On the steady compressible Navier—Stokes—Fourier system with
temperature dependent viscosities

Milan Pokorny

Charles University
E-mail: pokorny@karlin.mff.cuni.cz

results obtained in collaboration with M. Buli¢ek (Praha), V. Giovangigli (Paris),
D. Jesslé (Toulon), A. Jiingel (Wien), O. Kreml (Praha), P.B. Mucha
(Warszawa), A. Novotny (Toulon), T. Piasecki (Warszawa), N. Zamponi (Praha),
E. Zatorska (London)

Analysis in Missouri. A Midwestern symposium, Columbia, September 5-8,
2019



Steady compressible Navier—Stokes—Fourier system |
Q C R3, bounded, smooth (C?)
» Balance of mass
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0: Q+— R ...density of the fluid
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Steady compressible Navier—Stokes—Fourier system |
Q C R3, bounded, smooth (C?)

» Balance of mass
div(ou) =0

0: Q+— R ...density of the fluid
u: Q— R3 ... velocity field

» Balance of momentum
div(ou ® u) —divS 4+ Vp = of

S ...viscous part of the stress tensor (symmetric tensor)
f: Q— R ... specific volume force (given)
p. .. pressure (scalar quantity)

» Balance of total energy

div (¢Eu) + div(q + pu) = of - u + div (Su)

E = 1|u]® + e...specific total energy

e ...specific internal energy (scalar quantity)
q ... heat flux (vector field)

(no energy sources assumed)

(1)

(2)

(3)
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» Boundary conditions at 9: velocity
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Steady compressible Navier—Stokes—Fourier system |l
» Boundary conditions at 9: velocity

u-n=0
(I—n®n)(Sn+ Au) =0,

A>0

or
u=20
» Boundary conditions at Q: temperature
a+ L(9 — o) =0,

L>000>0

or

» Total mass

(4)

(6)

(7)

(8)



Thermodynamics |

We will work with basic quantities: density o and temperature ¢

We assume: e = e(p, ), p = p(o,?)

Gibbs' relation
1

5 (De(e.9) + ple.9)D(~ ) ) = Ds(e. ) (9)

1
0

with s(, ) the specific entropy.
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with s(, ) the specific entropy.

The specific entropy fulfills formally the entropy balance
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Thermodynamics |

We will work with basic quantities: density o and temperature ¢

We assume: e = e(p, ), p = p(o,?)

Gibbs' relation

1 1

5 (Dete.) +p(e.M)D(7 ) ) = Ds(o. 9) (9)
with s(, ) the specific entropy.

The specific entropy fulfills formally the entropy balance

. /9y _ __S:Vu q-V¥
div(psu) + div (19) =0=—7 72 (10)
Second law of thermodynamics
U:S:Vu_q-Vﬂ>o (11)

) 92 =



Constitutive relations |
» Newtonian fluid
S = S(9, Vu) = pu(9) [Vu +(Vu)T = 2div uﬁ] re@)divel  (12)

() Rt — RY,
£(+): RT — R§: viscosity coefficients
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k(-): RT = RT. . heat conductivity



Constitutive relations |
» Newtonian fluid

S = S(9, Vu) = pu(9) [Vu +(Vu)T = 2div uﬁ] + €(0) divul
() Rt — RY,

£(+): RT — R§: viscosity coefficients

» Fourier's law

q=q(¢,V¥) = —k(9) VY

k(-): RT = RT. . heat conductivity

» Pressure law
p=p(e,¥) = o +oV
or = (v —1)ee(o, )

(we will not consider the latter, due to additional technicalities)

(12)

(13)

(14)



Constitutive relations |
» Newtonian fluid

S = (9, Vu) = u(9) [Vu +(Vu)T — 2div uﬁ] + €(9) divul

() Rt — RY,
£(+): RT — R§: viscosity coefficients
> Fourier's law

q=q(¢,V¥) = —k(9) VY

k(-): RT = RT. . heat conductivity

» Pressure law
p=p(e,¥) = o +oV
or = (v —1)ee(o, )

(we will not consider the latter, due to additional technicalities)

» Internal energy
-1
o

6(9719):Cvl9+7_1

(12)

(13)

(14)

(15)



Constitutive relations |l

» Heat conductivity
k() ~ (1 +9)" (16)

meR"



Constitutive relations Il

» Heat conductivity
K(0) ~ (14 9)"

mc Rt
» Viscosity coefficients
0 <€(W) < G(L+9)

u(-) globally Lipschitz continuous, £(-) continuous,
0<a<l1

(16)

(17)



Weak solution |
We consider Navier boundary conditions for the velocity and the Neumann
boundary conditions for the temperature.

