NINAWYY - PART TwO
" ODEs with DELAY”
ovdinary K’:@[)&
UDEn/ ’

<= 8 |
\ Ae(ageal X )= g(x[t),%/w’:@)
no
Saioxtt-a) s
¢ etC. . .

Q@Wuirig OPEs (n @m\ﬁc[L SPAce

—

- Ex aumP\ﬁS

@ I\w)\s)c([, €. /\/’/-1;\: A ( /\)Zé >/V/£)
(\/e\z\r\vn S“:x N

NI - boph \at (01 \\\

020 Growth valg. K

K? 0 ca pa( 1{7% //

B t

ok €th0hM€hf 0




v h A{\a*él LI\/IHZ): o (4, @>/\/lt)
K
NI
L 2
0
R
t;0 o
T MR stble T et s M=K (1)
/\\ | X=x(o) @
=) \ JC,(P\-'—'*’C L (p-1) [’Hx(@ﬂ/\(
\1// | C=an

14 X0 s%ab(f? Not in ﬂevxevd/.,
By Ieavize 5 wmgemg g9 |
(mstity —
\cheY> ‘3 b A SO?hg \\/\\)(/}

&, V(@[ﬁ(jea( SIR mm@g/S—@
L= 23T~ T



Sl)- - 5M§(€P‘E)\b/f
TR inlected

((’On'\"ln) — %X
Mz nt k). '
B L N ) ) elffﬂ%a/bo’b

dﬁ‘ﬂ\‘j‘@ﬂf \/J\Vl-awk :
2 T
(2) qult\ﬂ: &ml%::i,x) + {??Xx/u/ﬁ@/{)

Clongm: (2> s Viche -
— AYramics Lhan (/'> HIX/7



@ PV [Ime, Num be - Zé%f@l’éh’v (79(7(7
Set: JT (%)= :(4:{7\,4%/ %Fhmfj ’)‘700)

Then o Trl) ~

/Xﬁ%—oo

Tove ]Dvgc[Se(;l: /@MM “l‘(Jé) — 7 (X_>
\\Prﬁﬂa/ (CL‘@/W&} dfl/lfﬂﬂf 7950>

assave - e CT st gl T

(>(——)+00)
@i& /4 /X\,v (,Z I//’OS’DHI_ﬂ/
%X
X=9 3 Q = (%)

lDe(«\m//’al/ @{ /ﬁ— (;(\
T (o) - T_(MX’V %(WB %me 5% (5(\0(*

*"’?/}\é ’“‘)"’“@ a{fylf\f(’éj ot F\z]h,\fs
s ?V\W\f (*— Ob L\(r%y ot béiny, P" >
Close Lo « )






S %)= ) 22 )

—_—

,qu([ : 2 & /‘d’b"/x\ YERNE /
\E\/ ‘ *9,()(34’/‘3(4<>__0/
g +
5:’3‘%/'— l/chzz_ (K—:e(z )>
/R (x) Agx = /[—V/LA(t)
(bolf\evg fz(x\z:/tat'/x)>

:7 A ) = — oL M=) Cﬁ—r/wla} (é%%)
Whe o= Loy e(0,7)
&QA;Y\Q__ f2(><\~~/'/ (=) MIN=>0 L +7

2«33(%)

X—) Ao

we uéf” onv?

(65 me,f,,;ziﬁog



/- Bas/'(, U\eokg/

Re b\/iYLQJ (OVALV\,@A& ODE Xl’f):(g)i’/,*)i)\
nen—del, l}) Lt 3 —

- Peane it cond -
9 ,Q ool S fwd J(py ;LL Z)M(
hoveneay Lipséh. =7 also Mh{jwvfw%

(/ocd\ Peed (jlaba()

Dekageﬂ 0DE (Smw?\e PVoblfm)

i)
x'fk\:% [ xh), <l r’t
(1) /Zl e L
[t;n,t]A %T_n 7; 4 {\2’2\»—,

lethol  of gig{é/ (G (4)>
/l. ‘ééffa“b‘,fr):k ’.(/z)

