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Infinite-dimensional dynamical systems

1.1 Semigroups

Our abstract ‘infinite-dimensional dynamical systems’ are semigroups de-
fined on Banach spaces; more usually Hilbert spaces.

Given a Banach space %, a semigroup on 4 is a family {S(¢) : ¢ > 0} of
mappings from A into itself with the properties:

S(0) =idg
S(t+s)=5(t)S(s) =5(s)S(t) forall t,s>0

S(t)up is continuous in both ¢t and wug.

Despite the notation this semigroup need not be linear (and in all interesting
examples will be nonlinear).

Usually, our semigroups will be generated by the solutions of some partial
differential equation. If u(z,t) is the solution at time ¢ corresponding to the
initial condition u(x,0) = ug(z) for any ug(-) € A, provided that u(-,t) € #
we can define S(t) : Z — A by

S(t)uo(-) = ul-1).

To make the notation more manageable, we consistently suppress the de-
pendence on z, and so write u(t) = S(t)ug. After all, the x dependence is
implicit in the fact that uy € Z (if # is a function space).

1
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1.2 Examples
1.2.1 ODEs

If f:R™ — R"” is locally Lipschitz,
[f(@) = fWI < LR)[x —y|  forall |zf,]y| <R
then solutions of
= f(x) with z(0) = xo
exist locally on some time interval [0,7(|zo|)). Solutions exist for all time

provided that they do not blow up.

In this case we can take # = R" and let S(t)xo = x(t; zo), where x(t; z¢)
is the solution of the equation at time ¢ when the initial condition is xg.

1.2.2 Reaction-diffusion equations

Consider the following scalar reaction-diffusion equation on a smooth bounded
domain Q C R™,

ut — Au = f(U’)v
subject to Dirichlet boundary conditions (u|spq = 0). Recall that for func-

tions in Hg () (essentially ‘u € H'(2) with u|gq = 0’) we have the Poincaré
inequality

lu|| < ¢||Vul| for all u € H3(Q),

which means in particular that || Vu|| gives a norm on HJ(£2) which is equiv-
alent to the standard H' norm.

We impose the following conditions on f:
—k—aq|s|P < f(s)s < k— asls|? (1.4)
flis) <1,
where a1, a2,k >0 and p > 2.
Under these conditions, the equations define a semigroup on L?(£2). A for-
mal proof of existence and uniqueness of solutions would involve the method

of Galerkin approximations (the lower bound in (1.4) is important in en-
abling the technical steps of the Galerkin procedure to be justified), but at



1.2 Ezxzamples 3

its heart is the following (‘formal’) estimate, showing that if ug € L?(Q)
then u(t) € L?(2) for any ¢ > 0. Taking the inner product of the equation
with v and integrating over {2 we have

gl + 1Dl = [ fwuds

< / k — aolulP dz.
Q

Integrating both sides between 0 and ¢ gives

1 t ! 1
S+ [IDu)Pds+az [ [ ulrdode < kel + 3 )P
0 0 JQ

showing that an initial condition in L?(£2) leads to a solution in L>(0, T; L?)N
L%(0,T; HY) N LP((0,T) x Q) for any T > 0. Combined with estimates on
du/dt one can in fact show that u € C°([0,7T]; L?(2). These estimates form
the basis of an existence proof, but do not guarantee uniqueness.

We get uniqueness and continuous dependence on initial conditions from
the same argument: consider the difference of two solutions, v and v, with
initial conditions ug and vy respectively, so that

d
Su=v) = Au—v) = f(u) - ().

Taking the inner product with © — v and integrating over {2 gives

1d
g3l = v+ 1D =) = [ (futa)) = f(vla))u(a) = o)) do.

Now, if u(z) > v(x) then

with a similar argument giving the same bound if v(z) > u(x). So

_ 2 _ 2< _ 2
ailu— o+ 1D =0l <1 [ jue) = o) o

from which it follows that
1d
el = ol < = ol

and so

lu(t) = v(®)]| < ellug — vol.
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We can therefore use this equation to define a semigroup on L?(€2).

With some further restrictions we could use the equation to define a semi-
group on H(Q), e.g. take n = 1,2, f(0) = 0, and |f/(s)| < C(1 + |s|?) for
some v > 0. But although the analysis most naturally employed to obtain
a semigroup on L?(Q) is more cumbersome than the contraction mapping
possibilities in Hg (), the semigroup on L?(Q) is easier to analyse.

1.2.3 Navier-Stokes equations

The Navier-Stokes equations:

%:—VAu—i-(u-V)u—FVp:g and V-u=0.
We will take z € Q = [0, L]¢ with d = 2,3 with periodic boundary condi-
tions. The function u is the d-component velocity, u(z) = (u1(x), uz(x)) or
(ug (), uz(x),us(x)), p is the scalar pressure, and g is a body force.

Define

¥ = {C functions u that are periodic on @ with V-u =0 and / u =0}
Q

and let H and V be the closure of 7 in [L2(Q)]¢ and [H'(Q)]? respectively.
Heuristically, H and V are ‘functions in L? or H' that are divergence free’
(and have zero average on Q). From now on we drop the -% in the notation
for Sobolev spaces of vector-valued functions on Q.

The assumption that our functions have zero average on () gives us a
Poincaré inequality,

lul| < ¢||Dull forall  we HYQ), (1.6)

where H'(Q) denotes H' functions that are periodic on Q and have zero
average.

It is easy to give a formal proof of existence of weak solutions (initial
conditions in H, i.e. finite kinetic energy) in 2d and 3d. As before, we will
just give formal estimates showing that ug € L? implies that u(t) € L? for
all ¢ > 0 (and some additional estimates too).
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Simply take the inner product with u to obtain

1d
th\uHQ—V/(&ﬁiuj)uj dw—l—/[(ui@i)uj]uj dx+/(8ip)ui d:c-/ fudz.
Q Q Q

Now, an integration by parts gives
- [ @duyde =3 [ @) doi= Dl
Q ij Y@
for the nonlinear term note that
[ (wdustu; de = - [ oy(wiluydo =~ [ @il [ [wo)ushu;
Q Q Q Q
which implies, since V - v = 9;v; = 0 that

/Q[(vz-(?i)uj]uj dz = —/Q[(vi@i)uj]uj dz,
i.e. that

/[(vV)u] ~udzr =0 (1.7)
Q

and so the nonlinear term vanishes, as does the final term on the left-hand
side since

[ @wido =~ [ o)z =0 (1.8)
Q Q
since V - u = 0.

So in fact we have

1d
2dt

where c¢ is the constant in (1.6), so that

2 2 _ 2 Hf”2
+v||D < < —

d 2 2
< Jul? + v Duf? < I

Integrating from 0 to ¢ it follows that

. DuoItas < fuglt + eI
(@) + v u u(s) | ds < fluoll? +

So the solution satisfies u € L>(0,T; H)NL?(0,T; V). In the two-dimensional
case there are sufficiently nice bounds on du/dt to guarantee that in fact
u € C°[0,7T); H).
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In 2d we can also obtain uniqueness (and continuous dependence) if we
use Ladyzhenskaya’s inequality

lull s < elfull?)| Dul|'/? (1.9)

to obtain an appropriate bound on the nonlinear term. If we use Hoélder’s
inequality then

/Q[(u -V)v] - wdz

23

/Q[uj(ajvi)wi dz

/1:7.]'

< D gl palldjol llwill
i7j

< D g2 Dy |2 00l il 2| Duwi |2
ij

using (1.9). Now use Holder’s inequality again:

1/4 1/2 1/4
< D P D > llojui)® D lwil | Duws|?
2 2% 2%
< Jlull V2| Dul| 2| Do]||[w]|'?|| D[/,

since if ak,bk Z 0, Zk akbk S (Zk ak)(zk bk) SO

‘/[(wv)v]-wdw < cllul | Dull || Do ] /2| Dw|| 2. (1.10)
Q

If we consider w = u — v, the difference of two solutions « and v, then we
have

wi—vAw+(u-Vu)—(v-Vo)+V (py—py) = wi—vAw+(u-Vw)+(w-V)v+Vy = 0.
Taking the inner product with w and using both (1.7) and (1.8) we obtain

1d
f—HwHQ + 1/||DwH2 = —/(w -Vv) - wdx
2dt o

IN

[w][[[ Dwl[[| Dv]

A

1
v|[Dw|* + L [lw|*| Do,

with the new inequality (1.10) used in the final line.

From this its follows that,
1d

1
2 « L 1Dyl 2
el < Dol
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and integrating this between zero and t gives

Jutt) oI < exp (5, [ 100 as) o~ wol

Since v € L?(0,T; H'), the integral expression on the right-hand side is
finite, which implies both continuous dependence on initial conditions and
uniqueness.

The three-dimensional version of (1.10) is

‘/Q[(u-V)v]wudx

which accounts for the fact that similar methods to do not suffice to prove
the uniqueness of weak solutions of the three-dimensional equations.

< cllull | DulP| Do [lw] 4| Dl (1.11)

To show the existence of strong solutions in 2d, in the periodic case we
can make use of the useful orthogonality relation

/ [(u- V)] - [Au] dz = 0 (1.12)
Q

for u divergence-free. The proof of this is based on component-wise cancel-
lation and is tedious, not instructive, and does not work either for Dirichlet
boundary conditions in 2d, nor for periodic boundary conditions in 3d.

Given (1.12) we take the inner product of the equations with —Aw and
obtain

1d

5 g Pull® + vl Aul® = (f,AU)<*||fH2 *IIAUHQ,

and so
d 2 o _ IfII?
il < I
SIDul? + v Au)? < 1

An integration shows that
2
|Du(t)| + /mu (5)1ds < [ Dug|? + ¢ L1

Giving a solution in L*>(0,7;V) N L%(0,T; H?). Uniqueness follows in a
similar way to before, using further estimates on the nonlinear term.

These results also enable one to define a semigroup on V in this case.

In the 3d case strong solutions (which are unique in the class of weak
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solutions) are known to exist on some finite time interval [0,T"), where T
depends on ||Dugl||. Given the topical interest of this problem, we remark
here that rather than [[(u - V)u] - Au vanishing, we can only appeal to the
bound

'/[(u -V)u| - Audz| < cHDuH3/2HAuH3/2.

Suppose for simplicity that f = 0. Then following the analysis above we

obtain
1d

2dt
Using Holder’s inequality with p =4 and g = 4/3 results in

1Dul® + vl| Aul® < | Dul|*/|| Aul*2.

d C2
aIIDUH2 + || Au* < ;HDUIIG-

One can drop the v|Au|/? term and integrating the resulting differential
inequality to yield

| D
|Du®)| < —
VI—ct|Duql[ /v

So one can only guarantee that || Du(t)|| remains finite while ct|| Dugl|* < 3.
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The global attractor I
Fxistence

If (#,S5(t)) is an infinite-dimensional dynamical system, a set X C £ is
said to be invariant if S(t)X = X for all t > 0.