» Weak formulation of the continuity equation

/gu.wdx:o Vi € CH(Q) (18)
Q



Weak solution |
We consider Navier boundary conditions for the velocity and the Neumann
boundary conditions for the temperature.

» Weak formulation of the continuity equation

/gu.wdx:o Vi € CH(Q) (18)
Q

» Renormalized continuity equation
o extended by zero outside 0, u extended outside Q so that it remains in

the W space
/b(g)u . vwdx+/ (ob'(0) — b(0)) divuyp dx = OV% € G5 (R®) (19)
Q Q

for all b € C*(]0, 00)) with b'(z) =0 for z > K > 0.



Weak solution |
We consider Navier boundary conditions for the velocity and the Neumann
boundary conditions for the temperature.

» Weak formulation of the continuity equation

/gu.wdx:o Vi € CH(Q) (18)
Q

» Renormalized continuity equation
o extended by zero outside 0, u extended outside Q so that it remains in
the W space

/Qb(g)u - Vipdx + /Q (ob'(0) — b(0)) divuyp dx = OV% € G5 (R®) (19)
for all b € C*(]0, 00)) with b'(z) =0 for z > K > 0.
» Weak formulation of the momentum equation
/Q (= o(u®u): Vo — p(o,9)dive + S(9, Vu) : Vo) dx

_ (20)
+A u~<pda:/gf-<pdx Vo € G (4 R?)
a0 Q



Weak solution |l

Weak formulation of the total energy balance
1 2
/ —(§Q|UI + oe(o; 19))u -V dx
Q
= / (of - uwp + p(o,9)u - Vip) dx
Q
_/ ((S(, Vu)u) - Vi) + w(9)VY - V1p) dx (21)
Q

- /BQ(L(ﬂ ~ ©0) + Ajul?) do
v € CH(Q)



Weak solution |l

Weak formulation of the total energy balance
1 2
—(§Q|U| +96(9,19))U~V¢dx
Q

= [ (eF-ui+ plo.0)u- V) dx

_/ ((S(, Vu)u) - Vi) + w(9)VY - V1p) dx (21)

—/ (L(9 — ©0) + Alu*)y do
Q

0 vy € CHQ)
Definition

The triple (o, u, ) is called a renormalized weak solution to our system (1)—(8)
ifo>09>0,u-n=0, [,odx=M, (18), (19), (20) and (21) hold true.



Variational entropy solution |

» Weak formulation of the entropy inequality

S(9, Vu) : Vu |VOF L
/Q(* K(V) wdx+/m 500t do

< /asz L1/Jd0+/Q ( w)v@ vy _ os(o,9)u - Vz/)) dx
¥V nonnegative ¢ € CY(Q)

(22)



Variational entropy solution |

» Weak formulation of the entropy inequality

S(9, Vu) : Vu |VOF L
/{2(719 K(0) wdx+/m 5900 do

< /asz L1/Jd0+/Q ( w)v@ vy _ os(o,9)u - Vz/)) dx
¥V nonnegative ¢ € CY(Q)

(22)

» Global total energy balance

/E)Q(L(ﬂ—@0)+)\|u|2)da:/ng-udx (23)



Variational entropy solution |

» Weak formulation of the entropy inequality

S(9, Vu) : Vu |W|2 L
/{2(719 K(0) wdx+/m 5900 do

(22)
§/ L1/Jd0+/ ( w)v@ VY —Qs(g,ﬁ)u.Vz/)) dx
a9 Q _
V nonnegative ¢ € CHQ)
» Global total energy balance
/ (L(0—90)+)\|u|2)da:/gf-udx (23)
aQ Q

Definition

The triple (g,u, ) is called a renormalized variational entropy solution to our
system (1)—(8),if 0> 0,9 >0, u-n=0, [, 0 dx =M (18), (19) and (20) are
satisfied in the same sense as in Definition 1, and we have the entropy
inequality (22) together with the global total energy balance (23).



Variational entropy solution |
» Weak formulation of the entropy inequality

S(8, Vu) : Vu |V9|? L
/Q (719 + K(9) 5 )wdx+ | §Gvdo
: (22)
g/ L1/Jd0+/ (Ii(ﬁ)w — 0s(0,9)u - Vz/)) dx
a9 Q v _
V¥ nonnegative 1 € C*(Q)
» Global total energy balance
/ (L(0—90)+)\|u|2)da:/gf-udx (23)
lo} Q

Definition

The triple (g,u, ) is called a renormalized variational entropy solution to our
system (1)—(8),if 0> 0,9 >0, u-n=0, [, 0 dx =M (18), (19) and (20) are
satisfied in the same sense as in Definition 1, and we have the entropy
inequality (22) together with the global total energy balance (23).