= ) =
Msual ODE Ay, | glt,k'*)/qWﬁw))

" Xt = o [t
= 1" , te f%o,tn , )



TE t=n: 9 te EJc,Jrﬂ/{:#Zrﬂ
) K= gl k), £ p)
8% Hioh\/): X/A)/{;o-(—f\,)

ete..
Gev‘e"d"lzd'imné 77
(1) LH)=FE, 5 10), x 1))
Tx&tvm\ xft-n,)
Xl)ov@H;\\ N1

_

/\,X /i/?,> (é Zo>
jﬁ(b)X/t'-o)ob

Re\wm’kﬁ (’D Backm% in e ¢ ot lb Jenervay

L)z x|t - 1)
XHI‘H:/] ( } /
~ o

=) X l-b\ - xlltﬂ?



@ Aﬁ(ﬂg Can lMPVon ‘é[mmJg

L'} = LIt Llt-p))
=+ 1.
300) ok = g ¥ tot,
((Wnpﬂé USue [ ODE>
- Rt
Votution: (o= C () K

$EC - 1dll= sy, [b)]
/Aé[,,,loj
) [:tn,t,]\__)”{/w . #<t7
O(e»w{—,

“ el by )z Xfb) selad]

r X, Xlt)
MF/M'/ Observe - xe (&o‘“’zt’}f ) )

— t ( : \
tsw +o t"(‘tﬂx — C (5 Contnuou s

P"‘v% ba Un i form cont.
o { XIt)



Dek. [ fely diff ep ] XMW= FIb, %) }

wherg . £,eR, be

F=Flt%): 35D = R™ conhinuon <
JcR” M-, @CC st t.e]
Copen) Pe D)

—_ o .
5o|l«+‘lomi Jéllc\t 1L —oR™.. Confihyou s

whee To[t-0,4)  +,51,
st Vi [—to,‘t-.)f

/t,Xt>é Jx <)

(PoE), holy ¢ ( M-S (de dfwf:f)
awf

Rewmark : (DDEB & SEAR cl;/‘t\fyf:[o,xﬂdo

Y Yottt
o SR TOT the b
Intequ L



E/ \X'L0£ -&Q:O

/ ”(Caozl,e . 47{&)
s \qu t>p
5 )

he e (/“”Ehodc&,,

(DDE> = /q/i ff:/o +%\0()

o= 0
recel| : \L

- gd"“w(fv)ﬁ theoven, -
XKoo Banget Spae
I < X C(oSe//[ohl/@(’ bd4..—
F KK ont st Tk ]

aP(DI(cq*\oh X C([" :T] R™ @70

[< 2’35)( /30-0 /gtﬂéfb
V’ﬁéfol'tz




t 7 (2 [o,7]
ho_iff:_ - con = 3/7>O/ 32’,(590 Shgy
(at /o,¢)> . "
/F//”/C/’o+9,,3/g 17
%ﬁe CO,‘T7/ ‘[7/9 c K
/ef 4 lso [T <

It vetmaing - 1) i) Conl



Theoreml Assume F=Fitx) foc Lipschido wor 2

™ - :
ew Is (glebafly) tnigee.

PEL L), te e 2ta)
NEIRY JceCt-ms) st xt 5 =db

)

= &= ) V€e 1.

[X/L\t’lf( N )
?? ~ -Z;:/va\ g't",t?_?_
3te ({"'JC) Sty t) £

tal
£ T= /cmj g,é ¢ /to,'t) (1) :FX/L)/—L—}7
?( X ) (2)
//\Q“;f;m 3 L> & f?:XT
U heigh. € (v, %)

PR FreF)) e -3y
1/ /‘t,;a /t|3c/) (—;%

/C\)< A70 Small- ¢4 . /_{: k""S {'t /z.>>

P

|
T /\‘,’-i'b

¢ I
L-A< 77 Ytelrres]



