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Definition:

Let (£2,.A,P) be a probability space, (S,£) a measurable
space, and T C R. A family of (real-valued) random variables
{Xt, t € T} defined on (£2, A, P) with values in S is called a
stochastic (random) process.

T=7Z={0,£1,42,...} or T CZ - {X;, t € T} is discrete
time stochastic process, time series

T=lab], —co<a<b<oo-{Xt, te T}is a continuous
time stochastic process.

For any w € Q fixed, X¢(w) is a function on T with values in S
which is called a trajectory of the process.

Definition:

A pair (S5,E&), where S is a set of values of random variables X;
and & is a o—algebra of subsets of S, is called the state space
of the process {X;, t € T}.
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Finite-dimensional distributions:
Literature Vn € N and any finite subset {t1,...,t,} C T thereis a
Clmcucss system of random variables X, ..., X¢,, with the joint

T distribution function

autocorrelation
function

Strict and weak

L P[Xey <xi,...,Xt, < xn] = Fayto (X1, -+ s Xn)

autocovariance
function

for all real xq,..., x,.
A system of distribution functions is said to be consistent, if
o Forty (Xis -3 Xi) = Fey e (X1, ..o, Xa) for any
permutation (i1, ...,i,) of (1,...,n) (symmetry)

b “an—)OO Ftl,...,tn(X]J e )Xn) = Ftl,...,tn,].(xlu e 7Xn—1)
(consistency)
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A system of characteristic functions
The characteristic function of a random vector
X=(X1,...,Xq) is

ox(u) = Ee' X = Eel 2/ GXi o u=(ug,...,u) €R,

Fty,ta(X15 oy Xn) 3 00X, (U1 -y Un) o= (U, ..oy Un)
Consistent system of characteristic functions:

e symmetry:

o(upyy ..., ui) = p(ut, ..., up)
for any permutation (i1, ...,ip) of (1,...,n),

e consistency:

M @ o Xep (U155 Un) = 04X, (UL Un).

Un
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Daniell-Kolmogorov theorem

For any stochastic process there exists a consistent system of
distribution functions and,

Theorem 1:

Let {F¢,,.. t,(x1,...,xn)} be a consistent system of distribution
functions. Then there exists a stochastic process {X;, t € T}
such that for any n € N, any t1,...,t, € T and any real
X1,...,Xp it holds

P [Xt1 S X17 e 7th S Xn] - Ft17...,tn(X17 oo 7Xn)-

Proof: Stépan (1987), Theorem 1.10.3.
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Definition:

A complex-valued random variable X is defined by

X =Y +iZ, where Y a Z are real random variables, i = /—1.
The mean value of a complex-valued random variable

X =Y +iZ is defined by

EX =EY +iEZ

provided the mean values EY and EZ exist.
The variance of a complex-valued random variable X = Y +iZ
is defined by

var X := E [(X — EX)(X —EX)] = E[X —EX|* >0
provided the second moments of random variables Y and Z
exist.

Definition:
A complex-valued stochastic process is a family of
complex-valued random variables on (£2, A4, P).
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Definition:

Let {X;, t € T} be a stochastic process such that EX; exists
for all t € T. Then the function pu; = EX; defined on T is
called the mean value of the process {X;, t € T}. We say that
the process is centred if its mean value is zero for all t € T.

Definition:

Let {X;, t € T} be a process with finite second moments, i.e.,
E|X:|?> < o0, Vt € T. Then a (complex-valued) function
defined on T x T by

R(s,t) = E [(Xs — ps)(X¢ — 7y)]

is called the autocovariance function of the process
{Xt, t € T}. The value R(t,t) is the variance of the process
at time t.
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Definition:
Autocorrelation function of the process {X;, t € T} with
positive variances is defined by

R(s, t)
VR(s.s)\/R(t,t)

r(s,t) = s,teT.
Definition:
Stochastic process {X;, t € T} is called Gaussian, if for any
ncNandty,...,t, € T, the vector (Xg,...,X,)" is normally
distributed NV,(mg, V), where my = (EXy,,...,EX;,)" and
VaI'th COV()({-1 y th) . COV(th y th)
y cov(Xt,, Xt,) varXs, oo cov(Xey, Xt,)
t = :

cov(X,, Xy,) cov(Xe,, Xe,) .. varX,
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Definition:

Stochastic process {X;, t € T} is said to be strictly stationary,
if for any n € N, for any xi,...,x, real and for any t1,...,t, a
hsuchthat ty € Tty + he T,1 < k <n,

Ftl,...,tn(Xla L) 7Xr7) — Ft1+h,...,tn+h(X17 [ 7Xn)-

Definition:

Stochastic process {X;, t € T} with finite second moments is
said to be weakly stationary or second order stationary, if its
mean value is constant, u: = u, Vt € T and if its
autocovariance function R(s,t) is a function of s — t, only. If
only the latter condition is satisfied, the process is called
covariance stationary.
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Autocovariance function of weakly stationary process:
R(t) := R(t,0), te T,

(function of one variable).
Autocorrelation function in such case:
R(t)
t) = —=.