A set X C £ is said to attract B C A if
dist(S(¢t)B,X) — 0 as t — oo,

where

dist(A, B) = sup inf |a — b|.
ist(A, B) 2161%33!@ |

A set X C £ is said to be attracting if it attracts all bounded subsets of
AB.

A set &/ C A is said to be the global attractor if it is compact, invariant,
and attracts all bounded subsets of 4.

Lemma 2.1 The global attractor is unique.

Proof Let @7 and % be two global attractors. Then, since % is bounded,
it is attracted by 2,

dist(S(t).eh, o) — 0 as t — oo.

But @4 is invariant, so S(t).e% = 4%, from which it follows that dist(@%4, 7)) =
0. The argument is symmetric, so dist(#, %) = 0, from which it follows
that @ = 4. 0
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Lemma 2.2 Let K be a compact subset of a Banach space B, and x, €
A a sequence with limy,_,oo dist(zy, K) = 0. Then (z,) has a convergent
subsequence, whose limit lies in K.

Proof Write z,, = ky, + 2y, where k, € K and |z,| — 0 as n — oco. Then
there is a subsequence such that k,;, — k* € K, so x,; — k* too. O

We now prove some properties of the omega limit set of a bounded set B,

w(B):

Proposition 2.3 Suppose that there exists a compact attracting set K. Then
for any bounded set B, the set

w(B)=[JS(s)B (2.1)

t>0s>t
={rePB: x= lim S(t,)b, for somet, — oo, b, € B} (2.2)

is compact, invariant, and attracts B. Furthermore, w(B) C w(K).

Proof Suppose that w,, € w(B). Then there exist sequences {t]in)} with
ti:n) — 00 as k — oo and {b;n)} with bl(cn) € B such that

wy, = lim S(tén))bén).
k—oo
It follows in particular that there exists a sequence {¢;} with ¢; — oo and
bj € B such that

lw; — S(t;)bs| <1/5.

Since K must attract B by assumption, it follows from Lemma 2.2 that
there is a subsequence such that S(¢;)b; converges. This limit must belong
to w(B). It follows that there is a subsequence of {w;} that converges to an
element of w(B), so w(B) is (sequentially) compact.

Now suppose that x € w(B). Then there exist sequences {t,} with ¢, —
oo and {b,} with b, € B such that z = lim, .~ S(¢,)b,. Then, since S(t)
is continuous,

S(t)z = S(t) ( lim S(tn)bn> = lim S(t+ tn)bn,

and so S(t)r € w(B), i.e. S(t)w(B) Cw(B).
Now, if y € w(B) then y = lim,, .~ S(t,)b,. For any fixed ¢, once t,, > t,
we can write S(t,)b, = S(t)[S(tn — t)by]. Using Lemma 2.2, we know that
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S(t,—t)by, has a convergent subsequence, which converges to some 5 € w(B).
Taking the limit through this subsequence, it follows that y = S(¢)3 with
B € w(B), sow(B) C S(t)w(B). It follows that S(t)w(B) = w(B).
We now show that w(B) attracts B. If not, then there exists a § > 0, and
t, — 00, b, € B such that
dist(S(tn)bn,w(B)) > 4.

But (by Lemma 2.2) {S(¢,)b,} has a convergent subsequence, whose limit
must lie in w(B), a contradiction.

Finally, to show that w(B) C w(K), notice that for each n, there exists a
0, such that

|z — k| < 0p, = |S(n)x — S(n)k| < 1/n

for any £ € K. Now, if § € w(B) then § = lim;_.o S(t;)b;. For each n,
consider the sequence S(t; — n)b;. Since K is attracting, there exists a j,
such that

dist(S(t;, —n)bj,, K) < 0n,
and so there exists a k,, € K with
|S(tj, —n)bj, —kn| < Op.
It follows that
|S(t},)b5, — S(n)kp| < 1/n.
Since S(tj,)bj, — [, it follows also that § = lim, .o S(n)k,, and so § €
w(K). O

The main theorem here is essentially an immediate corollary of the above.

Theorem 2.4 There exists a global attractor <f iff there exists a compact
attracting set.

Proof If &7 is an attractor then it is a compact attracting set. If K is a
compact attracting set then w(K) is compact and invariant; since w(B) C
w(K) for all B, and w(B) attracts B, w(K) attracts B. O

We now discuss some properties of the attractor in more detail.

Lemma 2.5 o7 is the mazimal compact invariant set, and the minimal set
that attracts all bounded sets.
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Proof Let X be compact and invariant. Since X is compact it is bounded,
so it is attracted to /. Therefore

dist(S(t)X, o) = dist(X, /) — 0 as t — o0,

e dist(X, o) = 0 so X C &. Similarly, if Y attracts all bounded sets
then Y attracts /. The same argument, using invariance of @7, shows that
o CY. O

We now make the following definition:

Definition 2.6 We say that S(t) has the backwards uniqueness property if
S(t) is injective for every t > 0, i.e.

S(t)UO = S(t)vo = up = vg.

If S(t) has the backwards uniqueness property then we have a standard
dynamical system on the attractor.

Proposition 2.7 If S(t) has the backwards uniqueness property, then on o
we can extend S(t) to a group {S(t)}ier, and

S(t)o = o forall  teR.

Proof Take t > 0 and x € /. Since &/ = S(t)o7, we have x = S(t)y for
some y € /. This y is unique by the backwards uniqueness property, and
so we can define S(—t)x = y.

The map S(—t) : &/ — &/ is continuous, since it is the inverse of a
continuous injective mapping on a compact set.

It is clear that defined this way {S(¢)};cr becomes a group of mappings.
Since S(t)o/ = & for all t > 0 and S(—t) is the inverse of S(t), it follows
that S(t)«/ = o for all t € R. O

With another definition we will be in a position to give a non-dynamical
characterisation of the attractor:

Definition 2.8 A complete orbit of S(-) is a map u : R — A such that

S(t)u(s) = u(t + s) for all t>0,s eR,
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i.e. a solution defined for allt € R. Such an orbit is bounded if there exists
an M > 0 such that

lu®)|| <M forall teR.

Theorem 2.9 All complete bounded orbits lie in o/ . If S(t) has the back-
wards uniqueness property then «f is precisely the union of all complete
bounded orbits.

Proof Let € be a complete bounded orbit and let * € ¢. Then for any
t > 0 there exists a y; € 0 such that x = S(t)y;. Since ¢ is bounded, </
attracts @, and so

dist(z, o) < dist(S(¢t)0, /) — 0 as t — o0,

ie.z € /. So 0 C &/. Conversely if © € &/ and S(t) has the backwards
uniqueness property then z lies on the complete bounded orbit u(t) = S(t)z.
U

In many cases we can show something stronger than the existence of a
compact attracting set, namely the existence of a compact absorbing set.
We say that a set X C £ is absorbing if for every bounded subset B C £
there exists a time tp such that

S(t)BC X for all t>tig,

i.e. the orbits of all bounded sets eventually enter and do not leave X.
Clearly the existence of a compact absorbing set implies the existence of
a compact attracting set, which we know implies the existence of a global
attractor.

2.1 Examples

We will continually use the following simple lemma (Gronwall’s inequality)
to integrate simple differential inequalities. The proof simply involves using
the integrating factor exp[—A(t)].

Lemma 2.10 (Gronwall’s inequality) Suppose that

% < a(t)z + b(t).
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Then
t
X(8) < X(0) exp[A(1)] + / explA(t) — A(s)]b(s) ds,
0

where A(t) = fg a(r)dr. In particular if a(t) = o and b(t) = 3 then

X(t) < <X(0) + ﬁ) e — 5

(07 «

2.1.1 Reaction-diffusion equations

For both the reaction-diffusion equation and the Navier-Stokes equations we
proceed in two steps: find an absorbing set in L?, and use this to prove the
existence of an absorbing set in H'.

2.1.1.1 Absorbing set in L?

If we take the inner product of the equation with u then we obtain
1d
p P+ 1Dl = [ fu@@)u()de < [ k- coluPdz <HigI, (23
where || is the Lebesgue measure of €. Using the Poincaré inequality

1/2

lull < A [ Dull

we obtain

d
gl + 2xJull* < 2|9,

Gronwall’s inequality (Lemma 2.10) then shows that

K[|

1— —2)\115.
1 - ey

lu(®)|* < [luol*e™M* +
In particular, there exists a to(||ug||) such that
2k|2
|u(t)||* < pg = )\|’ for all t > to. (2.4)
1
Returning to (2.3) and integrating from t to ¢t 4+ 1 for ¢ > ¢y shows further
that

1 t+1
S llult+ 1|2 +/t [Du(s)|* ds < k|Q] + [[u(®)],
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and so in particular it follows that

2k|Q

L (2.5)

t+1
/ |Du(s)||?ds < I :== K|Q| +
t

2.1.1.2 Absorbing set in H"

We now use the integral bound in (2.5) to prove the existence of an absorbing
set in H'. The argument here can be formalised as the ‘uniform Gronwall
lemma’, but this hides the simple idea behind it.

Taking the inner product with —Awu we obtain

2dt”DuH2+ | Aul|? = /f Audx—/f 8u 8u dm < I||Dul|*.

Integrating this between s and ¢, where t < s <t + 1, gives

t+1 t+1

IDutt+ DIF+2 [ JAu@)Par < [Du(s)F+21 [ |Dutr) P
S S
which implies in particular that
IDu(t)|* < [|Du(s)||* + 2115
Integrating again with respect to s between ¢ and ¢ + 1 now gives
t+1
| Du(t+1)]|? < / | Du(s)||*ds+211 < (1+20)I;  forall > to(||luol]).
t
(2.6)

So we have shown that a bounded set in H' is absorbing. Since H'
is compactly embedded in L2, this gives a compact subset of L? that is
absorbing. So the RDE has a global attractor in L?(2).

2.1.2 2d Navier-Stokes equations

For the 2d Navier-Stokes equations
u —vAu+ (u-V)u+Vp=f V-u=0

we will prove the existence of an attractor for the semigroup on H ~ L*(Q).
Recall that we have a Poincaré inequality

lull < V2| Du]
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and the orthogonality condition
/[(uV)u] ~udzr =0
Q

when u is divergence-free (V - u = 0).