Both definitions are reasonable in the sense that any smooth weak or entropy
variational solution is actually a classical solution to (1)—-(8) (weak-strong
compatibility).
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Approximate system |
We consider for simplicity Q not axially symmetric and A > 0. We have in this
case Korn's inequalities of the form

1 i 1o
lullp < €( [ 550.Vu): Vudx)* 013"

wherep—m<2n‘0<a<1 p =2 if a = 1. We first consider the

easier case a = 1.



Approximate system |

We consider for simplicity Q not axially symmetric and A > 0. We have in this
case Korn's inequalities of the form

1 i 1o
lullp < €( [ 550.Vu): Vudx)* 013"

wherep—m <2if0<a<l, p=2if a=1. We first consider the
easier case a = 1.

We can prove existence of a solution to the following system for arbitrary § > 0

provided 8, B > 1.
Continuity equation:

/ osus - Vip dx =0 (24)
Q

1. 308 i i
for all ¢ € W™ 285—18 (Q; R), as well as in the renormalized sense
Momentum equation:

/ (* os(us ® us) : Vo + S(¥5, Vus) : Ve
Q

(25)
—(p(es, 9s5) + b5 + 303) divcp) dx = / osf - dx
Q

for all ¢ € W,,l’g(Q;]R3)



Approximate system |l

Total energy balance:
1 _
/Q <( - 596|U5|2 — 0s€(05,95))us - Vb + (r(05) + 695 + 8951) Vs - V¢) dx

+/69 (L+6q9§*1)(195 7@0)1[)d0':/995f-u5w dx+/Q ((fS(ﬁg,Vu(;)u(;

_ 1
+(p(os,95) + 605 + 802)us) - Vb + 595 Hp) ol><+5/Q (ﬁgf T g§>u5 Vi dx

B (26)
for all ¢» € C*(; R)
Entropy inequality:

_ _ _1: V02

/Q (795 1S(9s,u) : Vus + 8952 + (k(9s) + 695 + 595 1) | ﬁg' )w dx
Vs : V
< / ((s(95) + 698 + wgl)% — os(0s, V5)us - Vo) dx (27)
Q 5

L+ 69871
+/ 75(195 — @0)1,/) do,
a0 Vs

for all 9 € C*(Q; R) nonnegative



Estimates independent of ¢ |

Use in the entropy inequality and in the total energy balance test functions

P =1

2
/(n(m)wﬁ?wﬁ;l)‘vi‘” dx+/ (-85, us) : Vus + 692 dx
Q 195 Q 196

L+ 69E?
+/ +75@od0§/ (L+ 6957 do.
a0 s a0

(28)
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Use in the entropy inequality and in the total energy balance test functions

P =1

2
/(n(ﬂ5)+519§+519;1)‘wj| dx+/ (-85, us) : Vus + 692 dx
Q 195 Q 7.96

L+ 69E?
+/ +75@oda§/ (L+69571) do.
a0 s a0

(28)
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Estimates independent of ¢ |

Use in the entropy inequality and in the total energy balance test functions

P =1

2
/(n(ﬂ5)+519§+519;1)‘wj| dx+/ (-85, us) : Vus + 692 dx
Q 195 Q 7.96

L+ 69E?
+/ +75@oda§/ (L+69571) do.
a0 s a0

(28)

/ (LYs + 695) dg:/g5u5.fdx+/ (L+51953_1)@oda+5/195_1 dx
oQ Q (2193

Q
(29)
Using suitable estimates of the Bogovskii-type we can get rid of the
o-dependent terms and we conclude:
[us]lr2 + [VOZ [l2 + [V In D52 + [|95 * |1,00 (30)

82 -102 B 2
+O(IVOZ 112 + IVIs 212 + 195138 + 195 °(l1) < C

[95[3m + 61195]|5,00 < C(1 + [luses|1) (31)



Estimates independent of ¢§ |l

To estimate the density, we may use the Bogovskii-type estimates, but this
leads to the bound ~ > % Therefore we apply another approach based on
"potential"estimates of the pressure.

» Definefor1<a<~v,0<b<l1

A= / (e2lusl? + o2lus2) dx (32)
Q
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To estimate the density, we may use the Bogovskii-type estimates, but this
leads to the bound ~ > % Therefore we apply another approach based on
"potential"estimates of the pressure.

» Defineforl1<a<~,0<b<1

A= / (e2lusl? + o2lus2) dx (32)
Q

> Using the previous estimates we get, under some conditions on a and b

luslli2 < C
a—b
[95lam < C(1 4 AZwE==25)
/ (057 + 057 p(0s, 95) + (0s]us|?) + 605 TC7D7) dx
Q

< C(1+ Awts),

(33)



Estimates independent of ¢§ |l

To estimate the density, we may use the Bogovskii-type estimates, but this
leads to the bound ~ > % Therefore we apply another approach based on

"potential"estimates of the pressure.