. T
) Le (2) /1) .
nbegeel dorn. It) = M"“flz{ﬂ) X:))dg

(A= ) . zf&/ te[T,2+4]
) (2)
| = x| < IF (o, X\ -F 0,5 |

but - )
h) 2)
[\X/LO[; .' /3&/)3 S ¥ [« /ow\’X[ [o+oX/

(-0
//""&/J O;:\j_\/

~~—

;_n/ 7: = puy, I><m/<r)f><m/c7)/
G\é% f"ﬁ//’ta(_A

<

< §;:’. 2y IYM(O')‘X&)/(})/
- e lt Ty
= X ) o Sloa l/i

S < te Coy14s ]
=S

5@”‘&360 = Eg/
<1 T



Theovere 7,2 locul 3 unigueness £, DDE,
(Sity\ g to ODE)

R€Cd“ . OV/L}V\AVg ODE .

_ﬁ\akl}"\xl Soluhon

X//-b):g/_ﬁ /_3<){—,)) // (hohscoh‘h(.hua\b,Q
5% H;o)'-— Xo Yi) e
4/ /84\/69 ou«g, CIOSed bdd/ Sef
((L> (O'"“Fac‘é>
Z o 7

/Mb)ﬂ
Exmv\p\e - L= W(q/fx

9 (teo \/ w
((0\’{46} ) Nz

€90~

Séic_f F:R<(C - R

,&/\(7 b, - ‘1///) s
Nﬂw;“f/”é‘t

wheve F/t,%’\-.:(
O elsehere

C= C(Cn,ol,R)



et AN selveg )= iy X))

Al £<0 (= Comnot be 3
Condwue ) £, t=p

bk : H:,/\ie\ e 11,01 C)

L__g:’i]?j ~N c|05ekl bdL

ﬂ/oJCa‘EZOV\ : C - C([—AIDL-/R )

ACR™ > Cuz§vee, vinep vicrnn]
- G-

Thewn
De € Let Dc Rx be open.  the
. 2 P s Calle

MAS(:- Pounde A(/

&hy- T
it s (30'4”‘4@( on ﬁ‘(& SUbcot
[v&a,t,lx GB C &)

\J(,l'\ere B C /Rm

1S c/osei A boum(ey[,
065@4/@‘. ,Q//Z'xg)f (4,(;3’<~Q><Qﬁ /R

CO“‘H}AMDM;, [4,'6>C je/ﬂ cr” O peh



= F(t,¥):= L 1%, 46), H-n))
92

| ov
5 quei-boengey (att(-2) 1

o ®:(Q:AAX€Q

<=8 1%, %) Kb

o X
$86)xit-Ado
\0

S~—_

Teorem 2. Asume. (L = gpon
= :[f°;%>x fn_—‘? /RM’ Cont.

Fuasi —boundey
- —\_\
Cf>5 C_(L g1ven

The - - ~ b
en 3 X(t) : [tu\tﬂqu_ mﬂk”"‘d} S'c(lm:’(’\.(?f}&o

X lt\:F/t,X%\/ _)(,_to__:cﬁ

Such that : 1
I‘ﬁ i7<ﬂj -élz\ev\, -le/ avbi%kﬁp‘g,

BCQ C,ofeA_/ bouwdef
;‘ “Z € (fa,t"'v s t. x/t\ef;]} .




T_DQ/- ;L\Z‘_”Lﬁf_‘ul S°Iw1ﬁ§0"\ éf, ZOVV\/f Emran

(rnon—con Bnwab le
heyonrd Some £, g/é)

Popk 7T e, Yy Eto,JoD
' bcQ g vew closed bdd.
WL i) e Y e (tan, t)
(= Xy € C& , t e ft,rb\

R VRV .'!> =/ [FlW| &1

V/t,%é [‘to]‘l'/ﬂXCg
=[x e, Le¢ CJco,Jw)

hebe L4400

=T e X =l

-t
Aprg 'ﬂ\m/)
/—///’— = ZX'QC\AS;O"' Ofé
T
o — ,U,\f go" +o

— Y
ty  p G ), Tt U



GVD/I«V(?. F N [{0)%>X€ *"7"//2% Cont .

