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Contents 5

"There is no general theory known concerning the solvability of all partial differential
equations. Such a theory is extremely unlikely to exist, given the rich variety of
physical, geometric, and probabilistic phenomena which can be modeled by PDE.
Instead, research focuses on various particular partial differential equations that are
important for applications within and outside of mathematics, with the hope that
insight from the origins of these PDE can give clues to their solutions."

"Our effort will be largely devoted to proving mathematically the existence of solu-
tions to various sorts of partial differential equations, and not to so much to deriving
formulas for these solutions. This may seem wasted or misguided effort, but in fact
mathematicians are like theologians: we regard existence the prime attribute of what
we study. But unlike most theologians, we need not always rely upon faith alone."

Lawrence C. Evans: Partial differential equations.



Chapter 1

Introduction

1.1 Why we introduce the weak solution
We expect that the reader has at least basic knowledge of the classical theory of partial differential equations. The
aim of the introductory part is to explain that the notion of classical solutions is sometimes not sufficient or even not
natural with respect to the studied problem and why it is natural to replace it by the notion of weak solutions. From
many possible examples we chose the following ones.

• On the example of the Dirichlet problem for the Poisson equation we show in Subsection 1.2.1 that the classical
solution requires certain a priori smoothness of the data. If the data do not fulfil these smoothness requirements,
it is necessary to generalize the notion of the solution. We shall follow one possible path which will lead us to
the notion of the weak solution and. We shall also present basic problems we need to consider in these Lecture
Notes. It also indicates us requirements on the function spaces in which we look for solutions.

• In Subsections 1.2.2 and 1.2.3 we present two situations, where the weak solution appears naturally. In other
words, the weak solution of a partial differential equation (PDE) is here the primary notion and the classical
solution is the secondary notion which was used rather due to historical reasons.

– The first example are the necessary conditions for the existence of critical points of functionals as the length
of a curve, the measure of a surface, the total energy of some physical system etc. The critical points are
in the classical mechanics solutions of Euler–Lagrange equations. These equations in the classical setting
are, however, not the primary notion, they are deduced from the condition:

the Gateaux derivative is zero at the critical point in any direction.
This is in fact equivalent with the claim that the critical point is a weak solution to the Euler–Lagrange
equations.

– The balance laws of continuum mechanics are formulated on arbitrary sufficiently "nice" subsets of the
given domain (so-called control volumes) which is filled by the body. This is another example of a problem,
where the notion of the weak solution is primary. We shall show that from the balance laws (mass, linear
momentum, total energy) it is possible to obtain directly the weak formulation and the classical formulation
is secondary and can be obtained only under the extra assumption of sufficient regularity of the data and
the solution itself.

1.2 Several examples

1.2.1 Homogeneous Dirichlet problem for the Poisson equation
Let Ω ⊂ Rd be a bounded open set with the boundary ∂Ω. We consider the following problem1

−∆u(x) = f(x) ∀x ∈ Ω

u(x) = 0 ∀x ∈ ∂Ω,
(1.2)

1Let us recall the notation. If q =
(
q1, . . . , qd

)T is a vector-valued quantity (for example the heat flux), then the equation

divq = f in Ω (1.1)

balances the flux of the quantity q over the boundary ∂Ω and the source term f . If the flux q is proportional to ∇u (it means, it is linearly
dependent on ∇u), where u is a scalar quantity u: Ω → R (for example the temperature), then we obtain from (1.1) equation (1.2)1, since
after using q = −∇u (in our example, the heat flows from warmer parts to colder ones) in the left-hand side of equation (1.1) we get

divq =
d∑

i=1

∂qi

∂xi
= −

d∑
i=1

∂

∂xi

(
∂u

∂xi

)
= −

d∑
i=1

∂2u

∂x2
i

= −∆u.

6



1.2. Several examples 7

where f : Ω → R is a given function. The boundary condition is for simplicity chosen to be constant (and zero is just
our choice since we may simply add/subtract any constant value without changing the equation).

A classical solution to problem (1.2) is a function u ∈ C2 (Ω)∩C
(
Ω
)

which fulfils pointwisely (or equivalently in the
sense of continuous functions) (1.2). If u is a classical solution to (1.2), then we necessarily require f ∈ C (Ω). If the
function f on the right-hand side of the equation is not continuous (which may easily be the case for many problems
coming from physics), then the notion of classical solutions is not sufficient. Since such problems are interesting from
application point of view, it is important to formulate them mathematically correctly. This requires to introduce a
more general definition of a solution to the given problem to obtain a well defined object which we can work with in
such examples.

Let us assume that
f ∈ L2(Ω), (1.3)

we multiply equation (1.2)1 on an arbitrary function φ ∈ C∞
0 (Ω) and integrate the obtained equality over Ω. We get

−
∫
Ω

∆uφ dx =

∫
Ω

fφdx ∀φ ∈ C∞
0 (Ω).

We rewrite the left-hand side by virtue of the Gauss Theorem (more precisely, by its consequence called the Green
formula which describes the integration by parts in higher space dimensions). We also recall that the boundary integral
over ∂Ω is zero, since the function φ has compact support in Ω. It reads∫

Ω

∇u · ∇φ dx =

∫
Ω

fφdx ∀φ ∈ C∞
0 (Ω), (1.4)

or
(∇u,∇φ)L2(Ω) = (f, φ)L2(Ω) ∀φ ∈ C∞

0 (Ω). (1.5)

We could go on and transfer one more derivative from u onto φ. We shall not follow this path (it leads to so-called
very weak solutions), we namely require that the space in which we look for a solution is the same (or at least close
to the) space, where we take the function φ from. Particularly, we raise the following questions:

Question 1.2.1. Is it possible to set in (1.5) φ = u?

If yes, then it follows from (1.4)

∥∇u∥2L2(Ω) =

∫
Ω

|∇u|2 dx = (f, u)L2(Ω) ≤ ∥f∥L2(Ω) ∥u∥L2(Ω) , (1.6)

where we used in the last step Hölder’s (or Cauchy–Schwartz) inequality.
Let us assume that

∃c > 0, ∀u : ∥u∥L2(Ω) ≤ c ∥∇u∥L2(Ω) , (1.7)

or the norm of the function is controlled by the norm of its gradient. In general, it cannot be true; it is enough to
consider a constant function. However, in our case we have u|∂Ω = 0 which excludes all nontrivial constant functions.
A question remains:

Question 1.2.2. For which functions we may expect (1.7) to hold?

If (1.7) holds, then it follows from (1.6)

∥∇u∥L2(Ω) ≤ c ∥f∥L2(Ω) .

This inequality and (1.3) imply that ∇u ∈ L2(Ω) which leads to the natural definition of the space

W 1,2(Ω) =

{
v ∈ L2(Ω) | ∀i = 1, . . . , d :

∂v

∂xi
∈ L2(Ω)

}
.

This, however, raises another question:

Question 1.2.3. How can we define derivatives for functions which are not continuous?

We further introduce the space
W 1,2

0 (Ω) =
{
v ∈W 1,2(Ω) | v|∂Ω = 0

}
.

Recall, however, that for functions v ∈ Lp(Ω), p ∈ [1,∞] it does not make sense to speak about values of the function
on the boundary, as the boundary ∂Ω is in standard situations a set of zero d-dimensional Lebesgue measure. Functions
from W 1,2(Ω) form a subset in L2(Ω). We can therefore also talk about derivatives, at least in a certain sense. The
question is if this information is sufficient to speak about values on the boundary. Hence, it will be necessary to solve
the following problem:

Question 1.2.4. Is is possible to speak about boundary values for functions from W 1,2(Ω)? If yes, in which sense?
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Let us still return to Question 1.2.1. It follows from (1.5) that the answer will be positive, provided there is a
positive answer to the question:
Question 1.2.5. Are the smooth functions with compact support dense in W 1,2

0 (Ω)?
If the answer is affirmative, we call u ∈W 1,2

0 (Ω) the weak solution to problem (1.2) if the equality

(∇u,∇φ)L2(Ω) = (f, φ)L2(Ω) .

holds for all φ ∈ W 1,2
0 (Ω). We introduced a notion of solution which requires less knowledge about the regularity of

the functions (both the given and the sought ones). The application of the new definition of a solution immediately
raises the following questions.

1. What can be said about existence and uniqueness of a weak solution? Is it possible to show a continuous depen-
dence on the data of the problem? If yes in which norm? Altogether, these questions deal with generalization
of the well-posedness in the sense of J. Hadamard. They are denoted as problems of existence, uniqueness and
continuous dependence on the data for weak solutions.

2. Is it possible to get an extra information about the smoothness of the solution in case when the data are smoother
than required for the existence of a solution? Under which conditions on the data the solution will be a classical
one? Altogether, these questions are denoted as regularity problem for weak solutions.

We shall study these fundamental problems not only for the motivational example (1.2), but mostly for linear and
nonlinear elliptic and later also parabolic and hyperbolic problems in the relevant chapters of these Lecture Notes.

Let us note that the problem of existence and uniqueness of weak solutions is simpler than the regularity problem.
The reason is that the definition of weak solutions is based on more complex structures, function spaces etc. For linear
elliptic problems it is enough to use the Riesz representation Theorem and its generalizations.

1.2.2 Problems of calculus of variation — necessary conditions
The calculus of variations deals with the study of critical points of functionals, it means of mappings from a Banach
space (complete normed vector space), usually infinite dimensional, to the space of real numbers. Typically φ: X → R,
where X is a function space (in the classical setting X is typically C1((a, b)) ∩ C([a, b]) with zero values at endpoints
or C1(Ω)∩ C0(Ω), where the latter denotes the space of continuous functions up to the boundary of Ω which are equal
to zero on ∂Ω).

Let us recall a few basic notions.

Definition 1.2.6 — Local maximum (minimum). We say that the functional φ: X → R has at the point
x0 ∈ X a local maximum (or minimum), if

∃δ > 0, ∀x ∈ Uδ(x0) : φ(x0) ≥ φ(x) (or φ(x0) ≤ φ(x)),

where Uδ(x0) = {x ∈ X| ∥x− x0∥X < δ}.

Definition 1.2.7 — Gateaux derivative. We say that the functional φ: X → R has at the point x0 ∈ X
Gateaux derivative, if ∀h ∈ X, ∥h∥X = 1 there exists the limit

δφ(x0;h) = lim
t→0

φ(x0 + th)− φ(x0)

t
.

If x0 is the point of the local minimum (or maximum) of the functional φ, or in other words, if x0 is the extremal
point of the functional φ and if the limit δφ(x0;h) exists for some h ∈ X, then necessarily δφ(x0;h) = 0. In particular,
if φ has the Gateaux derivative at the extremal point x0 ∈ X, then necessarily

∀h ∈ X : δφ(x0;h) = 0. (1.8)

The proof of the previous claim is simple. We denote gh(t) = φ(x0 + th). Since gh(t) has at 0 a local extremum,
the theory of real functions implies that if g′h(0) exists, then g′h(0) = 0. However, according to the definition of the
Gateaux derivative it holds g′h(0) = δφ(x0;h).

Let us mention several classical problems of calculus of variations.

Example 1.2.8 (Brachistochrone problem). Let

γy =
{
(x, y) ∈ R2 |x ∈ [0, a], y = y(x), y(0) = 0, y(a) = b

}
be a curve connecting the origin of the cartesian coordinate system with the point [a, b], given as a graph of a function
y(x). The Brachistochrone problem (Problem of the fastest descent curve) is a problem to find such a function v from
the suitable class of functions (in the classical setting)

Y =
{
y ∈ C1((0, a)) ∩ C([0, a]) | y(0) = 0, y(a) = b

}
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which minimizes the functional

T [y] =
1
√
g

∫ a

0

√
1 + (y′(x))2

b− y(x)
dx.

This functional provides the time needed for a mass point to reach from the point [a, b] the origin on the curve y(x)
in the homogeneous gravitational field g. Any friction is neglected here.

Example 1.2.9 (Curve of the minimal length). Using the same notations as in the previous example, the functional

L[y] =

∫ a

0

√
1 + (y′(x))2 dx

provides the length of the curve described as the graph of the function y(x). The problem is to minimize L[y] in a
certain class of curves Y (typically, with fixed endpoints and with possible limitation that the curve lies in a given
manifold).

Example 1.2.10 (Minimal surface). Let Ω ⊂ R2 be a (reasonable) set and let the function g: ∂Ω → R be given. The
problem of the minimal surface is to find such a function ω: Ω → R that ω minimizes the functional

A[u] =

∫
Ω

√
1 + |∇u|2 dx

which provides the measure of the surface described by the function u, where the set of surfaces over which we minimize
the function is described as

Y =
{
u ∈ C1(Ω) ∩ C(Ω) |u|∂Ω = g

}
,

where g is a given function.

The spaces Y introduced in Examples 1.2.8–1.2.10 are, however, not linear. We therefore choose in Examples 1.2.8
and 1.2.9

X = C1((0, a)) ∩ C0([0, a]),

C0([0, a]) denotes here the space of continuous functions in [0, a] such that u(0) = u(a) = 0. We look for the critical
point v in the form

v(x) = v0(x) + ξ(x), (1.9)

where ξ ∈ X and v0: [0, a] → R is a smooth function fulfilling the boundary conditions v0(0) = 0 and v0(a) = b.
Similarly, we choose in Example 1.2.10

X = C1(Ω) ∩ C0(Ω)

and look for the critical point (the extremal) ω in the form

ω(x, y) = ω0(x, y) + ξ(x, y),

where ξ ∈ X and ω0: Ω → R is a smooth function fulfilling the boundary condition ω0|∂Ω = g.
For Example 1.2.9 we show that the requirement that the Gateaux derivative (1.8) is zero corresponds to the

requirement to find a weak solution of the Euler–Lagrange equation; the Euler–Lagrange equation (in the classical
formulation) is in this case a secondary notion, since it is deduced under the assumption of higher regularity of the
considered functions.