2.1.2.1 Absorbing set in H ~ L?(Q)

If we take the inner product of the equation with u in L? then we obtain

1d
5 llull® + vl Dul* = (f,u) < (| fl]ull. (2.7)
2dt
Using the Poincaré inequality and Young’s inequality (2ab < a? + b?) we
have
el < = _
ol ol < 2l + 11
ie.

d 2 2 1 2

= A < -

el + vAul? < IR,
which after an application of Gronwall’s inequality yields

2
(@) < N g+ W oty

This shows that there exists a time ¢y(||ug]|) such that

@I < d =200 forall  t2t (2.8)

If we return to (2.7) and integrate from t to ¢t + 1, with ¢ > ¢y, we now
obtain

lult + DI flu®)]?
2 2

t+1 )
+u/ |Du(s)2 ds < [[£l1po,
t
so that

t+1 ) p2
v [ IDu)IP ds < 1o = Flo + 2.
t
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2.1.2.2 Absorbing set in V ~ HY(Q)

We will take the inner product of the equations with —Aw. In the 2d case for
periodic boundary conditions only we have the useful orthogonality relation

/ [(w-V)u] - Audz = 0.
Q

The proof is many cancellations using the divergence-free condition and is
uninformative.

The analysis that follows here can be done in the Dirichlet case, but is a
little messier since the nonlinear term does not vanish.

We obtain
1d
2dt

and so in particular

P v
1Dul? + vl = (£, ) < 1 au) < W04 Y a2

d I1£11?

—||Du]? < M1

< 1pu? < 11

Integrating between s and t 4+ 1, where t < s <t 4 1 gives

2
Dt + 1))~ [Dus)? < L

and now integrating with respect to s between ¢ and ¢t + 1 gives
2 [T 2, NI
[Du(t + 1)[|” < 1Du(s)||” + ==
t

and so

1£1

1%

I
| Du(t + 1P < > + for all > to(||uol)),

i.e. a bounded set in V is absorbing.

Since V is compactly embedded in H (H'! is compactly embedded in L?)
it follows that there is a compact absorbing set in H, and so the 2d Navier-
Stokes equations have a global attractor in H.

With further analysis along similar lines one can show that there is an ab-
sorbing set in H?2. In particular, therefore, the global attractor is uniformly
bounded in H?, and we will use this fact from time to time later.
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The global attractor II
Continuity & Structure

We now discuss the behaviour of attractors under perturbation of the semi-
group. It is relatively easy to prove that the attractor cannot ‘explode’, but
to show that it does not ‘collapse’ we need to some structural assumptions.

We will consider a family of semigroups indexed by n € [0,70), S,, and
assume that S; converges to Sy as 7 | 0 in the sense that

lim ( sup sup |S,(t)uo — So(t)uo| | =0
710 \ te[0,T) uo€B

for all T > 0 and bounded B, i.e. uniform convergence on bounded time
intervals and bounded sets of initial conditions.

3.1 Upper semicontinuity — ‘no explosion’

We now prove that attractors cannot explode under perturbation.

Proposition 3.1 Let S), : 8 — % be a family of semigroups as above, and
suppose that for all n € [0,m9) there exists a global attractor a,. Then the
following two statements are equivalent:

(i) there exists an m > 0 and a bounded set X such that
ay C X for all n € [0,m),
(i)
dist(.#,, o) — 0 as n 1 0.

18
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Proof 1t is clear that (ii) implies (i). So we only show that (i) implies (ii).
Since ) is an attractor, it attracts the bounded set X for Sy. So given
€ > 0 there exists a T" > 0 such that

dist(S(T) X, ) < €/2.
Now choose 11 > 0 such that
HSn(T)uo — So(T)U()H < 6/2 for all ug € X.

Then
iy = Sy(T)ety © Sy(T)X S N(a, €).

3.2 Connectedness of omega limit sets

In order to discuss the structure of the attractor further, we will require the
following result on the connectedness of omega limit sets.

Lemma 3.2 Assume that there exists a compact attracting set K, and that
A is connected (i.e. the unit ball in B is connected). Then if X is a bounded
connected set, w(X) is connected, and the attractor <7 is connected.

Proof First, we have already shown that if there is a compact attracting
set K then w(X) C w(K) for any bounded set X. In particular, if X is
a bounded ball containing K then it follows from this and w(X) 2O w(K)
that &/ = w(X). Since one can therefore write the attractor as the omega
limit set of a bounded connected set, we prove only that w(X) is connected
whenever X is bounded and connected.

Suppose not. Then there exist open sets O1 and O, such that O1NO3 = 0,
w(X)NO; #0 for j =1,2, but w(X) C O UOs.

Now, since S(t) : # — % is continuous, S(¢)X is connected for each
t > 0. But since w(X) attracts X, for some ty, S(t)X C O1 U O for all
t > tg, since O1 U Oy is an open neighbourhood of w(X). It follows, then,
that for all t > to S(tp)X is contained entirely in O; or O2, wlog O;.

But since S(-) is continuous, S(¢)X cannot ‘jump’ from O; to Oz. It
follows that w(X) C Oy, a contradiction. O

Note that this shows in particular that w(ug) is connected for any initial
condition wug.
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3.3 Unstable manifolds of invariant sets

If X is an invariant set for S(-), we can define
WHX) = {up € #: up lies on a complete orbit u s.t. dist(u(t), X) — 0 as t — —oo}.
In the case that X is a single point, one obtains the more familiar

WH(zo) = {up € & : ug lies on a complete orbit u s.t. u(t) — g — 0 as t — —oo}.
All such unstable sets must lie in the attractor
Proposition 3.3 For any bounded invariant set X, W*(X) C &7

Proof If ug € W*(X) then ug lies on a complete orbit u : R — . Since
there is an attractor, dist(u(t),/) — 0 as ¢ — oo and the forward por-
tion of the orbit is bounded. Since wug lies in the unstable manifold of
X, dist(u(t),X) — 0 as t — —oo, and the backward portion of the or-
bit is bounded. So wug lies on a complete bounded orbit, which implies that
uy € . ]

3.4 Attractors for gradient semigroups

When the semigroup S(-) has a Lyapunov function, we can describe the
structure of the attractor fairly completely.

We say that S(-) is gradient on a positively invariant subset U C %
(S(t)U C U for all t > 0) if there exists a Lyapunov function ® : U — R,
ie.

(i) @ : U — R is continuous and bounded below,
(ii) ®(S(t)uo) is non-increasing in ¢, and
(iii) If @(S(T)up) = P(ug) for some 7" > 0 then ug is an equilibrium point
(i.e. S(t)ug = up for all t > 0).

Note that (iii) excludes the existence of periodic orbits.

Proposition 3.4 Let S(t) be gradient on U. Then for any ug € U, w(ug) C
&, where & is the set of equilibria. If # is connected and & is discrete then
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w(ug) € & (i.e. is one equilibrium), i.e. for every ug € U there exists an
e € & such that

S(t)ug — e as t — oo.

Proof We want to prove that ® is constant on w(up). So note that

w(ug) = ﬂ {S(s)up: s >t}.

t>0

Now,

O :=sup{P(x): z € {S(s)up: s>t}

is a non-increasing function of ¢ that is also bounded below since ® is continu-
ous, dist(S(s)ug, &) — 0, and &7 is compact. It follows that ®* = lim;_ D¢
exists, and that ®|,(,,) = ®*. Property (iii) implies that w(up) C &. If # is
connected then w(ug) is connected; if & is discrete then w(ug) must consist
of a single point of &. O

We know already that in general W"(&') C &/. We now show that if the
system is gradient and S(-) has the backwards uniqueness property on .o/
then this is an equality.

Theorem 3.5 (Structure Theorem) If S(-) has a Lyapunov function on
o, and the backwards uniqueness property on <, then of = W*(&). If A
1s connected and & is discrete then

o =W (e).

ees

Proof As remarked above, we already have W (&) C /. Now, if uy € &7
then since S(-) has the backwards uniqueness property on & we can define
u(t) = S(t)up for t <0, and consider

v = Neofu(s) : s <t}.

One can follow the argument in Proposition 2.3 to show that dist(S(¢)uo,y) —
0 as t — —o0, so ug € W"(); while the argument of Proposition 3.4 shows
that ® is constant on 7, and so v C &. It follows that ug € W"(&), which
gives the promised equality.

If & is discrete and up € W"(&) then S(t)ug lies in a neighbourhood of &
for all t < tg, from which it follows that in fact ug € W*"(e) for some element
of e. O
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3.5 Lower semicontinuity of the attractor

We now show that when the attractor has the structure in Theorem 3.5, it
cannot collapse under perturbation. The proof as given here is taken from
Stuart & Humphries (1996).

The main addition assumption, in addition to the structural one, is that
the equilibira and their local unstable manifolds perturb continuously: more
precisely, there exists a § > 0, such that for 0 < € < §/2, one can find an 7
such that

len —eoll <€

and
dist g (W"(eo) N Bs(eo), W"(ey) N Bs(eg)) < e.

Theorem 3.6 Suppose that & is discrete,
= W),

e
and that the equilibria and their local unstable manifolds perturb continu-
ously. Then

lim dist (.2, <7,;) = 0. (3.1)
710

Proof The conclusion (3.1) means that given any e > 0, for n sufficiently
small, .27 is contained within an € neighbourhood of ,. In other words, for
every u € o, there must exist a v(n) € <4, with |[v(n) — u|| < e.

Since o is compact, there exists a finite set of points {u; };V: 1 such that
for any u € < there exists a j € {1,..., N} such that ||u — ;|| < €/2.
So one need only show that for each wu; there exists a vj(n) € o, with
lluj —vj(n)|| < e for all n small enough.

First, note that there exists a ¢ > 0 such that if ug € 2%,

lug —ui]] < ¢ = sup ||S(t)ug — S(t)u1|| < €/4.
te[0,7]
Now, given the form of the attractor, uy, = S(T})zy for some 2, € W"(e;) N
Bs(ej). Set T* = maxy T}, and choose 71 > 0 small enough that for all

ne [07771):
(i)
sup sup  ||So(t)ug — Sy(t)uo|| < €/4,
te[0,7*] uoENs ()
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and
(ii) for each k, there exists a zi(n) € W"(ex(n)) such that
1z (n) — z&ll < ¢

Now, consider vy (n) = Sy (Tk)2x(n). Since z(n) € W' (ex(n)), zx(n) € ),
and since .o, is invariant for S, (-), it follows that vy(n) € 47,. Now it only
remains to check that

k() — well = 155 (Th) 21(n) — So(T) 2|
< 18n(Tk) 21 (n) — So(Th) 2z ()| + 150(Tk) 2k (1) — So(Tk)zx||
<e€/d+e/d=¢€/2,

as required. O
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RDE as a gradient system: regularity

We now want to show that the RDE
ug — Au = f(u)
where
—k —ay|s]P < f(s)s <k — ag|sl? and f(s) <l

gives rise to a gradient system, and so has an attractor of the form (3.5). In
order to do this, we have to show that it has a Lyapunov function. In order
to show that this Lyapunov function is continuous from & into R, we will
need some additional regularity for functions lying on the attractor.

