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finite-dimensional distribution
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mean value and autocovariance function

strict and weak stationarity

Gaussian process

e properties of autovariance function
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Definition:
Markov . .
poceses We say that {X;, t € T} is a Markov process with state space
R (5,&), if for any to, t1,...,ty, 0 <ty <ty <--- < tp, it holds
Martingales

P(th S X’th717 e ,Xj_-o) = P(th S X|th71) a.S. (1)

for all x € R.

Relation (1) is called the Markov property. Simple cases:
discrete state Markov processes, i.e., discrete and continuous
time Markov chains.
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Consider a Markov chain {X;, t > 0} with state space
S = {0,1}, initial distribution P(Xo = 0) = 1, P(Xo = 1) = 0
and the intensity matrix

Markov
processes

Q—<_Ba _aﬂ>, a>0, >0

Let us treat the stationarity of this process.
We know:

p(t)" =p(0)"P(t) = (1,0)"P(t) = (poo(t), por(t))"

1 B + ae_(a+/8)t o — ae_(a""ﬁ)t
a+f <5 — Be~(atBt o 4 ﬁe(oﬂrﬁ)t) :

P(t) = e =
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Example, continued.

With this initial distribution we have
1
EX;=1-P(X; =1) = poi(t :7.< _ f(aw)t)?
t ( t ) POl( ) at B o — e
which depends on t, the process is neither strictly nor weakly

stationary.

Now, let us suppose that the initial distribution is the
stationary distribution, i.e., the probability distribution that
satisfies w7 = w7 P(t)

in our case:

_ B _ _a
0= o151 = o158
Then
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for t < s,
E(X.X;) =1-P(X; = 1, X, = 1)
= P(Xs =1|X: = 1)P(X; = 1)
= pu(s — t)P(Xe = 1) = pu(s — t)m

(a+B)(s—t) a
(a+ Be™ ) s

_ 1
a+8

E(X:X;) — EX,EX, =

2
_ L (o petorsny. @ _( o )

a+p a+pj a+
_ B atB)st) _ OB (a+)s—t]
(a+B)2 (a+B)?

For t > s we proceed in the same way.
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Example, continued.

Summary:
If the initial distribution is the stationary distribution then
EX: = O%-B and the autocovariance function

Rls.) = (e s

It means the process is weakly stationary.

It follows from the theory of Markov chains, that if the initial
distribution is the stationary distribution (the probability
invariant measure) then the process is also strictly stationary.
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o e weak stationarity of a stochastic process

e stationary distribution of a Markov process
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Independent increments processes

Definition:
A process {X;, t € T}, where T is an interval, has
independent increments, if for any t1, to,...,t, € T such that

t1 < tp < --- < tp, the random variables

Xt, — Xty -y Xe, — Xt,_, are independent.

If for any s,t € T, s < t, the distribution of the increments
Xt — Xs depends only on t — s, we say that {X:, t € T} has
stationary increments.

Example:

A Poisson process with intensity A is a continuous time Markov
chain {X;, t > 0} such that Xo =0 a.s. and for t > 0, X; has
the Poisson distribution with parameter At. Increments of the
Poisson process are independent and X; — X5, s < t have the
Poisson distribution with the parameter A\(t —s). The Poisson
process is neither strictly nor weakly stationary.
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Example:
Wiener process (Brownian motion process) is a Gaussian

stochastic process { W;, t > 0} with the properties
® Wo =0a.s. and {W,, t > 0} has continuous trajectories
@ Forany0<t1 <th < - < ty,

Wt17 Wt2 — th, Wt3 — Wt2, ey th — th—l are
independent random variables (independent increments).

©® For any 0 < t < s, the increments Ws; — W; have normal
distribution with zero mean and the variance o?(s — t),
where ¢ is a positive constant. Especially, for any t > 0,

EW; = 0 and var W, = o2t.
The Wiener process is Gaussian but is neither strictly nor
weakly stationary!
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Computation of the autocovariance function of the Wiener
process:

Since EW; = 0 for every t > 0 we have

cov (Ws, Wy) = EWs W

Let s < t, then

EW, W; = E(Ws — Wo)(Ws — W + W, — W)
= E(W, — Wp)? + E(W, — Wo)(W; — W)

= 025 = o min(s, t)

since for s < t the increments W5 — Wy and W; — W are
independent and zero mean.

For t < s, EW;W; = 02t = o min(s, t).

We can see that the autocovariance function of the Wiener
process is not a function of the difference of arguments, thus
this process cannot be weakly stationary, though it is Gaussian.
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Zuzana Let {W;, t > 0} be the Wiener process defined above. The
Présievs Ornstein-Uhlenbeck process {U;, t > 0} is defined by

Uy = e 2W(et), t>0,a>0.

e Then
Independent
Lr!rcorcegseensts ° EUt =0 for every t Z 0,
Martingales _
£ e var Ut — EU? —e atEW2(eat) — 0.2
o for s < t,
EUsU; = e=5/2e72t/252 min(e™®, %) = g2e(t75)/2
— 0_2efoc|tfs|/2
e for s > t,

EUU; = U2efa(sft)/2 —_ O_2efa|tfs|/2'
The process is weakly stationary and Gaussian, thus strictly
stationary.
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Independent It can appear that two different stochastic processes have the
P same form of the autocovariance function. It means that the
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autocovariance function does not determine the stochastic
process uniquely.
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Definition:

Let {Q, A, P} be a probability space, T C R, T # (). Let for
any t € T, F: C A be a 0— algebra (c—field). The system of
o-fields {F;, t € T} such that Fs C Fy forany s,t € T,s <t
is called a filtration.

Definition:

Let {X;, t € T} be a stochastic process defined on {Q, A, P},
and let {F:, t € T} be a filtration. We say that {X;, t € T} is
adapted to {F;,t € T} if forany t € T, X; is F; measurable.
Definition:

Let {X:, t € T} be adapted to {F;,t € T} and E|X;| < oo for
all t € T. Then {X;, t € T} is said to be a martingale if
E(Xt|Fs) = Xs as. forany s < t,s, t, e T.
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Example:
Let {Y,, n € N} be a random sequence such that

n
Y,,:ZX,-, neN
i=1

are real-valued i.i.d. random variables with

Liioccf;c;"” where X1, X5, ...
Herinesis zero mean and finite variance §2.
Put 7, = o{Y1,..., Ya} (canonical filtration). Then
E(Ynt+1|Fn) = E(Yp41| Y1, .o, Ya) = E(Yog1| X1, ... X5)
, Xn) = Yn as.

= E((Yn +Xn+1)’X1, ...

The sequence { Yy, n € N} is a martingale.
Further, EY,, = 0,var Y,, = né?,cov (Y, Yn) = 62 min(m, n)

The sequence { Yy, n € N} is not stationary.
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