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Abstract

We consider 3D incompressible non-Newtonian fluid, subject to a dynamic boundary
condition. Using an iteration scheme in Nikolski-Bochner spaces, we obtain additional
fractional time regularity of arbitrary weak solution, provided the power-law exponent is
above the critical value » = 11/5. This implies uniqueness of solutions. We also show
existence of the global attractor and even a finite-dimensional exponential attractor.
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1 Introduction

We consider a general class of incompressible, non-Newtonian fluids of power-law type (also
called Ladyzhenskaya model), confined to a bounded 3D domain. Such problems have been
extensively studied before; however, mostly in the setting of a homogenenous Dirichlet bound-
ary condition, or still analytically simpler, but physically not very realistic periodic boundary
condition. There is certainly a recent surge of interest in more exotic boundary setting, moti-
vated by the study of fluid-structure interaction problem on the one hand, and more generally
related to the systems whose boundary is open to exchange of the mass, energy, or forces with
the exterior.

In the present paper, we focus on a rather general class of the so-called dynamic slip bound-
ary conditions

u-n=0
ﬁ@tu—l—s:—[S’n]T

where n is the outer normal, 7 the tangential projection, S the Cauchy stress and g some
positive constant. The quantity s has a non-linear, possibly even implicit relation to w. Note
that a number of well-known boundary conditions can be obtained as a special case. For
example, § = 0 and s = au is the Navier slip, and a — +oo leads to the Dirichlet boundary
condition.

We remark that related problems have been studied before, as for example the so-called
Tresca boundary condition (which includes a maximal monotone relation in the form of a
convex subdifferential), see [I4]. Systems involving the Cauchy stress on the boundary have
been extensively studied by [2] and the references therein. The main novelty of the present
paper is the explicit presence of the time derivative, and hence nonlinear dynamics taking place
on the boundary. This in particular requires an extended mathematical setting, which has been
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recently developed in [I], see also [I1]. Basic existence and uniqueness results in the class of
weak solutions were obtained in the last two mentioned works.

Our aim here is to extend this analysis in two ways. Firstly, we use the approach of [7], to
obtain additional time regularity of arbitrary weak solution, provided that the power-law ex-
ponent r stands above the critical value 11/5. Unlike most regularity techniques, this approach
works with time differences only and is thus largely independent of the boundary setting. The
consequence is well-posedness in the class of weak solutions in the supercritical range r > 11/5.
The case r = 11/5 can also be included, using a delicate argument based on the reverse Holder
inequality, see [§]. Note also that for » > 12/5, the time derivative becomes an admissible test
function, whence the improved regularity can be obtained in straightforward way, together with
reasonable explicit estimates [5].

As a natural corollary, we establish existence of the global attractor. Assuming further that
the boundary nonlinearity s is represented as a function of polynomial growth in u, we show that
the attractor is finite-dimensional. Exponential attractor can then also be constructed. Let us
emphasize here that the mere existence of attractor can be obtained even if s and u are related
via an maximal monotone graph; on the other hand, it seems that its finite-dimensionality
requires explicit (though rather general) functional relation s = s(u). Resolving the problem
(perhaps in terms of an explicit counterexample) is a problem to be addressed in our future
research.

The paper is organized as follows. Section 1 defines the studied system, and collects nec-
essary mathematical preliminaries about the function spaces and their properties. Our main
results: (on time regularity and uniqueness) and (on global and ex-
ponential attractors) are formulated. Concepts from the abstract theory of dynamical systems
are also recalled.

In section 2, we introduce the concept of weak solution, and derive basic a priori estimates.
Continuous dependency on the data (a weak-strong uniqueness type result) is also established
here.

Section 3 is the main technical part of the paper. The improved time regularity of weak
solution is obtained by iterative estimates in Nikolskii spaces, completing in particular the proof
of Mheorem 1.1

The final Section 4 is devoted to the large time dynamics. We recall a general abstract
scheme of the so-called method of ¢-trajectories given in [I12], and show how the previous

analysis leads to [Theorem 1.

1.1 Problem formulation

Let Q be a bounded Lipschitz domain in R®. We employ small boldfaced letters to denote
vectors and bold capitals for tensors. The symbols “-” and “:” stand for the scalar product
of vectors and tensors, respectively and “®” means the tensor product. Outward unit normal
vector is denoted by n and for any vector-valued function x : 9Q — R3, the symbol =, stands
for the projection to the tangent plane, i.e. ., =x — (& - n)n.

Standard differential operators, like gradient (V), or divergence (div), are always related to
the spatial variables only. By Du we understand the symmetric gradient of the velocity field,
i.e. 2Du = Vu + (Vu)'. We denote the trace of Sobolev functions as the original function,
and if we want to emphasize it, we use the symbol “tr”. Generic constants, that depend just on
data, are denoted by ¢ or C' and may vary from line to line.

Our problem is the following. Let f : (0,7) x Q — R3 is a given external force and
ug : Q — R3 is the initial velocity. We are looking for the velocity field w : (0,7) x Q — R?
and the pressure p : (0,7) x Q@ — R solutions to the generalized Navier-Stokes system

Ou+div(u®@u) —divS(Du)+Vp=f in (0,T) x Q, (1)
divu=0 in (0,7) x £, (2)
completed by the boundary and initial conditions
Bou+ s = —[S(Du)n], on (0,T) x 99,
u-n=0 on (0,T) x 09, (
u(0) =ug in Q, (

—
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By S : R**3 — R3*3 we understand the viscous part of the Cauchy stress such that S(0) =0

which moreover satisfy for any D1, Dy € ngxn?l’ the coercivity conditions

c1|D1 — Ds|? + ¢1|Dy — Ds|",

(S(Dl) - S(Dg)) : (Dl - D2) > {01(1 + |D1|r—2 + |D2|r72)|D1 _ ‘D2|27 (6)

and the growth condition
|S(D1) = S(D2)| < co(1+ |D1|"" + | Da|""?)| Dy — Dsl. (7)
The boundary term s is connected with u via the constitutive relation
(s,u) €3G, (8)

with G being a maximal monotone 2-graph. It means that G C R3 x R? and there hold four
conditions, namely

(G1) (0,0) € gG.
(G2) For any (s81,u1), (82, us) € G:

(31 — 82) : (u1 — 'LLQ) Z 0.

(G3) If for some (s1,u1) € R3 x R? and all (82, u2) € G there holds
(81— 82) : (u1 —u2) >0,
then (s1,u;1) €G.
(G4) There exists cg, cq > 0 such that for all (s,u) € G there holds

s-u>cy(|s* + [ul?) — cs.

Moreover, to show that the attractor is finite-dimensional, we will introduce two other
conditions. First of all, we require that

(G5) G is graph of a function s = s(u) such that for some ¢ > 2 and ¢4 > 0
|s(ur) = s(u2)| < ea (1+ [ur|T72 + |ua|?7?) Jur — ual. (9)

In certain situations, we will also need an analogous lower-bound, i.e.