We have already shown that the attractor is bounded in L? and in H'.
We will now show that it is also bounded in L> and in H?. (Of course, for
the RDE on a one-dimensional domain, a bound in H' gives a bound in L>®
with no additional work.)

4.1 A bound in L*®(Q)

In order to show this bound, we introduce

s () = {u(m) u(z) >0 and u(z) = {U(CE) u(z) <0

0 otherwise 0 otherwise.

It is clear that if u € L?(2) then ux € L*(Q) and |lux||z2 < ||ul/z2. We now
show that the same is true if u € H(Q):

24
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Lemma 4.1 Ifu € HY(Q) then ux € HY(Q), ||ux||g < ||ullgr, and

Duste) = {1 100

with a similar equality for Du_.

Proof Define

() (u(z)? +)Y2 —¢ u(z) >0
ue(x) = .
0 otherwise

Then

u<x>:{<<(>)+(>)/ wx) >0

0 otherwise

It is clear that ||uc| g2 < |lul g2, and that ue — uy in L2(£2). Since u, is
bounded in H', it has a subsequence ue; that converges weakly to some v,
ue; —vin H 1. But weak convergence in H' implies strong convergence in
L?, so Ue; — v in L?. But we know that u, — v, in L?, so v = uy. It follows
that Duy € H' with |[Duy| gz < ||Dul|g as claimed, and taking limits of
u. as € — 0 gives (4.1). The result for u_ follows since u_ = —(—u)y. O

We can now prove that the attractor is bounded in L.

Proposition 4.2 The attractor for the RDE u; — Au = f(u) is bounded in
L(Q) with

E\L/P
]| co < () forall uwe .
a3

Proof Set M = (k/ap)'/?, so that for s > M, f(s)s < 0. Now multiply the
equation by (u(x) — M), and integrate:

1d

3l @ =M+ [ (~80)-(ule) =2 do = [ Fla(ula) = 21)s do

Now,

/Q (—Aw)-(u(z)— M), dz — /Q Du-D(u(z)—M), dz — /Q D(uz)— M) 2 da,
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using (4.1). We also have
| 1w M)ydo = [ F(wull — (M/u)] dz < 0.
z: u(z)>M
So
L - 2+ D(u—M)4|* <0
= M)+ 1D~ )2 <0

Since u = 0 on 0L, clearly (u— M), = 0 on 0f, so we can use the Poincaré
inequality:
1d
ool = M) < <Al — M)
Integrating from —t to 0 it follows that

(u(0) = M)4 |12 < ll(u(—t) — M) ]Pe=2M,

Since <7 is bounded in L?(£2), and any u(0) lies on a complete bounded orbit,
it follows letting ¢ — oo that ||(u(0) — M).||> = 0. Therefore u(z) < M
almost everywhere.

A similar argument considering (u + M)_ shows that u(z) > —M every-
where, and so ||u|fe < M. O

It is worth emphasising again that if € is one-dimensional, we already
know that .27 is bounded in L™ since it is bounded in H'.

4.2 A bound in H?

We show that the attractor is bounded in H?. During the course of the
proof we will also find the Lyapunov function for the semigroup on L2.

Proposition 4.3 The attractor for the RDE is bounded in H?(2).

Proof The plan is to rearrange the equation as —Au = f(u) —u;, show that
the right-hand side is bounded in L?, and use elliptic regularity to show that
u must be in H?: indeed, if —Au = g, ulsgo = 0 and g € L?, it is known
that [|ul| g2 < cllgll 2.

We already know that f(u(-)) € L?, since we know that u(-) € L* (this
implies that f(u(-)) € L, which immediately gives f(u(-)) € L?. So our
task is to show that u; € L? for all solutions on <.
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First we take the inner product of the equation with wuy:

d d
el + G1Dwl = [ furdt = 5 [ Flutw) o

where .Z (r) = [ f(s)ds. Note that this show that

d 1
T Q§|Vu\2—9(u)dx: —|ug|?. (4.2)

The quantity whose time derivative occurs on the left-hand side will be our
Lyapunov function V().
Integrating from 0 to ¢ we obtain

| o)1 as + 510u@1F = S1Duol + [ Fuw) de = [ F (o) e

Since .7 is bounded in L*™ and H', this implies that

t
/ lua(s)|2ds < C.
0

Now differentiate the governing equation with respect to t,
uy — Aug = f'(u)uy
and take the inner product with t2u;:
(tPug, wg) — (Pug, Aug) = (B, f/(w)uy),

from whence

1d
5 (& luell) = £l + £ Du|* = £2 /Q ()l d < 12 [lue?.

Integrating from 0 to ¢ gives

t
Elu®l < @+ D8 [ ()] ds,
0

and so
lus()]* < (1+1)C.

It follows that on the attractor, u; is bounded in L?. Since this implies
that —Aw is bounded uniformly in L? over the attractor, elliptic regularity
theory gives a uniform bound in H? for all u € /. O

We can now show that

V(u):/Q;]Vu\Q—ﬁ(u)dx
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from (4.2) is a Lyapunov function. Equation (4.2) shows that it is non-
increasing, and also that if V(u(T)) = V(up) then u; = 0 on [0,7] and so
ug is an equilibrium.

To show that V' is continuous from ¢ into R, consider V' (u1) — V (ug):

1
/ —(IVu1]* = |Vug|?) dz —/ F(u1) — F(ug)de.
Q2 Q
For the first term,

](Dul,Dul) — (DUQ,D’U/Q)’ = ](Dul — Dug,Dul) + (Dul,Dul — DU/Q)‘
< ([[Dua]] + | Duzl]) [ Dur — Dus|
S CHDU1 — DUQH,

since ¢/ is bounded in H'. Now,
1D (ur—u2)||* = (D(u1—uz), D(ur—uz)) = (ur—uz, ~A(ur—uz)) < C'flur—us|
since &7 is bounded in H2. So u ~ ||Du||? is continuous from & into R.

For the second part,

/ﬁ(ul) — F(ug)dx = /Q/L::::) f(s)dsdz,

and so

/Q(ul) — F(ug) dx

< / Clur(z) — us(w)| dx < C'lfur — ual),
Q
since .Z (u(z)) < C on <.

It follows that V' : o/ — R is continuous, and so is a Lyapunov function.
So the RDE generates a gradient dynamical system, and the attractor has
the form (3.5).

4.2.1 The Chafee-Infante equation

For the particular example
ug + Au = Bu — u? xz € [0,1],

the ‘Chafee-Infante’ equation, the structure of the attractor is extremely
well understood. The equation is gradient, so the attractor is the union
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of the unstable manifolds of the equilibria, and equilibria are all created in
bifurcations from the zero solution.

If one considers the linearisation about zero,
U= (—A+pIU,

if the eigenvalues of —A are A\ < Ao < A3 < --- then for § < A; all solutions
tend to the origin — there is only one equilibrium. For A\; < # < A there
are three equilibria (there has been a pitchfork bifurcation about the origin
at 5= A1); for Ay < 8 < A3 there are five equilibira...

For A\, < 0 < An41 there are 2n + 1 equilibria, and the dimension of the
attractor is n. Since in this case A\, ~ n?, it follows that the dimension of
the attractor satisfies d(.#7) ~ 3'/2. We now turn to the general problem of
bounding the attractor dimension.
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Bounding the dimension of the attractor

We will use the upper box-counting dimension. If X C % then

log N(X
dbox(X) = lim sup M

Y
€—0 —loge

where N (X, ¢€) is the number of balls of radius € (in the norm of #) required
to cover X. Essentially this extracts the exponent d from N (X, ¢) ~ e 9.

The lim sup is necessary in general, but one can take

. log N(X, ex)
lim sup ————~
k—oo  —logeg

if, for example, € = aFey with 0 < o < 1.
It is a consequence of the definition that if one defines
Vy(X,e) = €'N(X,e),
then if
limsup V,(X,e) =0

e—0
then dpox(X) < 7. One can also take the limsup through a sequence € =
aey, as above.

We will now outline a method for proving that the box-counting dimension
of an invariant set is finite. We will restrict to the case of dynamical systems
on Hilbert spaces, and initially rather than dealing with continuous time it
will be easier to deal with a fixed map S': H — H.

30
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The idea is to cover & by balls of radius e:

N
o C | B(wj,e),

j=1

and then apply S to both sides:

N
Sof = C | ] SB(xj,e).

Jj=1

If € is sufficiently small then SB(x;,€) will be well approximated by Sx; +
DS(z;)[B(0,€)], where DS(x;) is the derivative of S at ;. So the key to the
argument will be that the image of a ball under a linear map is an ellipse,
coupled with a result that allows one to cover an ellipse by a certain number
of balls of specified radius.

5.1 The image of a ball under a linear map

Let H be a Hilbert space and L : H — H be a compact linear operator.
Then L*L is a compact self-adjoint linear operator that is positive; so it
has a set a eigenvalues a% > a% > ag -+ with corresponding orthonormal
eigenvectors {e;} that form a basis for H.

Lemma 5.1 LB(0,1) is an ellipse whose semi-azes are {Le;}, and ||Le;| =
Qg.

Proof First, we have
(Lej, Lel) = (L*Le]-, ei) = (a?ej, €i) = a?él-j,

so that the {Le;} are orthogonal with || Le;| = a;.
Now if u € H with v =) uje; then

Le;
Lu=) uj(Lej)= Y (ua;) —7.
j a0y

J 043750 E]
So
2 & ’
ueB(O,l)@Z\uﬂ _1®j_az¢0<aj> <land ¢ =0if a; =0.
P aj

So LB(0,1) is an ellipse with semi-axes Le;. O
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As a result of this lemma, given a compact linear operator L : H —
H, define the linear expansion factors a;(L) to be the square root of the
eigenvalues of L*L (equivalently, the eigenvalues of (L*L)'/?) in decreasing

order,
Oél(L) > ag(L) > Ozg(L) > ..

— these are the lengths of the semi-axes of the ellipse LB(0,1) — and let
wn (L) be the maximal expansion factor of n-dimensional volumes under L,

wn(L) = ar(L)as(L) - an(L).

We will need the following lemma on coverings of ellipsoids by balls — it
says essentially that an ellipsoid can be covered by Vol;(E)/Vol;(B, 7(0)) if
r ~ «a;, where Vol; is (in some sense) the j dimensional volume. For a proof
see Temam (1988).

Lemma 5.2 Let E be an ellipsoid, with semi-axes oy > g > ag > . Then
for any r < oy, the number of balls of radius \/2r needed to cover E is less
than

where w; = aq -+ - and j is the largest integer such that r < .