It holds for arbitrary φ ∈ X

δL(v0 + ξ;φ) =
d

dt

∫ a

0

√
1 + ((v0(x) + ξ(x))′ + tφ′(x))2 dx

∣∣∣∣
t=0

=

∫ a

0

(v′(x) + tφ′(x))φ′(x)√
1 + (v′(x) + tφ′(x))2

dx

∣∣∣∣∣
t=0

=

∫ a

0

v′(x)φ′(x)√
1 + (v′(x))2

dx.

We rewrite in this case condition (1.8) as

∀φ ∈ C1((0, a)) ∩ C0([0, a]) :
∫ a

0

v′(x)φ′(x)√
1 + (v′(x))2

dx = 0. (1.10)

Assuming higher regularity of the considered functions, for example if
(

v′(x)√
1+(v′(x))2

)′

∈ C((0, a)), we get from the

previous equation after integration by parts the relation

∀φ ∈ C0([0, a]) : −
∫ a

0

(
v′(x)√

1 + (v′(x))2

)′

φ(x) dx = 0. (1.11)
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This relation already implies the pointwise validity of the Euler–Lagrange equation2

−

(
v′(x)√

1 + (v′(x))2

)′

= 0. (1.12)

It is reasonable to ask, why we do not call the weak solution to equation (1.12) a function v ∈ C1((0, a)) ∩ C0([0, a])
fulfilling equality (1.10), and why we rather work with more general functions3. A very serious objection against this
possibility is the fact that C1(Ω) is not complete with respect to the integral norm ∥u∥C1(Ω),

∫ =
∫
Ω
|u′(x)| dx, while

the integral norm is for the given problem natural.
Assuming v in the form (1.9), then the function ξ from the aforementioned decomposition is a suitable test function

in quality (1.10). Indeed, if we set ξ = φ, we get∫ a

0

v′(x)φ′(x)√
1 + (v′(x))2

dx = 0 =⇒
∫ a

0

(v′(x))
2√

1 + (v′(x))2
dx =

∫ a

0

v′(x)v′0(x)√
1 + (v′(x))2

dx.

This equality and the fact that |v′(x)|√
1+(v′(x))2

≤ 1 can be used to obtain the estimate∫ a

0

|v′| dx =

∫ a

0

|v′|
(1 + |v′|2) 1

4

(1 + |v′|2) 1
4 dx

≤ 1

2

∫ a

0

|v′|2√
1 + |v′|2

dx+
1

2

∫ a

0

√
1 + |v′|2 dx

≤ 1

2

∫ a

0

|v′|√
1 + |v′|2

|v′0| dx+
1

2

∫ a

0

√
1 + |v′|2 dx

≤ 1

2

∫ a

0

|v′0| dx+
a

2
+

1

2

∫ a

0

|v′| dx.

Altogether, we get ∫ a

0

|v′| dx ≤
∫ a

0

|v′0| dx+ a (1.13)

which shows that the L1-norm of the derivative is a natural norm for the given problem.
At the end we present one claim connecting the present and the previous subsections.

Lemma 1.2.11 — Variational formulation of the Poisson equation. The function u ∈ W 1,2
0 (Ω) is an

extremal point (local minimum) of the functional

ϕ[u] =
1

2

∫
Ω

|∇u|2 dx−
∫
Ω

fudx,

if and only if it is a weak solution of problem (1.2), i.e., it fulfills equality (1.4) for all φ ∈W 1,2
0 (Ω).

Proof. Step 1: Proof of implication "⇒"
If u ∈W 1,2

0 (Ω) is an extremal point of the functional ϕ, then we have δϕ(u;φ) = 0 for all φ ∈W 1,2
0 (Ω). Since

ϕ[u+ tφ] =
1

2

∫
Ω

|∇u|2 dx−
∫
Ω

fudx+ t

{∫
Ω

∇u · ∇φ− fφ dx

}
+
t2

2

∫
Ω

|∇φ|2 dx,
(1.14)

we immediately get that
δϕ(u;φ) = (∇u,∇φ)L2(Ω) − (f, φ)L2(Ω) .

This proves the first implication.
Step 2: Proof of implication "⇐"

On the other hand, using (1.14) with t = 1 we easily see that (1.4) implies

ϕ[u+ φ] ≥ ϕ[u] ∀φ ∈W 1,2
0 (Ω).

■

This example clearly shows that if we understand the elliptic problem as Euler–Lagrange equation of the cor-
responding variational problem, then the correct formulation is the weak one, while the classical formulation is a
consequence of a further assumption, namely that the solution is sufficiently regular.

2Here we used the following claim: If u ∈ C(Ω) fulfills for any φ ∈ C∞
0 (Ω) the equality

∫
Ω u(x)φ(x) dx = 0, then u = 0 for all x ∈ Ω.

3The first candidate for a suitable function space could be the Sobolev space W 1,1((0, a)) =
{
u ∈ L1((0, a)) |u′ ∈ L1((0, a))

}
or rather

the space of functions with bounded variation.
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1.2.3 Balance laws of continuum mechanics

Equations which describe the body movement in the framework of continuum mechanics and thermodynamics are
based on the balance laws, whose validity is required for any open subset B of the domain Ω filled in by the body.
The general formulation of these balance laws has the form (ννν is the external unit normal vector to ∂Ω)

d

dt

∫
B
D(t, x) dx+

∫
∂B

F(t, x) · ννν dS =

∫
B
P (t, x) dx, (1.15)

where D denotes the density of the physical quantity (mass ρ, components of the linear momentum vector ρv,
components of the angular momentum vector ρv × x, specific total energy E = 1

2 |v|
2 + e with e the specific internal

energy), F is the corresponding flux of this quantity through the boundary and P is the volume production of the
given quantity.

To have better understanding of the functions D, F and P , let us present the balance of mass

d

dt

∫
B
ρ(t, x) dx+

∫
∂B
ρ(t, x)v(t, x) · ννν dS = 0, (1.16)

the balance of linear momentum (T is the stress tensor, b the volume external force)

d

dt

∫
B
ρ(t, x)v(t, x) dx+

∫
∂B

(ρ(t, x)v(t, x)⊗ v(t, x)− T(t, x))ννν dS =

∫
Ω

ρ(t, x)b(t, x) dx, (1.17)

and the balance of total energy (q is the heat flux, r is the density of the heat sources)

d

dt

∫
B
ρ(t, x)

(
|v(t, x)|2

2
+ e(t, x)

)
dx+

∫
∂B

(
ρ(t, x)

(
|v(t, x)|2

2
+ e(t, x)

)
v(t, x) + q(t, x)− T(t, x)v(t, x)

)
· ννν dS

=

∫
Ω

(
ρ(t, x)b(t, x) · v(t, x) + ρ(t, x)r(t, x)

)
dx. (1.18)

The standard procedure of deducing equations of continuum thermodynamics is based on rewriting (1.15) by virtue
of the Green identity and the interchange of derivative and integral to the form∫

B
(∂tD + divF− P ) (t, x) dx = 0,

where B ⊂ B ⊂ Ω is an arbitrary control volume. Assuming the integrand continuous, the previous equality implies
that it holds ∀x ∈ Ω, ∀t ∈ (0, T )

∂tD(t, x) + divF(t, x) = P (t, x). (1.19)

It is evident that (1.19) requires differentiability of functions which is in (1.15) not needed. The weak formulation is
then "usually" deduced from (1.19) and the boundary conditions.

Our goal is to show that the general form of the balance law (1.15) implies directly the weak formulation. To
this aim we shall need the following result; its proof can be found, e.g., in (Evans and Gariepy, 1992, Section 3.4.3
Theorem 2).

Theorem 1.2.12 — Coarea formula. Let η: Rd → R be a Lipschitz function and let v ∈ L1(Rd). Then it holds

1. v|{x∈Rd| η(x)=r} is integrable in the sense of the (d− 1) dimensional (Hausdorff) measure

2.
∫

Rd v(x) |∇η(x)| dx =
∫

R

(∫
{x∈Rd| η(x)=r} v(x) dS

)
dr.

We now follow the procedure proposed in book Feireisl (2004). Let η be a smooth non-negative function with compact
support, hence η ∈ C∞

0 (Ω). Then the set {x ∈ Ω | η(x) > r} has for almost every r ∈ (0,+∞) a smooth boundary
{x ∈ Ω | η(x) = r} as follows by the Sard Theorem (see, e.g., (Lukeš and Malý, 1995, Theorem 34.17)). Let us now
consider the general form of the balance law (1.15) with the control volume B = {x ∈ Ω | η(x) > r} for r ∈ (−∞,+∞)
and integrate the balance law with such control volume from 0 to +∞. We have (recall that the outer unit normal
vector to the set {x ∈ Ω | η(x) = r} is − ∇η

|∇η| ).

d

dt

∫ +∞

0

∫
B={x∈Ω | η(x)>r}

D(t, x) dx dr −
∫ +∞

0

∫
∂B={x∈Ω | η(x)=r}

F(t, x) · ∇η(x)
|∇η(x)|

dS dr

=

∫ +∞

0

∫
B={x∈Ω | η(x)>r}

P (t, x) dx dr.
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We now apply the Coarea formula from Theorem 1.2.12 to the second term and rewrite the first and the third ones
based on the following calculation (h(t, x) = D(t, x) or h(t, x) = P (t, x))∫ +∞

0

∫
B={x∈Ω | η(x)>r}

h(t, x) dx dr =

∫ +∞

0

∫
Ω

sign (η(x)− r)
+
h(t, x) dx dr

=

∫
Ω

h(t, x)

∫ +∞

0

sign (η(x)− r)
+
dr dx =

∫
Ω

h(t, x)η(x) dx;

we get for arbitrary η ∈ C∞
0 (Ω) non-negative

d

dt

∫
Ω

D(t, x)η(x) dx−
∫
Ω

F(t, x) · ∇η(x) dx =

∫
Ω

P (t, x)η(x) dx.

It is not difficult to verify that this implies the validity of (1.19) in the sense of distributions (i.e., also for arbitrary
η ∈ C∞

0 (Ω)).
Before we touch the questions of solvability of partial differential equations in the weak sense and qualitative

behaviour of these solutions, we introduce the Sobolev spaces W k,p(Ω) and we study their properties. We do it in
two steps. First, we only list their most important properties and skip all technicalities needed in the proofs, then we
apply them to the study of linear problems. We return to them later and give all details of the proofs of the main
properties as the density of smooth functions C∞

0 (Ω), C∞(Ω) or C∞(Ω) in different types of Sobolev spaces, question
of interpretation of the boundary values of Sobolev spaces (trace theorems), the connection of Sobolev spaces and
other spaces (theorems on continuous and compact embeddings) and finally also to different equivalent definitions
of the Sobolev spaces. Then we apply our knowledge to a few classes of nonlinear problems. Similarly we proceed
for the evolutionary problems (parabolic and hyperbolic equations and the corresponding functions spaces, called
Lebesgue–Bochner or Sobolev–Bochner spaces).

Exercise 1.2.13. Deduce both the weak and the strong formulations of the Euler–Lagrange equations for the function

L(x, u,∇u) = 1

p
|u|p + 1

p
|∇u|p,

where |∇u|p =
(∑d

i=1 |
∂u
∂xi

|2
) p

2

.

Exercise 1.2.14. Prove that
(u, v) =

∫
Ω

(uv +∇u · ∇v) dx

is a scalar product on the space
V = {w ∈ C1(Ω) |w = 0 on ∂Ω},

but this space is not complete with respect to the norm associated to this scalar product.

Exercise 1.2.15. Based on computations below Theorem 1.2.12 deduce the weak and strong formulation of the
balances of mass, linear momentum and total energy introduced in (1.16)–(1.18).



Chapter 2

An easy guide to Sobolev spaces

We saw in the previous chapter that sometimes the classical solution for different kinds of partial differential equations
may not exist or it is not the appropriate type of solution with respect to the problem. On the other hand, it follows
from the examples therein that in these situations it is possible to speak about a generalized solution which will be in
what follows called a weak solution. To introduce this notion we must build the theory of the relevant function spaces,
so called Sobolev spaces W k,p(Ω) which play the main role in the modern theory of partial differential equations. In
this chapter we only introduce them and explain their most important properties. Several finer results as well as all
long and technical proofs will be presented later, in Chapter 6.

We assume in this chapter that the reader knows the elements of the theory of Lebesgue integral and Lebesgue
spaces and knows the main properties of spaces of continuous, Hölder continuous and continuously differentiable
functions. For completeness and for the reader’s convenience we present a short overview of these results in Appendix
A. We also assume that the reader has sufficient knowledge of functional analysis; a short overview of the main
important results is presented in Appendix B.

2.1 Definitions, basic properties
Let us first recall the definition of the multiindex.

Notation 2.1.1 (Multiindex). The ordered d–tuple α = (α1, . . . , αd), αi ∈ N0, is called the multiindex. The length
of the multiindex is denoted |α| and is defined as |α| = α1 + · · ·+ αd.

In what follows we also use a shorten notation for partial derivatives.

Notation 2.1.2 (Partial derivative written by a multiindex). The symbol Dαϕ denotes the partial derivative of a
function ϕ

Dαϕ(x) :=
∂|α|ϕ(x)

∂xα1
1 . . . ∂xαd

d

.

We can now introduce the basic notion in the modern theory of partial differential equations1.

Definition 2.1.3 — Weak derivative. Let Ω ⊂ Rd be an open (possibly also unbounded) set and α =
(α1, . . . , αd) be a multiindex. Let u, vα ∈ L1

loc(Ω). We say that vα is a weak derivative of u with respect to
xα, if it holds for any ϕ ∈ C∞

0 (Ω) ∫
Ω

uDαϕ dx = (−1)|α|
∫
Ω

vαϕ dx.

The following properties of the weak derivative are more or less evident.
1The weak derivative is a special case of a more general notion — the distributional derivative. If u ∈ L1

loc(Ω), we may assign to the
function u the regular distribution Tu defined as

∀φ ∈ D(Ω): ⟨Tu, φ⟩ :=
∫
Ω
uφdx,

where ⟨·, ·⟩ denotes the duality pairing between (D(Ω))∗ and D(Ω). Every distribution can be differentiated infinitely many times. A
distribution G is the derivative of a distribution T with respect to xα, if

∀φ ∈ D(Ω): ⟨T,Dαφ⟩ = (−1)|α| ⟨G,φ⟩ .