(G6) there exists ¢; > 0 such that

(s(u1) — s(u2)) - (w1 — ug) > ¢5 (Jua]"? + ug|"?) [ug — ug|?. (10)

Note that these conditions allow for certain degeneracy of the function s(u) so that the
derivative can vanish at some points or even intervals. This corresponds to horizontal com-
ponents of the graph G. On the other hand, vertical components of G are excluded if (G5)
holds.

Remark. By data we henceforth understand the domain €2, right-hand side f, initial condition
ug, as well as the constants and exponents describing the growth of S and s; in particular the
exponents r and q.

Further generalizations of our results are possible, involving boundary with external forcing,
or some mix of various boundary conditions on different parts of OQ2. Such modifications can
be rather straightforward, after the function spaces and the (abstract) weak formulation are
modified accordingly.



1.2 Function spaces

For a Banach space X over R, its dual is denoted by X™* and (z*, z) x is the duality pairing. For
r € [1,00] we denote (L"(Q), || - [|1r()) and (W' (), | - |[[w1.r(q)) the Lebesgue and Sobolev
spaces with corresponding norms. We often write just || - ||, or || - ||1,». The space of functions
u :[0,7] — X which are L" integrable or (weakly) continuous with respect to time is denoted
by L"(0,T; X), C([0,T]; X) or Cy([0,T]; X) respectively.

To properly introduce the notion of a weak solution we need to pay close attention to
boundary terms. Thus, we need more refined function spaces. We will follow the notation of
[1, Chapter 3].

For r € (1, 00) we introduce the spaces

V= {(u,g) € C¥(Q) x C*1(9Q);divu =0in Q,u-n =0 and u =g on 9N},
Hlllv

V, o=V where [[(u, g)llv, = Ifullwr o) + el i) + gl 2200,
valil

H:=V, ", where ||(U»g)\|12q = HUH%z(Q) +m|g||%2(aﬂ)-

Space V;. is both reflexive and separable. Observe that, thanks to the Trace theorem, for
r = 2 the norm on V; is equivalent to || - ||1,2. Also, H is Hilbert space identified with its own
dual H*, with the inner product

(@,u),(g9,9))n 1=/ﬁ-ﬂdx+ﬂ/§-§d5.
Q o

Moreover, for r > 6/5, WH"(Q) is compactly embedded into L?(2) and for » > 3/2, the
trace operator is compact from W17 () into L?(012). Therefore,

Vr<—><—>Hifr>g.

The duality pairing between V,. and V;* is defined in a standard way as a continuous extension
of the inner product (-,-)y on H. As usual, we see that there is a Gelfand triplet

V, s H=H" <V,

where both embeddings are continuous and dense.
We also briefly recall main properties of the so-called Nikolski spaces; for a detailed treat-
ment, see [3] or [13]. For w: I — X, where I C R is a time interval and h > 0, we set
In={teIl;t+hel},
thu(t) =u(t +h), tel,
d"u(t) =u(t+h) —u(t), tel,.

For r € [1,00] and s € [0, 1], the Nikolskii space N*"(I; X) is defined by the norm

[|ul

Lr(I;X) T sup h75||dhu| Lr(In;X)-
h>0

It is clear that for s = 0 the above norm is equivalent to L"(I; X) and similarly for s = 1 the

norm is equivalent to W17 (I; X). The following embedding can be obtained, see e.g. [13],

1 1
NS"(I;X)— LY(I; X) if =>=—s>0. (11)
q T

Nikolskii spaces are not the best choice in view of interpolation or embedding properties. On
the other hand, their definition is fairly simple and as we will see, it is rather straightforward
to obtain estimates of the N*"-norm.



1.3 Dynamical systems

Our main goal is to show existence of a finite-dimensional (exponential) attractor. We recall
some basic notions from the theory of dynamical systems. Let X be (a closed subset to) a
normed space. Family of mappings {¥;}t>0 : X — X is called a semigroup provided that
Yo =1and X445 = 543, for all s, t > 0. Requiring also continuity of the map (t,z) — Xz,
the couple (3, X) is referred to as a dynamical system.

Set A C X is called a global attractor to the dynamical system (2, X) if

(i) A is compact in X,
(ii) XA = A for all ¢t > 0 and
(iii) for any bounded B C X there holds
dist(X:B,A) — 0 as t — oo,

where dist(B,.4) is the standard Hausdorff semi-distance of the set B from the set A,
defined as dist(B, A) = sup,c 4 infrep ||b — al|x.

Let us note that a dynamical system can have at most one global attractor. The condition (ii)
says that the global attractor is (fully) invariant with respect to X;.
Fractal dimension of a compact set IO C X is defined by

where N2¥(K) denotes the minimal number of e-balls needed to cover the set K.
Finally, we say that the set £ C X is an exponential attractor to (X, X) if

(i) € is compact,
(ii) Z;& C Eforallt >0,

(iii) df (€) is finite and
(iv) there exist o,w > 0 such that for any B C X bounded there exist ¢, > 0 such that

dist(X;B, E) < we 7 for all t > t.

We note that the exponential attractor is not uniquely defined and necessarily, it contains the
global attractor.

1.4 Main results

Main results of this article are summarized in the following two theorems. Their proofs will be
given in Sections 3 and 4, respectively.

We remark that 5
r
Ti= 12
2r —3 (12)
is the critical integrability exponent which implies uniqueness in the class of weak solutions, cf.

[Mheorem 2.2 below.

Theorem 1.1 (Regularity and uniqueness). Let Q be a bounded Lipschitz domain in R3, ug €
H,r>11/5 and f € L" (0,T;V). If r € (11/5,5/2), assume moreover f € NO™(0,T; V)
with some § > 9, where
- 5
o=r-1)(=—-1).
-1 (5 -1)

Moreover, if r = 11/5 assume that f € L%(0,T;V,*) for some qo > r'.
Fiz tg < T/2. Then for an arbitrary weak solution u of 7 we have u € L (2tg, T; V,.).
Moreover,

||UHL?(2to,T;w) < Creg,
where Cyey depends only on Q,r, T, to, ||f”LT'(O,T;V;)a ||U’HL°°(O,T,H) and ||u‘|LT(O,T,VT)-
In particular, any weak solution has a uniquely determined continuation after arbitrary
positive time.
Finally, if ug € V., the conclusion holds even for ty = 0.



Theorem 1.2 (Attractor). Assume that for any T > 0, f satisfies the assumptions of the
previous theorem. Then the system f has a global attractor.

Moreover, suppose that @D holds and if ¢ > r/2+ 1, we further assume that holds too.
Then the global attractor has finite fractal dimension, and there exists an exponential attractor.

1.5 Auxiliary inequalities
For reader’s convenience, we summarize below some estimates that will be used throughout the
paper.

Theorem 1.3 (Trace theorem). Let r € [1,00), then there exists unique, continuous and linear
operator tr : WHr(Q) — L7(0Q) such that for all w € CY(Q) there holds tru = u on 0.
In particular, there exists a constant Cp > 0 depending only on r and Q such that for all
u € WHT(Q) there holds

|ltr wl[Lro0) < Crllullyr-
Proof. See Theorem 6.4.3 in [I0]. [

Theorem 1.4 (Korn’s inequality). Let Q be a bounded Lipschitz domain, let r € (1,00). Then
there exists a constant Cg > 0, depending only on Q and r, such that for all w € W17 ()
which has tru € L%(0Q), the following inequalities hold

C Dul|, + |[tru
. < § Cx Dl + llerullzz o)
(| Dull, + |[ull2(e)
Proof. See Lemma 1.11 in [9]. .