5.2 Bounding the dimension of an invariant set of a map

Our result will treat invariant sets &/ of nonlinear maps S : H — H that
are differentiable in the following sense: for every u € &7 there exists a map
DS(u) : H— H such that

|S(u+ h) — S(u) — DS(u)h| < K||h|'T forall we .
For the statement of the theorem, we choose w,, and @, such that
an(DS(u)) < ap, and wn(DS(u)) < wp, for all u e A,

respecting

and Q

o]
v
QI
no
IV
Qi
w
33
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Theorem 5.3 Assume that 2&)61/d < 1. Then for any v such that

O
(2@;/‘1)”’ max 7/ —2- < 1,
1<5<d @zl/d

dbox(d) < -

Proof First choose ¢y > 0 such that if € < €,
Kt < (2 - \@)(Dcll/de.

Cover &/ with balls of radius € < ¢,

N
o C U B(ui,e).

=1
Then
N
Saf C U SB(ui,€).
=1
Now,

SB(ui, €) C S(u;) + DS[B(0,¢)] + B(0, Ke'To).

We consider how to cover SB(u;,¢€) for each i:
(i) If an(DS(w;)) < (I)Cl/d then

DS(u;)B(0,€) C B(0, a1 (DS (us))e) € B(0, &)%),
from which it follows that
SB(ui,€) C B(S(us), 2w %e).

Thus it requires only one ball of radius 2“_%11/ e to cover S B(u;, €) in this case.
(i) If wcll/d < a1(DS(u;)) then using Lemma 5.2 the number of balls of
radius \/ic_ucll/ % needed to cover DS (u;)B(0,€) is bounded by
7jc<Jj (DS(U,))
—j/d
@y

where j is the largest integer such that
follows that j < d. So no more than
7jw]'(DS(Uj)) w

M = max 4 < max 7 —L
1<j<d @f/d 1<j<d @g/d

_j/d . _1/d .
wé/ < «j. Since wd/ > ayg, it
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balls of radius \/iwcl/ “ are required to cover DS (u;)B(0,€).

It follows that SB(uj,€) can be covered by M balls of radius 2‘“_%11/ de.
Combining these, if o7 is covered by N (X, €) balls of radius €, it can also
be covered by
MN(X,e¢) < max 7 —2_

I N(X,e)
N _ /d )
1<j<d gl

/d

balls of radius 2@; €.
Thus

VL (X, 205%) < | 20}/ max, 70 V(X ).

If the expression in square brackets is less than 1, it therefore follows that

dbox(X) S - |

In order to apply this to examples, note that we have
@q(S") < [@a(S)]".
So if )
wa(S) <1 and @g/d max e B (5.1)

we can find an n such that w;(S™) satisfies the conditions of Theorem 5.3,
i.e. one can conclude that dpey (o) < 7.

Now, write g; = logw;. The conditions in (5.1) become

o da
qa <0 and v > max M.
1<j<d qd

The following lemma is useful in applications:

Lemma 5.4 Assume that q; < q;, where q; is a concave function of j. Then
gn < 0 implies that dpox (/) < n.

Proof Since g; is concave, there exist «, 8 such that ¢; < —aj + 3: choose
a, (8 such that
0<gn-1=-an—-1)+p and 0>gqg,=—an+ .

Note that in particular it follows that 3/a < n.
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The argument leading to the bound on 7 uses only upper bounds on the
;S, 80 dpox (/) <y provided that
j(=ad + B) — d(~aj + B) B-j) _ _pd

> a. = a. .
T2 —ad+ 3 1220 ad—8 " ad—8

Since d is arbitrary, one can let d — oo and show that dpex(27) < 7 provided
that v > /a. But f/a < n, so dpox (%) < n. O

5.3 Finding w, for a flow

We consider the solution of
U= F(u)
and the equation for the linearisation about u(t),
U = L(u(t))U.

We’ll give an unconvincing and entirely spurious argument, which will give
the right answer...

Write the solution of the linearised equation as

U(t) = exp < /0 " L(u(s) ds) Uy

(you can’t do this - even for a two-dimensional linear equation & = A(t)z
you can’t write z(t) = e/ 4)d524) So our expansion factor w, at time ¢
will be related to the eigenvalues of

exp ( /0 t L(u(s)) ds)

(which isn’t exactly true, since we have to take the eigenvalues of (L*L)'/2
in our rigorous argument). Since we are looking at gy () = logwy, (), this
amounts to considering the eigenvalues of

I(t):/o L(u(s))ds

(not sure about the connection between eigenvalues of A and e4). The sum
of the first n eigenvalues of this are given by
n

> (I(t)ej,e))

J=1
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where {e;} are the orthonormal eignevectors of I(t) corresponding to the
largest n eigenvalues (but I(¢) may not be self-adjoint). So then certainly

n(t) < sup (L(t)95, d;)-
orthonormal {¢;}7_,

Let’s define the n-dimensional trace of a linear operator L by

Tr, (L) = sup (Loj, d5),
orthonormal {¢;}7_,

SO we can write
qn(t) < Trp </0tL(u(s)) ds) .
Then clearly
00 < [ Tra(Lluts) ds
not only is this final step valid, but this result is actually true.

Since we are free to choose ¢, and what matters is that ¢, < 0, it is sensible
to consider

q,, = lim sup 1/0 Try, (L(u(s))ds := (T (L(u(s)) ds)

t—o00

(so (h) denotes the long-time average of h). If ¢/, < 0 then ¢,(t) < 0 for
some t. But, of course, we want this to hold all over the attractor, so finally
we are lead to consider

Gn = sup (Tr,(L(S(t)uo)))-
=4

We make the following definition:

Definition 5.5 S(t) is uniformly differentiable on the attractor: for each
t > 0 there exists a linear operator A(t;ug) : H — H such that

Sup IS (t)uo + A(t; ug) (vo — uo)] — S(t)voll < Kllug — vol/ "
UQ,V0 €A

for some r >0, and sup,, ¢ ||A(t; uo)|lop < 0.

We can now state the following theorem.
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Theorem 5.6 Suppose that S(t) is uniformly differentiable on the attractor,
and that A(t; ug) is compact for each t > 0 and is the solution of the equation

dU/dt = L(S(t)uo)U with U(0) =1dy.
Set

qj := sup (T, (L(S(t)uo))).
ug €

If the upper bounds on §; are concave then G, < 0 implies that dyex(2/) < n.

5.4 Example I: the reaction-diffusion equation

We return to
up — Au = f(u) with f(s) <L

Note that for the example fz(s) = Bs — s> we considered in Section 4.2.1,
f5(s) < B. We will assume that S(t) is uniformly differentiable on the
attractor (this is awkward to prove), and given this show:

Theorem 5.7 The attractor of the RDE has

dpoe () < () .
A1

Proof The linearised equation is
Uy = AU + f'(u(t))U.

So we have to consider Tr, (AU + f'(u(t))I). Taking n orthonormal (in L?)
functions ¢;, we need to bound

n n

S Ay + F )b, b = S (865,67 + Y /Q £ ()5 ? da
j=1

j=1 j=1

< —eAnldt2/d 4 Zl/ﬂ ¢ |* d
j=1

= —canldt2/d 4 nl,
since ||¢;|| = 1. It follows that

Tro(L(u)) < —eAn(+D/d L,
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which gives the same bound on §,. This bound is concave, so if ¢, < 0,
dpox(27) < n. This happens when n?/¢ > ¢(1/)\;). O

5.5 Dimension bound for the 2d Navier—Stokes equations

We now return to the 2d Navier-Stokes equations. Here we will prove the
uniform differentiability property:

Proposition 5.8 The flow on the attractor of the 2d Navier-Stokes equa-
tions is uniformly differentiable, with A(t;ug)& the solution of

AU/dt —vAU + (u-V)U + (U -Vu+Vg=0 V-U=0. (5.2)

Proof Let u(t) = S(t)uo, v(t) = S(t)vy, and let U(t) be the solution of (5.2)
with initial condition £ = vy — ug. We will consider

0(t) = u(t) + () — v(t).

After some calculation, 0(t) satisfies

dé
E—uA9+(u-V)9+(9-V)u+(w-V)w:0.
Taking the inner product with 6 gives

;iueuuy\z}eu?:—/[(u-V)e]ﬁ—/[e-V)u]-9—/[(w-V)w]-9

< E[O] [| DOl || Dull + E[jw]] [[ Dw]| [| DO
< kp1||0]| |1 DO + E[|w]| | Dw| || DO||

(kpl)Q 2 vV 2 k? 2 2V 2
< 227 —||D — D —||D
< 2 o)12 + 21 D6) + = flw] | Dwll? + 2162,
and so

d
@H@H2 +v|D8|* < cl|6]]? + cl|w]]?|| Dw|*.
An application of Gronwall’s inequality gives (since 6(0) = 0)
t
16()|1* < ce“/o lw(s)[I*[| Dw(s)|1* ds. (5.3)
In our uniqueness proof (page 7) we obtained the equation

d
el + v Dwl* < o Dul*|Jw]® (5:4)
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which implies that
lwo@I? < ¥ w0
Multiplying (5.4) by [jw]|? gives

1d
5 g el + vlw P Dwll® < eptfwll®.

Integrating from 0 to ¢ gives
lw(®)]|* + 2v /Ot lw(s)[* Dw(s)|* ds < 2e7t uw(0)]*,
and so
V/Ot lw(s)IIP | Dw(s)||* ds < K (t) [w(0)]*.
Combining this with (5.3) gives
lo@)I? < K' () lw(0)]*,

which proves the uniform differentiability on ..

Compactness of A can be shown following the procedure we used to prove
the existence of a compact absorbing set. Find a bound on ||A(¢)¢|| and on
fg | D(A(5)€)||?, the use the uniform Gronwall approach to find a bound on
ID(A(t)€)| that depends only on ||£||. This shows that A(¢) maps bounded
sets in L? into bounded sets in H', i.e. that A(t) is compact. O

Theorem 5.9 The attractor of the 2d Navier-Stokes equations satisfies
dbox(d) < CGza

where G is the dimensionless Grashof number,

o Il

vIN

Note that the best known bound in the Dirichlet case (at least in terms
of G) is ¢G; in the periodic case it is ¢cG?/3(1 4 log G)/3.

Proof We have to consider Tr,(L(u)) where

L(u)¢p = vAg —(u-V)p— (¢ V)u.
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So we estimate

n

D (L(u)es, ¢) = > (WA, &) — ((u- V), 85) — (65 - V)u, ¢5)
j=1

j=1
=) (A¢;,65) — > (¢ V)u,6;)

J J
< VZ Adj, b5) +CZ 12511 1D | D]
j=1

<vZA¢J,¢J ZHDW < oul?