Theorem 2:

Strictly stationary stochastic process {X;, t € T} with finite
second moments is also weakly stationary.

Proof:

{Xt, t € T} strictly stationary = X; are equally distributed for
all t € T and thus with the mean value

EXi =EXiip, Ve T,Vh: t+he T
especially, for h = —t : EX; = EXp = const
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Proof of Theorem 2, continued

Similarly, (X¢, Xs) are equally distributed and
E[X: Xs] = E[Xeyxh Xsin] Vs, t € T,Vh: s+he T, t+he T

especially, for h = —t : E [X;Xs] = E [XoXs_¢]
is a function of s — t. O
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Example:
{Xt, t € T} - a sequence
distribution function F

Ft1,...,tn(xl7 Ce ,Xn)

Ft1+h7...,tn+h(X1> cee 7Xn)

= {X;, t € T} is strictly

of iid random variables with a

= P[thgXl,...7th§Xn]:

= [IPIX; <xil=]]F0,
i=1 i=1

= P[Xy+n <x1,..., Xey4n < xp] =

= H P [th-_t,_h < Xi] = H F(Xi)u
i=1 i=1

stationary.
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Example:
{Xt, t € Z} - a sequence defined by

Xt = (—l)tX,
where X is a random variable:

X —%  with probability 3,
% with probability %. .

Then {X;, t € Z} is weakly stationary, since
EX: = 0,

var Xy = o° =

R(s.t) = 0%(~1)* = 0%(-1) .

but it is not strictly stationary (variables X a —X are not
equally distributed).
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pesn A weakly stationary Gaussian process {X;, t € T} is also
Sliocorelatin strictly stationary.

unction

stomny | Proof:
Properties of . . . .
autocovariance Weak stationarity of the process {X;,t € T} implies
EX: = p, cov(Xe, Xs) = R(t—s) = cov (Xeh, Xsihn), t,s €T,

thus
E(th, . ,th) = E(th-l—hv . 7th+h) = (/1/7 . ,,LL) =K
var (X, ..., Xe,) = var (Xy4h, - .o s Xepgh) = 2
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Autocovariance

B 5 R(t2 — t1) R(0) N )

Strict and weak
stationarity
Properties of

bes R(0)
Since the normal distribution is uniquely defined by the mean
value vector and the variance matrix,
(Xeys oy Xt,) ~ N(p, X), and
(Xtythy - s Xtyrn) ~ N(p, )= {X¢, t € T} is strictly
stationary.



Stochastic
Processes 2

Zuzana
Pragkova

theorem
Autocovariance

Properties of
autocovariance
function

Properties of autocovariance function

Theorem 4:
Let {X:, t € T} be a process with finite second moments.

Then its autocovariance function satisfies

R(t,t) >0,
R(s, )| < v/R(s,s)V/R(t, 1).

Proof:
The first assertion follows from the definition of the variance.

The second one follows from the Schwarz inequality, since

R(s, ) = [B(X; ~ BX)(X; ~ EX0)| < X, ~ BX.)(¥ - EX)

< (E|Xs — EX4|?)2(E|X; — EX¢|?)2 = \/R(s,s)V/R(t, t)
U
Thus, for weakly stationary process R(0) > 0 a |R(t)| < R(0).
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Definition:

Let f(s,t) be a complex-valued function defined on T x T,
T C R. We say that f is positive semidefinite, sometimes:
non-negative definite, if Vn € N, any complex numbers
C1,...,Cpand any ty,...,t, € T it holds

n n
Z Z Cj@f(i‘j, tk) > 0.

j=1 k=1

We say that a complex-valued function g on T is positive
semidefinite, if Vn € N, any complex numbers ¢y, ..., c, and
any t1,...,t, € T, such that t; — t, € T, it holds

n n
> D qokelty — ) = 0.

j=1 k=1
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Definition:

We say that a complex-valued function f on T x T is
Hermitian, if (s, t) = f(t,s) Vs,t € T. A complex-valued
function g of one variable is called Hermitian, if g(—t) = g(t)

Vie T.