In particular, if G = Gv and T = Tu are regular distributions, it holds

∀φ ∈ D(Ω):

∫
Ω
uDαφdx = ⟨Tu, D

αφ⟩ = (−1)|α| ⟨Gv , φ⟩ = (−1)|α|
∫
Ω
vφdx;

it means that v = Dαu in the weak sense. While the derivative of a distribution exists for any order, it may not be the case for weak
derivatives. On the other hand, if the weak derivative of the second (or higher) order exists and Ω ⊂ Rd with d ≥ 2, then the derivative is
independent of the order of differentiation, see also Exercise 2.1.10 below.

13
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Lemma 2.1.4 — Connection between weak and classical derivative I. The following claims hold.

1. Let u ∈ Ck(Ω). Then for any |α| ≤ k the classical and weak derivatives coincide.

2. The weak derivative is (in the sense of equality in L1
loc(Ω), thus almost everywhere) given uniquely.

Proof. We leave the proof of these claims to a kind reader as a useful exercise. ■

Remark 2.1.5. If the classical derivative is continuous, it is necessarily equal to the weak derivative. Therefore, we
shall use the same notation for both; if vα is a weak derivative of u with respect to xα, we shall write Dαu = vα.

We are ready to present the most important definition of this chapter.

Definition 2.1.6 — Sobolev spaces. Let Ω ⊂ Rd be an open set, k ∈ N and p ∈ [1,∞]. The Sobolev space
W k,p(Ω) is defined as

W k,p(Ω) := {u ∈ Lp(Ω) | ∀|α| ≤ k |Dαu ∈ Lp(Ω)}.

We endow this space with the norm

∥u∥k,p = ∥u∥Wk,p(Ω) :=



∑
|α|≤k

∥Dαu∥pLp(Ω)

 1
p

for p ∈ [1,∞),

max
|α|≤k

∥Dαu∥L∞(Ω) for p = ∞.

If it is clear from the context on which set we work, we shall use the shorten notation ∥ · ∥k,p. If there is a danger
of ambiguity, we shall use the full notation ∥ · ∥Wk,p(Ω). Similarly as in the case of the Lp(Ω) spaces, the elements of
W k,p(Ω) are in fact classes of functions which differ on a set of measure zero.

Remark 2.1.7. It is possible to define the Sobolev spaces for k ∈ N0 which means that the case k = 0 is included. For
k = 0 we identify the Sobolev space with the Lebesgue space, i.e.,

W 0,p(Ω) := Lp(Ω).

Remark 2.1.8. We also often shorten the notation for partial derivatives of u. For u ∈ W k,p(Ω), we define for
m = 1, . . . , k the vector (the tensor of the m-th order) ∇mu : Ω → Rdm

as follows

[∇mu]i1···im :=
∂mu

∂xi1 · · · ∂xim
, where il = 1, . . . , d.

If m = 1, we write shortly ∇u := ∇1u.

The correctness of Definition 2.1.6 is summarized in the following theorem.

Theorem 2.1.9 — Sobolev norm. The space W k,p(Ω) is a normed linear space.

Proof. The space W k,p(Ω) is clearly a linear space (cf. Exercise 2.1.10 below). It is therefore enough to verify that
∥ · ∥k,p is a norm. We consider only the case p ∈ [1,∞), the proof for p = ∞ is left for a kind reader as a useful
exercise. We check step by step that ∥ · ∥k,p satisfies all the axioms of a norm.

Step 1: Property 1. of the norm
It evidently holds for any u ∈W k,p(Ω) that

0 ≤ ∥u∥k,p <∞.

Moreover, if ∥u∥k,p = 0, then also ∥u∥p = 0 and therefore (property of the ∥ · ∥Lp(Ω)-norm) we also have u = 0 almost
everywhere in Ω , i.e., u is equivalent to a zero function. The opposite implication is straightforward. Whence it holds

u = 0 ⇐⇒ ∥u∥k,p = 0.

Step 2: Property 2. of the norm
The weak derivative satisfies Dα (λu) = λDαu (cf. Exercise 2.1.10), further also ∥λDαu∥p = |λ|∥Dαu∥p. Altogether,
we have

∥λu∥k,p =

∑
|α|≤k

∥Dα (λu) ∥pp

 1
p

=

|λ|p
∑
|α|≤k

∥Dαu∥pp

 1
p

= |λ|∥u∥k,p,

and we verified that the proposed norm is positively 1-homogeneous.
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Step 3: Property 3. of the norm
Weak derivative is clearly linear Dα (u+ v) = Dαu +Dαv (cf. Exercise 2.1.10) and for the Lp-norm, the Minkowski
(triangle) inequality holds (cf. Theorem A.3.10)

∥u+ v∥p ≤ ∥u∥p + ∥v∥p.

Moreover, also the "discrete" Minkowski inequality holds, i.e., we have for any non-negative {an, bn}mn=0(
m∑

n=0

(an + bn)
p

) 1
p

≤

(
m∑

n=0

apn

) 1
p

+

(
m∑

n=0

bpn

) 1
p

.

This inequality yields

∥u+ v∥k,p =

∑
|α|≤k

∥Dαu+Dαv∥pp

 1
p

≤

∑
|α|≤k

(
∥Dαu∥p + ∥Dαv∥p

)p 1
p

≤

∑
|α|≤k

∥Dαu∥pp

 1
p

+

∑
|α|≤k

∥Dαu∥pp

 1
p

= ∥u∥k,p + ∥v∥k,p;

we thus verified the triangle inequality. It follows from Steps 1–3 that ∥ · ∥k,p is a norm. ■

The following exercise contains elementary properties of the weak derivative. Their proofs are easy, however, we
strongly recommend the reader to perform them in detail.

Exercise 2.1.10 (Properties of weak derivative). Show that it holds for arbitrary two functions u, v ∈W k,p(Ω), where
k ∈ N, and an arbitrary multiindex α satisfying |α| ≤ k:

1. Dαu ∈W k−|α|,p(Ω) and Dα(Dβu) = Dβ(Dαu) = Dα+βu, whenever |α|+ |β| ≤ k

2. λu+ µv ∈W k,p(Ω) and Dα(λu+ µv) = λDαu+ µDαv whenever λ, µ ∈ R

3. if Ω̃ ⊂ Ω is open, then u ∈W k,p(Ω̃)

4. if η ∈ C∞(Ω), then ηu ∈W k,p(Ω) and it holds that

Dα(ηu) =
∑

{β | ∀i=1,...,d, βi≤αi}

(
α

β

)
DβηDα−βu,

where
(
α
β

)
:=
∏d

i=1

(
αi

βi

)
.

Let us now present several typical examples showing which functions belong or do not belong to the spacesW k,p(Ω).
The first example illustrates that Sobolev functions cannot have a jump across a (d− 1)–dimensional manifold.

Example 2.1.11. The function

u(x) :=

{
x in (0, 1)

2 in [1, 2)

is not an element of W 1,p((0, 2)), because the weak derivative, if it had existed, would have been equal to the classical
one in the intervals (0, 1) and (1, 2); the classical derivative is the function

v(x) :=

{
1 in (0, 1)

0 in (1, 2).

This function, however, is not a weak derivative of 2 u, but it is a weak derivative of a function

ũ(x) =

{
x in (0, 1)

1 in [1, 2).

Generally, a function which has a jump discontinuity across a (d− 1)–dimensional manifold in Ω ⊂ Rd does not have
a weak derivative in Ω.

2The function u indeed possesses a distributional derivative. It is equal to the distribution Tχ(0,1)
+ δ1, where χI is the characteristic

function of the interval I and δs is the Dirac distribution with the support at the point s. But this distribution is not regular and the
function u does not possess a weak derivative. The function u, however, belongs to the space BV ((0, 2)), i.e., to the space of functions with
bounded variation. The space BV (Ω) is defined as a subspace of the function space L1(Ω) for which all distributional partial derivatives
of the first order are Radon measures, cf. (Lukeš and Malý, 1995, Section 21).
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The second example shows a typical behaviour near a singularity.

Example 2.1.12. Let Ω = B1(0) ⊂ Rd. Then u(x) := 1
|x|α ∈ W 1,p(Ω) ⇔ α < d−p

p . We see that also unbounded
functions belong to some W 1,p(Ω). Note that for α < d−p

p the function u ∈ Lq(Ω) for every q ∈ [1, p∗), where p∗ := dp
d−p

(compare with the Embedding Theorem 2.4.5).

Solution. Consider the function
ui(x) := −α xi

|x|α+2

and show that ui(x) = ∂
∂xi

1
|x|α (in the weak sense). To this aim, apply the definition of the weak derivative and

consider any φ ∈ C∞
0 (Ω) (it is in fact enough to take φ ∈ C1

0(Ω))

−
∫
Ω

u
∂φ

∂xi
dx = − lim

ε→0+

∫
Ω\Bε(0)

u
∂φ

∂xi
dx

and apply the Green formula (integration by parts in higher dimensions) on the second integral; (it is possible, as both
functions are sufficiently smooth on Ω \Bε(0)). Then compute the limit ε→ 0+. □

The last example illustrates the fact that the set of points, where the Sobolev function is discontinuous or un-
bounded, can be even dense in Ω.

Example 2.1.13. Let {rk}∞i=1 be a dense countable subset in B1(0). We define for x ∈ B1(0)

u(x) =

∞∑
i=1

1

2i
|x− ri|−α.

If p < d and α ∈ (0, d−p
p ), then u ∈W 1,p(B1(0)), but the function is not bounded on any open subset of B1(0).

The basic important properties of Sobolev spaces as completeness, separability and reflexivity are summarized in
the following theorem.

Theorem 2.1.14 — On properties of Sobolev spaces. For every k ∈ N0 and p ∈ [1,∞] the space W k,p(Ω) is
a Banach space. For p ∈ [1,∞) the space W k,p(Ω) is separable and for p ∈ (1,∞) the space is reflexive. For p = 2
the space W k,2(Ω) is a Hilbert space with the scalar product

(u, v)Wk,2(Ω) = (u, v)k,2 :=
∑
|α|≤k

∫
Ω

DαuDαv dx. (2.1)

Proof. Step 1: Completeness
The aim is to show that every Cauchy sequence in W k,p(Ω) has a limit in W k,p(Ω). Let {un}∞n=1 ⊂ W k,p(Ω) be a
Cauchy sequence, i.e.,

∀ε > 0, ∃n0 ∈ N, ∀n,m ≥ n0 : ∥un − um∥k,p < ε.

The definition of ∥ · ∥k,p implies that for any multiindex α such that |α| ≤ k it holds ∥Dαun−Dαum∥p < ε. Therefore
all sequences {Dαun}∞n=1 ⊂ Lp(Ω) are Cauchy sequences. The spaces Lp(Ω) are complete (cf. Theorem A.3.11), and
therefore there exist limits

un → u in Lp(Ω)

Dαun → uα in Lp(Ω), |α| ≤ k.
(2.2)

Since the limits of sequences Dαun were constructed separately, it is not clear whether we have Dαu = uα. It remains
to verify this claim. First, it holds uα ∈ L1

loc(Ω) (as uα ∈ Lp(Ω)); we have verified the first property of the weak
derivative. We take arbitrary α such that |α| ≤ k. By virtue of the definition of the weak derivative it holds for every
ϕ ∈ C∞

0 (Ω) ∫
Ω

unD
αϕ dx = (−1)

|α|
∫
Ω

Dαunϕ dx.

We pass to the limit n→ ∞ on both sides of the equality. For the left-hand side we have due to (2.2)1

lim
n→∞

∫
Ω

unD
αϕ dx =

∫
Ω

uDαϕ dx,

and for the right-hand side we obtain due to (2.2)2

lim
n→∞

(−1)
|α|
∫
Ω

Dαunϕ dx = (−1)
|α|
∫
Ω

uαϕ dx.

Whence it must hold for any ϕ ∈ C∞
0 (Ω) that

∫
Ω
uDαϕ dx = (−1)

|α| ∫
Ω
uαϕ dx. This implies Dαu = uα.
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Step 2: Reflexivity and separability
To show the reflexivity and separability we use the properties of the Lp(Ω) spaces, cf. Theorems A.3.34 and A.3.37.
Denote X = (Lp(Ω))

κ, where κ is the number of all multiindeces with the length equal or less than k. The space X
is clearly reflexive (for p ∈ (1,∞)) and separable (for p ∈ [1,∞)).

We further define the mapping I: W k,p(Ω) → X as3

I(u) = [Dαu]|α|≤k =

[
u,

∂u

∂x1
, . . . ,

∂u

∂xd
, . . . ,

∂ku

∂xkd

]
.

Then I is an isomorphism between W k,p(Ω) and I(W k,p(Ω)) ⊂ X. Due to the completeness of the space W k,p(Ω),
cf. Theorem 2.1.14, the set I(W k,p(Ω)) is a closed subset of X. Thus due to Theorem B.2.4 the space W k,p(Ω) is
separable, if p ∈ [1,∞), and reflexive, if p ∈ (1,∞).

Step 3: Case p = 2
We leave for a kind reader the verification that (2.1) is a scalar product. Since the associated norm is the standard
norm in W k,2(Ω), the space W k,2(Ω) is a Hilbert space. ■

On the other hand, for the value p = 1 the Sobolev spaces (similarly as the Lebesgue ones) are not reflexive and
for p = ∞ neither reflexive nor separable.

Theorem 2.1.15 — On non-reflexivity and non-separability. The Sobolev space W k,∞(Ω) is not separable
and the Sobolev spaces W k,1(Ω) and W k,∞(Ω) are not reflexive.

Proof. The proof of the first claim is left for the reader, cf. the following Exercise 2.1.16. The proof of the second
claim can be found in (Kufner et al., 1977, Theorems 5.2.4 and 5.2.6). ■

Exercise 2.1.16 (W k,∞(Ω) is not separable). Let Ω ⊂ Rd and let δ > 0 be such that Bδ(x0) ⊂ Ω for a certain x0.
Consider for ξ = (ξ1, . . . , ξd) ∈ Bδ(x0) functions φξ = min(1, |x1 − ξ1|). Show that φξ is an uncountable system of
functions from W 1,∞(Ω) such that ∥φξ − φξ̃∥W 1,∞(Ω) ≥ 1 for ξ1 ̸= ξ̃1.