VAR 2 )b v Vel )

verth AR GR) couy “f/éf

) o)
= ~ Soluhon on [:to]%3 -

Globy))
P_& ("é\ T;> 7[—_ ﬁ‘“\f/-’})o“klfi
B T ) o) o B maime

Gl
27 .
. t7</s Tl = ey eaver g 5 R
Closed , bay
K'it) = Flt,XJ €,< + 00

+
Raa =t (’(Hw\{*' ﬂ?:(ﬂi X»)/ﬂfn telt., %7) - [f’ztﬂj
S

) & gt{/@vk{—(@ 1.1

TTNSN—a—

Lt <G

[ £ (] Cat CallXallds +e(L,ts)

\——'—7,\{.,/



(_\_L// = PV o E*‘&—/z,’r
lX/t)fé C. + (. T///Vpﬁok e /.:J

t,\/»;:/@v/ﬂﬂ//sﬁ//

5\€é; T(’t‘) LT oA ()4(1':)( Té[’bo(b*)
- '&éct"’ﬂ\/’j &

+
m"dl <'C G go”(nw»
t.

_ T
X< T+ ¢ S}{puf» Vet v
2 cap
o N T
= o) £ T SO«(/»M
£.
@ o h\g ] -
- e o) = Co-,@zy,(cﬂ(fz,’-tﬁf“@

’V/T//é Ct"(-b’l\
xR e B Yie (£ t) L 4

whevg b= JxelR™; RI&C;}



3 - Linear equation
Pelinkion = By line DDE we mean
(31) XY = Lt xy) A
where @ =L It¥): [to,ﬁ}x(f — R cont

K ﬁdpt/ lineqv w-rt. LV

(v ary T Lixed)
At l " [-{:"l%)—"ﬁ' (R cont

(Toveove, : /L I+ '-f/) ( mlt) // kf/// 17‘"66[‘& %)

wh@ye MH;\ 1S Com’h»\moz«é

§P€C(\Q( CQKCS ; !I'V\edw V\ewogehz?puj DDE

(3.?_\ )(I/—l;\: L/ﬁ,v\{t\

AnL - ll\r\em/ I’\Ohﬂf'geheoofz!« 6{h4-ov%ou§ DDE
(witl, const. 6054(9

(33)  xt)= L ()
Wheve L - G*") IP\M

bouw}(dl/ ([t neg ) —



Tl’leoven\Lf. G iven ¢é—€' = g/ A
j/obd_/ fo(ul\'ok'bo [37)

O (t'”Iﬂ)

Sacl, f[u‘_{ _‘Cf :‘-ﬁ
Fost Set FR)= Lt V) i)
2 FRW)| 2 miD IV + L]

Covellvg =5 globa| ex|¢bence

(qnfﬁfvT%w 3\
wniguenese | (Ele ) - Fh )<
{0 = [ ER =) 2 i) -
_ﬂ\eo\f@‘\z

_

= F ¥ locally Lipseh. wy o

Recall: k'l = AlDan + L)
Landamental mebises W)= AW
Vav'iakion o consbarts : ART veulor

_ + (V)
= WAYUWRI + (Lm0 0 4.
(vid=xd  to



[ 4aialagl

Pefinikion. Fundamental rvaJw\x U= (Alk, 2 € R

[‘POYZBQ) /I_f_fl_/y M//, \O/H
/s defivey as  LIEA)= ”° (f-A\

\ d, (0—}1. < t< /J)
E{:v(ua_(ev\-ﬁ(‘a( S SN /D -(-\\'Xco(/ tHa/i//b fo/va

[ XM= LX)

X - 0 r-nztec,
I M'/t'/)\ ’ \ ]:_ t=n

- /
— 7 > +
s~ P | N
well define
i
Theoren. 4

(Sotme m&gka%m)

Theorer. 5. The \Cw\cﬁow

——-———‘"'/J _E
/2 (t\ = S%(t,pﬁ%(oi\df) Seo (UPg /273
to

wnth /2« =0 .