Theorem 1.5 (Interpolations). The following estimates hold true:
(1) If r € [9/5,3), then

5r—9

_3
[lull2r < Cllull3™ [Jully ™ - (13)

(i) If r > 3, then

2r=3 Es
ull2r < Cllully® [ul]3 (14)
(#ii) Finally, for any v > 2, one has
2r=3 3
[|ull2r < Cllully® [Jull - (15)

Proof. The proof is a straightforward consequence of Holder’s inequality

1 a l—-«
ull, < |lull® [lu||ll® with - =—+ ,a e (0,1 16
ullp < [lullp, |l st o [0,1] (16)
and Sobolev embeddings: in case (i), we use a = 22=3 and W' — L35, For (ii), the
embedding W' < L8 is used and o = 2’;3. Finally, to prove (iii), one takes oo = 22;3

together with W2 — LS,
Theorem 1.6 (Aubin-Lions-Simon). Letr € [1,00) and X1, X2, X3 be Banach spaces such that
X1 —— XQ — Xg,

then
{u € L™(0,T; X1); Oyu € L'(0,T; X3)} < L"(0,T; X5).

Proof. See Theorem II. 5. 16 in [4]. [



2 Weak solution, existence and uniqueness

To properly define a notion of a weak solution to the problem 7, we start with formal
derivation of a priori estimates. We take scalar product of with an arbitrary smooth function
@ € V,., integrate over €2 and use Gauss’s theorem to get

/at /u®u> Ve [wown-+ [SDw:Ve- [ISDwn, ¢

[e19) Q o
:/f~sof/pdivso+/pn-<p-
Q Q o0

We realize that n - ¢ = 0 on 9Q and dive = 0 in  and the fact that S(Dw) is symmetric
matrix to obtain

[ow-e+ [sDw: Do~ [s(Dwn), /f o+ [wsw: Ve
Q Q o0 Q

Now, we employ the boundary condition to get

/8tu ga+/SDu D<p+/[38tu p+s-p= /f go+/(u®U) Ve.

o0 Q

For f € V.* we identify the first integral on the right hand side with (f, ‘P>VT' Using of the
definition of H we finally obtain (formally) the equality

(8tugoH+/SDu Dcp—l—/s p=(f, Py /(u@u):Vgo. (17)

o0 Q

To find the energy equality we set ¢ := u, the above equation reads now as

2dt||uHH /S Du) Du+/s u={(f,u w—l—/u@u

o0 Q

The last integral vanishes, as usual, because of and . For the second term we use the
r-coercivity of S, i.e. @ and for the third one we have condition , which enables us to use
property (G4) from the definition of 2-graph. We obtain

Sl + e / Dul + [Duf + ca [ I8P+ fuf? < e+ (Fu)y,
o0

Duality on the right hand side can be estimated as follows

(Fsw)y, <\ Fllvellullv, = £ llve (lullwr @) + [lullzz @ + [ltruf|2o0)
< [[fllv;: (e([| Dul] + IItrUI|L2<aQ)) + l[ullz2 @) + [truf[L200))
< o |Dull|| fllv;

< &||Dulf; + c||f]ly

Ve +0(1 + [[ul[3)

where we successively used the Korn’s inequality, the trivial inequality a+b < v/2v/a2 + b2 and
Young’s inequality twice. On the left hand side we can estimate, using the Korn’s inequality
and the Trace theorem, that

& / Duf® + c3 / uf? > e(lfullz + [t el eom) > ellul 3.
Q oN



Altogether we get (for £ > 0 small enough)

1d
2dt

C1 ’
lully + 5 [ 1Dul + s [ 15+ cllulfy < o+ col £ +e(1+ [wlBplIf v
Q o0

This implies the inequality

1d ;
5 g [l + el < eotecllflly: + el fllve + ell Fllve el

from which follows, using of Gronwall’s inequality, the uniform estimate

sup ||u(t)|[3 < C.
te(0,T)

Integrating the preceding inequality over time and using assumption on data (in particular
feL(0,T;Vr),r >1) and the uniform estimate above we obtain

t

t t
2] [ipurse [ [isp e [l <c.
Q

0 0 90 0

By the Korn’s inequality we obtain that
we L0, T; H)NL"(0,T;V,) and s € L*(0,T; L*(99)).
Concerning the boundary force s, we invoke (G4) and Young’s inequality to obtain
s(|s? + fuf?) —cs < s u < Fs + clul®

This implies that
s € L>®(0,T; L*(09)).

To estimate the time derivative we use duality argument and the relation

10ru||v;: = sup (Dru, @)y,
)

= sup —/S(DU):Dso—/swpﬂf,so}vﬁ/(u@lt):V<P
Q o Q

llv, + llull3, Vel |,

[d

< Sup[l\S(DU)HwHDPHr + llsllzz o 1l L200) + [ Fllv
%)

where suprema are over all ¢ € V,. from the unit ball. Therefore, by Korn’s and Trace inequal-
ities,

[|0ru]

vy <[[S(Du)llr +lsllL200) + [ £]

v + ||u||§r’ .
For the first term we use the growth condition and obtain
IS(Du)|l;r < (1 + || Daul[;71).

Suppose that r € [11/5,3). We then interpolate the last term by ,i.e.

7 where a = .
m 5r —6

Because uw € L*>®(0,T;H), s € L*(0,T;L?(09Q)) and 2a < r — 1 (which is equivalent to
r > 11/5), we obtain

21— 3
w2, < [Jul[3" 7 ul[2

||Orul

ve < c(L+[lullg + 11

If r = 3, then 2r' = 3 and so ||u||3,, = ||[u||77! < ||u|\7{,:1 Finally, assuming that r > 3, then

we use , ie.

2r—3
T

2 3
lullz < Cllully ™ ully, -



Observe that % < r —1 and so, by the same argument as in the case r < 3, we conclude that

11

|0vul V) for oz (18)

ve Se(l+ |lullyt + 1]
This in particular gives us that /
Ow e L™ (0,T;V))
and together with w € L"(0,T;V,.) we obtain
u € C([0,T]; H).
Definition 1. (Weak solution) We say that the couple (u, 8) is a weak solution to the problem
O-®
uc LT(Ov T; Vr) n C([Ov T]; H)a
due L7 (0,T; V),
s € L>(0,T; L*(09))
and for a. e. t € (0,T) satisfies relations
ou+ L(u) = Ko(u)+ f  inV/}, (19)
(u,8) € G a. e. on 09, (20)

where

L).g)y, = [ SDw: D+ [ s

Q oQ
Fo(w)@)y, = [wew: Ve
Q

The initial condition is attained strongly, i.e.
lim ||u(t) — uo||lg = 0.
t—04

We say that the solution satisfies the energy equality if for allt € (0,T)

§||u<t>||%[+/t/s<nu>:Du+j/s-u=;|uo||%;+/t<f,u>v,.~ (21)
0

0 09 0

Theorem 2.1 (Existence of weak solution). Let wg € H, r > 11/5 and f € L (0,T,V,*).
Then there exists at least one weak solution satisfying the energy equality.