In what follows we introduce certain subspaces of Sobolev spaces whose elements "are zero" on the boundary Ω.
These subspaces play an important role when we introduce the solution to certain boundary value problems in the
theory of PDEs as well as at the rigorous justification of integration by parts for Sobolev functions.

Definition 2.1.17 — The space W k,p
0 (Ω). Let Ω ⊂ Rd be an open set, p ∈ [1,∞) and k ∈ N. Denote

W k,p
0 (Ω) := C∞

0 (Ω)
∥ · ∥k,p

.

Remark 2.1.18. If we allow p = ∞ in the definition above, we would get

C∞
0 (Ω)

∥ · ∥k,∞ ⊆
{
u ∈ Ck(Ω) | ∀|α| ≤ k, ∀x ∈ ∂Ω: Dαu(x) = 0

}
which follows directly from the definition of the convergence in the norm ∥ · ∥k,∞.

The following relation between W k,p(Ω) and W k,p
0 (Ω) is left as an exercise for a kind reader.

Exercise 2.1.19. Show that W k,p
0 (Ω) is a subspace of W k,p(Ω). Show further that W k,p

0 (Ω) ⊊ W k,p(Ω) for an
arbitrary open Ω ⊊ Rd.

The spaces W k,p
0 (Ω) share many properties with W k,p(Ω) as it is formulated in the next theorem.

Theorem 2.1.20 — On properties of spaces W k,p
0 (Ω). For any k ∈ N and p ∈ [1,∞) the space W k,p

0 (Ω) is a
Banach space. For p ∈ [1,∞) the space W k,p

0 (Ω) is separable and for p ∈ (1,∞) the space is reflexive. The space
W k,1

0 (Ω) is not reflexive.

Proof. The proof is, similarly as the proof of Theorem 2.1.14, based on known properties of the Lebesgue spaces Lp(Ω).
A more detailed proof can be found in (Kufner et al., 1977, Theorems 5.2.2, 5.2.4 and 5.2.6). ■

Remark 2.1.21. If we allow for k = 0 in the definition of the space W k,p
0 (Ω), then W 0,p

0 (Ω) = Lp(Ω) for 1 ≤ p < ∞
and Ω ⊂ Rd open, since the smooth compactly supported functions are dense in Lp(Ω) in this situation.

Finally, as a direct consequence, we deduce the formula for integration by parts for elements of Sobolev spaces
W 1,p

0 (Ω) and W 1,p′
(Ω).

3The mapping I forms the vector of all possible (weak) partial derivatives of the order at most k.
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Theorem 2.1.22 — On integration by parts I. Let Ω ⊂ Rd be an open set, k ∈ N and p ∈ [1,∞). Then for
any multiindex α such that |α| ≤ k, every u ∈W k,p

0 (Ω) and everya v ∈W k,p′
(Ω) it holds∫

Ω

Dαu v dx = (−1)|α|
∫
Ω

uDαv dx. (2.3)

aRecall that p′ := p
p−1

with the convention that for p = 1 we have p′ = ∞.

Proof. By virtue of Hölder’s inequality A.3.12 it is not difficult to verify that both integrals in (2.3) are finite. Fur-
thermore, from the definition of the space W k,p

0 (Ω) we know that there exists a sequence {un}∞n=1 ⊂ C∞
0 (Ω) such that

for any multiindex α, |α| ≤ k we have
Dαun → Dαu in Lp(Ω).

As also Dαv ∈ Lp′
(Ω), we immediately obtain∫

Ω

Dαu v dx = lim
n→∞

∫
Ω

Dαun v dx∫
Ω

uDαv dx = lim
n→∞

∫
Ω

unD
αv dx.

(2.4)

Finally, directly from the definition of the weak derivative (recall that un ∈ C∞
0 (Ω)) we deduce∫

Ω

Dαun v dx = (−1)|α|
∫
Ω

unD
αv dx

and plugging this identity into (2.4) we get (2.3). ■

Inspired by Definition 2.1.17, we introduce at the end of this section yet other function spaces which we obtain as
closure of smooth functions up to the boundary in the corresponding Sobolev norm.

Definition 2.1.23 — Sobolev spaces as closure. Let Ω ⊂ Rd be an open set, p ∈ [1,∞) and k ∈ N. The space
W̃ k,p(Ω) is defined as

W̃ k,p(Ω) := C∞(Ω)
∥ · ∥k,p

.

Remark 2.1.24. Analogously as in the case W k,p
0 (Ω) (cf. Remark 2.1.18) it does not make sense to define W̃ k,∞(Ω),

because we would get due to the properties of ∥ · ∥k,∞ that W̃ k,∞(Ω) ⊂ Ck(Ω).

The following lemma summarizes the properties of the space defined as the closure of smooth functions up to the
boundary in the Sobolev norm.

Lemma 2.1.25 — On properties of spaces W̃ k,p(Ω). Let k ∈ N and p ∈ [1,∞). Then W̃ k,p(Ω) is a closed
subspace of W k,p(Ω) (and thus a Banach space) which is separable and furthermore for p ∈ (1,∞) also reflexive. In
particular, W̃ k,p(Ω) ⊂W k,p(Ω).

Proof. The fact that the space is closed follows directly from the definition. Other properties can by shown by virtue
of Theorem 2.1.14. Their proof is left as a useful exercise for a kind reader. ■

The answer on the question when it holds W̃ k,p(Ω) =W k,p(Ω) will be given in the next section; all proofs then later,
in Chapter 6. The validity of such claim will require certain assumptions on the qualitative properties of the set Ω.
We now only present a counterexample of this claim for a sufficiently "ugly" open set Ω.

Exercise 2.1.26 (W̃ k,p(Ω) ̸=W k,p(Ω)). We define the set Ω ⊂ R2 as

Ω := B1(0) \ {(x, 0) : x ∈ [0, 1)}, see also Figure 2.2 from Example 2.2.11.

Consider a function u defined as

u(x, y) :=


0 if x ≤ 0,

0 if x > 0 a y ≥ 0,

x if x > 0 a y < 0.

Show that for every p ∈ [1,∞] it holds u ∈W 1,p(Ω), but for p <∞ we have u /∈ W̃ 1,p(Ω).

Let us note that introducing the Sobolev spaces by Definitions 2.1.6 and 2.1.23 is not the only possibility. In the
last section of Chapter 6 we present an alternative, but fully equivalent definition based on the so-called Beppo Levi
spaces.
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2.2 Density of smooth functions

Starting from this section, we shall rather present overview of properties of Sobolev spaces and skip the proofs. We
first look at results concerning the density of different types of smooth functions. They are important since they
allow the following proof strategy: we first show validity of certain integral identity for smooth functions and in the
next step, based on the density argument, we show by suitable limit passage that the identity also holds for Sobolev
functions. These results will be mostly based on mollification of Sobolev functions.

In what follows the notation η will be used exclusively for the mollification kernel, i.e., for smooth radially symmetric
function supported in the unit ball with integral mean value equal to one, see also Definition A.3.28. The function
ηε(x) := ε−dη(xε ) stands then for its rescaling and finally for u ∈ L1

loc(R
d) we introduce the mollification of the function

u, denoted uε, as (see also Definition A.3.30)

uε(x) := ηε ⋆ u(x) =

∫
Rd

ηε(x− y)u(y) dy.

2.2.1 Local approximation of Sobolev functions

The first result concerns a direct application of the mollification of a Sobolev function.

Theorem 2.2.1 — On local approximation by smooth functions. Let Ω ⊂ Rd be open, p ∈ [1,∞) and
u ∈W k,p(Ω) be arbitrary. We define u as zero outside of Ω and let uε := ηε ⋆ u denote the mollification of u. Then
it holds:

1. Dαuε = (Dαu)ε almost everywhere in Ωε := {x ∈ Ω | dist (x, ∂Ω) > ε}

2. uε → u in W k,p(Ω′) for every open Ω′ ⊂ Ω′ ⊂ Ω.

This theorem has several corollaries. The first one is a precise characterization of W k,p(Rd).

Lemma 2.2.2 — Connection of W k,p
0 (Rd) and W k,p(Rd). Let k ∈ N a p ∈ [1,∞). Then W k,p(Rd) =W k,p

0 (Rd).

Another, "intuitively" straightforward corollary of the Theorem on local approximation by smooth functions 2.2.1
is the following claim dealing with Sobolev functions which have zero first order derivative almost everywhere (and,
as follows from the theorem, the functions are constant).

Lemma 2.2.3 — On constant functions. Let Ω ⊂ Rd be an open connected and u ∈ W 1,1
loc (Ω). Then the

following two assertions are equivalent.

1. The function u is constant almost everywhere in Ω.

2. For any multiindex α of the length one it holds Dαu = 0 almost everywhere in Ω.

We stated in the previous lemma that a Sobolev function has zero gradient on an open connected set, if and only if
the function is constant there. We now formulate the result that if a function is constant on a measurable set, then all
derivatives of the first order are there zero almost everywhere. This will allow us to present a claim about composition
of Lipschitz and Sobolev functions. Recall that χB denotes a characteristic function of a set B.

Theorem 2.2.4 — On the derivative of a composite function. Let Ω be open and u ∈ W 1,p(Ω) for some
p ∈ [1,∞]. Denote for arbitrary a ∈ R

Ωa := {x ∈ Ω |u(x) = a}.

Then for any i ∈ {1, . . . , d} it holds that ∂u
∂xi

= 0 almost everywhere in Ωa.
Further, let f ∈ C0,1(R) (note that f ′ ∈ L∞(R)). Then f ◦ u− f(0) ∈W 1,p(Ω) and it holds

∂f(u(x))

∂xi
= f ′(u(x))

∂u(x)

∂xi
χ{x∈Ω |u(x)/∈Sf} almost everywhere in Ω, (2.5)

where Sf := {s ∈ R | the classical derivative f ′(s) does not exist}.

Note that the Rademacher Theorem A.2.16 ensures that the derivative f ′ exists almost everywhere in R and thus the
set Sf is of zero measure. If moreover Ω has finite measure, then f(0) ∈ W 1,p(Ω) and thus f(u) ∈ W 1,p(Ω). Finally,
as an easy corollary of Theorem 2.2.4 which is in fact a part of the proof we get a claim which is often used in the
theory of partial differential equations.

Corollary 2.2.5. Let u ∈W 1,1(Ω) be arbitrary and denote u+ := max{0, u} and u− := −min{0, u}. Then we have for
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all i ∈ {1, . . . , d} and almost everywhere in Ω that

∂u+

∂xi
=

∂u

∂xi
χ{x∈Ω |u(x)>0}

∂u−

∂xi
= − ∂u

∂xi
χ{x∈Ω |u(x)<0}

∂|u|
∂xi

= signu
∂u

∂xi
χ{x∈Ω |u(x)̸=0}.

In particular, u+, u− and |u| ∈W 1,1(Ω).

In general, a composition of two Sobolev functions may be not a Sobolev function.

Example 2.2.6. Consider the function u(x) = x3 sin3
(
1
x

)
∈ W 1,∞((−1, 1)) and further the function f(z) = 3

√
z ∈

W 1,q((−1, 1)) for q < 3
2 . Then the function (f ◦ u)(x) = x sin

(
1
x

)
does not belong even to W 1,1((−1, 1)).

2.2.2 Global approximation of Sobolev functions by functions from C∞(Ω)

We shall explain in this subsection that it is possible to strengthen Theorem 2.2.1 in the sense that the approximate
sequence belongs to C∞(Ω)∩W k,p(Ω). Note that this "stronger" formulation does not require any extra assumptions
on the set Ω, on the other hand, this result does not say anything about the global approximation by means of
C∞(Ω)-funtions. This problem will be studied in the following subsection.

Theorem 2.2.7 — On approximation by smooth functions in Ω. Let Ω ⊂ Rd be a bounded open set,
p ∈ [1,∞) and u ∈ W k,p(Ω). Then there exists a sequence {un}∞n=1 ⊂ C∞(Ω) ∩W k,p(Ω) such that un → u in
W k,p(Ω).

2.2.3 Global approximation of Sobolev functions by functions from C∞(Ω)

We aim at obtaining global approximation of Sobolev functions by smooth functions up to the boundary. To this aim,
we need to apply Theorem 2.2.1. Since the approximation must be done up to the boundary, it will already depend on
the properties of the boundary. For general domains, this given result is not true (cf. Exercise 2.1.26), thus we must
exclude such situations as in the above mentioned exercise. We shall present two results of this type. The first one
is connected with a special type of domains, so-called star-shaped ones for which the proof is rather straightforward.
The other case covers more general class of domains, but the definition of the domain is much more involved. Indeed,
also the proof is more complex.

Definition 2.2.8 — Star-shaped domain. We say that an open set Ω ⊂ Rd is star-shaped (with respect to
a point x0), if there exists a point x0 ∈ Ω such that for any x ∈ Ω, x ̸= x0 the half line starting at x0 and going
through x has exactly one common point with the boundary of Ω. It means that{

y ∈ Rd | ∃τ ∈ R+, y = τ(x− x0) + x0
}
∩ ∂Ω contains exactly one point.

An example of a star-shaped domain is a ball or cube in Rd or, as indicated by the name of the domain — a symmetric
star in the plane. Recall that a star-shaped set is necessarily connected.

Theorem 2.2.9 — On approximation up to the boundary for star-shaped domains. Let Ω be a star-
shaped domain and u ∈W k,p(Ω) for p ∈ [1,∞). Then there exists a sequence {un}∞n=1 ⊂ C∞(Ω) such that un → u
in W k,p(Ω).

The main idea of the proof is connected with the fact that we may "slide out" the function along the half lines
starting at x0 (the point with respect to which the domain is star-shaped). We can do it in such a way that the slid
out function is close to the original one in the Sobolev norm. Then we molify this function (the mollification makes
sense up to the boundary of Ω).