, &
Yook W= (o) 8V o
(f/:e'tcl/\\ J'ﬁb v
= it A +f9 U (£, 4 [k
I W\ (K‘X’)

b/,,i‘,‘ L[‘t /‘2)_ 79 ﬁ}/%)
obsevve . /2, (B) = 12/£+6> f%/ﬁ@ AV AARS

O e(-n;o\ t. £+6
*) — — ¢
+ T, s
— _ 61/1':‘("{'7,0)_,
€

LitrN=[ It fbc o JV/OM,>

m\ S‘L/f W, ()0 «Zu/o)gé;j (%

At 0)=0 Y peln o) =) @- 1) holis



Remarks (anf wotatiow) _C(Crm), R)
@FA@E(G,CZWM LG""? -1 [, bl A

[ (¥)= f“f/ 9\0((%/9\

- \
eg ,)é’ (—& = a_’x'({’\ _(___6,_4(["&_ o] foﬂveuk,\.\uoe
") +J:Q¢( Q)XIJC%% d;““ve
Ll

>d"‘“ 0.4ty 3/

+2'(0\0(i

~

2> ﬁe-él'\ei [7\_—/'(},/)) C \56 1 Leb- e <.
2.0
/\_7)//{ CFH—?/Ut wheve ()
m\/x() 501\/?5 (32_)
Ue-1.e.

e > ! Jéo: C]é?

- e p

0, geln o)
56*@%( o hon Lo [24> 3: .

T ,80=0
w = T DS +§7~fﬁ,p§,&wﬂ s

(=2, 5'7%3 Uy (-2



ﬁ - L‘”f\e/a\/ aM.'EOV\OFhoLAS ei’h’

z-3) =L (x,) [ - C—p”
(bdcpj /I'V\&(V)
Dk Thy:e—e Sof,4
— “u Lpp 0P€

(£ZO> CPH‘X’—{: LK)
TN S+ v -

v tor

° T(’(:)T(o\ = T(f*l—/ﬂ

] T(/&\C(%’)qb ‘V:(bée Cixe d
/&—?0+ /é—_ -EP-BX/{ (s COV\"C>



- Pﬂvt I O'F [ec{u\/f....
(T Bita)

¢ ?_vo\&ﬁ':,"\ ’bohnd_
ey 2 n _ﬁwt

~ st Ei({)cg,

i_ehwwa/( Cererator o€ T7¢) e (A,"O[A\)
“eve DIA=F e C(Frpd RY) st

Pl=t
[Adgl= F17) Ol
Ny g-0

/E’E—' et (A 1°D[A\\ be gehem—éﬂtf ot T(i)
e del s SeDIN e T i TEE-#

—

>0+ Y

Ap=1

—

(\}



C=C(Cno},R) M\”

b(+p)- (o \ -
A = W(g, w e bapl -

for b= 0+

W parkelar b eDiay = p 421(93 S

Y 0 ln0]
0((§o V\OXCC . UU‘JQL\ L(/ cOV\‘lf :
o= L&) Il o
Céz e g oo c{cé C’ (Gmp@
N—
b DA)
Ad="Ad

conveveel s DR\ e D(A)
& e Dﬁi\ =) cF( cont in [n,0)

1

- ‘éZO ([: ei)



o (b(ho)- 4 /e)];—z- b (69 =3 47)

, wheyo /,7/4%
ag,"m,é

\

pqu[L resodvent St

CI=FAe @ 3 (AT-A) conbimuons ]

§/§CC{V(AM: C,\(ASZK‘\ F[/A\v

ONE Can wute -

T(A) = PoA)yo Co (A L Ra (AN
PR

. r-c ‘
Condanacu ¢ S? 5\0(\44_( §I>,

poiwk, $p. | (ot onto
ey ) P : (Z:—iviit—%cmrt /
T I
%0, b e DA
st A= )\CF

e 3) X)/'l:) =/ /*t)



