
Důležité substituce: převod na racionálńı funkce

Jsou-li P , Q polynomy R → C, pak R := P
Q nazveme racionálńı funkce jedné

reálné proměnné, plat́ı R(x) = P (x)
Q(x) .

Obecněji, jsou-li P , Q polynomy dvou reálných proměnných, tj. P , Q : R×R →
C, kde P (x, y) =

∑
0≤i+j≤n

aijx
iyj a Q(x, y) =

∑
0≤i+j≤m

bijx
iyj , pak R := P

Q nazveme

racionálńı funkce dvou reálných proměnných, plat́ı R(x, y) = P (x,y)
Q(x,y) .

(I)

∫
R(eαx)dx

Substituce: y = eαx, x ∈ R Tvar derivace: dx = 1
αydy

Výsledek:
∫
R(y) 1

αydy

(II)

∫
R(lnx)

x
dx

Substituce: y = lnx, x > 0 Tvar derivace: dx
x = dy

Výsledek:
∫
R(y)dy

(III)

∫
R

(
x,

(ax+ b

cx+ d

) 1
s

)
dx

Substituce: t =
(

ax+b
cx+d

) 1
s

Podmı́nky: ad−bc ̸= 0 ; s = 2k =⇒ ax+b
cx+d > 0 , s = 2k−1 =⇒ x ̸= −d

c

Inverze: x = −dts+b
cts−a Tvar derivace: dx = (ad− bc)s ts−1

(cts−a)2 dt

Výsledek: (ad− bc)s
∫ R̂(ts,t)ts−1

(cts−a)2 dt

(IV)

∫
R
(
x,

√
ax2 + bx+ c

)
dx Eulerovy substituce

Čtyři netriviálńı př́ıpady (někdy i dva najednou).

(1) ax2 + bx+ c = a(x− x1)(x− x2), x1 < x2, x1, x2 ∈ R

Substituce: t =
(
x−x1

x−x2

) 1
2 vede k (III)

(2) a > 0

Substituce:
√
ax2 + bx+ c =

√
ax+ t =⇒ x = (t2 − c)/(b− 2

√
at)

(3) c > 0

Substituce:
√
ax2 + bx+ c =

√
c+ tx =⇒ x = (2

√
ct− b)/(a− t2)

(4) a ≤ 0 a ax2 + bx + c nemá v R kořen ( =⇒ c ≤ 0): odmocnina neńı v R

pro žádné x definována.
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(V)

∫
R(cosx, sinx)dx Goniometrické substituce

Substituce: y = tg x
2 x ̸= π + 2kπ , k ∈ Z

Inverze: x = 2 arctg y Tvar derivace: dx = 2
1+y2 dy

cosinus: cosx =
cos2 x

2 − sin2 x
2

cos2 x
2 + sin2 x

2

=
1− tg2 x

2

1 + tg2 x
2

=
1− y2

1 + y2

sinus: sinx =
2 sin x

2 cos x
2

cos2 x
2 + sin2 x

2

=
2 tg x

2

1 + tg2 x
2

=
2y

1 + y2

Zjednodušeńı:

(1) R(− cosx, sinx) = −R(cosx, sinx) =⇒ Substituce: y = sinx

(2) R(cosx,− sinx) = −R(cosx, sinx) =⇒ Substituce: y = cosx

(3) R(− cosx,− sinx) = R(cosx, sinx) =⇒ Substituce: y = tg x, x ̸= π
2 + kπ

cos2 x =
cos2 x

cos2 x+ sin2 x
=

1

1 + tg2 x
=

1

1 + y2

sin2 x =
sin2 x

cos2 x+ sin2 x
=

tg2 x

1 + tg2 x
=

y2

1 + y2

sinx cosx =
tg x

1 + tg2 x
=

y

1 + y2

(VI)

∫
xm(a+ bxn)pdx , m,n,p ∈ Q Čebyševovy substituce

Umı́me řešit pomoćı elementárńıch funkćı pouze v následuj́ıćıch třech př́ıpadech:

(1) p ∈ Z. Pak položme m = m′/ℓ, n = n′/ℓ, kde m′, n′ a ℓ ∈ Z, ℓ > 0.

Substituce: t = x
1
ℓ

(2) (m+ 1)/n ∈ Z, p = k/s, k, s ∈ Z

Substituce: t = (a+ bxn)
1
s

Inverze: x = (ts−a)1/n

b1/n
Tvar derivace: dx = 1

nb1/n
(ts−a)

1
n−1sts−1dt.

Výsledek:
∫
xm(a+ bxn)pdx =

∫
1

b
m
n
(ts − a)

m
n tk 1

nb
1
n
(ts − a)

1
n−1sts−1dt

= s

nb
m+1

n

∫
ts+k−1(ts − a)

m+1
n −1dt

(3) m+1
n + p ∈ Z, p = k/s, k, s ∈ Z

Substituce: t = (ax−n + b)
1
s

Inverze: x =
(

a
ts−b

) 1
n Tvar derivace: dx = −a1/n

n (ts−b)−
1
n−1sts−1dt

Výsledek:
∫
xm(a+ bxn)pdx =

∫
xmxnp(ax−n + b)

k
s dx

=
∫ (

a
ts−b

)m
n tk

(
a

ts−b

)p a
1
n

−n (t
s−b)−

1
n−1sts−1dt

= −a
m+1

n
+ps

n

∫
tk+s−1(ts − b)−(m+1

n +p−1)dt