» Defineforl1<a<~,0<b<1

A:3/@ymf+gﬁmf“%dx
Q

(32)

> Using the previous estimates we get, under some conditions on a and b

luslj1,2 < C
a—b
s < (1 + A

j/ (05 + o5 plos, 95) + (0slus|?)® + 605 V7Y dx

< C(1+ ARs),

» We use as test function in the momentum equation

(x—y)i

#il) ~ Ix =y

(33)



Estimates independent of ¢ IlI

Lemma
Lety € Q, Ry < %dist(y,0Q). Then

2
/ (p(gs,ﬁaA) N gaIUa\A)dx
Bry () Ix =yl Ix =yl

< C(1+11p(os,9s)ll1 + llusllr2(1 + [|9s]13m) + [loslus|?[|1),

provided A < min {3"7*2 1}.

2m

(34)



Estimates independent of ¢ IlI

Lemma
Lety € Q, Ry < %dist(y,0Q). Then

19 2
/ (p(@a, aA) n @aIUa\A)dx
Bry () Ix =yl Ix =yl (34)

< C(1+11p(os,9s)ll1 + llusllr2(1 + [|9s]13m) + [loslus|?[|1),

provided A < min {3’5,;2, 1}.
Similar test functions can be used for y near and at the boundary. We obtain a
similar result. More complex for the Dirichlet boundary conditions, leads to

more restrictions.



Estimates independent of ¢ IlI

Lemma
Lety € Q, Ry < %dist(y,0Q). Then
19 2
/ (p(@a, aA) n @aIUa\A)dx
Brg(v) X — | Ix =yl (34)
C(1+ llp(es, 2(1+ [[95]13m) + lloslus|?[l1),

2m

provided A < min {3"7*2 1}.

Similar test functions can be used for y near and at the boundary. We obtain a
similar result. More complex for the Dirichlet boundary conditions, leads to
more restrictions.

» Let us consider

(03 + 08lus|*")dx
|Q| (35)
%bQ =0.

—Ah = 0§ + 03|us|* —



Estimates independent of ¢ IlI

Lemma
Lety € Q, Ry < %dist(y,0Q). Then
19 2
/ (p(@a, aA) n @aIUa\A)dx
Brg(v) X — | Ix =yl (34)
C(1+ llp(os, 2(1+ [[95]13m) + lloslus|?[l1),

2m

provided A < min {3"7*2 1}.

Similar test functions can be used for y near and at the boundary. We obtain a
similar result. More complex for the Dirichlet boundary conditions, leads to
more restrictions.

» Let us consider

|Q| (96+Q6|u5| ) (35)

%bQ =0.

—Ah = 0§ + 03|us|* —

The unique strong solution can be written

h(y) = / G, y)(2} + eblusl?®) dx + Lo.t. (36)



Estimates independent of § IV
As G(x,y) < C|x — y|™*, we get

[hlle < C(1+ A"), (37)

where nn = n(a, b,~y, m)



Estimates independent of § IV
As G(x,y) < C|x — y|™*, we get

[hlle < C(1+ A"), (37)

where n = n(a, b,~y, m)
> Next

A:/—Ahuﬁ dx:/Vh-V|u(;\2 dx < 2||Vusl.BE,  (38)
Q Q

B= / |Vh® us)? dx. (39)
Q



Estimates independent of § IV
As G(x,y) < C|x — y|™*, we get

[hlloe < C(1+.A"),

where 1 = n(a, b,~, m)
> Next

A:/—Ahuﬁ dx:/Vh-V|u(;\2 dx < 2| Vus|2B%,
Q Q

B= / |Vh® us|? dx.
Q

Employing once more integration by parts

B= —/ hAh|us)? dX—/th-Vua~U5 dx
Q Q
< [llloo (A + | Vus|2B82),

1
B < [[hlloc A + 5 [[Vus| 31l

(37)

(38)

(39)

(40)



Estimates independent of § IV
As G(x,y) < C|x — y|™*, we get

[hlloe < C(1+.A"),

where 1 = n(a, b,~, m)
> Next

A:/—Ahuﬁ dx:/Vh-V|u(;\2 dx < 2| Vus|2B%,
Q Q

B= / |Vh® us|? dx.
Q
Employing once more integration by parts

B= —/ hAh|us)? dX—/th-Vua~U5 dx
Q Q
< [llloo (A + | Vus|2B82),

1
B < [[hlloc A + 5 [[Vus| 31l

Therefore
A < C[|Vus|3]|Al|so-

(37)

(38)

(39)

(40)

(41)



Estimates independent of § V

» Then, i
A< C(1+ AT

and we require 7j < 1. This leads to a set of conditions.