The star-shaped domains are too specific and do not include a big class of otherwise "nice" domains. Another class
for which the approximation of Sobolev function by smooth functions holds true are so-called domains with continuous
boundary. Since it is not more difficult to define domains with Hölder continuous (or even more general) boundary,
we present the definition in full generality.

Definition 2.2.10 — Domain with Ck,µ-boundary. Let Ω ⊂ Rd be a bounded domain, k ∈ N0 and µ ∈ [0, 1]a.
We say that Ω is a domain with the Ck,µ-boundary (shortly domain of the type Ck,µ and denote Ω ∈ Ck,µ), if
there exist positive numbers α, β, and M cartesian coordinate systems, i.e., the coordinates of an arbitrary point
x ∈ Rd in the r-th coordinate system are denoted as x = (xr1 , . . . , xrd) := (x′r, xrd), and M continuous functions
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ar: ∆r → R of class Ck,µ, where we define for any r ∈ {1, . . . ,M}

∆r :=
{
x′r ∈ Rd−1 | i = 1, . . . , d− 1 : |xri | < α

}
such that the following holds.

1. If we denote by Tr the mapping (rotation and shift) which describes the change of coordinates from the r-th
cartesian coordinate system (x′r, xrd) to the global coordinate system (x′, xd), then for any x ∈ ∂Ω there exists
a coordinate system (i.e., there exists r ∈ {1, . . . ,M}), such that x = Tr(x

′
r, ar(x

′
r)) for some x′r ∈ ∆r.

2. If we define

V +
r :=

{
(x′r, xrd) ∈ Rd |x′r ∈ ∆r, ar(x

′
r) < xrd < ar(x

′
r) + β

}
V −
r :=

{
(x′r, xrd) ∈ Rd |x′r ∈ ∆r, ar(x

′
r)− β < xrd < ar(x

′
r)
}

Λr :=
{
(x′r, xrd) ∈ Rd |x′r ∈ ∆r, ar(x

′
r) = xrd

}
,

then Tr(V +
r ) ⊂ Ω , Tr(V −

r ) ⊂ Rd \ Ω and Tr(Λr) ⊂ ∂Ω.

Property 1. implies furthermore that ∂Ω =
⋃M

r=1 Tr(Λr). If we denote the open set Vr := V +
r ∪ V −

r ∪ Λr, then
∂Ω ⊂

⋃M
r=1 Tr(Vr) and {Tr(Vr)}Mr=1 is a finite open covering of a certain neighbourhood of ∂Ω.

aFor µ = 0 we speak about domains with Ck-boundary; if further k = 0, then by C0,0 we understand a continuous function and we
speak about domains with C0- or C-boundary.

Figure 2.1 displays the typical situation how the boundary should look like.
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Figure 2.1: Domain Ω with the C0,1-boundary.

Example 2.2.11. Typical examples of different types of domains are as follows.

1. Domain defined as (0, a)d, a > 0 (i.e., the d-dimensional cube) is a domain with the C0,1-boundary (Lipschitz
boundary).

2. The ball in Rd is a domain with the C∞-boundary.

3. The ball in Rd without one line (see Figure 2.2) is even not a domain with the C-boundary.

&%
'$

Figure 2.2: Domain which is not of the type C.

Note that the third example is in fact a typical example of the domain assumed in Exercise 2.1.26 for which we do
not have W̃ k,p(Ω) = W k,p(Ω). On the other hand, as we shall see below, the equality holds for domains Ω ∈ C and
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together with the continuity of the boundary, the key property is that we may speak about a well defined interior of
the domain (represented by Tr(V +

r )) and exterior of the domain (represented by Tr(V −
r )) which allows us to modify

the proof from the case of star-shaped domains.

Remark 2.2.12. Some of the domains have special names; the domain Ω ∈ C is usually called the domain with
continuous boundary, and Ω ∈ C0,1 is called the domain with Lipschitz boundary.

Important tool in the proof of the theorem below which will also be very useful at several other situations, is the
following lemma.

Lemma 2.2.13 — On partition of unity. Let {Gi}ki=1 be a finite number of open sets in Rd such that
Ω ⊂ ∪k

i=1Gi. Then there exist non-negative functions ϕi ∈ C∞
0 (Gi), i = 1, . . . , k such that for any i we have

∥ϕi∥C(Ω) ≤ 1 and it holds for any x ∈ Ω
k∑

i=1

ϕi(x) = 1.

The main result reads as follows.

Theorem 2.2.14 — On the approximation up to the boundary for Ω ∈ C. Let Ω ∈ C, p ∈ [1,∞), k ∈ N
and u ∈ W k,p(Ω). Then there exists a sequence {un}∞n=1 of functions from C∞(Ω) such that un → u in W k,p(Ω).
In other words, for p ∈ [1,∞), k ∈ N and Ω ∈ C we have W̃ k,p(Ω) =W k,p(Ω).

The proof is based on the following. We consider each part of the boundary (the remaining part away from the
boundary is easier and Theorem 2.2.1 can be applied) in the local coordinate system and apply the Lemma on partition
of unity 2.2.13. We "slide the function out" in the direction of the last variable (i.e., out of Ω) and then mollify the
resulted function. To have everything well defined, the continuity of the boundary is required.

2.3 Weak derivative and differences
We saw in the previous subsection that the Sobolev functions can approximated arbitrarily close in the Sobolev norm
by smooth functions. We also know that if a function has continuous classical derivatives, then they coincide with the
weak derivatives. We shall now consider the opposite relation, namely if the weak derivative can be considered as a
certain approximation of the classical derivative.

We denote for arbitrary i = 1, . . . , d and h ∈ R the difference quotient

∆h
i u(x) :=

u(x+ hei)− u(x)

h
, (2.6)

where ei is the unit vector in the direction of the xi axis. It is evident that if u has at the point x (classical) partial
derivative with respect of the xi variable, then

lim
h→0

∆h
i u(x) =

∂u

∂xi
.

We aim to clarify that something similar "in the mean" holds also for the weak derivative almost everwhere in Ω. The
first result in this direction is the following.

Theorem 2.3.1 — On the connection between difference quotient and weak derivative I. Let Ω be
open, p ∈ [1,∞] and u ∈ Lp(Ω). We denote for arbitrary δ > 0

Ωδ := {x ∈ Ω | dist(x, ∂Ω) > δ}.

Then we have the following.

1. If u ∈W 1,p(Ω), then for any i ∈ {1, . . . , d}, δ ∈ (0, 1) and |h| ∈ (0, δ2 ) it holds

∥∥∆h
i u
∥∥
Lp(Ωδ)

≤
∥∥∥∥ ∂u∂xi

∥∥∥∥
Lp(Ω)

.

2. If p ∈ (1,∞] and there exist constants {Ci}di=1 such that for any i ∈ {1, . . . , d}, δ ∈ (0, 1) and |h| ∈ (0, δ2 ) it
holds ∥∥∆h

i u
∥∥
Lp(Ωδ)

≤ Ci,
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then u ∈W 1,p(Ω). Moreover, we have for any i ∈ {1, . . . , d} the estimate∥∥∥∥ ∂u∂xi
∥∥∥∥
Lp(Ω)

≤ Ci.

Corollary 2.3.2. Note that (verify that the assumptions of the second part of Theorem 2.3.1 are satisfied) Lipschitz
functions belong to W 1,∞(Ω). We even have the embedding C0,1(Ω) ↪→ W 1,∞(Ω). The opposite inclusion requires
certain regularity of the domain and will be discussed later.

Remark 2.3.3. The second part of Theorem 2.3.1 does not hold for p = 1, as a kind reader may verify for the function
u(x) := signx in the interval (−1, 1). Nonetheless, the function fulfilling the assumptions of the second part of the
theorem for p = 1 belongs to the space BV (Ω) — functions with bounded variation.

We now strengthen the previous theorem in the sense that we will replace weak convergence by the strong
one.

Theorem 2.3.4 — On the connection between difference quotient and weak derivative II. Let Ω be
bounded, p ∈ [1,∞) and u ∈W 1,p(Ω). We denote for δ > 0

Ωδ := {x ∈ Ω | dist(x, ∂Ω) > δ}.

Then it holds for any δ > 0

lim
h→0

∥∥∥∥∆h
i u− ∂u

∂xi

∥∥∥∥
Lp(Ωδ)

= 0. (2.7)

Remark 2.3.5. Since the strong convergence implies almost everywhere convergence, at least for a chosen subsequence,
Theorem 2.3.4 guarantees that for any subsequence hn → 0 there exists a set of zero Lebesgue measure N ⊂ Ω such
that (for a chosen subsequence)

lim
hn→0

∣∣∣∣∆hn
i u(x)− ∂u

∂xi
(x)

∣∣∣∣ = 0 for all x ∈ Ω \N.

This claim, however, does not imply existence of the classical derivative, since the function u can be changed on a
set of measure zero which can be dense in Ω and thus after this change the function u is not continuous at any point
and cannot have the classical derivative anywhere. A different situation is for p > d, where already a continuous
representative of the function exists. We shall discuss this case later.

On the other hand, we may strengthen Lemma 2.1.4; we assumed there the continuity of the derivatives and we
can relax the assumptions as follows.

Lemma 2.3.6 — Connection of weak and classical derivative II. Let Ω be an open set and u ∈ W 1,1(Ω).
Let D ⊂ Ω be defined as

D := {x ∈ Ω | there exists the classical partial derivative of u with respect to xi}.

Then the weak and classical derivatives of u coincide almost everywhere in D.

Finally we present a small generalization of Theorem 2.3.1.

Lemma 2.3.7 — On the connection between difference quotient and weak derivative III. Let Ω be
open, p ∈ [1,∞] and u ∈W 1,p(Ω). We denote for δ > 0, h ∈ (− δ

2 ,
δ
2 ) and arbitrary unit vector e ∈ Rd

Ωδ := {x ∈ Ω | dist(x, ∂Ω) > δ}

∆h
eu(x) :=

u(x+ he)− u(x)

h
.

Then it holds ∥∥∆h
eu
∥∥
Lp(Ω2|h|)

≤ ∥∇u · e∥Lp(Ω) .

2.4 Theorems on continuous and compact embeddings
Before we present the results concerning the embeddings, we first mention two auxiliary results connected with
extensions of Sobolev functions. They are used in the proofs of the further results, however, play also an important
role in the theory of partial differential equations.
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Theorem 2.4.1 — Extension operator. Let Ω ∈ C0,1 and p ∈ [1,∞]. Then there exists a continuous linear
operator

E :W 1,p(Ω) →W 1,p(Rd)

such that:

1. Eu = u in Ω

2. Eu has compact support in Rd

3. there exists C = C(d,Ω) > 0 such that

∥Eu∥W 1,p(Rd) ≤ C ∥u∥W 1,p(Ω) .

Remark 2.4.2. In what follows we shall call Eu extension of u ∈ W 1,p(Ω) to u ∈ W 1,p(Rd) and the operator E will
be called the extension operator. The extension can be defined so that it preserves the C1 regularity. It is possible to
preserve also higher regularity, but more regularity of the boundary of Ω must be required. This is due to the fact
that the construction can be easily done for flat boundaries, while for more general non-flat boundaries we first need
to flatten the boundary.

Let us assume that the boundary is described (for simplicity, we do not consider the change of variables caused by
different coordinate systems)

xd = a(x′), x′ ∈ ∆ =
{
x′ ∈ Rd−1 | ∀i ∈ {1, . . . , d− 1} |xi| < α

}
.

Recall the notation from Definition 2.2.10

V + =
{
(x′, xd) ∈ Rd |x′ ∈ ∆, a(x′) < xd < a(x′) + β

}
V − =

{
(x′, xd) ∈ Rd |x′ ∈ ∆, a(x′)− β < xd < a(x′)

}
Λ =

{
(x′, xd) ∈ Rd |x′ ∈ ∆, a(x′) = xd

}
V = V + ∪ V − ∪ Λ.

We now look at the change of variables which "flattens" the boundary. We define new variables (y′, yd) and the
mapping F: (−1, 1)d → V by means of

x′ = αy′

xd = a(αy′) + βyd, (i.e., x = F(y))
(2.8)

and

y′ =
1

α
x′

yd =
1

β
xd −

1

β
a(x′), (i.e., y = F−1(x)),

(2.9)

respectively. Denote further

C+ := (−1, 1)d−1 × (0, 1)

C− := (−1, 1)d−1 × (−1, 0).

Then F maps C+ onto V +, C− onto V − and (−1, 1)d−1 × {0} onto Λ. Furthermore, if a is at least Lipschitz, the
following key lemma holds true.

Lemma 2.4.3 — Flattening of the boundary. Let F and F−1 be defined above by (2.8) and (2.9). Let a be
a Lipschitz continuous function in ∆. Then the change of variables F and its inverse F−1 are Lipschitz continuous.

Moreover, there exists constants C1 = C1(a, α, β, d) and C2 = C2(a, α, β, d) such that for any u ∈ W 1,p(V +)
with p ∈ [1,∞), the function U := u ◦ F ∈W 1,p(C+) and it holds

C1 ∥u∥W 1,p(V +) ≤ ∥U∥W 1,p(C+) ≤ C2 ∥u∥W 1,p(V +) . (2.10)

Remark 2.4.4. There is also another method of extension of Sobolev functions, so called Calderón method (the method
from Theorem 2.4.1 is called Nikolskii method) and to construct the extension for any k and p ∈ (1,∞) it is enough
to have Ω ∈ C0,1, while the Nikolskii method requires, due to the flattening of the boundary, at least Ck−1,1 boundary.
Disadvantage of the Calderón method is that it does not work for p = 1 and p = ∞.4

4The Calderón method is based on integral representation of functions. More details can be found (for p = 2) in Nečas (1967) or Ženíšek
(2001), the generalization for p ̸= 2 can the reader easily construct himself; it is based on the theory of Fourier multipliers. The restriction
p ̸= 1 and p ̸= ∞ is connected with the fact that the Lp − Lp estimates of the used singular integral operators generally do not hold true
for p = 1 and p = ∞.
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We turn now our attention to different embeddings (continuous or compact) of Sobolev spaces. From the definition
of Sobolev spaces it directly follows that u ∈ W k,p(Ω) belongs also to Lp(Ω). The main goal is to show that the
function u belongs to a "much better" space, provided Ω has a Lipschitz boundary.

