
Exercises PDEs I: Set 5 (November 14, 2025)

Elliptic PDEs

1. Consider the problem

∆2u+ α∆u+ βu = f

in Ω ⊂ Rd a bounded open set, where ∆2u = ∆(∆u), α, β are real
constants and f ∈ L2(Ω). Consider the following boundary conditions

u =
∂u

∂ννν
= 0

on ∂Ω, where ννν is the (unit) exterior normal vector to ∂Ω.

Formulate the problem weakly and discuss conditions under which there
exists a unique weak solution to the problem above.

2. Let Ω ⊂ Rd be an open bounded domain (but no assumption on the
regularity!). Consider the problem

− ∂

∂xi

( ∑
i,j=1

aij(x)
∂u

∂xj

)
= f in Ω

u = 0 on ∂Ω

in the weak setting. Explain under the assumptions of ellipticity of the
operator, boundedness of functions aij and f ∈ L2(Ω) construction of
a weak solution to this problem.

3. Let Ω ⊂ Rd be Lipschitz, f ∈ L2(Ω), p ∈ [1,∞] and the vector c ∈
Lp(Ω;Rd). Let moreover div c ≤ 0 in the sense of distributions on Ω,
i.e., for any non-negative φ ∈ C∞

0 (Ω) it holds∫
Ω

c · ∇φ ≥ 0.

Consider the weak formulation of the problem

− ∂

∂xi

( ∑
i,j=1

aij(x)
∂u

∂xj

)
+

d∑
i=1

ci
∂u

∂xi

= f in Ω

u = u0 on ∂Ω.
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Show existence and uniqueness for a weak solution to this problem
(under standard assumptions of aij and u0) for the interval of p’s as
large as possible (in dependence on the dimension).

4. Let Ω be an open Lipschitz domain in Rd. Assume that Ω = Ω1∪Ω2∪Γ,
where Ω1∩Ω2 = ∅, Ωi are open, i = 1, 2 and let |Γ|d−1 > 0, finite, be the
common part of the of the boundaries of Ω1 and Ω2 (i.e., Ω1∩Ω2 = Γ).
Under standard assumptions on aij, f consider the weak solution to

− ∂

∂xi

( ∑
i,j=1

aij(x)
∂u

∂xj

)
= f in Ω

u = 0 on ∂Ω.

Discuss, under suitable conditions on u, which weak problem satisfies
the function u separately on Ω1 and Ω2. This problem can be also
viewed as follows.

Assume additionally that u ∈ W 2,2(Ω). What kind of problems satisfies
u in Ω1 and in Ω2. Or another point of view, assume that u ∈ W 1,2(Ωi)
satisfies in the weak setting

− ∂

∂xi

( ∑
i,j=1

aij(x)
∂ui

∂xj

)
= f in Ωi

ui = u0
i on ∂Ωi, i = 1, 2.

What are the necessary conditions on the common part of the boundary
such that

u = u1Ω1 + u21Ω2

is a weak solution to the original problem on Ω?
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