Proof. We use formal estimates above on the level of Galerkin approximation. Usual com-
pactness and monotonocity argument are used. For further details we refer e.g. to [I]. |

Let us emphasize that the condition r > 11/5 guarantees that any weak solutions is an
admissible test function, in particular, one always has the energy equality. This will be crucial
for our regularity estimates in Section 3. On the other hand, the mere existence of a weak
solution can be shown for r > 6/5, see [1].

Theorem 2.2 (Relative energy inequality). Let (u1, 1), (u2, 82) be weak solutions to the prob-
lem ([)—-@®) and let r > X, Then

d €1 T r— r—
allwllifﬂL;(llDwII%JrIIDwIIT)+61/(1+|Du1\ ?+ [Duy["7?) | Dwl? (22)
Q
< e(1+ [Jual[7,)[[wl|F,

2r
2r—3°

In particular, if uy € L7(0,T;V,), then uy is unique in the class of weak solutions.

where w := uy — us, the constant ¢ depends only on Q, r and 7 =



Proof. We take the difference of for w; and uy and use ¢ := w as a test function, which
can be done, because r > 11/5. We get

(Orw,w)y, + /(S(Dul) — S(Dus)) : Dw + /(31 —83) w
Q o9

:/(u1®u1—u2®u2):V'w.
Q

The third term is non-negative thanks to the monotonicity, i.e. property (G2) of our 2-graph.

We know that the first term is equal to 5 ||w||%, for the second one we use r-coercivity of S,
ie.

C C
[(8(Dw)-5(Dus)): Dw = F(IDwlfp+ [Dwl;)+ 5 [ @+Dunl >+ [Dusf )| D
Q Q

We need to deal with the convective term:

/(u1 QUi — Uz @ug) : Vw| = —/Vug C(w@w)| < || Vug||||wl|3,
Q Q
2r—3 3
< clfusl v, [lwlls ™ [lw]lf,
2r—3 3
< dlfuzllv, |[wlly ™ ([|Dwl]2 + [[w||m)

2r—3 3 3
< d|uslv, [Jwlly ™ ([[Dwll3 +[|wll})

< el[Dwl[3 + ce (1 + [Jua|[}, ) [Jwl]F -
where we used the interpolation , the definition of Va, Jensen’s inequality (if 3/r > 1,

otherwise it is a trivial estimate) and Young’s inequality. Hence follows.
Concerning the second part, we apply Gronwall’s lemma to obtain

lw®)l[fr < Kllw(s)ll,  0<s<t<T, (23)

where K depends on the norm of uy in L7(0,T;V,.). [

3 Time regularity

The aim of this Section is to prove i.e. improved local time T-integrability of an
arbitrary weak solution. Note that for » > 5/2, one has r > 7. Furthermore, for » > 12/5, one
can test the equation by the time derivative (or time difference).

Hence, the main interest of the following approach lies in the low regularity regime r €
[11/5,12/5].

3.1 Auxiliary estimates

Lemma 3.1. Let (u,s) be a weak solution of 7, r>11/5, f € L’"/(O,T; VF). Assume
that 7 € (0,T) is a semi-Lebesgue point of f, i.e.

1 T+h
sup 5 [ IF@I e < oc
he(0,T—7)

and u(7) € V.. Then there exists a constant C > 0 such that for all h € (0,T — ) :

T+h
1
[lu(r + k) — w(7)|[f < Ch Lt [fu(lly, + 5 / £

T

/
r

*
Vr

10



Proof. There holds

u(t+h) —u(r),u(r + h) +u(r) — 2u(r))g

[lu(r + h) = u(n)[[f = (w(r +h) = u(r), u(r +h) —u(r)m
=
= [lu(r + )| — [lu()|lE — 2(u(r + h) — u(7), u(?))s.

Due to the energy equality we have

T+h
lur + 1) = Nl = [ {(fuh, ~ [ SDw):Du- [s-u
T Q o0

and we will apply again Holder’s, Korn’s and Young’s inequalities together with @ and to
obtain

T+h T+h
[lw(T + 0)|[3 — [lu(n)]F < /(Cel\fl ve +ellDullf + ellullz) — a1 /(HDUI|5+|IDUH§)

T+h
~ s / (1181122 o0 + [10]1200) — €4)

T

T+h T+h
T’/ C T
<cense [NFI. -5 [ IDul;
T+h T+h
vee [ulfy=C [ (IDulR+ lulfsqa0)
Now, because of Korn’s inequality we have
T+h T+h T+h T+h
ce [l = [ (IDulB+ lulfoa) < ¢ [ ullf - ¢ [ [Dulf,
and therefore, for € > 0 sufficiently small,
T+h T+h
futr + 1)y = i <€ (h+ [ 1715 |~ [ (IDullz+ [IDull,).

Furthermore, observe that
—2(u(r+h) —u(r),u(r)g = -2 / (Oru(s), u(7)>VT ds

and thanks to we get

T+h
[=2(u(r + h) —u(r),u(r))n| < 2¢ / A+ lfw()I "+ [ £ ()]

T

[u(7)]

V;‘) V. dS
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By Young’s and Korn’s inequalities, we have

} —2(u(r+h) — u(T),u(T))H]

T+h T+h
r r’ r'(r—1
<C [, + 15V ds+= [ ul ™ ds
T+h T+h

gOh(HIIu(T)II"},‘HO/IIf\ %H/Huua

T+h T+h

<Ch(t+llu)lf) +C [ AR +e [ (IDull;+ i)

T

T+h T+h T+h

gOh(1+|lu(T)ll’“vr)+0/||f\ a’,;+e/||Du||:+ec/||u||%,,

T

where we used in the last inequality that w € L>°(0,T; H). Altogether

[lu(r + h) —u(D)|f < [lulr + )7 — |lw(n)llE + [2(w(r + k) = u(r),u()) x|

T+h T+h
< C | h+hflu(r)lly, + / Sy —C/(HDuHPrIIDUII%/Q)

1 T+h
< Ch 1+|\u(7)\|9,,+ﬁ / I £l

T

’
T
.
1

In the following lemma we show, in an elementary way, that u € N %’2(0, T;H).

Lemma 3.2. Let (u, s) be a weak solution of 7. Then there exists C > 0, depending only
on the data, such that for all h € (0,T) there holds

T—h

/ llw(T + h) —u(r)||% dr < Ch.

0

Proof. Letustake h € (0,T) and 7 € (0,T—h). Observe that h € (0,7—7) forall 7 € (0,T—h).
Because almost all 7 € (0,T) are semi-Lebesgue points of f and u(7) € V,., the previous lemma
says that

T—h T—h T4h
[ latr ) —u@iar <cn [+l + 5 [ 19 ) o
0 0 T
We assume that w € L"(0,7T;V,) and thus
T—h T—h T+h
[ a0 = w@lidr <cn (Tl + [ {5 [ 1915 | dr
0 0 T

< O (T +1[ullro, v + 115 0 2ivr) )

where we used a simple boundedness of averaging operators on LP(R) for any p € [1,00]. It
completes the proof.
[
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3.2 Regularity of solution

Our goal here will be to show, that any solution is slightly more regular in time, provided that
right hand side is so. We will start in a similar way as in [7].

