21th lesson

https://www2.karlin.mff.cuni.cz/~kuncova/en/teaching.php,
kuncova@karlin.mff.cuni.cz

Theory

Definition 1. Let f be a function defined on an open interval I. We say that a function
F: I — Ris an antiderivative of f on I if for each x € I the derivative F’(z) exists and

F(z) = f(x).

Remarks 2. An antiderivative of f is sometimes called a function primitive to f.
If F' is an antiderivative of f on I, then F' is continuous on I.

Theorem 3 (Uniqueness of an antiderivative). Let F' and G be antiderivatives of f on
an open interval I. Then there exists ¢ € R such that F(z) = G(x) + ¢ for each x € I.

Theorem 4 (Linearity of antiderivatives). Suppose that f has an antiderivative F' on
an open interval I, g has an antiderivative GG on I, and let «, 8 € R. Then the function
aF + BG is an antiderivative of af + Sg on I.

Hints
x—a:ia cos’z +sinz =1
x
2 = V/za ab = blna a’? — b = (a+b)(a—b)
Exercises

1. Find F - the antiderivative of a function f at the maximal (open) set. (Specify
the set.)

(a) fla)=a (h) f(z)= *1_x2+1+1$2+1+x2

. _yE_ L
(i) fa) = VP —

(@) 5@) = s
(e) flz)=(01+ sina:l—i- cos ) , () J(z) = 3z

(f) f(z)=17V22+ 3 sinz — 1.2 k) f(z) = (1;135)(1 —2z)(1 - 3x)
(&) f(z) = ﬁ _e W) f@) ==

2. Prove that if F'(z) = f(z), then (1F(az +b) + C’)/ = f(az +b), for a # 0.
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3. Find F - the antiderivative of a function f at the maximal (open) set. (Specify

the set.)

(a) f(z) = cos(3x) (i) f(z) =B —2%?

(b) flz) = Sig)ri(?’?x - ) (j) f(z) = (sinbz — sinba)
(c) flz)=e f () f(z) = 1 - Gr 1Ty
(d) f(x)_m JJ—21

(e) f(x) = 1 —14x ) fla) = sin? (2.%' + %)
(f) f(z)=(2z+1)" -2

(m) f(z)=
() fla) =¥+ vi-2at
T 1
(h) f(z) = (e + e 2) () fl@)=—"+

4. Find F - the antiderivative of a function f at the maximal (open) set. (Specify

the set.)
6293 — ) = x T
(&) f(2) = ez+11+1—c4052m (&) S = +3)2
1
) 1) = W 1) = 555
) 1) = (1~ V&Y () f(x) = cotg %
(d) f(z)=tan “x
22 () f(z) = ——
© () = T NoEET:
a (12 (13
m Jw =51 ® 1@ =+ 5+%) acr

5. Find a function f such that f/'(z) = 6x(1 — ) and f(0) = 1.
6. Find mistakes

1
(a) /93263” dz = 593369” +c

(b) / ° dx—x/ ! dz = zarcsin z + ¢
V1—a? V1—a?
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Source 1: https://mathwithbaddrawings.com/2013/05/27/calculus-joke/

T gSOD T FS0D
x zSo:)—{ 7 Zu[s - (L‘z uey (Ov)

() —1= (1 —2e) — v ()
(T+22)(T— 2?) =T — 22 (¥F)
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