Recall Example 2.1.12. We studied for which α ∈ R the function

f(x) := |x|−α

belongs to W 1,p(B1(0)) and to Lq(B1(0)), respectively. We showed that if α < d−p
p , then f ∈ W 1,p(B1(0)), and,

simultaneously, f ∈ Lq(B1(0)) pro any q ∈ [1, dp
d−p ]. This on one hand indicates that if u ∈ W 1,p(Ω), for p < d, then

u ∈ Lq(Ω) for q ∈ [1, dp
d−p ], too. On the other hand, this examples shows that the best we may expect for p < d is that

W 1,p(Ω) ↪→ Lq(Ω), where q ≤ dp
d−p , higher exponent would contradict the above mentioned example.

Finally, for p > d, the assumption u ∈ W 1,p(Ω) implies that −α > 1 − d
p > 0. Note that for such α we already

have f ∈ C0,|α|(B1(0)).
This simple example leads to the conjecture that for "reasonable" domains Ω it may hold that

W 1,p(Ω) ↪→

{
L

dp
d−p (Ω) for p ∈ [1, d),

C0,1− d
p (Ω) for p ∈ (d,∞).

2.4.1 Theorems on continuous embedding
We denote for p < d

p⋆ :=
dp

d− p
. (2.11)

As indicated above in the introduction to this section, the following results hold.

Theorem 2.4.5 — Embedding W 1,p(Ω) ↪→ Lq(Ω) for p < d. Let Ω ∈ C0,1 and p ∈ [1, d). Then it holds for any
q ∈ [1, p⋆]

W 1,p(Ω) ↪→ Lq(Ω).

More precisely, for any q ∈ [1, p⋆] there exists C which depends only on p, d, q and Ω such that for any u ∈W 1,p(Ω)
we have

∥u∥Lq(Ω) ≤ C ∥u∥W 1,p(Ω) . (2.12)

The theorem above does not say anything about the case p = d, however, as a direct consequence of Theorem 2.4.5
we easily get the following.

Theorem 2.4.6 — Embedding W 1,d(Ω) ↪→ Lq(Ω). Let Ω ∈ C0,1. Then it hold for any q ∈ [1,∞)

W 1,d(Ω) ↪→ Lq(Ω).

Let us now consider the case p > d. Define

µ⋆ := 1− d

p
, (2.13)

where we set for p = ∞ the value µ⋆ := 1. The main result in this situation is the following.

Theorem 2.4.7 — Embedding W 1,p(Ω) ↪→ C0,α(Ω) for p > d. Let Ω ∈ C0,1 and p ∈ (d,∞]. Then it holds for
any α ∈ [0, µ⋆]

W 1,p(Ω) ↪→ C0,α(Ω).

More precisely, for any α ∈ [0, µ⋆] there exists a constant C which depends only on α, p, d and Ω such that for any
u ∈W 1,p(Ω) there exists a representative u⋆ ∈ C0,α(Ω), i.e., u⋆ ∈ [u], satisfying

∥u⋆∥C0,α(Ω) ≤ C ∥u∥W 1,p(Ω) .

It follows from the above stated theorems that the case p = d is particular and the embedding from Theorem 2.4.6
is not "sharp". Nonetheless, as shown in the following exercise, better result on the scale of Lebesgue spaces cannot
be expected.5

Exercise 2.4.8. Show that the function f(x) := ln
(
ln
(
1 + 1

|x|

))
belongs for d ≥ 2 to W 1,d(B1(0)), but does not

belong to L∞(B1(0)). Whence W 1,d(Ω) ̸↪→ L∞(Ω).
5We show in Subsection 2.6 that if Ω is a bounded set, then(∫

Ω

∣∣∣∣u−
1

|Ω|

∫
Ω
udy

∣∣∣∣p dx

) 1
p

≤ C ∥∇u∥Lp(Ω) .
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Recall the notation (cf. Remark 2.1.8)

∇u :=

(
∂u

∂x1
, . . . ,

∂u

∂xd

)
.

Then the Euclidean norm of ∇u is

|∇u| :=

√√√√ d∑
i=1

(
∂u

∂xi

)2

and furthermore
∥∇u∥Lp(Ω;Rd) := ∥|∇u|∥Lp(Ω).

Then it is not difficult to see that
∥u∥p + ∥∇u∥Lp(Ω;Rd)

is an equivalent norm in W 1,p(Ω). To simplify the notation, if no confusion may arise, we always work with ∇u instead
of carefully writing all partial derivatives.

Example 2.4.9. Let us try to find a condition for q to satisfy: let p ∈ [1, d), then there exists C > 0 such that for
any u ∈W 1,p(Rd) it holds

∥u∥Lq(Rd) ≤ C ∥∇u∥Lp(Rd;Rd) . (2.14)

We take u ∈ C∞
0 (Rd) for which we assume (2.14) to hold, and define the functions

uλ(x) := u(λx), with arbitrary λ ∈ R+.

Inequality (2.14) should hold for all functions from W 1,p(Rd) with the constant C independent of u. In particular, it
must hold for all functions uλ. Using the change of variables, we easily get

∥uλ∥Lq(Rd) = λ−
d
q ∥u∥Lq(Rd)

∥∇uλ∥Lp(Rd;Rd) = λ1−
d
p ∥∇u∥Lp(Rd;Rd)

and from inequality (2.14) applied on uλ it follows

λ−
d
q ∥u∥Lq(Rd) ≤ Cλ1−

d
p ∥∇u∥Lp(Rd;Rd) .

Since the parameter λ is arbitrary, for the inequality above to hold it is necessary that

1 +
d

q
− d

p
= 0, or q =

dp

d− p
.

Indeed, inequality (2.14) really holds for u ∈ C∞
0 (Rd), provided d, p and q satisfy 1 + d

q − d
p = 0.

Theorem 2.4.10 — Gagliardo–Nirenberg. Let p ∈ [1, d). Then it holds for any u ∈ C1
0(R

d)

∥u∥Lp⋆ (Rd) ≤
p(d− 1)

d− p
∥∇u∥Lp(Rd;Rd) . (2.15)

Choosing Ω = B1(0) and applying the change of variables z = x+ ry, y ∈ B1(0) we get (perform carefully!)(∫
Br(x)

∣∣∣∣∣u−
1

|Br(x)|

∫
Br(x)

udy

∣∣∣∣∣
p

dz

) 1
p

≤ Cr ∥∇u∥Lp(Br(x))
.

Particularly for p = 1 we have

1

|Br(x)|

∫
Br(x)

∣∣∣∣∣u−
1

|Br(x)|

∫
Br(x)

udy

∣∣∣∣∣ dz ≤ Cr
1

|Br(x)|

∫
Br(x)

|∇u|dz

≤ Cr
1

|Br(x)|

(∫
Br(x)

|∇u|d dz

) 1
d

|Br(x)|1−
1
d ≤ C ∥∇u∥Ld(Rd) .

The left-hand side characterizes the space BMO(Rd) (bounded mean oscillations). This space is a Banach space and

[u]BMO(Rd) = sup
Br(x)⊂Rd

1

|Br(x)|

∫
Br(x)

∣∣∣∣∣u−
1

|Br(x)|

∫
Br(x)

udy

∣∣∣∣∣ dz
is the seminorm in this space. It plays an important role in the harmonic analysis, where it is often used as a replacement of the space
L∞(Ω), see, e.g., Stein (1993).
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Remark 2.4.11. Since the smooth functions with compact support are by definition dense in W 1,p
0 (Ω) for arbitrary

open sets Ω, inequality (2.15) holds also for them. More precisely, for the same constant as above and any u ∈W 1,p
0 (Ω),

∥u∥Lp⋆ (Ω) ≤
p(d− 1)

d− p
∥∇u∥Lp(Ω;Rd) .

If u ∈ W 1,p(Ω), then using the extension from Theorem 2.4.1 we get a similar inequality also in this case. However,
we need to require that Ω is a bounded Lipschitz domain and on the right-hand side we need to have the full norm in
W 1,p(Ω).

A natural question arises, whether the assumption Ω ∈ C0,1 is really necessary for the optimal embedding exponent.
The following example contains counterexamples, showing the necessity.

Example 2.4.12. We show that for W 1,p(Ω) ↪→ Lp⋆

(Ω) to hold in the class of sets Ω ∈ C0,α with α ∈ [0, 1], the
necessary condition is Ω ∈ C0,1. Assume that Ω ⊂ R2 has a part of the boundary in the neighbourhood of the point
(0, 0) described by |y| = xµ, where µ > 1 and x ∈ (0, 1), and the rest of the boundary is smooth, cf. Figure 2.3. Check
carefully that then Ω ∈ C0, 1µ (the description of the boundary x = |y|

1
µ , y ∈ [−1, 1], must be considered).

Now, similarly as in Example 2.1.12, we consider functions of the type u(x, y) := x−a, where we only deal with
the part of the domain close to the origin, i.e. with the set Ω := {(x, y) |x ∈ (0, 1), y ∈ (−xµ, xµ)}, since outside the
origin, the function is smooth. Then

∥u∥qLq(Ω) =

∫ 1

0

(∫ xµ

−xµ

x−aq dy

)
dx = 2

∫ 1

0

xµ−aq dx

∥∇u∥p
Lp(Ω;Rd)

= |a|p
∫ 1

0

(∫ xµ

−xµ

x−(a+1)p dy

)
dx = 2|a|p

∫ 1

0

xµ−(a+1)p dx.

From here we immediately get that

u ∈ Lq(Ω) ⇐⇒ q <
1 + µ

a

u ∈W 1,p(Ω) ⇐⇒ a <
1 + µ− p

p
.

This example confirms that we have for a two-dimensional domain Ω ∈ C0, 1µ at most W 1,p(Ω) ↪→ Lqµ(Ω), where
qµ = (1+µ)p

1+µ−p . This example can be easily transformed to d dimensions, where the correct choice is qµ = (d−1+µ)p
d−1+µ−p . For

more details see (Adams, 1975, Theorem 5.35). It is possible to see that qµ is a decreasing function of µ, having for
µ = 1, i.e., for a Lipschitz domain, optimal value q1 = p⋆, and at infinity (domain with continuous boundary) only the
value q∞ = p.

x

y

Ω

y = xµ

y = −xµ

Figure 2.3: Domain Ω from Example 2.4.12.

We show at the end of this subsection that inequality (2.15) allows to prove interpolation inequalities of the type

∥u∥Lr(Rd) ≤ C ∥∇u∥αLp(Rd;Rd) ∥u∥
1−α
Lq(Rd) ,

for suitably chosen q, r, p and α.

Example 2.4.13. The following inequalities hold6.
6The constants obtained above are not optimal and can be improved, see e.g., Temam (2001). These inequalities play an important

role in the proof of existence, uniqueness and regularity of weak solutions to the incompressible Navier–Stokes equations and they are
"responsible" for a significant difference between the results for two and three space dimensions.
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1. We have for d = 2 ∥v∥L4(R2) ≤ 2
1
2 ∥∇v∥

1
2

L2(R2;R2) ∥v∥
1
2

L2(R2) .

2. We have for d = 3 ∥v∥L4(R3) ≤
(
8
3

) 3
4 ∥∇v∥

3
4

L2(R3;R3) ∥v∥
1
4

L2(R3) .

We start with inequality (2.15) for p = 1. We take for d = 2 the function u = |v|2 and by virtue of Hölder’s
inequality we compute∫

R2

|v|4 dx ≤
(∫

R2

|∇|v|2| dx
)2

≤ 4

(∫
R2

|∇v||v|dx
)2

≤ 4 ∥∇v∥2L2(R2) ∥v∥
2
L2(R2;R2) .

Taking the fourth root we obtain the result.
For d = 3 we choose u = |v| 83 , then∫

R3

|v|4 dx ≤
(∫

R3

|∇|v| 83 | dx
) 3

2

≤
(
8

3

) 3
2
(∫

R3

|∇v||v| 53 dx
) 3

2

≤
(
8

3

) 3
2
(∫

R3

|∇v||v| 13 |v| 43 dx
) 3

2

≤
(
8

3

) 3
2

∥∇v∥
3
2

L2(R3;R3) ∥v∥
1
2

L2(R3) ∥v∥
2
L4(R3) .

We now divide by ∥v∥2L4(R3) and we conclude by taking the square root.

Based on similar considerations, it is possible to show a general claim which is left as a useful exercise for the kind
reader.

Exercise 2.4.14 (General interpolation inequality). Show that for any α ∈ [0, 1) and any r, p, q ∈ [1,∞] satisfying

1

r
= α

(
1

p
− 1

d

)
+ (1− α)

1

q

there exists a constant C = C(p, q, r, d) such that it holds for any u ∈ C∞
0 (Rd)

∥u∥Lr(Rd) ≤ C ∥∇u∥αLp(Rd;Rd) ∥u∥
1−α
Lq(Rd) . (2.16)

Moreover, if p < d, it is also possible to take α = 1. Due to the density argument, these inequalities can be extended
for functions u ∈ Lr(Rd) for which ∇u ∈ Lp(Rd;Rd).

As a corollary of the embedding theorem for p > d we have

Corollary 2.4.15 (If Ω ∈ C0,1, then C0,1(Ω) =W 1,∞(Ω)). Let Ω ∈ C0,1. Then C0,1(Ω) =W 1,∞(Ω).

Proof. We already know (cf. Corollary 2.3.2), that for any open set C0,1(Ω) ↪→ W 1,∞(Ω). On the other hand, we
know for Lipschitz domains that W 1,∞(Ω) ↪→ C0,1(Ω) and thus also C0,1(Ω) =W 1,∞(Ω). ■

The only "weakness" of this approach is the use of the Rademacher Theorem A.2.16 in the proof of the extension
theorem. However, this can be removed, since it is possible to show a more general result which include the Rademacher
Theorem as a special case.