Estimates independent of § V

» Then, i
A< C(1+ AT
and we require 7j < 1. This leads to a set of conditions.

» Analyzing these conditions, we finally have

Lemma
Let (o5, us,¥s) solve our approximate problem. Let v > 1 and m > e 73.
Then there exists s > 1 such that

SUPs~0 ||0s][~s <  +o0

SUPs.o ||losus|ls < oo

Sups~.o [|0s|us|*|ls < oo

SuPso [[us 1.2 < 400 (42)

SUPs>0 ||195||3m < +o0

sups=o 195 %112 < +oo

s“p5>o5‘|9ﬁ+s 1’YH1 < +oo.

27410

Moreover, we can take s > g provided v > 2, and m > max{1, oI5 )



Limit passage d — 0T |
Continuity equation

/pu~V1/J dx =0 (43)
Q
for all » € CH(;R)



Limit passage d — 0T |
Continuity equation
/ pu-Vydx =0
Q

for all » € CH(;R)
Momentum equation

(43)

/(fg(u®u):V<p+S(19,Vu):chfp(g,ﬂ)diwp) dx:/gf—cpdx
Q Q

for all ¢ € CL(;R?)

(44)



Limit passage d — 0T |
Continuity equation

/pu~V1/) dx=0 (43)
Q

for all » € CH(;R)
Momentum equation

/Q(fg(u®u):V<p+S(19,Vu):chfp(g,ﬁ)diwp) dx:/gf—cpdx

(44)
for all p € I R?)
Entropy inequality
2
/ (97509, V) : Vu -+ () 'Y;Z' )i dx
" (45)

< /Q (K(ﬁ)w — 0s(0,9)u - Vz/z) dx + /(9Q 5(19 — ©g)¢ do,

for all » € C*(Q; R), nonnegative



Limit passage d — 0T |
Continuity equation
/pu~V¢ dx =0 (43)
Q

for all » € CH(;R)
Momentum equation

/Q(fg(u®u):V<p+S(19,Vu):V<pfmdiv<p) dx:/gf—cpdx

(44)
for all ¢ € CL(;R?)
Entropy inequality
2
/ (97509, V) : Vu -+ () 'Y;Z' )i dx
" (45)

< /Q (K(ﬁ)w — 0s(0,9)u - Vz/z) dx + /(9Q 5(19 — ©g)¢ do,

for all » € C*(Q; R), nonnegative
Global total energy balance

/BQL(ﬁ—@o)da:/ng~udx (46)

(total energy balance with test function ¢ = 1)



Limit passage d — 0™ I

Total energy balance

/ﬂ ((~ Soluf® ~ oelo, M)u- V9 + w(#) V9 : V) dx

+/BQ (L(ﬁ—@o)wda:/ﬂgf-m/z dx+/Q(—S(197Vu)u+p(Q719)u)-Vw dx

(47)
for all v € C*(Q;R). We can pass only in certain situations, when we have
better a priori estimates! We need s > g and m> 1.



Limit passage d — 0™ I

Total energy balance

/ﬂ (( - %QIUI2 — 0e(0,0))u- Vo + K(9)V9 : w) dx

+/ (L(9 — ©o)ibdo = / of - up dx +/ (= S(9, Vu)u+ p(g, 9)u) - Vap dx
a0 Q Q

_ (47)
for all v € C*(Q;R). We can pass only in certain situations, when we have
better a priori estimates! We need s > g and m> 1.

We need to show the strong convergence of the density!



Limit passage d — 0™ I

Total energy balance

/ﬂ (( - %QIUI2 — 0e(0,0))u- Vo + K(9)V9 : w) dx

+/ (L(9 — ©o)ibdo = / of - up dx +/ (= S(9, Vu)u+ p(g, 9)u) - Vap dx
a0 Q Q

_ (47)
for all v € C*(Q;R). We can pass only in certain situations, when we have
better a priori estimates! We need s > g and m> 1.

We need to show the strong convergence of the density!

Main ingredients:

» Effective viscous flux identity
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Limit passage d — 0™ I

Total energy balance

/ﬂ (( - %QIUI2 — 0e(0,0))u- Vo + K(9)V9 : w) dx

+/BQ (L(ﬁ—@o)wda:/ﬂgf-mp dx+/Q(—S(197Vu)u+p(Q719)u)-Vw dx

(47)
for all v € C*(Q;R). We can pass only in certain situations, when we have
better a priori estimates! We need s > g and m> 1.

We need to show the strong convergence of the density!