Lemma 3.3. Let (u,s) be a weak solution of (1)~(8), let moreover f € L%(0,T;V,*) for some
qo > r'. Then there exists ¢ > r such that w € LY ((0,T];V,), with estimate depending only on

loc
to, the above-mentioned norm of f and the data.

Proof. The proof is based on the reverse Holder inequality, and is a step by step analogue of
Lemma 4.3 from [7]. Note that one can also show global version of the above lemma, provided
that the initial condition belongs to V.. |

Lemma 3.4 (Regularity of non-linear Stokes). Let to < T/2, N € N and denote ty :=
to ijzo 27", Assume that (u,s) satisfy

Ou+ L(u)=K(s) inV}' (24)
fora. e. s€ (tn—1,T). Suppose that
we L’ (0,T;V,) and OueL”(0,T;V")
and for some § > 0 there holds
K € N (ty_1,T; V).
Let us define

or 0
= = . 2
T 30 —1) and o ] (25)

Then w € N™®(ty,T; H) O\ N (ty, T3 V;).
Moreover, the norm of w in both N™*°(tn,T; H) and N7 (tn, T; V;.) is uniformly bounded by
a constant which depends only on 6, T, to, v, Q, | Fll 1 0 1v+)s |l Loe 0,7:01) and [|u]

Proof. Thanks to the assumption on u we can use to obtain

L(0,T;Vr) -

u e N#2(0,T, H)

and thus

T—h
d"ul|?, < ch.
I H

to

Let h € (0,7 —ty). We apply d" to and use ¢ := d"u € V. as a test function, we get
1d
2dt

Because of @ and the fact that (u, s) € G we derive the estimate

ld"ul|f + (d"L(u),d"u),, = (d"K(s),d"u),, .

(d"L(u), d"u), > / |D(d"u)|* + |D(d"u)|".
Q

The right hand side is estimated as follows
(d"K(s),d"u),, <||d"K(s)|lv[|d"ullv, <[|d"K(s)|lv: ([|ID(d"w)l, + |ld"ul| )
< el|D(d"w)|[;; + cc||d" K (s)[[y- + Clld" || |ull5

< el|D(d"w)|ly + cclld" K (s)|[y;- + Clld"ul[%.

v, v (

Here we used Korn’s and Young’s inequalities and also the fact that ||u(s)||g is uniformly
bounded. Altogether

d T ’I",
1"l +a / |D(d"u)* + |D(d"w)|" < Clld"ulff; + Clld"K(s)]]y- .
Q

13



which implies that for t € [tn_1,T — h]

V*

ld"u(®)fy + e / [1D@ W) < ld utes- )|y + € / ld*ulfy + / W EG7

tnN—1 Q tN—1 tN—1

< |ld"w(tn—1)|[3; + C(h+ 1)
and thus

t
d"u(6)] % + e / / D@ )" < |[dulty 1) + Ch.

tnN—1 Q

We integrate with respect to ty_1 over (0,ty), we get, for t € [tn, T — hj,

tn||d"u ()||H+CltN//|D (d"u)|” < /||dh (tv—1)| 3 dtn—1 + Ctnh®”
tn Q

and by the we obtain

t
tnl|d"u®)]|% + city / / |D(d"u)|” < ch+ Ctyh®" < Ch®"

tn Q
and finally
T—h
h h r c or’
sup |[|d"u(t)|[f + e [D(d*u)|" < —h".
te[tn,T—h) 29 N

It is enough to set 7 = §r’/2, which is exactly , to obtain that u € N™*(ty,T; H).
From the last inequality we now get

T—h c

/ /|D(dhu)|” < Y,
tn

tn  Q

Because u € N™*°(tn,T; H), ||u(t)||g is uniformly bounded and r > 2 we also have that

/ )y < En2
tn

We obtain
T—h T—h
/(Hdhu(tmmnnwh ) c/<||dh Ol + ID@w)) < <n2
tN tN

and thanks to ||d"u||y, < c(||D(d"u)||, +||d"u||;) we get that w € N (tn,T;V;) for o = 27,
|

Remark. The previous lemma is a minor modification of Lemma 5.1 from [7]. The main
difference is in the presence of numbers ty, which enables us to obtain a uniform bound of the
norm of u.

3.3 General scheme

Proceeding similarly as in Theorem 3.1 and Lemma 5.6 from [7], we can now prove our first
main result.

14



Proof of the [Theorem 1.1]. Let us take any 2ty € (0,7) and choose an arbitrary weak solu-
tion (u, s) of (I)—(8). Due to apriori estimates we have

w e N (0,T;V,) N N>>=(0,T; H)
and because of [Lemma 3.2 .
we N22(0,T; H).
In the case of r = 11/5 we invoke to find ¢ > 1—51 such that w € Li(to,T;V,),
moreover, its norm is uniformly bounded. Therefore
u € Ny, T; V).
Step I: Improving time regularity of the convective term. We will show that for
r=11/5 we get
6 bg—11

K, N% (g, T; V) with 6y = — -
o(u) € (to, T; V') wi 0= rr .

We take ¢ € L"(tg, T;V,) from the unit ball and fix h € (0,7 — ty). We estimate

T—h T—h T—h
[ @rwe),|< [ [ldw@sw:vel< [ ldulallullTel,
to to Q to

T—h
h h - —
< / (|d" |5 d"ul ]y, |ull [l [lellv, .
to

where we used the Holder’s inequality and the interpolation with a = g::g. Now we use
the Holder’s inequality again, this time with following exponents

D q 00 q r 7 p 11 Bg’
where the last expression is positive because ¢ > 11/5. We obtain

1 l—a

T—h T—h P T—h
[ @rawne)y | < ([l ) | [l ) s g
to to to

te(to, T—h)
T—h T—h
|/ [ e
to to

We know that w is uniformly bounded in L*°(0,T; H) N L9(tp,T;V,). Together with our
assumption on ¢ and the fact that uw € N%4(to, T; V) we get

l—«
q

b

q T
vV, Vi

1
P

T—h T—h
[ @ rotw.e), | <c | [ lauly
to tO

Observe that ap > 2 (it is equivalent to 66 > 19¢) and thus we will continue as follows

1.2
2 p

T—h T—h 1 T—h
[ @), | <c| [Iuplauy?) <o [ear) <,
to to to

where we used again the uniform boundedness of w and the fact that u € N %’2(07 T;H). The
duality argument gives as desired result about Kq(u).

For r > 11/5 we would proceed in a similar way. Instead of ¢ we use r and then obtain the

5r2—11r+6

same result with Jp = +(5r—6)
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Step II: Improving time regularity of the solution. Let us consider r = 11/5 and set

K(t) := f(t) + Ko(u(t)),

due to the previous step and the assumption f € Nor' (0, T; V) with § > g (% - ) = % >
do, if ¢ is sufficiently close to the threshold 11/5, we get K € N‘;O’T,(to,T; V). We invoke

Lomma 31 o et
u c NTO’OO(tl,T;H) n N(fﬂ'(tl’T;V;)

with o = T‘S_—Ol and 79 which is a small fixed number from an interval (0, %}

For r > 11/5 we use either the same dy as in the previous step, or we take some smaller
value (because § < dy for r close to 5/2).