Recall that a function u has at the point x total differential if there exists a ∈ Rd such that

lim
y→x

|u(y)− u(x)− a · (y − x)|
|x− y|

= 0.

Recall also that a is equal to the gradient of u at the point x in the classical sense. In the theorem below we deal with
the continuous representative [u], since due to Theorem 2.4.7 it holds W 1,p(Ω) ↪→ C0(Ω).

Theorem 2.4.16 Let u ∈W 1,p(Ω) and p ∈ (d,∞]. Then the function u has total differential almost everywhere in
Ω and the classical derivative is at almost all points, where the total differential exists, equal to the weak derivative.

2.4.2 Theorems on compact embedding
We now strengthen the results of the previous subsection and state that the corresponding compact embeddings for
Sobolev spaces defined on Lipschitz domains hold true. Furthermore, we also claim that some results remain true even
for less smooth domains, in particular for only domains with continuous boundary. We again consider separately the
cases p < d, p = d and p > d. Recall also the notation p⋆ = dp

d−p and µ⋆ = 1 − d
p . The main result for p < d is the

following.
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Theorem 2.4.17 — On compact embedding of W 1,p(Ω) for p < d. Let Ω ∈ C0,1 and p ∈ [1, d). Then it
holds for any q ∈ [1, p⋆)

W 1,p(Ω) ↪→↪→ Lq(Ω).

For p ≥ d we have the following result.

Theorem 2.4.18 — On compact embedding of W 1,p(Ω) for p ≥ d. Let Ω ∈ C0,1 and p ∈ [d,∞]. Then it
holds for any q ∈ [1,∞)

W 1,p(Ω) ↪→↪→ Lq(Ω).

Moreover, if p > d, then it holds for any α ∈ [0, µ⋆)

W 1,p(Ω) ↪→↪→ C0,α(Ω),

and thus also W 1,p(Ω) ↪→↪→ L∞(Ω).

As indicated in Example 2.4.12, the assumption on the Lipschitz continuity of the boundary is a key one, otherwise
the embedding (continuous) up to the limit spaces cannot be true. On the other hand, the same example indicates
that for domains with Hölder continuous boundary it is possible to expect some improvement in the integrability and
we may hope for some compact embedding. The following theorem gives the claim which will be also fundamental for
the proof of Theorem 2.4.17.

Theorem 2.4.19 — On compact embedding for domains with C-boundary. Let Ω ∈ C and p ∈ [1,∞).
Then it holds

W 1,p(Ω) ↪→↪→ Lp(Ω).

As a trivial corollary we also have.

Corollary 2.4.20. Let Ω ∈ C and p ∈ [1,∞). Then it holds for any q ∈ [1, p]

W 1,p(Ω) ↪→↪→ Lq(Ω).

2.4.3 General Sobolev embeddings
The previous subsections dealt with W 1,p(Ω). By induction, the results above can be generalized.

Theorem 2.4.21 — General Sobolev embeddings. Let Ω ∈ C0,1, k ∈ N and p ∈ [1,∞]. Let further
j ∈ {0, 1, . . . , k − 1} be arbitrary. Denote

m0 :=
1

p
− k − j

d
and if m0 ̸= 0, m :=

1

m0
.

Then we have the following.

1. If m0 > 0, then

(a) W k,p(Ω) ↪→W j,m(Ω)

(b) for any m1 ∈ [1,m) it holds W k,p(Ω) ↪→↪→W j,m1(Ω).

2. If m0 = 0, then it holds for any q ∈ [1,∞) that W k,p(Ω) ↪→↪→W j,q(Ω).

3. If m0 < 0, we set µ := −dm0 and it holds

(a) if µ ∈ (0, 1), then W k,p(Ω) ↪→ Cj,µ(Ω) and for any α ∈ [0, µ) we have W k,p(Ω) ↪→↪→ Cj,α(Ω)

(b) if µ = 1, then{
p ̸= ∞ : ∀α ∈ [0, 1) : W k,p(Ω) ↪→↪→ Cj,α(Ω)

p = ∞ : W k,∞(Ω) ↪→ Ck−1,1(Ω)

(c) if µ > 1, then it holds for any α ∈ [0, 1] that W k,p(Ω) ↪→↪→ Cj,α(Ω).

The last result describes a special case which gives a slightly better result than expected.

Theorem 2.4.22 — On embedding of W d,1(Ω). Let Ω ∈ C0,1. Then W d,1(Ω) ↪→ C0
B(Ω), where

C0
B(Ω) = {u ∈ C(Ω) | sup

x∈Ω
|u(x)| =: ∥u∥C0

B(Ω) <∞}.

Exercise 2.4.23. Prove the above result for d = 1!



30 Chapter 2. An easy guide to Sobolev spaces

2.5 Traces of Sobolev functions
The Sobolev functions are used to formulate the boundary value problems for partial differential equations. It is
therefore necessary to have a possibility to speak about values of Sobolev functions on the boundary of the domain
Ω. There are two approaches how to solve this problem. One is based on the notion of "capacity" of a set and can
be found, e.g., in Mazja (1985). The other approach which is more commonly used is based on extension of a certain
linear operator and will be presented here.

If u ∈ W 1,p(Ω), then for p > d there exists a continuous representative (up to the boundary of Ω, provided the
domain is sufficiently regular) which equals to the given function u almost everywhere in Ω. Whence in this case the
boundary value is well defined (and is even Hölder continuous). Thus, below we discuss only the case p ≤ d.

In this situation it is not any more clear what does the boundary value mean, since the d-dimensional measure of
the boundary is zero. On the other hand, under suitable assumption on the regularity of the boundary of Ω (at least
for Ω ∈ C0) we know that smooth functions up to the boundary are dense in W 1,p(Ω), the restriction of functions
u ∈ W 1,p(Ω) on ∂Ω is well defined for a dense subset of W 1,p(Ω). It therefore suffices to study if the restriction
operator for functions u ∈ C∞(Ω) on ∂Ω is well defined as an operator from W 1,p(Ω) into a certain function space
defined on the boundary of Ω. Below we explain that it is possible. First, however, we need to define correctly the
corresponding spaces.

2.5.1 Surface integral and spaces Lp(∂Ω)

In the whole subsection we assume that the boundary is of the class C0,1 and we use the notation from Definition 2.2.10.
Further, let {ϕr}Mr=1 be the partition of unity on a certain small neighbourhood of ∂Ω covered by the local description
of the boundary. We first define sets of zero measure.

Definition 2.5.1 — Set of zero measure on ∂Ω. Let A ⊂ ∂Ω. We say that A is a set of zero measure, if it
holds for any r ∈ {1, . . . ,M}

|{x′r ∈ ∆r |Tr(x′r, ar(x′r)) ∈ A}|d−1 = 0.

Similarly as in the case of the standard Lebesgue measure, in what follows, we use the terminology almost everywhere
on ∂Ω, if the claim holds for all x ∈ ∂Ω \A, where A is a set of zero measure.

We continue with the definition of measurable functions.

Definition 2.5.2 — Measurable functions on ∂Ω. Let f : ∂Ω → R. We say that f is measurable, if for any
r ∈ {1, . . . ,M}, f ◦ Tr is measurable on ∆r with respect to the (d− 1)-dimensional measure.

We are now ready to define the surface integral.

Definition 2.5.3 — Integral
∫
∂Ω

· dS. Let u: ∂Ω → R be measurable. Denote ur(x) := u(x)ϕr(x), where
{ϕr}Mr=1 is the partition of unity corresponding to the open covering of ∂Ω by ∪M

r=1Vr. Then we define the integral
of a function u over ∂Ω as ∫

∂Ω

u dS :=

M∑
r=1

∫
∆r

ur(Tr(x
′
r, ar(x

′
r)))

√
1 + |∇ar(x′r)|2 dx′r, (2.17)

provided all the integrals on the right-hand side exist and are finite.

Remark 2.5.4. Note that in the definition above, each integrand on the right-hand side of (2.17) is a measurable
function. It follows from the fact that u is measurable and thus, due to the smoothness of ϕr, also the function ur is
measurable. Furthermore, since functions ar are Lipschitz, then the Rademacher Theorem A.2.16 ensures existence of
∇ar almost everywhere in ∆r and the gradient is also measurable.

The above defined surface integral seems to depend on the choice of parametrization (description) of the boundary
∂Ω. The following key theorem justifies that, indeed, it is not the case.

Theorem 2.5.5 — Independence of surface integral of parametrization. Let Ω ∈ C0,1 be arbitrary. Let
{ar1,∆r1, Tr1}M1

r1=1 and {ar2,∆r2, Tr2}M2
r2=1 be two arbitrary descriptions of the boundary which are in agreement

with Definition 2.2.10. Let further {ϕr1}M1
r1=1 and {ϕr2}M2

r2=1 be two partitions of unity corresponding to them. Then
a function u is measurable with respect to the first parametrization, if and only if it is measurable with respect to
the second parametrization. Furthermore, it holds for any measurable u

M1∑
r1=1

∫
∆r1

ur1(Tr1(x
′
r1, ar1(x

′
r1)))

√
1 + |∇ar1(x′r1)|2 dx′r1

=

M2∑
r2=1

∫
∆r2

ur2(Tr2(x
′
r2, ar2(x

′
r2)))

√
1 + |∇ar2(x′r2)|2 dx′r2;

(2.18)
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whence the surface integral of u does not depend on the choice of parametrization of ∂Ω.

The surface integral is thus well (and uniquely) defined and we can present the definition of the Lebesgue spaces
on ∂Ω. This definition is in fact a straightforward modification of the spaces Lp(Ω).

Definition 2.5.6 — Spaces Lp(∂Ω). Let Ω ∈ C0,1 and let u be a function defined almost everywhere in ∂Ω. We
say that the function u is an element of Lp(∂Ω), p ∈ [1,∞), if∫

∂Ω

|u|p dS <∞.

We further say that the function u is an element of L∞(∂Ω), if (the essential supremum, more precisly the notion
of a set with zero measure, is understood in the sense of Definition 2.5.1)

ess sup
x∈∂Ω

|u(x)| <∞.

We consider the following norms in the spaces Lp(∂Ω)

∥u∥Lp(∂Ω) :=


(∫

∂Ω

|u|p dS
) 1

p

p ∈ [1,∞)

ess sup
x∈∂Ω

|u(x)| p = ∞.
(2.19)

Similarly as for the classical Lebesgue spaces we understand elements of Lp(∂Ω) as classes of equivalent functions,
i.e, we say that u ∼ v, if u = v almost everywhere in ∂Ω. Based on this convention we have the following re-
sult.

Theorem 2.5.7 — Properties of spaces Lp(∂Ω). Let Ω ∈ C0,1. Then the space Lp(∂Ω) with the norm defined
in (2.19) is a Banach space which is separable for p ∈ [1,∞) and reflexive for p ∈ (1,∞).

Remark 2.5.8. Recall that if Ω ∈ C0,1, then due to the Rademacher Theorem A.2.16 the functions ar are differentiable
in ∆r and there exists a constant C > 0 such that

∣∣∣ ∂ar

∂x′
ri

∣∣∣ ≤ C <∞ almost everywhere in ∆r for any r ∈ {1, 2, . . . ,M}.
Thus we may consider, for p ∈ [1,∞), instead of norm (2.19) an equivalent one,

N (u)Lp(∂Ω) :=

(
M∑
r=1

∫
∆r

|ur(Tr(x′r, ar(x′r)))|
p
dx′r

) 1
p

(2.20)

which is sometimes easier to work with.
The following lemma claims that yet another equivalent norm can be defined without the functions {ϕr}Mr=1 from

the partition of unity.

Lemma 2.5.9 Let Ω ∈ C0,1, a function u defined almost everywhere in ∂Ω, be measurable such that it is non-zero
only in Tr(Λr) for some r ∈ {1, . . . ,M} fixed. Let it hold

∫
∆r

|u(Tr(x′r, ar(x′r)))|
p
dx′r <∞ for a certain p ∈ [1,∞).

Then u ∈ Lp(∂Ω) and there exists a constant C = C(∂Ω) such that

∥u∥Lp(∂Ω) ≤ C

(∫
∆r

|u(Tr(x′r, ar(x′r)))|
p
dx′r

) 1
p

.

2.5.2 Theorems on traces for W 1,p(Ω)

Before we introduce the main result of this subsection which allows to speak about boundary values for Sobolev
functions, let us motivate the optimality of the result.

Example 2.5.10. Let u(x) := |x|−α. We already know from Example 2.1.12 that this function belongs to W 1,p(B1(0))
provided α < d−p

p . The same holds if we replace B1(0) by the half-ball {x ∈ Rd | |x| < 1, xd > 0}. Since this function is
smooth outside the origin, we may expect that its trace will coincide with the function outside the origin. Computing
its trace, the only interesting part is the set xd = 0 (otherwise the function is smooth). We therefore have∫

{B1(0)⊂Rd−1 | xd=0}
|x|−αq dS = C(d)

∫ 1

0

r−αq+d−2 dr.

This integral is finite provided −αq+ d− 2 > −1, i.e., for q < d−1
α . This indicates that the best result we may expect

is that if u ∈W 1,p(Ω), p < d, then u ∈ Lq(∂Ω) for q ∈ [1, (d−1)p
d−p ].

We are now ready to formulate the promised main result.
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Theorem 2.5.11 — On trace operator for W 1,p(Ω) with p ∈ [1, d). Let Ω ∈ C0,1. Define the linear continuous
operator T : C∞(Ω) → C(∂Ω) by

Tu := u|∂Ω.

Denote for arbitrary p ∈ [1, d)

p♯ :=
dp− p

d− p
, i.e.,

1

p♯
=

1

p
− p− 1

p(d− 1)
.

Then there exists a uniquely defined extension of T such that the mapping is linear and

T : W 1,p(Ω) → Lq(∂Ω),

is bounded (thus continuous) for all q ∈ [1, p♯].

Remark 2.5.12. Since C(∂Ω) ↪→ Lq(∂Ω), the operator T defined as Tu := u|∂Ω is in fact defined as an operator from
C∞(Ω) → Lq(∂Ω) for any q ∈ [1,∞]. However, it is possible to extend it to W 1,p(Ω) only for q ≤ p♯.