Main ingredients:
» Effective viscous flux identity
» Oscillation defect measure estimate

» Renormalized continuity equation



Limit passage § — 0T Il

Item 1: Effective viscous flux

Using as test function {(x)VA ™ (1q Tk(0s)) with T(2) = kT(%), k € N for

zfor0<z<1,
T(z) = concave on (0, c0),
2 for z > 3,

in the approximative balance of momentum, and ¢((x)VA™!(1q Tk(p)) in its
limit version we can deduce

p(0, ) T(e) — (51(9) + £9)) Til) divu

f B (48)
= ple,9) Tl(e) — (5109) + @) Tule) divu

a.e. in Q.



Limit passage § — 0T IV

Item 2: Oscillation defect measure
We do not have L2-bound on the density and thus we do not know whether the
renormalized continuity equation for the limit holds. To show it, we introduce:

Oscillation defect measure

oscqlos — 0](Q) = iup I|m sup/ | Tk(05) Tk(g)\qu) (49)
>1

§—0t
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Item 2: Oscillation defect measure
We do not have L2-bound on the density and thus we do not know whether the
renormalized continuity equation for the limit holds. To show it, we introduce:

Oscillation defect measure

oscqlos — 0](Q) = sup I|m sup/ | Tk(05) Tk(g)\qu) (49)
k>1 §—0t
We have
05 — 0 in L}(Q;R),
us — u in LP(Q; R?),
Vus — Vu in LP(Q; R3*3)
and

oscq[os — 0](R) < 0o (50)

for g > p’, then the limit density and velocity satisfy the renormalized
continuity equation.
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Item 2: Oscillation defect measure
We do not have L2-bound on the density and thus we do not know whether the
renormalized continuity equation for the limit holds. To show it, we introduce:

Oscillation defect measure

oscqlos — 0](Q) = sup I|m sup/ | Tk(05) Tk(g)\qu) (49)
k>1 §—0t
We have
05 — 0 in L}(Q;R),
us — u in LP(Q; R?),
Vus — Vu in LP(Q; R3*3)
and

oscq[os — 0](R) < 0o (50)

for g > p’, then the limit density and velocity satisfy the renormalized
continuity equation.

Assuming m > max{ 3" 3(7 L 2}, it can be verified that (50) holds true with
some 2<qg<~vy-+1.



Limit passage d — 0T V
We also get
imsup [ [Tios) = Tule) ™" dx < € [ (b2 9)Tula) ~ ple,9) Tid@)) dx,
§—ot JQ Q (51)




Limit passage § — 0T V

We also get
imswp [ 1Ti(os) = Tu(o) ™ dx < € [ (e 0)7(e) ~ ple9) Tal@))
§—ot JQ Q
(51)
li T, — Tu(o)"™ d
'gsolip/ 1 +19| Klos) = TulQ) [ dx (52)

: C/ 1iﬁ(”(97 ) Ti(e) — p(e,?) Tk(g)) dx.



Limit passage § — 0T V

We also get
Ii;isolip/Q | Ti(0s) — Tu(e)|"™ dx < C/Q (p(@, V) Ti(0) — p(o, ) Tk(e)) dx,
(51)
. 1 1
imsup [+ o) — T ax -
<€ | 135 (e Tile) — o) Tale)) ax.

Item 3: Application of the renormalization As (gs,us) and (g, u) verify the
renormalized continuity equation, we have:

/ T«(0)divu dx =0
Q
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We also get
Ii;isolip/Q | Ti(0s) — Ti(0)|"™* dx < C/Q (p(@, V) Ti(0) — p(o, ) Tk(e)) dx,
(51)
. 1 i1
imsup [+ o) — T ax -
<€ | 135 (e Tile) — o) Tale)) ax.

Item 3: Application of the renormalization As (gs,us) and (g, u) verify the
renormalized continuity equation, we have:

/ T«(0)divu dx =0
Q

and
/ T«(0s)divus dx =0, i.e./ T«(o)divu dx =0
Q Q



Limit passage § — 0T V

We also get
Ii;isolip/Q | Ti(0s) — Ti(0)|"™* dx < C/Q (p(@, V) Ti(0) — p(o, ) Tk(e)) dx,
(51)
. 1 i1
imsup [+ o) — T ax -
<€ | 135 (e Tile) — o) Tale)) ax.

Item 3: Application of the renormalization As (gs,us) and (g, u) verify the
renormalized continuity equation, we have:

/ T«(0)divu dx =0
Q

and
/ T«(0s)divus dx =0, i.e./ T«(o)divu dx =0
Q Q

To this aim, use
div(b(0)u) + (ob'(0) — b(e)) divu = 0 in D'(R?)

b(e) = g/lg Tl2) 4,

with

z2



Limit passage § — 0T VI
Using the effective viscous flux identity we get that
(P(& 9) Tk(0) — p(o,9) Tk(Q)) dx = / (Tk(e) = Ti(e)) divu dx.
Q
(53)

1
/n Fu(9) +€()



Limit passage § — 0T VI
Using the effective viscous flux identity we get that
(P D)Ti@) ~ Pl ) Tal@)) dx = [ (Tule) ~ Tid@)) divu dx.
Q
(53)

1
/n Fu(9) +€()

As limisoo || Ti(0) — oll1 = limks oo || Tk(0) — 0]l2 = 0, the definition of the
oscillation defect measure together with (50)

. 1
k'LfT;O/Q m (P(& 9) T(0) — p(o, ) Tk(Q)) dx =0.