Recall L_*Engifiifiﬁ‘*’#gw bd%y

I CJ/ /)'?/\ea\/
— <1 Bovel mewsure St

LL(cb) :_fqg(@u(“/;\

Ve e C
hovre Pveu'gc(g., o
(M>4)
‘!0%;(9) cﬁ@
R~ R
Thearen G

Let (A,Q)(Aﬂ be genevitor of Thf)/

‘e‘é CA/ be Lthe Mesgu re "EP"GZé’h-\—%va L
Then. 1. CrﬂQ\::ﬁ%rﬂAQ

2 AeTIA) D wer AN\=o
whee ANy = AT —-/S 6’\90%«/9\



Nobe AN e put am)e AT

Z nte (32)
Koot . Aega(/év) =2 given ¢ _fi
3 e DCA) et
Z_(A—)\I)q’y: + !
Ap =+t
Leh\v\a7 > /\
— #(o) )\cﬁ/e)«t—HV/lZ)_f
/ “{%676 C"f‘—/%_]
b Coh‘b)
sslve by o L
(v-C.) Pl6)= e 4 + @/\KHVA‘V@M/;
o ‘y(gé [;Q,,UB
bujﬁ
beDlR) L t'lo)= L (4)
186‘9/9)02.4 /@\



() S?(Q ,\(@-ﬁﬁw{p)a‘/))& [;’
LA()\\%': — o +\/L ) - é(/)

AN+
b= K0), §oti 4

(%]

e Lr b ¢ D(A)

Condwors
A € CD[A}
0\(50 tvue
/AN (N =0

Q- (%) ha\Ag (wikl LV;D}

JE£0 , be DA
st Ad=Ad
J( Cb)\ ¢ Po (A)



Letmma T One can wvite TIE)V= MVEI+KLR),
wheve ;4. p) N(o)=N/+s)

/\//b) =0 ;) TZNn
2. l</l’;) l‘gll‘orh}wt.[f g
Prost St P+ -
- (M o) (o)= ~ ffr@é o)
beC OeCrio) 0 (tx020)
° /fg+9<o>
() / Pre)
(k9] [g) = \ .
N XHt) 47/0\*@@ () o
7 M@
S 7 -
Sl
VT, AM'Z\SC/CF
__\} X?,? o /<1t)¢:$t




Eéhvmfkj « [ [t) cormpactl o £ 4

(& L2
FTRE e DAY b tsp,
(& ¢7)
© TR differehiable =) hovi >
oL 424 Condnmmons

(g’g) fﬁ;“zt:/“\"‘i ) T2
© TH:) hot A, /}/'K_IC‘/

CTog & 200) f<@)
I Jehev )
—\ I

Thﬁ ove na :;I_ )

Leﬁ (A,@//\)) ﬁe éAfD gehﬁl/d‘{‘olx 0T 7—/%)/
let d?e/\<ﬂ for ¥ e (rf%\)ﬂc”/é/?-

Then 329 ¢4 IT78)) °t

<ITe



(oot T e vt [r) e n(a)|
P"oo‘f.

(o (‘T‘) = %/?/vv (E,[T/tﬂj
(é Prep. 77
G’(‘I’/H\\fo? _C_ efcrf/\\

(i: Theaven 9/>

Since TR (¢ nove—ront.
Lot =

com?ac)rb\fge |\ N ( /—\)
o ("ﬂbh\ ?0 \7






Aﬂ)\‘lC&Jﬂ\Om '. @f{){{\
1Y Vevhulok w. ACI% - /]
%'ljo\:'—c_&(.t___/,\ "Ck-(t‘/OX/’t)

vl ceZ 9 ReAco gl Il




~
{fl_f’__\fl/f ol — M4y\g "1/‘-\/}2\ /<L
e Ok
{ﬁ/ O(QSF\/V@: ’G[/?_) A ¢
€ S5en by | ’C'“QMJMJQ
Jélﬂzﬂﬁ at Rz

Preads Thme s

Lv P~ bl
’ exception £(2)4]

Ae € \\S
£(r\=0 Q@ —okten
I ?(0,55\ JVL§7O



) by Hwd oA {ReAz0Y

s Finte (win, Gnidp
th«( ll\ Ph({%é)

//m e

Showns

C=X,®Y

- =
Lnide expomeniil

_&umgk§ 0‘(’(&451/
(ope e ) (Bewr () O>



