cos(lnz). Then v = z and
u' = —sin(lnz) - 2. We obtain

/1 -cos(lnz) = zcos(Inx) + /sin(ln x)dxr =
Per partes again: v =1 and v = sin(Inz) and we have
/1-cos(lna:) = z cos(In ar)—l—/ sin(ln z) dx = z cos(In z)+z sin(In x)—/cos(ln x)
Let us move both integrals to the left side

2 / 1-cos(lnx) ¢ zcos(Inz) + xsin(lnx)

/ cos(Inx) ¢
| At

Solution: Let us use the substitution y = 1 — 22, then dy = —2xdz. We
obtain

z(cos(Inx) + sin(ln x))

N |

T 1 -2z 1 1 1
—dr= | ————dz=—= | —dy = —=2/yt+tc=—V1—22+c
/W /—2\/1_;,;2 2/\/37?/ R 2y
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()

/sinxln(tg x)dx

Solution: Per partes: ' =sinz, u = —cosz, v = In(tg ), v' =
1
sinzcosx”

1
/sinxln(tg x)dr = —coszIn(tg x)—i—/ -

sin x
arctan x
/ arctan @ 4
1422

1 1
tg x cos? x

dr € — coszIn(tg x)+In )tg g

Solution: Let us use the substitution y = arctan x, then dy = 1+ —— dzx and
we have
/arctan T d / P C y2 arctan 2x
_— €T = = ———
1+ 22 YW= 2
/ z?arccos ¢ dz
Solution: Per partes: v/ = 2%, u = z—;, v = arccos x, v/ = — 11_362.
/m2arccos rdx = x—garccos T| + 1/363 dx =
13 3 ) V1= 2
Substitution y = 1 — 22, gives dy = —2xdr and 22 =1 —y.
3 3
1 -1 1 1
— T arccos & + S dy = T arccos x + = / Vy—— 1| dy <
3 f 3 6 VY
3 1 1 1
ez 3 arccos + 9¥ 3/2 _ 3y1/2 = %arccos x+ 5(1 —z?)3/% §(1 — z?)1/?
sinz 4
x
Veos3 x
Solution: Let us use the substitution y = cosx. Then dy = —sinz dz and
we have

sinz do — dy ¢ C oy1/2 _ 2

Veostz Vi3  eosw

/\/Elnzxd:c

Solution: First per partes: v’ = \/z, u =

/ﬁlnzxdx: Ex?’/zlnzx} —/g 2z de =

%x3/2, v=1In%z, v = 21111‘%.

1/2

, U= gmg/Q, v=Inz, v =1/x.

Cl 4
Second per partes: v’ = 3

2 232 1n? g 3/211156 +/ 1/2d$0 2 232 In? - 3/21n:1:+§x3/2
3 9 9 3 9 27
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(a)

(v)

12
/nmd:ﬁ
X

Solution: Let us use the substitution y = Inz. Then dy = %daj and we

have ) X 5
In® cy In® x
dr = 2dy =L = ——
/ z / e
/$3612 dz
Solution:

Let us use the substitution y = 2. Then dy = 2z dx and we have

1
/;1636_9”2 dx = 3 /ye_y dy =

Now per partes: v/ =e ¥, u=—e Y, v=y,v =1.

2 2

= [—ye Y] + /e_y dy £ —ye ¥ —e ¥ =z —e77

/tg rdx

Solution: Let us use the substitution y = cosx. Then dy = —sinz dz and
we have
sinx dy ¢
tg xdr = dr =— [ = =—Inly| = —In|cosz|
cos X Y

—dx
(1+2)/x
Solution: Let’s start with the conditions = € (0, 00). Let us use the substi-

tution y = \/z. Then y? =z, dy = ﬁ dz and we have

1 1 dx 1 C
————dxr =2 — =2 dy = 2arct = 2arct
/(l—i—x)\/i T /1—1—:62\/5 52 W = 2arctan y = 2arc an /x

1
/dx
et +e %

Solution: At first we modify the function. Then we can use the substitution
y=-=e" dy =e"dx

1 v d
/dm—/edx—/ Y garctany:arctanex
et +e " e +1 1+ y2

1
/ - dz
sin
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Let us use the substitution y = cosx. Then dy = —sinx dx and we have

1 sin x sinx dy ¢ 1 1+y
sinx sin® x 1 —cos“zx 1—y 2 1—y

1
=——1In

2

1
=—1In

2

1+ cosx
1 —cosx

(w) /0053 xdx

Solution: Let us use the substitution y = sinx. Then dy = cosz dxr and we
have

sin® z

3
/cos?’:):dx—/(1—sin2x)cosacdx—/(1—y2)dygy—y3 =sinx —

(x) /4—fx4 dz

Solution: Let us use the substitution y = 2. Then dy = 2z dx and we have

/ T 1 / dy 1 / dy 1 con Y 1 ¢ z?
—— a4l = — = = — 5 —arctan — — —-arctan ——
44zt 2/ 4+y?> 8) 1+ (y/2)? 4 2 4 2

o

0 [
——dx
Y V1+e2
Solution: At first let us use the substitution y = %, dy = e* dx
/ 1 d / e’ dx / dy
- = | = 27
1/1_{_62.’17 ez,/1+621 Y 1+y2

Then we expand the expression and we use the substitution ¢ = 1 + 2,
dt = 2y dy:

/ dy _/ 2y dy—/ 1 &
yv/1+y2 2y2/1 + y? 20t — 1)Vt

Another substitution s = v/#, then ds = 2%/{ dt. Finally we apply integration

table . . .
/dtg—an‘ +s

s2—1 1—s

Backward substitution

L 1+\/E‘ 11 1++y?2+1 L 1+ Ve +1
= ——1n =mhhh = —nN-——-
2 11—/t 2 1-y2+1 2 1—vexx4+1
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arcsin
—d
@ [T
1

Solution: Per partes: v/ = %5, u = —1, v = arcsin z, v/ =
X X

arcsin x 1 . 1 1
T daj‘ = —;aI'CSlH x| + ;\/17_71:2 dl‘ =

’ixdeax2:l—y2.

s _ — B
Substitution y = v/1 — z%. Then dy = Wi
1 : Jr/1 1 J 1 i +/ 1 P
= ——arcsin x ———dxr = ——arcsin x
x T\1 — 22 x 1—y? 4
l+y 1. 1++v1—2a?

¢ _Loresine+ 21 Laresin 2 + ~1
= —Zarcsin £ + = In = ——arcsin £ + - In
x 21—y x 2 1—-v1—2a2

1—x2°
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