Limit passage § — 0T VI
Using the effective viscous flux identity we get that
(P D)Ti@) ~ Pl ) Tal@)) dx = [ (Tule) ~ Tid@)) divu dx.
Q
(53)

1
/n Fu(9) +€()

As limisoo || Ti(0) — oll1 = limks oo || Tk(0) — 0]l2 = 0, the definition of the
oscillation defect measure together with (50)

. 1
k'g&)/ﬂ m (P(& 9) T(0) — p(o, ) Tk(Q)) dx =0.

Hence
lim Ilmsup/ 1+19|Tk(95) Te(o)|"™* dx = 0.

k—oo 50+

lim I|msup/ | Ti(0s) — Tk(0)|? dx =0

k—oo 5,0+

with some g > 2, the same as for the oscillation defect measure.



Limit passage § — 0T VI
Using the effective viscous flux identity we get that
(P D)Ti@) ~ Pl ) Tal@)) dx = [ (Tule) ~ Tid@)) divu dx.
Q
(53)

1
/n Fu(9) +€()

As limisoo || Ti(0) — oll1 = limks oo || Tk(0) — 0]l2 = 0, the definition of the
oscillation defect measure together with (50)

. 1
k'g&)/ﬂ m (P(& 9) T(0) — p(o, ) Tk(Q)) dx =0.

Hence
lim Ilmsup/ 1+19|Tk(95) Te(o)|"™* dx = 0.

k—oo 50+

lim I|msup/ | Ti(0s) — Tk(0)|? dx =0

k—oo 5,0+

with some g > 2, the same as for the oscillation defect measure. Now, as

llos — ellr < llos — Tw(os)llx + | Te(es) — Tu()llx + 1| Te(o) — oll1,

05 = 0 in LI(Q;]R)
which implies
os —~ o inlP(R) VI<p<sy.



Results | (Navier b.c.)

We proved:

Theorem

Let Q € C? be a bounded domain in R?, f € L°(Q;R3), ©¢ > Ko > 0 a.e. at
99, © € L1(09). Let v > 1, m > max {3, 5577, }-

Let Q be not axially symmetric. Then there exists a variational entropy solution

to our problem. Moreover, (o, u) is a renormalized solution to the continuity
equation.



Results | (Navier b.c.)

We proved:

Theorem

Let Q € C? be a bounded domain in R?, f € L°(Q;R3), ©¢ > Ko > 0 a.e. at
99, © € L1(09). Let v > 1, m > max {3, 5577, }-

Let Q be not axially symmetric. Then there exists a variational entropy solution
to our problem. Moreover, (o, u) is a renormalized solution to the continuity
equation.

Additionally, if m > 1 and v > 2, then the solution is a weak solution, i.e. also
the weak formulation of the total energy balance is fulfilled.



Results I (Dirichlet b.c.)

Theorem

Let Q € C? be a bounded domain in R?, f € L°(Q;R3), ©¢ > Ko >0 a.e. at
1

09, ©o € L'(89Q). Let v > 1, m > max {2, ﬁ}

Then there exists a variational entropy solution to our problem. Moreover,

(o,u) is a renormalized solution to the continuity equation.



Results I (Dirichlet b.c.)

Theorem

Let Q € C? be a bounded domain in R?, f € L°(Q;R3), ©¢ > Ko >0 a.e. at
00, O € L1(5‘Q). Lety>1, m> max{%, ﬁ}

Then there exists a variational entropy solution to our problem. Moreover,
(o,u) is a renormalized solution to the continuity equation.

Additionally, if m > max {2, ﬁ} and v > %, then the solution is a weak
solution, i.e. also the weak formulation of the total energy balance is fulfilled.



Changes for o < 1

Recall that
1 3,05
lullr < €( [ 5507 s Vu dx) o337
Q

i.e., for a < 1 we control only W"P-norm of the velocity, p < 2.



Changes for o < 1

Recall that
1 B
lullr < €( [ 5507 s Vu dx) o337
Q

i.e., for a < 1 we control only W"P-norm of the velocity, p < 2.

