Dulezité substituce: pievod na racionalni funkce

Jsou-li P, @ polynomy R — C, pak R := 5 nazveme racionalni funkce jedné

redlné proménné, plat{ R(x) = ggg
Obecnéji, jsou-li P, @ polynomy dvou redlnych proménnych, tj. P, Q :RxR —
C, kde P(z,y) = Y aiz'y’ aQz,y) = > byx'y!, pak R := & nazveme
0<i+j<n 0<i+ji<m

racionélni funkce dvou redlnych proménnych, plati R(z,y) = Q(m’y).

(I) / R(e™™)dx

Substituce: y=e**, xR Tvar derivace: dx = O%ydy
Vyjsledek: fR(y)o%ydy

(II) / L(f X)q

Substituce: y =1lnz, x>0 Tvar derivace: df =dy

Vysledek: [ R(y)dy
ax+ by s
(I11) /R<x, (cx+d) )dx

1

Substituce: t = (L“’> :

cx+d
Podminky: ad—bc #0;  s=2k — 2 >0, s=2%k-1 — z# -4
Inverze: © = _C‘tifj‘lb Tvar derivace: dz = (ad — be)s ﬁdt
Vysledek: (ad — bc)sf%dt
(IVv) /R ax? + bx + )d Eulerovy substituce

Ctyfi netrivialni pifpady (nékdy i dva najednou).
(1) az? +bx +c=a(z — x1)(z — 22), T1 < Ta, T1,72 € R
Substituce: t = (%)% vede k (III)
(2) a>0
Substituce: \/ax? +bx +c = Jar +t = x = (t* —¢)/(b— 2+/at)
3) ¢>0
Substituce: v/axr? +bx +c = /c+tx = x = (2y/ct —b)/(a —t?)
(4) @ <0 aar?+ bz + cnemé v R koten ( => ¢ < 0): odmocnina neni v R

pro zadné x definovana.



(V) /R(cosx,sinx)dx Goniometrické substituce

Substituce: y = tg 3 r#*7+2kn k€’

Inverze: x = 2 arctgy

Tvar derivace: dr = ﬁdy
_ cos?Z —sin®Z  1—tg?% 1 —¢?
cosinus: cosT = . — = o = 5
cos? § +sin” 3 1+tg”3 14y
) . 2sin 5 cos § 2tg 5 2y
sinus: sinz = —— = 2= 5
cos? £ +sin” 3 1+tg*3 1l+y
Zjednodusent:
1) R(—cosx,sinx) = —R(cosx,sinx) = Substituce: y = sinx
( ; ; y
2) R(cosx,—sinx) = —R(cosz,sinx) = Substituce: y = cosx
( ) ) Yy

(3) R(—cosxz, —sinz) = R(cosx,sinx) = Substituce: y =tgx, v # § + km

2

9 cos“ x 1 1
cos®x = — —— = 5 = 5
cos?2zx+sin“x l+tgex 14y
. 9 sin? x tg? x y?
sin® 2 = — —— = 5 = 5
cos?r+sin“xz l1+tgx 14y
. tgz Yy
sinzcosx =

Tirtgle  1+42

(VI) /xm(a + bx™)Pdx, m,n,peQ

Cebysevovy substituce

Umime fesit pomoci elementdrnich funkci pouze v nasledujicich tfech pripadech:
(1) p € Z. Pak polozme m =m//l, n=n'/l, kde m’, n' al €Z, { > 0.
Substituce: t = x*
(2) (m+1)/neZ, p=k/s, k,se€Z

Substituce: t = (a + bz”)%
(t*=a)t/m

Inverze: x = 7% Tvar derivace: dx = nbﬁ(ts—a)%*lsts’ldt.
Vysledek: [ x™(a + ba™)Pdx = [ biﬂ(tS —a)w itk ;; (t5 — a)='stsdt
n nbn
= e [ )
n n
(3) mTH—FpEZ, p=k/s, k,seZ
Substituce: t = (ax™" + b)*
Inverze: x = (%)™ Tvar derivace: dx = —aln/" (t5—b)~wLsts1dt

Visledek: [x™(a + ba™)Pde = [ ™™ (ax™" + b)%dx
m 1
= [ (7%) "t (7)o (1 =b) T st

TRy [ hts—1 S(mEL i,
f%ft s (ts,b)(" =gt