=3 Z(A% 6j) + Z 5||Duu2

< —evan?+ & HDuH2
Taking the time average gives
Gn < —cvdan® + <HD 7).

This is a concave function of n, so we have

(1Dul?)

<
dpox () < c i

(5.5)

We can easily estimate the time average of ||Dul?>. Taking the inner
product of the original equation we obtain (we’ve done this already)

1d

—1/2
5 sellell® + VI Dul® = (7,0 < Sl < 271D

and so
d, o 2 I
— D < =
Sl + v Dul? < 228
Integrating from 0 to ¢ and dividing by ¢ gives
I 1
”t/o 1Du(s)|* ds < (@I = [u(O)]*) + [ £I*vAs,

and so
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Using this in (5.5) gives

dhoxl(7) < ( 171 >2

IZ8

O

One can do better than this and obtain a bound linear in G if one uses
the following Lieb-Thirring inequality (see Temam, 1988):

Theorem 5.10 Let {gbj _, be a set of functions in H' that are orthonormal
in L?, and set

=> |oj(x)?
j=1

Then there exists a constant ¢ independent of n such that
n
2 2
([ o2ar) = ol <3 IDos .
Q —
7=1
To use this, note that

S (5 - VIu ) /ZZ% Osun(2)ju(x) d

j=1 ] 1i4,k=1
I(z)
The integrand can be bounded pointwise by
1/2 1/2
n 2
x)| < Z Z ‘8zuk($)|2 Z |¢jz ¢]k ‘
j=1 | \4k=1 ik=1
1/2

< [Du(z)| Z Z |9ji(z)Pjk(z |

=1 \i,k=1
n 2

= |Du(@)] Y Y b))
j=11i=1

= IDu(@) Y I @)
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where the first equality follows from the identity

S Joioul? = (;\am)z

ik=1

So if we return to the second line on page 40, setting p(z) = >_7_, [¢;() 2
as in the statement of Theorem 5.10, then

n

>_(L(w)e;, ;) —uZ A¢;, ¢5) Z((@ V)u, ¢;)
<VZ Adj, ;) /yDu )| p(z

< uz ;. ;) + | Dulllo]) 2
J
1/2
<uz Ay, 65) + [IDull (€3 106,17

7=1

< VZ (Adj, d5) + Z IDg;|1* | + f||DuHQ

| /\

5 ;mw@-) + ;HDun?

IN

v c

—=\n? + —||Dul?
“n® + 1Dl

Taking the time average we obtain, using (5.6),

v c |I£1?
Tr, L(u)) < — < IE
< () < 2)\ i A2

and hence (Tr,, L(u)) is negative provided that n > ¢G.
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Embedding finite-dimensional sets into R¥

We will now show that many linear maps from H into R* are injective on
X provided that k& > 2dpex(X).

6.1 Awuxiliary construction and estimates

For ¢ € H, let ¢* denote the element of H* given by
¢ (u) = (¢, u) for all ue H.
Then |¢*[| = [|o]]-

Now let V; be a sequence of linear subspaces of H with d; := dim(V}) —
00. We construct a set Ej, of linear maps from H into R¥ as follows:

oo
By=qL=(L1,....,L¢): Ln=> j ’¢r; with ¢; €5 ¢,
j=1

where S; is the unit ball in V;. We define a measure p on Ej to be what
results from choosing each ¢,; at random from a uniform distribution on
Sj; clearly p(Ey) = 1.

We want to show that for any x € H,
2 41/2 _
L€ By |Le| < &) < e(efd;/|| Pyl M,

where P; is the orthogonal projection onto V; and cis a constant independent
of x and j.

43



44 6 Embedding finite-dimensional sets into R*

Lemma 6.1 For any o € R, z € R™,

{6 € St |a+(6-2)| < e} < Qé"—lze\xrl — Aem!2|g| L,

m

Proof We have
Ai{d € St Ja+ (¢-2)] <€} S Ap{d €St |0 3| < elz|™!}

Qm—l —1
< 2

where Q; = 7/2T((5/2) +1). O
Lemma 6.2 If x € H then for every j,
p{L € By : |La| < ¢} < c(ej*d)/| Pyx| 7}, (6.1)

where ¢ is independent of j and x.

Proof Write M(x,¢) for the left-hand side of (6.1). First, note that
M(z,e) <p{L € Ey: |Lpz|<e, n=1,... k}.
Given j € N, fix ¢,; for all i # j. Consider
| L] = |am + 7 (¢mj, 2),

where
Q= Zi_z(gémi,x).
i#j
It follows from Lemma 6.1 that for every choice of ¢, © # j,

. 1/2 _
Aj({dmj € Sj ¢ |Lma| < €}) < cej?d)?|| Pya| 7Y,
from which (6.1) follows. O

6.2 Thickness exponent

Let d(X,€) denote the smallest dimension of a linear subspace V such that
every point of X lies within € of V. Define the thickness exponent of X,
7(X), by

1 X
#(X) = limsup 2BUXO)
e—0 —loge



6.8 Hunt & Kaloshin’s embedding theorem 45

Note that 7(X) < dpox(X): clearly the linear space V spanned by the centres
of N(X,e€) e-balls that cover X has dist(X,V) <e.

6.3 Hunt & Kaloshin’s embedding theorem

We can now prove the following result, due to Hunt & Kalsohin (1999):

Theorem 6.3 Let X be a compact subset of a Hilbert space H , with dpox(X) <

0o. Take k > 2dpox(X), and
k— 2d
Ocac 2% 6.2
<R (/2) (6:2)

Then p-almost every L € Ey, (many linear maps L : H — R¥) is one-to-one
between X and its image, and

L'z — L7y < Clz —y|* forall x,yeLX

for some C > 0.

Proof Let d; = d(X,277%/3), and V; a linear subspace such that dist(X, V;) <
2-7%/3_ Note that for any o > 7, d; < C2i%°,
Now let Ej, be the collection of linear maps from H into R¥ define above,

based on the subspaces V.
Define

Zy = {(ey) € X x X5 |o—y| 2 2709}
and
Qj={L€Ey: |Lx—Ly| < 277 for some (z,7) € Zj}.

Cover Z; with balls of radius 277: it takes at most C2%° for any § >
dpox(X). Let Y be the intersection of Z; with one these balls.

Then if (x0,y0), (z,y) € Y, since |(x,y) — (z0,v0)| < 27U~V it follows
that

|L(zo —yo)| > 2L +1)277 = |L(z—y)|>277 forall (z,y)cY.
So
p{L € By : |L(z — y)| < 277 for some (z,y) € Y}
< p{L € By : |L{zo —yo)| < 2L+ 1)277}
< ¢[(2L 4 1)277 j2C 2700 /2909 )k
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from which it follows that
1w(Q;) < C2%9¢[(2L 4 1)277 j2C2007/2909 )
_ CC[(2L + 1)C]kj2k2j[25—k(1—a(1+cr/2))]
— M j2ki2—k(1-a(1+o/2)]

It follows that if

20 —k(l—a(l+0/2) <0 (6.3)
then
D (@) < oo (6.4)
j=1

Now, if k& > 2dpox(X), (6.3) can be satisfied for appropriate 0 > dpox(X)
and o > 7(X) provided that (6.2) holds.

In this case, the Borel-Cantelli lemma' implies that p-almost every L € E,
can be in only a finite number of the Q;s. Thus, for py-almost every L € E,
there exists a jp such that

lz—y|>2"% =  |Le—Ly|>27 forall j> j.

It follows from this that L is injective on X, with a-Holder continuous
inverse as claimed. O

The same result holds for finite-dimensional subspaces of a Banach space
2% (Robinson, 2007), provided (6.2) is replaced by
k—2d

where 7%(X) is the dual thickness of X, defined as follows:

For a given 6 > 0, let dy(X,€) denote the smallest dimension of a linear
subspace V' of #* such that for every x,y € X with || —y|| > ¢, there exists
a 1 € V such that ||[¢|| =1 and

[P —y)| = 7.

L Consider
2=N7 U]O'in QJ"
Then 2 consists precisely of those L € Ej, for which L € Q; for infinitely many values of j.

Now, for any n we must have u(2) < p(U2, Q;) < 372, u(Qj). Since 3572, 1(Q;) < oo, it
follows that 3272 u(Q;) — 0 as n — oo, and hence p(2) = 0.
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Set

log dg(X
75 (X) = lim sup 084612, € o(X,©)
€0 —loge

and finally let
7(X) = limsup 75 (X).
6—0

While in general there is no relation between the thickness and the dual
thickness, one can show that 7(X) = 0 implies that 7*(X) = 0.

Having a bound on the inverse of the linear maps L in Theorem 6.3 allows
one to obtain a lower bound on the dimension of LX. This is a consequence
of the following simple lemma:

Lemma 6.4 Let X C %A1, and let f : By — PBo be a 0-Holder map,

1 (1) = f(@2)ll, < cllwn — 2%,

for some 0 < 0 < 1. Then dpex(f(X)) < dpox(X)/0.

Proof A cover of X by N(X,e¢) balls of radius € leads to a cover of f(X) by
N (X, ¢) balls of radius Ce¢’. So putting n = Cé?

Ny (f(X),n) < _Nan (X, €)
—logn  — —logC —0loge’
and the result follows. |
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Asymptotically determining nodes

As a prelude to the embedding result of the next chapter, we prove the
following simple result due to Foias & Temam (1984):

Theorem 7.1 For the 2d Navier-Stokes equations
up —vAu+ (u-Viu+Vp=f V-u=0

there exists a dg = 0o(u, || f]|), such that if {x1,...,xx} are a collection of
points in Q such that for any x € Q there exists a j such that |x — x;| < do,
then for any two solutions lying on the attractor,

max |u(z;,t) — v(z;,t)] — 0 as t — oo
J

implies that

llu(t) — v(t)]|oo — O as t — oo.

In fact the solutions need not lie on the attractor for this to hold. We will
use the fact that they do below to bound |[Dul| and ||Au|| uniformly. But
one can be more careful using integral estimates and obtain the same result
for arbitrary solutions.

Proof First observe that H2(Q) € C%'/2 (and in fact C** for any o < 1),
so that

[u(z) = uly)| < ellull el -y
It follows that if u € H? then

lulloo < ma fu(as] + e8| Au] (7.1)

48
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Given two solutions u(t), v(t), with ug, vy € &, write

n(t) = max fu(z;, t) — v(z;,t)].
J
The assumption of the theorem is then that n(t) — 0 as ¢t — oo.

We will in fact prove that ||Du(t) — Dv(t)|| — 0 as ¢ — oo. Coupled
with the bound on solutions in H? this leads, via an interpolation result for
Sobolev spaces and the Sobolev embedding theorem, to the convergence of
two solutions in L.

