21th lesson

http://www.karlin.mff.cuni.cz/~kuncova/,

Hints
- — ia cos’z +sinz =1
x
2 = Yza al = ebne a’> —b* = (a+b)(a—b)
Exercises

1. Find F - the antiderivative of a function f at the maximal (open) set. (Specify
the set.)

(a) f(z)=2"

Solution:

14
/a:le:c:x—Fc

zeR

(b) f(z)=Vz

Solution:

3/2 ) 3
/ﬁdx:/$édx:§/2 +c= \é;—i—c

z>0

© fz) = =

3
Solution:

1 3 72 ~1
/xgdx:/x dxz_iz—i—c:@—i-c

x#0

Solution:

1
/dx:ln|zx|—|—c
x

x#0
(e) f(x) =(1+sinz + cosz)
Solution:

/(1+sinx+cosx)dx =z —cosx +sinz + C.

zeR
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(f)

2

flz) =7Va2 + %sm -

1+ 22
Solution:
1 2 72P/3 1
/7v33:2+ isinx— T2 de = ;:/3 — icosx—Zarctan T +c
zeR
2 X
)= cos2x €
Solution:

2
/ 5 —ePdr=2tanx —e* +¢
cos? x

r#5+kn, kel
1 1

_ 2
f(m)_m+1+x2+1+a:
Solution:
/1+1+1+2 in & + arct ++x3+
x° = arcsin x + arctan z + . + — + ¢
V1 — z2 1+ 22 3
ze(—-1,1)
= 1
flz) = fUB—ﬁ
Solution:
. 1 . 252 /2
A& e T e e e
x>0
3z + 4z 42
f(ﬂf)—T
Solution:
322 +4x + 2 4 2 2 4z 2
———dz = -+ —dr=—+—+ =1
/ % x /x+3+3x$ 2+3+3n|x\+c
x#0

f(@) = (1 2)(1 - 20)(1 - 32)

Solution: Let start with the multiplication

11
/(1x)(12:c)(13x) dr = /(16x+11x26$3) de = m73x2+§x372x4+0

zeR
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r+1

1 =
(1) f(=) NG
Solution:
v+l AN [ gy 2w
ﬁdx—/(\/iJrﬁ)dx—/(x +x )dm—3/2+1/2+0.
x>0

2. Prove that if F'(z) = f(z), then (1F(az +b) + C’)/ = f(az +b), for a # 0.
Solution:
It follows from the derivative rules.

(iF(am +b) + C’) = %F’(aaz +b)a+ C' = f(ax +b).

3. Find F - the antiderivative of a function f at the maximal (open) set. (Specify
the set.)

(a) f(x) = cos(3x)
Solution: )
/cos?)xdx = gsin3x +c

zeR
(b) f(x) =sin(2z — )
Solution:
/sin(2x —7)dx = —% cos(2z —m) + ¢

r e€R
() fla) =

Solution:

—1
/65—330 dx — 765_3I s
3
reR
@) fl2) = ——
14422

Solution:

1 1 1
m dl’ = m dZL‘ = iarctan 21’ + C

zeR
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1

(©) J() =
Solution:
/ L _ 1 In|l —4x| +
1— 4z 4 e
T # 3
() flz)= (22 +1)
Solution: )
/(Zx FTdr = S (204 1) e
reR
3z 7
() fla) =¥+ 2
Solution: 7 )
/635'3 +—dr =¥+ Tnlz| + ¢
x 3
z € R\ {0}
(h) f(z)= (e +e ™)
Solution: Let us use the linear substitution y = —x, resp. y = —2x
1
/(e_x + e %) dx C e 56_2"3
reR

(i) flz)=(3-2%)>

Solution: There is no linear substituion, we need to start with the multi-

plying

9 7
/(3—x2)3d:c: /(27—273:2—1—91:4 — 28 de = 272 — 923 + ng — % +C.
zeR

(j) f(z) = (sinbx — sin ba)