In any case we get

we N2, T; H) N N (¢, T; V,)

for small o and small fixed 7.
Step III: Iterative improving of the convective term and the solution. We will
proceed in the same fashion as in the first step, just the second Holder’s inequality will be used

with exponents
1 1—-«a 1 l—a 1

z = + - =1,
Ty 00 T T
where r, is such that No"(t1,T;V,.) < L™ (¢t1,T;V,), i.e. as seen from it holds with
1
— = —0+¢,
re T

where € > 0 is small enough. Therefore,

1 5r—11

p  5r—6

+(1—-a)lc—¢)>0.

The estimate reads

11—« l1—a

v T—h To

T—h
[ Vil [ iz
ty

:

e O A
ty

Q=

T—h T—h
[ o), <c| [y
t1 tl

W=
3

T—h
_ a—2
< ch 7| d" |77, oy / 1"l I
t1

S Ch(l—(x)a'h(afg)‘rgh%’

where we used that ap > 2. For r = 11/5 this condition reduces to o < 1/3, but it holds for all
r € [11/5,5/2). This gives us that Ko(u) € NV (t1, T; V¥) with 6; = (1—a)o+ (a— 2)7o+ L.

P p
We again invoke to find

u e NTO’OO(tQ,T; H) n NUI’T(tQ,T; V;«)

2
. 61 l1—« a— 1 5r—11 11—« o
with oy = =1 =19 + 7—1 10 + r—1 5r—6 + r—1 (G 5)'

As in [7], we obtain the formula for improving o. For » = 11/5 and given o small we find
the new & given by

6:U+7§)—(0—6)T0—;:(l—TO)U—l—T()—s(—Tg).

If we define function 6 by 6(c) = &, it is a contraction and 6 : [0,1] — [0, 1]. Banach fixed point
theorem shows that # has a unique fixed point



Since we can assume o < 7 = 257 —-1= % < 0fix, for € small enough, we really reach little
beyond the value & after finitely many iterations. And so w € N° ™57 (tx, T;V,.) for € > 0 small
and N € N big enough. Due to the definition of ¢y we see that u € N°T57(2¢,T;V,) and by

we finally obtain
1 1
u € L(2ty, T;V;) if —>-—-07—F,
q T
in other words we can set ¢ = % — 7, which gives the critical value 7 = 22/7. For r > 11/5 we
can find a similar contraction mapping and conclude the same result.
Step IV: Unique continuation of solutions. Take any two weak solutions i, us on

[0,T]. By , cf. Theorem above, we have
&H’w\@; < o1+ ||us|ly, ) ||wl[

where w = u; — us. Recall that 7 = Qf—is and thus for » > 5/2 we have uw € L7(0,T;V;)
because r > 7. For r € (11/5,5/2) we can proceed as in [6] to obtain w € L (to,T; V) for any
tg € (O7T)

Finally, for » € [11/5,12/5] we employ steps I-III above to conclude that for an arbitrarily
small ¢y > 0 we have u € L (to,T;V,.).

Now let t; € (0,7 be such that wy(t;) = w2(t1). Since we can can assume &y < t1, it follows
by [Theorem 2.2 that w; (t) = us(t) for all ¢ € [t;,T]. This finishes the proof.

[ |

Remark. Proceeding as in [7], one can also show that
we N2®(ty, T; H) NN (to, T; V) N N22(ty, T; Va).

Sitmilarly, we can obtain all the above conclusions globally, i.e. for to = 0, provided that
ug € V. and 0 is a semi-Lebesgue point of f.

4 Attractor

4.1 General method

Here we briefly outline the general method of trajectories, following closely the exposition in
[12]. Let X,Y,Z be Banach spaces, such that X is both reflexive and separable and we have
embeddings

Y —+— X and X — Z.

For r € [2,00) and 7 > 0 fixed we denote

X, = L2(07T;X)a
Y, :={uec L"(0,7;Y),0;u € L'(0,7; Z)}.

(A1) For any up € X and arbitrary T' > 0 there exists u € C,([0,7]; X) N Y7 a solution
on [0,7] with ©(0) = wg. Moreover, for any solution the estimates of ||u||y are uniform with
respect to ||u(0)||x.

(A2) There exists a bounded set B C X such that, if w is an arbitrary solution to
with initial condition uy € X then

(i) there exists to = to(||u(0)||x) such that u(t) € BY for all t > to and
(i) if up € BY then wu(t) € BY for all t > 0.

Now, let £ > 0 be an arbitrary fixed number. By the /-trajectory we mean any solution on
the interval [0, ¢]. The set of all such ¢-trajectories is denoted by X, and is equipped with the
topology of Xy. Instead of uniqueness of the solution, we will require that

(A3) Each {(-trajectory has among all solutions unique continuation. More precisely, if two
solutions coincide on the interval [0, £], they coincide for all subsequent times ¢ > £.

We can thus define the semigroup L; on X by

Li&(r) :=u(t+7),7 €[0,4,
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where w is the unique solution on [0, £ + 7] such that u|jg 4 = § € A}.
Moreover, we define
BY = (€ € Xe; £(0) € B},

it is the set of all ¢-trajectories starting at any point of B°.

(A4) Forallt >0, L; : Xy — X is continuous on B?.
— X

(A5) For some 7 > 0, L.(BY) " c BY.
Now, using (A5), we introduce the set
— X
Bf =L.(BY) " cB.

The above assumptions are sufficient to obtain existence of the global attractor in the space of
trajectories. The following one is a criterion of its finite-dimensionality.

(A6) There exists a space Wy with W, << X, and 7 > 0 such that L, : X, — W, is a
Lipschitz continuous on B}.

To get the results from the space of trajectories to the original space of initial conditions,
we introduce a mapping e : Xy — X by the formula

e(§) = &(0).

Semigroup L; worked on B} and the solution operator S; is defined on the set B!, which is
defined using of the mapping e as
B! :=¢(B}).

Note that S; is well-defined in virtue of the assumption (A3).

(A7) The mapping e : X, — X is continuous on B}.

To get the finiteness of the fractal dimension of A it is necessary to strengthen the previous
assumption.

(A8) The mapping e : X, — X is a-Holder continuous on B}.

At last, to construct an exponential attractor we will need two additional assumptions.

(A9) For all 7 > 0 the operators L; : X, — X, are uniformly Lipschitz continuous on B}
with respect to t € [0, 7].

(A10) For all 7 > 0 there exists ¢ > 0 and v € (0,1] such that for all £ € B} and all
t1,t2 € [0,7] it holds that ||Ls, & — Ly, €|l x, < c|t1 — to|7.

Now, we mention one result, which is quite useful in verifying the assumptions (A4), (A7),
(A8) and (A9).

Lemma 4.1. Let Ty C Xy be a set of trajectories and let T C X be defined by
T:={&t); §€ T, telt/2,4}.