Consider the difference of the two solutions, w(t) = wu(t) — v(t). This
satisfies the equation

wy —vAw+ (u-V)w+ (w-V)u— (w- V)w+ Vg = 0.

Taking the inner product with Aw and using the orthogonality property
((w - V)w, Aw) = 0 leaves two nonlinear terms,

((u-Vw, Aw) + ((w - V)u, Aw).
Now, if one considers
([(w+ eu) - V](w + eu), A(w + eu)) =0
it follows that
((u-Vw, Aw + ((w - V)u, Aw) + ((w - V)w, Au) = 0.

So the equation for || Dw|| can be written

1d
—[|Dw|® + vl|Aw]|? = ((w - V)w, Au).
2dt
One can bound the right-hand side by c||w||s || Dw||||Au||, and so
1d
—IDw[? + v|| Aw|]? < cfjw]|oc|| Duw][|| Au].
2 dt
Now, we can use (7.1) to write
1d 2 2 1/2
<
5 lIDwl + v Awl? < ¢ {n(t) + oy * | Al } [ D]l Au]
1/2,-1/2
< en(t)]| Dwl| | Aul + oy > A2 Aw| )| Aul
< en(t)prpz + cdy 2272 | Aw| 2,

using the fact that .« is bounded in H' (||Dul| < p1) and in H? (||Aul| < p2).
Therefore
1d

1/2\-1/2
S DwlP + {v— o\ pa f | Aw]? < cpupame)
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our after using the Poincaré inequality
1d
2dt
Now, if g is sufficiently small that
1/2,-1/2
0 A

1w + {v — 827202} Ml Do < cprpanh)

v — co, p2 >0

then we have an equation for X (t) = || Dw(t)||? of the form

dX
—_ X < b(t
T +aX <b(t),

where a > 0 and b(t) — 0 as t — oo. We also know that X (t) < 2p?, so
X (t) is bounded. It follows that X (t) — 0 as t — oo: given € > 0, choose T
such that b(t) < €/2 for all ¢t > T, and then

X +aX < (¢/2) = X(T+s) < X(T)e ™ +(¢/2) < 2pte " +(¢/2)

so that for t > T* we have X (t) < e.
It follows that || Dw(t)||> — 0 as t — oco. The L bound follows from the
interpolation inequality
1/2) 11/2
Il o < g2l 37

and the Sobolev embedding H3/2 ¢ L™, O
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Gevrey regularity

One property of solutions lying on the attractor is that they are more regular
than arbitrary solutions. In particular, if the forcing function f is real
analytic then the functions lying in the attractor are real analytic, in a
uniform way. Let A = —A. Then we can interpret A'/? via the effect of A
on the Fourier expansion of a function u: if

u= Z ujetd”
JEZ?
then
9 i
Au = —Au= Z uj|j| et ”,
JEZ?
and A2 is given by

A2y = Z wjljlet7”.
JEZ?

A function f(x) is real analytic [it can be represented locally by its Taylor
series expansion] if and only if its derivatives satisfy

1D f| < M|t

for some M and 7. This motivates the definition of the analytic Gevrey

class D(eTAl/Q): this consists of functions such that

|e7'A1/2u| < —{—007

o1
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where e™'/*4 is defined using the power series for exponentials,
1/2 X
TA _ T oAn/2
e = Z . A<,
n=0
For more details see Friz & Robinson (2001).

If u has Fourier expansion as above, then
1/2 :
|eTA u|2 _ 2 : GQTM|’LL]'|2.
jez2

(eTAl/Q)

In particular, therefore, if u € D the Fourier coefficients of u must

decay exponentially fast.

Foias & Temam (1989) showed that if f € D(e(,Al/z) for some o > 0 thew
u(t) is bounded in D(A1/2eTA1/2)’

\A1/2e7‘41/2u| <K for all t>T,

T and K depend only on |Du(0)].

We give the proof here, following Foias & Temam’s paper closely. We
assume the following result (which is lemma 2.1 in Foias & Temam (1989)):

Lemma 8.1 If u, v, and w € D(AeTAl/Z) for some T > 0 then B(u,v) €
D(eTAl/Q) and

](eTAl/zB(u7 v), eTAY? Aw)|

< c|eTA1/2A1/2u\1/2|eTA1/2Au\1/2|eTA1/2A1/2v|]eTAl/QAw|

)

for some ¢ > 0.

In order to make the notation more compact, we can write
(u,v); = (eTA1/2u, eTA1/2v)
and
((u,v))r = (A1/2GTA1/2U, A1/2eTA1/2U)).
The result of lemma 8.1 is now

[(B(u,v), Aw), | < c|AVulY2| Au?|AY 0] | Awl,. (8.0)

‘We now show:
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Theorem 8.2 If f € D(e"Al/2) then for t < T(|fls +|AY?u(0)]) we have
|AV2eP DAy ()| < K(|fs, |AYV2u(0)])  forall 0<t<T,

where ¢(t) = min(o,t).

Proof Taking the scalar product with Au (or ) in D(eTAl/Z) leads to an
equation for y = |A'/?u|, like y < Ky3. Not only do the solutions of this
equation blow up in a finite time, but also we need to control |A'/2u(0)|,
in order to control |A'/2u(t)|;: we would need to start with analyticity in
order to prove it.

The trick to get round this is to define ¢(t) = min(t,0), and take the
scalar product of

du

df+1/Au+B(u u)=f

with 2642 Ay to obtain

(?;7 e2¢(t)Al/2Au> + p]efOAY? g2

= (ed)(t)Al/Qf’ e¢(t)A1/2Au) _ (e¢(t)A1/QB(u,u)je‘z’(t)Al/QAu)

= (f, Au)¢ - (B(’U,, u): Au)¢>
| flolAulg + el AYV2ul)?| Auf3?

v 3/2 3/2
1Auld + c| AV?u? | AufY

A

IN

IN

v 2 c
Z\AU@ + ;If!i + ﬁ|A1/2U’?¢-
The left hand side of the equation we can bound as

<e¢<t>A1/2 %, (H(DAL? Au)

= (A2 @O () — AN ) O a2 )
d 1/2 do 1/2 1/2
= %d7|A1/2 WA L)) - ( Ae?MATy e@MAVE A1/2y)

do
Q(t) — E(AU, A / U)¢(t)

N[ =
£
o N

Y

N[ —
Elaglaglag

NullE ) = [Aulom o)

v 1
HUH¢ - Z’Au@(t) - ;HUH;@)

Vv
N[ —
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We therefore have

d, 172 2 4.9 2 470 2 C41/2 16
A Pulg +vlAuly < I3+ SAYRulf 4 AVl

IN

4 c
;|f@ +c+ ﬁ\AWu@.
Now we can set
yt) =1+ IAI/QU(t)!i(t),
and we have

— < Ky? 2
o S Ky (8.2)
with
4, .9 c
K=—|fl>+c+—.
v v
The solution of (8.2) is

1
y(0)=2 — 2Kt’

y(t) <
and so y(t) < 2y(0) for t < (4Ky(0)?)~!. Since ¢(0) = 0, we have
y(0) = 1+ [A2u(0)P?,
and so for ¢ < T(|AY2u(0)],|f|,), we have
|AY2u(t)] < K(|AY?u(0)], | f15).
O

It now follows that solutions on the attractor are uniformly bounded in
D(AV2e7A?):

Corollary 8.3 The global attractor for the 2d Navier-Stokes evolution equa-
tion with periodic boundary conditions is uniformly bounded in D(Al/zeTAl/Q),
i.e. there exists a constant K such that if u € o7 then

|AY 274y < K. (8.3)
In particular the attractor consists of real analytic functions.

Proof The attractor is bounded in H'(Q), with |AY?u| < M for all u € o7.
Set T'=T(M,|f|s). Since the attractor is invariant, if u € </ then there
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exists a ug € o such that u = S(T)ug. It follows from the above theorem
that

| A2 S (Tuo| < K(M, |f|5).
Now set 7 = ¢(T) and K = K(M,|f|,), which gives (8.3). O
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Instantaneous determining nodes

In this final chapter we will prove the following theorem, due to Kukavica
& Robinson (2004). Where details are missing they can be found there.

Theorem 9.1 Let o/ C L?(Q,R?) have finite box-counting dimension. Sup-
pose further that for each r € N, o/ is a bounded subset of C™(Q,R?), and

that moreover for all u,v € o/ with u # v, u—v has finite order of vanishing.
Then for k > 16dpox (/) + 1, Lebesgue almost every choice of k points in
Q, x = (1,...,x3), makes the map Ex : & — R¥* given by

U — (u(xl), e ,u(mk))

one-to-one between </ and its image, i.e. if u,v € & and u(z;) = v(z;) for
allj=1,...,k, thenu=w.

We will have to assemble a number of preliminary results, that will all be
combined in the final proof.

9.1 Order of vanishing

If u € C(Q,R%) (where Q is an open subset in R™), the order of vanishing
of u at z € ) is the smallest integer k such that D*u(z) # 0 for some multi-
index a with || = k. A function wu is said to have finite order of vanishing
in € if the order of vanishing of u at x is finite for every x € Q.

Note that the order of vanishing of a function is uniformly bounded for
all z € K, whenever K is a compact subset of €). If not, then there would

56
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exist x; € K such that the order of vanishing of u at z; is at least j. But
extracting a subsequence such that z;, — z* produces a point x* at which
the order of vanishing of u is not finite, a contradiction.

Note also that real analytic functions have finite order of vanishing.

9.2 Zeros of functions with finite order of vanishing

Analytic functions cannot have ‘too many’ zeros, and the same is true of
functions with finite order of vanishing. The following lemma will be suf-
ficient for our purposes. The proof uses a tailored version of the implicit
function theorem.

Lemma 9.2 Let K be a compact connected subset of R™. Suppose that for
all p € TI € RY the function w = w(x;p), where w : K x II — RY has
order of vanishing at most M < oo, and that 0%w(z;p) depends on p in a
0-Holder way for all |o) < M.

Then the zero set of w(x;p),
{(z,p) € R™ x RN : w(x;p) =0}
s contained in a countable union of manifolds of the form
(zi(z',p), 2; p)
where ' = (x1,...,Ti—1,Tit1,.-.,Tm) and x; is a 6-Holder functions of its

arguments.

Note that in the case of the 2d Navier-Stokes equations, where w is a
two-component function, this says that the manifolds containing the zeros
are of the form

(x1(x2,p), x2;p) or (1, xz2(z1,p); D).