Moreover, the integration-by-parts argument does not work! We can replace it
with certain properties of Bessel kernels and Bessel potential spaces. The proof
itself is similar, but more technical and the results are more messy, we have
three parameters: «, v and m. This is a recent project with O. Kreml.



Dirichlet b.c. for the temperature |

Let us for simplicity assume the Dirichlet boundary condition for the
temperature on the whole 9Q. We take Q1 smooth bounded such that
Q CcC Qi and consider in

div(pu) =0 (54)

div(ou ® u) — divS + Vpy = of (55)

div (0Eu) + div(q + pxu)
= of -u+div (Su) + A Laya (o [0~ ©21dS + [oq luldS + | [, 0dx — M|).
(56)
with XA > 0. The existence of such solutions can be shown by modification of
the standard procedure for the compressible N-S-F system. We use e.g. the
homogeneous boundary conditions for the velocity and the flux condition for
the temperature on 0S2.



Dirichlet b.c. for the temperature |l

From the entropy inequality we read in addition to the estimates for the N-S-F

system
/ |197@1|d5+/ \u|d5+‘/gdxfl\/l‘ <
o0 o0 Q

and we can conclude as in the previous situation.



Dirichlet b.c. for the temperature |l

From the entropy inequality we read in addition to the estimates for the N-S-F

system
/ |197@1|d5+/ \u|d5+‘/gdxfl\/l‘ < CA
o0 o0 Q

and we can conclude as in the previous situation.

» We treat the homogeneous Dirichlet boundary conditions for the velocity

and the results are the same as for the Navier boundary conditions in the
case of the N.S.F. system (the better ones).

» We deal only with weak solutions.

» The test functions in the total energy balance are compactly supported.

This is a recent project with T. Piasecki.



Chemically reacting mixtures |

div(pu) =0,
div(ou ® u) — divS 4+ Vr = of,
div(gEu) + div(mu) + divQ — div(Su) = of - u,
div(eYiu) +divFy = mwi, k€ {1,...,n}

(57)



Chemically reacting mixtures |

div(pu) =0,
div(ou ® u) — divS + V7 = of,

div(0Eu) + div(ru) + divQ — div(Su) = of - u, (57)
div(eYiu) +divFy = mwi, k€ {1,...,n}
with the boundary conditions
u=0, (58)
Fe-n=0, (59)
—Q-n+L(¥—6g) =0, (60)
and the given total mass
/gdx:M>0. (61)
Q



Chemically reacting mixtures |

div(pu) =0,
div(ou ® u) — divS + V7 = of,

div(0Eu) + div(ru) + divQ — div(Su) = of - u, (57)
div(eYiu) +divFy = mwi, k€ {1,...,n}
with the boundary conditions
u=0, (58)
Fe-n=0, (59)
—Q-n+L(¥—6g) =0, (60)
and the given total mass
/gdx:M>0. (61)
Q

Indeed, Zzzl F, =0, 22:1 mywx = 0 and we must construction solutions
such that 30 | Vi = 1.



Chemically reacting mixtures |l

Based on similar ideas presented for the N-S-F system the existence of weak
and variational entropy solutions can be established in the case of the same
molar masses (closely connected with information from the entropy inequality
which plays a central role here).

@ V. Giovangigli, M.P., E. Zatorska: On the steady flow of reactive gaseous
mixture, Analysis (Berlin) 35 (2015), no. 4, 319-341.

@ T. Piasecki, M.P.. Weak and variational entropy solutions to the system
describing steady flow of a compressible reactive mixture, Nonlinear Anal.
159 (2017), 365-392.

@ T. Piasecki, M.P.: On steady solutions to a model of chemically reacting
heat conducting compressible mixture with slip boundary conditions.
Mathematical analysis in fluid mechanics—selected recent results, 223-242,
Contemp. Math., 710, Amer. Math. Soc., Providence, RI, 2018.
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Based on similar ideas presented for the N-S-F system the existence of weak
and variational entropy solutions can be established in the case of the same
molar masses (closely connected with information from the entropy inequality
which plays a central role here).

@ V. Giovangigli, M.P., E. Zatorska: On the steady flow of reactive gaseous
mixture, Analysis (Berlin) 35 (2015), no. 4, 319-341.

@ T. Piasecki, M.P.. Weak and variational entropy solutions to the system
describing steady flow of a compressible reactive mixture, Nonlinear Anal.
159 (2017), 365-392.

@ T. Piasecki, M.P.: On steady solutions to a model of chemically reacting
heat conducting compressible mixture with slip boundary conditions.
Mathematical analysis in fluid mechanics—selected recent results, 223-242,
Contemp. Math., 710, Amer. Math. Soc., Providence, RI, 2018.

The case of different molar masses for a slightly different thermodynamic

concept is ongoing project with M. Bulicek, A. Jiingel and N. Zamponi.
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