Let the solution operators Sy be well-defined and moreover, uniformly (with respect to t € [0,7])
Lipschitz continuous on the set T C X. Then

(i) the operators Ly : X, — X, are uniformly (with respect to t € [0,7]) Lipschitz continuous
on Ty and

(ii) the operator e : Xy — X is Lipschitz continuous on Ty.

Proof. See Lemma 2.1 in [12]. |

In the following theorem we summarize results about existence of (exponential) attractor
from [12].

Theorem 4.2.

(i) Let (A1)-(A5) hold. Then the dynamical system (L, Xy) possesses global attractor Ay.
Its fractal dimension in Xy is finite provided that (A6) holds too.

(ii) Let (A1)-(A5) and (A7) hold. Then the dynamical system (S, BY) possesses global at-
tractor A, which is given by A = e(Ay). Its fractal dimension in X is finite provided that
both (A6) and (A8) hold.

(iii) Let assumptions (A1)-(A10) hold. Then the dynamical system (S, BY) possesses an
exponential attractor £.

Proof. See Theorems 2.1-2.6 in [12]. |
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4.2 Existence and uniqueness of attractor

Most of the assumptions are easily obtained from results about existence and continuous de-
pendence on initial condition. From now on, we will assume that the conditions of our main

[Theorem 1.1 hold true.
We set

Y=V, X:=H and Z:=V]

which is a Gelfand triple. Now we will verify step by step all the desired properties.

Property (A1). The first property is just [Theorem 2.1

Property (A2). This follows from the energy equality , and the a priori estimates,
which led to the very existence of solution.
From now on, let £ > 0 be fixed.

Property (A3). This property was verified in the proof of [Theorem 1.1} Let us recall that
for w = u; — wue, the difference of two f-trajectories, ¢ < T, we obtained

lw®f < Kllw(s)llf; for to<s<t<T, (26)

T
where K = exp(C' [ [|ua|[{, +||uz|lv,) is uniformly bounded and ¢y > 0 can be arbitrarily small.

to
Property (A4). Here we use We set Ty := BY which is the set defined after
establishing of (A3). In the proof of (A3) we took ¢, small, so it can be smaller than %, it
means that the solutions operator S; of makes sense on

T = {g(t);gen,te [gz}}

Moreover, thanks to (26 we know that S; : H — H is uniformly Lipschitz continuous on
T. Now we can invoke to obtain (A4).

Property (A5). Observe that, due to (A2), the set BY is positively invariant with respect
to L, i.e. LB} C BY. Therefore, to establish the fifth assumption, it is enough to show that

—X,
0 0
B;  CBy.

To verify that we would consider an arbitrary sequence {£,} C Bg such that &, — & in X,.
Then we follow the proof of where the main point is indeed compactness of
bounded sequences of solutions, see [I] for details. By this we find that £ is indeed a solution
of (together with some s). The fact that £(0) € BY is a simple consequence of closedness
of BY together with continuity of £ and the fact that &, (t) € B% ¢ > 0, which holds due to by
(A2). This shows (A5).

Now we fix 7 > 0.

Properties (A7), (A8) and (A9). Because of (A5) we have that Bf C By. We can use

again, but now with 7; := B}. The rest is the same as before.
Property (A10). Here we want to find ¢ > 0 and 8 € (0,1] (possibly depending on )

such that for all £ € B} and all ¢y, 5 € [0, 7] there holds

l
/ w(t 4 t1) — w(t + t2)||% At < c|t1 — to]*P,
0

where wu is a unique continuation of &€ on [0, £ + 7].
This is just Without loss of generality we can assume that t; > ¢» and set
6 := t1 — to. The left hand side becomes

A€+t2
/ (s +8) — u(s)][3 ds.

to
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Almost all times s € (t9, £+12) are semi-Lebesgue points of f and u(s) € V,.. By
we get C' > 0 such that for any h € (0, + 7 — s) there holds

s+h
r 1 r’
[lu(s +h) —u(s)|}; < Ch 1+||u(5)||VT+E/||fHVT*

We see that 6 € (0, + 7 —s) for all s € (t2,¢ + t2) and thus we can use the estimate with
h := 4. Then we integrate over s € (t2,f + t2) and use boundedness of averaging operator on
L', which finishes the proof of (A10) with 3 = 1.

We have verified all the assumptions except (A6). Thus, we can use the general result of

Theorem 4.2(i) to obtain the first part of [Theorem 1.2} To obtain its second part, i.e. finite

dimension of the attractor and existence of an exponential attractor, we need to verify the key
condition (A6).

4.3 Finite dimension of attractor

We need to check out the sixth assumption. The procedure is similar to the case of Dirichlet
boundary condition, treated in [6]. Note that here is the only place where we actually use the
existence of a selection s = s(u) with certain polynomial growth, i.e. @D and .

We will verify (A6) with 7 := ¢ and

Wy = {u € L*(0,4;V3),0,u € L'(0,1; V.)}.
By the Aubin-Lions-Simon theorem we get the embedding W, —s— L?(0,/¢; H) = X,. We wish
to show that for any &;,& € B} there hold estimates
[[Le&1 — Le&allr20,6v5) < Cll&1 — &2ll22(0,0:10)
[0¢Le&1 — OrLo&al|Lr0,6v+) < ClI€1 — &allL2(0,6:m)-

By (A3) we find u; and uy unique extensions to [0,2¢] of &; and &5 respectively, i.e. u; = &;
and uy = &5 on [0,£]. Set w := u; — uy. We need to verify that

20 L
lua(e-+4) = wa(l+ oy = [ Nl < [ Il (2n)
J4 0
20 £ %
[[Orur (€ + ) — Opua (€ + )| (0,6v) = / [[Orw]]y: < C /||’w||?q - (28)
14 0

As in the proof of (A3) we will start with the inequality for a difference of two solutions (see
), but we will also incorporate better estimate of the boundary term which is due to ,

provided that ¢ > r/2 + 1, which is tantamount to ¢ — 2 > ’"52. We have

d a T T
Ellwllfq + 5(||Dw||§ + [[Dw|[7) + er I? + ¢5J% < e(1 + ||uzl[7, ) [|w] |7, (29)
where we write
i /(1+|Du1|r—2+ | Dus|"~2)| Dw?, (30)
Q
7 = [ (a2 el )l 31)
o0

As in the proof of (A3) we fix small tq for which we obtained us € L7 (to,2¢;V;). Let us take
s € (to,£) a integrate over t € (s,20) to get

20 20 20
C1 r 7
o)l + 5 [(IDwl+1IDwl) +er [ 12 < o)+ [(lulf, + llusliv,) el
S S s
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because of (26)) we can estimate

20 20
(Il Dwl|[3 + || Dwl[y )+61/12 < lw(s)I 1+C/HU2HV + [[uzlv,
14 14

The bracket on the right hand side can be (see[Theorem 1.1)) uniformly estimated by a constant
which depends only on r, o, £, || || Lao (0,7;v+) and umformly bounded norms of solution of