Solution: Let us use the linear substitution y = bx
1
/(Sin533 —sinba) do = — cos S5x — xsinba + ¢,

r € R,
since sin b is a constant (no dependency on x).

k) f(z) = 5 + (3z+7)°

Solution:
1 5 o 1 6
/ZL‘—2+<3$+7) dx—ln|x 2|+18(3$+7) +c

x # 2
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() f(z) = SmQ(;x_i_w)
4

Solution: Let us use the linear substitution y = 2z + 7

1 c 1 T
————dx = ——cot <2$ + *>
/ sin? (22 + T) PR 1

20+ G # km, hence v # k5 — 5, k€ Z

-2
m) f(z) = ——
(m) fla) = =
Solution:
-2 —2 -2
———dx = / dz = —arcsin (V2z) + ¢
/\/1—2332 /1_(\&1,)2 \/§
11
V2z € (—1,1), hence = € (_ﬁ’ 75)-
1
(m) f(z)= T+ A
Solution: 1
/ de =In|z+ A|+ C.
r+ A
r#—A
4. Find F - the antiderivative of a function f at the maximal (open) set. (Specify
the set.)
e — 1 4
(2) flw) = e*+1 1—cos’x
Solution:

2x T T
2 1 4 (e —1)(e*+1) 4 / 4
/6334—1 +1—0052:1c v / er + 1 +sinQ:c v (e )+sin2x v

=e" —x—4cotx+c

r#kr, kel
1
0) 1) = s
Solution:

1 1 1 . 3r—1
dr= | ————dz = —arcsin [ —— | +¢
\/4—(3x—1)2 2 /1_(%)2 3 2

x € (—1/3,1)
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() flz) = (1~ )

Solution:

2
/(1—\/5)2dm—/1—2\/5+xdx—x—g@%—g+c

z>0
(d) f(z)=tan %z
Solution:

L2 2
1-— 1
/tgzxda::/smzxdx:/cgsxdx:/< 5 —1) dr = tg v—a+C.
COS® X COS® X COS“ T

r#5+kn, kel

© f) = >

T
Solution:

~ Ty
z? (1+2%)—1 1
/1+x2dw:/szdm:/(l‘Hﬂ)dw:x—m%HC-

z€eR

.’I)2
0) f) =5

Solution:

22 +3 22 —1+4 4 4
/xQ_ld:r / o dz /<+x2_1>d:c /( 1_x2)dx

1
:x—2ln‘1+x

—x
x # +1

(8) f(z)=(2"+3%)
Solution:

4% 26" 9*
/( +37)? da /( B2 ) dr= o b 4O

zeR
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) 1) = 35

Solution: We need to start with the expression
the substitution y = cz.

1
1+c2z2 "

Then we can use

1 1
———dr = - da; = farctan = farctan
2 + 322 2
1+

zeR
(i) f(z) = cotg *x
Solution:
2 1—gi 2 1
/cothxdx:/C?SQxdl‘:/.Sérlxdffz/( )
sin® x sin® x sin® x
=—cotgzx—x+C.
x#km, kel
. 1
Solution: Since )
—dy = 2/y,
/ =2
then )
- 2V2—-b5xr=—=v2-5
/\/2 = TTT5 v
x <2/5
a a2 a
Solution:
a a® a a? a’
/<$+I‘2+$3> dw—aln|x\—;—ﬁ+a
x#0

5. Find a function f such that f'(z) = 6x(1 —z) and f(0) =

—1> dr

Solution: [6z(1 — z)dz = —223 + 322 + c¢. Since we have f(0) = 1, then
1=-2-02+3-0%24c=c. Hence, our wanted function is f(z) = —223 + 322 +1,

z € R.

6. Find mistakes
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1
(a) /xQex dz = §x3€x +c
Solution: The integral of product is not product of integrals. (The same

problem derivatives have.)

(b) /xdx—x/ldx—xarcsinx—kc
Vi—a2 Vi—z2

Solution: x can not be factored out of the integral. Only constants can.

Matematics 2, 2020/21, Kristyna Kuncova 8