Theorem b5:
Any positive semidefinite function is also Hermitian.

Proof:
Use the definition of positive semidefiniteness and for n =1
choose ¢; = 1; for n =2 choose ¢c; =1, =1 and

C1:1,C2:i(: \/—1). O

Remark:

A positive semidefinite real-valued function f on T x T, is
symmetric, i.e., f(s,t) = f(t,s) for all s,t € T. A positive
semidefinite real-valued function g on T is symmetric, i.e,
g(t)=g(—t)forallte T.
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Theorem 6:

Let {X:, t € T} be a process with finite second moments.
Then its autocovariance function is positive semidefinite on
TxT.

Proof:

Suppose wlog that the process is centred. Then for any n € N,
complex constants ¢1,...,¢, and ty,...,tp, € T

2 .
n n n
0<E Z Xyl =E Z chth Ck Xy
=1 = k=1

= Z Z cch(E(thXTk) = Z Z Cj?kR(tj, tk).

j=1 k=1 j=1 k=1
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Theorem 7:

To any positive semidefinite function R on T x T there exists
a stochastic process {X;, t € T} with finite second moments
such that its autocovariance function is R.

Proof:

The proof will be given for real-valued function R, only. For
the proof in a complex case see, e.g., Loeve (1955), Chap. X,
Par. 34.

Since R is positive semidefinite, then for any n € N and any
real t1,...,t, € T the matrix

R(tl,tl) R(tl,tg) R(tl,tn)

V. — R(t2,t1) R(t2,t2) ... R(t2,tn)
L =

R(tn, t1) R(tn,t2) ... R(tn, tn)

is positive semidefinite.
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Proof of Theorem 7, continued

Function
1 T n
©(u) = exp —5u Viup, ueR

is the characteristic function of the normal distribution
Nn(0,Vy). In this way, Vn € N and any real t1,...,t, € T we
get a consistent system of characteristic functions. The
corresponding system of the distribution functions is also
consistent. Thus according to Daniell-Kolmogorov theorem
(Theorem 1) there exists a Gaussian stochastic process,
covariances of which are given the values of the function

R(s, t); hence, function R is the autocovariance function of
this process.
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Example:
Decide whether function cost, t € T = (—o0,00) is an
autocovariance function of a stochastic process.

Solution:
It suffices to show, that cost is a positive semidefinite function.
Consider ne N, ¢1,...,cp,€Ca ty,...,t, € R. Then we have

n n n n
Z Z CjCk cos(tj — ty) = Z Z ¢jCk(cos tj cos ty + sin tjsin ty)
j=1 k=1 j=1 k=1

2 2
n n
= chcostj + chsintk > 0.
j=1 k=1

Function cos t is positive semidefinite, and according to
Theorem 6 there exists a (Gaussian) stochastic process
{Xt, t € T}, autocovariance function of which is
R(s,t) = cos(s — t).
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Theorem 8:
The sum of two positive semidefinite functions is a positive
semidefinite function.

Proof:

It follows from the definition of the positive semidefinite
function. If f and g are positive semidefinite and h=f + g,
then for any n € N, complex c1,...,¢cpand ty,...,th € T

n n

chfckh ttk) = Y Y Gexlf (4, ) + &4, t)]

j=1 k=1 j=1 k=1

=3 gt t) + > cierg(t, ti) > 0.

j=1 k=1 j=1 k=1
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Corollary:
Sum of two autocovariance functions is an autocovariance
function of a stochastic process with finite second moments.

Proof:
It follows from Theorems 6 - 8. O

Theorem 9:

The real part of an autocovariance function is an
autocovariance function. The imaginary part is an
autocovariance function (ACF)if and only if it is zero.

Proof:

Wlog, we prove the assertion for centred processes only. If

Xt = Y: +iZ; is complex with zero mean, then EY; = EZ; =0
and R(s,t) = EX;X; = E[(Ys +iZ)(Y: —iZ:)] =

EYsY: + EZ:Z: + (EZsY: — EYsZ;). The real part is an
autocovariance function according to the previous Corollary. If
imaginary part is zero, it is an ACF. If the imaginary part is
ACF, then, since for s = t (the variance in s) it is zero, the
imaginary part must be zero. ]
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