9.3 Hausdorff dimension

The proof will also use the Hausdorff dimension, since this definition is
stable under countable unions (such as the countable union of manifolds
that appear in Lemma 9.2).
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The d-dimensional Hausdorff measure is defined by
H#UX) = lim inf {er : X C U, diam(U;) = < e} .

The Hausdorfl dimension is then

dy(X) =inf{d>0: #%X)=0}.
The Hausdorff dimension has the following properties

b dH(X) < dbox(X);

o if f: B — Py is 0-Holder then dy(f(X)) < dy(X)/0, so in particular
dp (LX) < dp(X) if L is a bounded linear map;

e if X CR™ and f: X — R™ is §-Hdlder then

dy({(z, f(2))} CR™™) <n+ (1 - 0)m;

e stability under countable unions,
o0
dy U X, | = squH(Xj);
j=1 !

and
e if X C R"” and dy(X) < n then X has (n-dimensional) Lebesgue measure
Z€ro.

9.4 Bounds on box-counting and thickness

In order to use the abstract embedding result of Theorem 6.3 we will need
the following:

Lemma 9.3 Let Q C R™, and let X C L*(Q,R%) be uniformly bounded in
C"(Q,RY) for all ¥ € N. Then for any r € N,

(a) dpox(X;07) < dpox(X, L?) and
(b) ™(X;C") =0.

Proof We first note that if #; and %, are two Banach spaces such that
H#1 C By and

[ullz, < cllullz
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then if X C %4,
dhox (X3 PB2) < dyox(X; HB1) and T(X; %) < 17(X;%1).

Since we will show (b) by proving that 7(X; C") = 0, it is therefore sufficient
— using the Sobolev embedding result

luller < ellullgerzyem

— to show that for every r € N,
(8") dpox(X; H") < dpox(X; L?) and
(b") 7(X;H") =0.

(a") The Sobolev interpolation result that for s > r

1—
Nl zr < (el 527 2

L
implies that the identity map on X from L? into H" is [1 — (r/s)]-Holder.
Using Lemma 6.4 this implies that dpox(X; H") < dpox(X; L2)/[1 — (r/5)]
for any s € N, which implies (a’).

(b’) Elliptic regularity implies that

]l or < [|A™ul],

where A = —A. Let {w;} be the eigenfunctions of —A on @, ordered so
that the corresponding eigenvalues satisfy Aj11 > Aj. Let P, denote the
orthogonal projection from L? onto the first n eigenvalues of A,

n

Pou = Z(u, wj)w;j

Jj=1

and let ),, = I — P, be its orthogonal complement. Then any u € X can be
approximated by an element of P, H to within an error in H*" bounded by

[u — Poullgor < |A"Qnul|
= |[ATQ, AT u
< [JAT*Qnllop | A" *ul
< )‘;—TJHUHH?(H—S)

< )\;ilK2(T+S)7

where K is the uniform bound on |lu||y; for u € X. Since A, ~ n*™, it
follows that 7(X; H") < m/2s. But s is arbitrary, and so 7(X; H") = 0.
0



60 9 Instantaneous determining nodes

9.5 Proof of Theorem 9.1

Set W = o/ — o/ \ {0}, i.e.
W ={a1 —az: aj,az € &, a1 # as}.

Decompose W as
(o.9]
w=Jw,
§=0

where v € W is in Wj if j is the smallest integer such that u has order of
vanishing bounded by j throughout Q.

If for each j, Ex is non-zero on W; for almost every choice of x, then Fyx
is non-zero on W for almost every choice of x.

So fix j. In follows from Lemma 9.3 that
Aoox (W5 C™) < dpox (W L?) < dpox (o — o L?) < 2dpon (5 L?)
and that
™*(W;;C") = 0.

So, using the Banach space version of Theorem 6.3, for any N > 4dy,ox ()
and

Adpox ()

0<O0<1—
<0< N

there is a parametrisation w(x;p) of W; in terms of N coordinates p € IT C
RY, such that the map p + w(x;p) is §-Holder into C”. In other words,
w and all its partial derivatives 0%w up to order |a| = j depend on p in a
f-Holder way.

It follows from Lemma 9.2 that the zeros of w(x;p) are contained in a
countable collection of manifolds, given in the form

(mi(l’,,p), l‘/;p)

where 2/ = (z1,...,%—1,Tit1,- -, Tm) and z; is a O-Holder functions of its
arguments.

Collections of k such zeros are given by a collection of such manifolds. The
parameter p is common to all these, so one obtains a countable collection
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of manifolds given as the graphs of §-Holder functions from RN T(m=1k into
R*. So
dp (k simultaneous zeros) < N + (m — 1)k + k(1 — 0).

These are ‘bad choices’ in Q¥ x II. We want to exclude all bad choices in
QF, so if we project these simultaneous zeros onto Q¥ this does not increase
the Hausdorff dimension:

dg(bad choices) < N + (m — 1)k + k(1 — 0).
If we can ensure that
N+ (m— 1Dk + k(1 —6) < dim(Q*) = mk

then the set of bad choices will have measure zero. This condition reduces
to N < k. Since 6 can be chosen arbitrarily close to 1 — [4d(</)/N], it
follows that we need
N2
>
N —4d()
Choosing N to minimise this gives k > 16dpox (<) + 1.

k



Appendix: Sobolev spaces

Sobolev spaces are collections of spaces of functions whose (weak) derivatives
are square integrable. Although spaces of continuous functions would seem
to be more natural in the context of PDEs, Sobolev spaces are often provide
a much more mathematically convenient setting in which to work.

On a smooth bounded domain Q C R?, H*(Q) consists of functions all of
whose derivatives of order up to s are square integrable,

H(Q) = {f € I¥Q) : D°f € L3(Q), |al < s}.
The standard norm on H? is

£ 1y = D 1D FlIZ2(0)- (9.1)

laf<s

Here « is a multi-index (o = (aq,...,aq), |a| = a1 + -+ 4+ ag4, and D* =

oot 994),

We will concentrate here on Sobolev spaces of periodic functions, for which
the analysis can be done in terms of Fourier series. All the results here hold
for Sobolev spaces of functions on bounded domains.

In this context, let C5°(Q) denote the collection of C*° functions that
are periodic with period @. Then H;(Q) is the completion of C3°(Q) with
respect to the norm (9.1), replacing Q by @ throughout.

It is relatively easy to show that this definition is equivalent to the fol-
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lowing characterisation in terms of Fourier series:
ika/L —
HyQ)={u: u=> e/ gr=c_p, > [k*|cl” < 00}, (9.2)
kezd kezd
the main observation yielding this being that the H} is equivalent to

1/2

> (L |k exf?

kezd

when wu is given as a Fourier series as in (9.2).

Some standard results on Sobolev spaces that are not straightforward to
prove in the bounded case are much simpler to prove in the periodic setting.
For example, density of Cp°(Q) in H3(Q) is immediate from the definition

— density of C*°(2) in H*(2) requires some non-trivial work (and requires
sufficient smoothness of 912).

The following results are all true in the case of bounded domains (remove
the -, and replace @ by €2) provided 2 is sufficiently smooth.

Theorem 9.4 If u € H3(Q) with s > d/2 then u € C°(Q) and

[ulloo < Cilu| s

Proof For simplicity we take L. = 2w. The general case follows with extra
factors of L and 27 throughout as appropriate. All sums are over Z<.

If u =3, cke!®® then if Y |cg| is finite it follows that the Fourier series
converges uniformly. Since each partial sum is continuous, from this it would
follow that w itself is continuous, as clearly [|ulo < > 4 |ck|. So we show
that >, |cx| < Cs||ul|gs to prove the result.

We have

1
< 1 Lk 2s\1/2 - -
Ek ‘Ck| > Ek ( ‘H ’ ) ’Ck‘ (1_’_“{‘25)1/2

1/2 ) 1/2
S(Z(lﬂk%)lckQ) <Zl+|kz]25> :

k k
Provided that s > d/2 the second sum is finite (= Cj, say), in which case

> lerl < Collullme,
k

and the result follows. |
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The following corollary is straightforward:

Corollary 9.5 If u € H5(Q) with s > d/2+ j then u € C7(Q) and
lullcs < Csllull s

In particular, if u € H3(Q) for all s € N then u € C>(Q).

After the above result, it is natural to ask what happens if u € HS(Q)
with s < d/2 (and in particular if s = d/2). The following result shows
in particular that if u € HS/Q(Q) then u € LP(Q) for all p € [2,00) (but
not necessarily 0o). The key is the following observation (a little weak for a
result that requires some significant mathematical sophistication to prove):

if c € /P and
u= Z Ckeik-x
k

then u € L1(Q) (where p and ¢ are conjugate) and

[ulla < apllcer-

Theorem 9.6 If u € Hy(Q) with s < d/2 then u € LP(Q) for all

el @)

If s = d/2 then the same is true for all p € [2,00).

In fact the result is true when s < d/2 for all p € [2,d/((d/2) — s)],
i.e. includes the right-hand end of the interval. So in particular in a three-
dimensional domain, H' < L%, and in a two-dimensional domain H' < LP
for any p € [2, 00).

Proof The argument follows that above, writing

D lerl? = DI+ kP2 erl 11+ )72/
k k
and using Holder’s inequality appropriately. O

Finally, a key compactness property:
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Theorem 9.7 Hrl,(Q) is compactly embedded in L*(Q), i.e. any sequence
{un} that is bounded in H}(Q) has a subsequence that converges in L*(Q).

Proof Let {u(™} with

u(n) _ Z C;”)eikm
k
be a sequence that is uniformly bounded in Hé (Q), i.e. for some M > 0,

ST+ k)PP < M
k

for each n. Let {k;}jen be an enumeration of the elements of Z¢ (over which
the sum is taken).
It is clear that each Fourier coefficient is uniformly bounded. One can

therefore find a subsequence u("7) such that cgzl’j ) converges; and a subse-

quence of this, u("23) such that c,(gl’j ) converges and c,(czl’j ) converges; and

by continuing in this way one can find successive subsequences such that for

w(mm.i) c,(vm’]) converges for alli=1,...,m.
7

Now if one takes the ‘diagonal subsequence’ ull = u(".3) it follows that

cgj - cénj’j ) converges for every k € Z%; call the limit .-

Now, for each finite K we have
> kP < M,
k| <K

and hence

D @+ R < M.
k|<K

Since this holds for all K,

D+ kPl < M,
k

sou* =Y, ciel®® is an element of HL(Q). To show that ul — win L2(Q),
observe that

S+ EPD)e - i? < am.
k
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So now

n * ]- n *
Sl = 1 3 -
k

k|<K k1=K

<ot X I eqp

k|<K

Given € > 0, choose K such that 4M/K? < €/2, and then n sufficiently
large that the second term is also less than ¢/2. It follows that ul” — u* in

L*(Q).
O
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