. . We get the inequality

20 20
Jipwl + 1wl + [ 12 < Clluws)
4 £

We integrate it over s € (to, £) to obtain

20 20
(e—to>/<||Dw||2+||Dw|| (€= to) /I2<c/||w I
Y/

to
2¢

20 L
. 20
Japwl +pwly + [ 2 <27 [ ol
£ 0

14

where we used that tg < % from the proof of (A4). The inequality

20 c L
Jipwi< S [l
£ 0

together with implies . Let us emphasize that we obtained also inequalities

20 90 I

[ <% [l (32)
14 0

2¢ 90 L
[7<% [l ()
14 0

which will be useful later on.
To show we start with the duality argument and use to obtain

20

|Ovw]|L1(e,20v7) = Sup/ (Orw, )y,
7}
7

20 20 20 2¢
/(8tw7go>vr = / (Ko(u1) — Ko(ug), // (Duy) — S(Dus)) : Dy — //(31 —82) -
¢ ¢ ¢ Q ¢ o0

= Il + IQ + 13 .

where supremum is taken over all ¢ € L*(¢,2¢; V) from the unit ball.
The first integral I; is estimated as follows:

2/ 2¢
11s//|u1®u1—u2®uz||vwg//|w|<\u1|+|u2|>|ww
¢ Q ¢ Q

S/lelw(llm\lzw+\qu\lzw)IIV<PHrS/Ilw\lzw(llmllzr'+|IU2II2w)-
£ £
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Suppose that r € [11/5,3). We interpolate the first term by and others by . Because
of uniform estimates of solutions in L>°(0,7; H) and L"(0,T;V;) we obtain

3 3 3

= 56 Sre
[wl|35 ([l =" + [Jually, %) - 1

20
2r—
I < c/nwn;f
Y/

2r—3
4r

3 _3 3
ir 20 T(5r—6) 20 T(5r—6)

20
o A I AT I AT
L

L L

20
<co) | [l
L

2r—3

20 ar 20
<) /Hwn’@ : /Hwn'@
Y/ Y/

¢
Cc(0) 2
< i 0/|w|H ;

where we used the fact that

<) / w2,
Y/

(SIS

¥-3,.3 3
4r 4r  r(br—6) —

the trivial embedding V5 — H and the inequality .

For r > 3 we can either proceed as in [6] or we simply recall that any solution is in
L (to,T;V;), and thus the rest follows immediately. It means that we got desired estimate of
the convective term.

Now we estimate I5. We start with and the Hoélder’s inequality with exponents

1+r—2+1_1
2 2r ro

)

to obtain

20 20
I, < //‘(S(Dul) — S(Duy)) : Dcp‘ < 02//(1 + |Duy "7 + |Du2|"_2)%+%|Dw||Dcp|
L Q L Q

2 5
= C/ /(IJF|D“1|T72+|Du2|“2)2‘%|Dw\2

L Q

< | [asipup 2+ 1Dusl#t ) Dy,
Q

2 5 o
< c/ /(1 + |Duy|" "2 + | Dusy|"2)| Dw|? /(1 + |Duy|""? + | Duy| ") 72

4 Q Q

Now it is time to invoke quantity called I? from . Using Jensen’s inequality we have

—2
2r

20 20
IzSC/I' /(1+\Du1|’“+|DuQV) SC/I-(1+||Du1|\5+|IDU2||?)%
£ Q £
1
2

1
2/ 2 2¢

<c /12 -/<1+|\Dm||:+||Du2u:>

4 V4

1

¢ p)

< — w ,
<\ [ el

22



where the last estimate used and uniform boundedness of solutions in L"(0,T; V;.).
The boundary term, i.e. I3, is can be estimated from the above provided that (G5) holds.
We get

I < //hr@ A<//m—mm

gq//u+mm*+mw*wu—ww«
¢ o0

Ifg—2< ’“52 we use the Holder’s inequality with exponents

r-2 1.1,
2r 2
to obtain
r—2
27
2r
Is < C/ / (1 Jug 972 + |ug|?2) 72 llw]|L2a0) 1]l 50
0
20 3 [ 2 — 3
gctﬂmﬁwm / /u+mm4+mﬂﬂﬁz
Y/ 7 6o

But the second integral is clearly bounded, as we can see using of Jensen’s inequality, trivial
-2
estimate (1 + |z[)"= < 1+ |z| and the fact that 2r%=2 < r and so W' (Q) — L2772 (0Q):

20 2 2 —
/ /u+mm4+mm4ﬁ% gC/ /1Hwﬁgéﬂwﬁgg
¢ Q 4 Q
2/
< [ [ (1l o )

o

q—2 —2
Q+mu2qz +lhual )
2 (00) =2 (00)

(1 + HUIHI,T + Hu2|‘71,7‘) .

<C

<C

~ ~

If 752 < q—2 <71 —2 we use the Holder’s inequality in the same way as in the estimating
of I, i.e.

] 1.1
&gc//u+mw*+mwﬁwﬂhmw

20
_c/
Y4

2r

N|=

[l a2y ol | [ 0 e )
Q

Q
2t LAY, =N

=¢ /||w|\%,+<]2 / /(1+|Ul\q*2+\UQ|(172)m ,
¢ ¢ \oa
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where we invoked quantity J? from . At this point we need assumption (G6), because of
and we obtain
1 1
2¢ 2 c 0 2
2 2 2
wl|y +J < — / w .
[ 1wl et
¢ 0
And similarly as before we use Jensen’s inequality and the embedding W17 (Q) — L= (09)),

which is valid provided that ¢ < r, to estimate

r—2

20 i 20 r—2
_r_ g=2 =2 B
/ /0+mm”+mw”V” gc/(uwmfgz + w752 )
L" 72 (8Q) L"m=2 (892)
4 Q ¢
20
<C [ A+ Twlli, +[luali,) -

S —

Together we obtain
%

L
B [l
0

What remains is to get the same estimate also in the case ¢ > r. We realize that we can
use much “worse” W, than before and still obtain the desired result. Let us redefine

Wy :={u € L*(0,4; V), 0:u € L*(0,1; V*)}.

Now, the proof of is the same as before, but the proof of is much simpler. Reason is
that our test function ¢ in the duality argument is essentially bounded in the time-space.
Therefore, we estimate I3 using of (G5) and Hélder’s inequality as follows

1,1
B[ [lsi-silel<c [ [+ 2+ ul ) ol
L 0N ¢ 00
L 1
20 } /2 1
<ol [ s s we) ([ [0 e
£ 0% 7 60

The first integral is again estimated thanks to and like

y PRt
[ [ ik )< { [l

£ 00

and the second integral is uniformly bounded. This is due to the fact that in the energy equality
we can estimate the boundary integral using of (G6) instead of (G4) as usual. It gives us
that any weak solution satisfies for all ¢t € (0,T) that

t

//WPSG

0 00

In summary, we were able to obtain the estimate

2

Y/
hsc(ﬂm%
0

for any ¢ > 2. Thanks to those three estimates of I;, Is and I3 we can conlude that holds.
The argument is complete.
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Proof of the [Theorem 1.2. We verified all the assumptions needed in the abstract method
described in [I2], which is here contained in [Theorem 4.2] By parts (i) and (ii) we get existence
and finite-dimensionality of the global attractor. Existence of an exponential attractor follows

from part (iii). [
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