The situation is much simpler for p ≥ d and the following claim holds.

Theorem 2.5.13 — On trace operator for W 1,p(Ω) with p ≥ d. Let Ω ∈ C0,1 and T be the trace operator
defined in Theorem 2.5.11. Then the operator is continuous from W 1,d(Ω) to Lq(∂Ω) for each q ∈ [1,∞). Moreover,
the operator T is continuous from W 1,p(Ω) to Lq(∂Ω) for each q ∈ [1,∞] if p ∈ (d,∞].

Next we consider further properties of the trace operator. In fact, except for p = 1, the operator is compact as an
operator from W 1,p(Ω) to certain Lebesgue spaces on ∂Ω.

Theorem 2.5.14 — On compactness of trace operator. Let Ω ∈ C0,1 and T be the operator defined in
Theorem 2.5.11. Then it holds.

1. If p ∈ (1, d), then the operator T is compact from W 1,p(Ω) to Lq(∂Ω) for any q ∈ [1, p♯).

2. If p > d, then the operator T is compact from W 1,p(Ω) to Lq(∂Ω) for each q ∈ [1,∞].

3. If p = d, then the operator T is compact from W 1,d(Ω) to Lq(∂Ω) for each q ∈ [1,∞).

We saw in the section devoted to continuous and compact embeddings that we may hope for weakening the
assumptions on the regularity of the boundary of Ω, from Lipschitz to (Hölder) continuous, for the price to get "non-
optimal" results. The following example shows that any weakening of assumptions on the regularity of the boundary
leads to problems with the definition of the traces.

Example 2.5.15. Let us consider a domain Ω ⊂ R2 such that part of its boundary is formed by the curve (cf.
Example 2.4.12)

|y| = xµ, x ∈ [0, 1], µ > 1.

We showed in Example 2.4.12 that if the rest of the boundary is smooth, then the function u(x, y) = x−a belongs to
W 1,2(Ω) if a < 1+µ−2

2 = µ−1
2 .

If we compute the integral over the boundary, we get7

a < 1 ⇐⇒
∫
∂Ω

|u| dS <∞.

Therefore, for µ > 3, there exist functions from W 1,2(Ω) which do not belong to any Lq(∂Ω) for arbitrary q ≥ 1. It
illustrates that the condition Ω ∈ C0,1 cannot be weaken.

A question appears, whether Lp♯

(∂Ω) is the range of the trace operator from W 1,p(Ω) (if p ∈ [1, d)). This question
is important in connection to the boundary value problems for partial differential equations. The answer is negative.
It only holds that the range of the corresponding trace operator is dense in Lp♯

(∂Ω). The precise characterization
requires to build the theory for spaces with fractional derivative. In fact, the range of the trace operator is the space
W 1− 1

p ,p(∂Ω), 1 < p ≤ ∞. For p = 1 the range of the trace operator is L1(∂Ω), but the situation is rather complex
here. More precise information about these spaces will be given in Chapter 6.

7If we consider the parametric description of the boundary x = t, y = tµ, t ∈ [0, 1], we thus compute∫ 1

0
t−a
√

1 + (µtµ−1)2 dt

which leads to the result presented above.
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2.5.3 Characterization of W 1,p
0 (Ω) and integration by parts

The theorems on traces have many important corollaries. It not only allows to speak about boundary values for Sobolev
functions at the boundary ∂Ω, but it also makes possible to generalize the classical theorem on integration by parts
for Sobolev functions and to characterize precisely the space W 1,p

0 (Ω). Let us start with the integration by parts. It is
usually formulated for smooth Ω (piecewise smooth Ω) and functions with continuous derivatives up to the boundary.
We saw in Theorem 2.1.22 that the assumption on smoothness up to the boundary can be weaken, provided we consider
functions from W 1,p

0 (Ω). We now generalize this result for Lipschitz domains and Sobolev functions (generally with
nonzero trace on the boundary)

Theorem 2.5.16 — On integration by parts II. Let Ω ∈ C0,1. Then the outer normal ννν exists almost
everywhere on ∂Ω. Let further p, q ∈ [1,∞) be such that one of the possibilities holds:

1. p ∈ [1, d) and q ∈ [1, d) such that 1
p + 1

q ≤ d+1
d

2. p = d and q > 1 (or q = d and p > 1, respectively)

3. p > d and q ≥ 1 (or q > d and p ≥ 1, respectively).

Then it holds for any u ∈W 1,p(Ω) and v ∈W 1,q(Ω) (ννν is the unit outer normal vector to ∂Ω)∫
Ω

u
∂v

∂xi
dx =

∫
∂Ω

uvνi dS −
∫
Ω

∂u

∂xi
v dx. (2.21)

Another important consequence of the theorem on traces is the following characterization of the space W 1,p
0 (Ω).

Theorem 2.5.17 — Characterization of W 1,p
0 (Ω). Let Ω ∈ C0,1. Then

W 1,p
0 (Ω) =

{
u ∈W 1,p(Ω) |Tu = 0 almost everywhere on ∂Ω

}
.

2.6 Poincaré inequalities and equivalent norms

We show in this section that in some cases it is possible to replace the standard norm on the space W k,p(Ω) by
different functionals which define there equivalent norms. These equivalent norms play an important role in the theory
of partial differential equations, for example if we prescribe the boundary value on the full boundary or its parts, or
if we consider functions with prescribed mean value. We start with one general lemma.

Lemma 2.6.1 Let Ω ∈ C0, k ∈ N and p ∈ [1,∞). Denote by Pk polynomials of the degree at most k. Let {fi}li=1

be continuous bounded functionals (not necessarily linear) on W k,p(Ω) which fulfil for any u ∈ Pk−1

l∑
i=1

|fi(u)| = 0 ⇐⇒ u = 0 almost everywhere in Ω.

Let it further hold for any u ∈W k,p(Ω), λ ∈ R and i = 1, . . . , l

|fi(λu)| ≤ |λ| |fi(u)| .

Then there exist positive constants c1 and c2 such that we have for any u ∈W k,p(Ω)

c1 ∥u∥Wk,p(Ω) ≤

∑
|α|=k

∥Dαu∥pLp(Ω) +

l∑
i=1

|fi(u)|p
 1

p

≤ c2 ∥u∥Wk,p(Ω) . (2.22)

Proof. The second inequality in (2.22) is trivial, let us therefore consider only the first one.
For contradiction, let us assume that there exists a sequence of functions {ũn}∞n=1 ⊂W k,p(Ω) such that it holds

∑
|α|=k

∥Dαũn∥pLp(Ω) +

l∑
i=1

|fi(ũn)|p
 1

p

<
∥ũn∥Wk,p(Ω)

n
.

Evidently ũn ̸= 0, therefore un := ũn/ ∥ũn∥Wk,p(Ω) is well defined. Dividing the above stated inequality by ∥ũn∥Wk,p(Ω)
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and using the assumptions on fi we get∑
|α|=k

∥Dαun∥pLp(Ω) +

l∑
i=1

|fi(un)|p
 1

p

<
1

n
(2.23)

as well as ∥un∥Wk,p(Ω) = 1. Since the sequence {un}∞n=1 is bounded in W k,p(Ω), due to the compact embedding
W k,p(Ω) ↪→↪→W k−1,p(Ω) (Theorem 2.4.19 or 2.4.21) we may choose subsequence (relabeled) and find u ∈W k−1,p(Ω)
such that un → u in W k−1,p(Ω). Furthermore, it follows immediately from (2.23) that for |α| = k we have Dαun → 0
in Lp(Ω). This implies that un → u in W k,p(Ω), too.

The strong convergence implies for the limit function u that ∥u∥Wk,p(Ω) = 1 and Dαu = 0 for any |α| = k. Applying
Lemma 2.2.3 and a simple induction it is not difficult to see that u ∈ Pk−1. Since the functionals fi are continuous,
we see that

∑l
i=1 |fi(u)|

p
= 0 and since u ∈ Pk−1, we also get u = 0 which contradicts to ∥u∥Wk,p(Ω) = 1. ■

Remark 2.6.2. Functionals satisfying assumptions of Lemma 2.6.1 always exist, it is enough to take

fα(u) =

∫
Ω⋆

xαu(x) dx, for all |α| ≤ k − 1,

or
f̃α =

∫
Ω⋆

Dαu(x) dx, for all |α| ≤ k − 1,

where Ω⋆ is an arbitrary non-empty subdomain of Ω.

Lemma 2.6.1 has a number of applications. Let us present the most important ones.

Theorem 2.6.3 — On equivalent norms in W 1,p(Ω). Let Ω ∈ C0,1. Let Ω⋆ ⊂ Ω be such that |Ω⋆|d > 0
and Γ ⊂ ∂Ω such that |Γ|d−1 > 0. Let further p ∈ [1,∞) and αi, i = 1, . . . , 4, be non-negative numbers such that∑4

i=1 αi > 0. Then there exist positive constants c1 a c2 such that it holds for any u ∈W 1,p(Ω)

c1 ∥u∥W 1,p(Ω) ≤
(
∥∇u∥pLp(Ω) + α1

∫
Γ

|u|p dS + α2

∣∣∣∣∫
Γ

u dS

∣∣∣∣p + α3

∫
Ω⋆

|u|p dx+ α4

∣∣∣∣∫
Ω⋆

u dx

∣∣∣∣p)
1
p

≤ c2 ∥u∥W 1,p(Ω) .

Proof. Denote f1(u) =
(∫

Γ
|u|p dS

) 1
p , f2(u) =

∣∣∫
Γ
u dS

∣∣, f3(u) =
(∫

Ω⋆ |u|p dx
) 1

p and f4(u) =
∣∣∫

Ω⋆ u dx
∣∣. All four

functionals are clearly positive homogeneous (in the sense as presented in Lemma 2.6.1), bounded and continuous
on W 1,p(Ω) (here we use the theorems on traces, i.e., Theorems 2.5.11 or 2.5.13 and the assumption Ω ∈ C0,1). We
finally apply Lemma 2.6.1 and it is enough to verify that if u = const. almost everywhere in Ω, then for arbitrary
i ∈ {1, . . . , 4}

fi(u) = 0 ⇐⇒ u = 0.

This equivalence is, however, evident. ■

Note that unlike in Lemma 2.6.1, we consider in Theorem 2.6.3 domains with Lipschitz boundary. This is connected
with the fact that we speak about values of u on the boundary and use the theorems on traces (Theorems 2.5.11 and
2.5.13). If we do not consider integral over (a part of) the boundary, it would be enough to consider domains with
continuous boundaries only.

Some inequalities (equivalent norms) have traditional names. Below we present their short list.

Remark 2.6.4 (Important inequalities). Let Ω ∈ C0,1. Using Theorem 2.6.3 we can easily obtain the following inequal-
ities.

1) Inequality c1 ∥u∥W 1,p(Ω) ≤
(
∥∇u∥pLp(Ω) +

∫
Γ
|u|p dS

) 1
p

is called Poincaré–Friedrichs inequality. Evidently, we

can replace
∫
Γ
|u|p dS by

(∫
Γ
|u|q dS

) p
q , where q ∈ [1, dp−p

d−p ] for p ∈ [1, d) and q ∈ [1,∞) for p ≥ d.

2) Inequality c1 ∥u∥W 1,p(Ω) ≤
(
∥∇u∥pLp(Ω) +

∣∣∫
Ω
u dx

∣∣p) 1
p

is called Poincaré inequality. Its generalization for the

space W k,p(Ω) can be found below.

3) It is possible to replace
∫
Ω⋆ |u|p dx by

(∫
Ω⋆ |u|q dx

) p
q , where q ∈ [1, dp

d−p ] for p ∈ [1, d) and q ∈ [1,∞) for p ≥ d.

Let us finally mention several important inequalities for Sobolev spaces of higher order.

Theorem 2.6.5 — On equivalent norms on W k,p(Ω). Let Ω ∈ C0, Ω⋆ ⊂ Ω be such that |Ω⋆|d > 0, p ∈ [1,∞)
and k ∈ N. Let α1 and α2 be non-negative numbers satisfying α1 + α2 > 0. Then there exist positive numbers c1
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and c2 such that it holds for any u ∈W k,p(Ω)

c1 ∥u∥Wk,p(Ω) ≤

∑
|α|=k

∥Dαu∥pLp(Ω) + α1

(∫
Ω⋆

|u| dx
)p

+ α2

∑
|α|≤k−1

∣∣∣∣∫
Ω

Dαu dx

∣∣∣∣p
 1

p

≤ c2 ∥u∥Wk,p(Ω) .

Proof. The proof is left for a kind reader as a useful exercise. ■

We did not consider integrals over boundary in the theorem above. There were two reasons for it. The above presented
result holds for domains with only smooth boundary, since it is based on compact embedding and we do not need
the theorems on traces and the Lipschitz boundary. Second reason is that unlike Theorem 2.6.3, it is not enough
to consider for Sobolev spaces of higher order only integrals over the boundary; we need also certain qualitative
assumptions of a part of the boundary. We shall illustrate it on the case of W 2,p(Ω) and leave the general situation
for a kind reader.

Theorem 2.6.6 — On equivalent norms on W 2,p(Ω). Let Ω ∈ C0,1 and p ∈ [1,∞). Let Γ ⊂ ∂Ω be such that
Γ is not a hyperplane and satisfies |Γ|d−1 > 0. Then there exist positive numbers c1 and c2 such that it holds for
any u ∈W 2,p(Ω)

c1 ∥u∥W 2,p(Ω) ≤

∑
|α|=2

∥Dαu∥pLp(Ω) +

∫
Γ

|u|p dS

 1
p

≤ c2 ∥u∥W 2,p(Ω) .

Since ∂Ω cannot be a hyperplane, the above presented inequality holds always for Γ = ∂Ω.

Proof. Due to Lemma 2.6.1 it is enough to check that if u ∈ P1 and
∫
Γ
|u|p dS = 0, then u = 0. Let u be a linear

function and u = 0 almost everywhere on Γ. This, however, may happen only in the case when Γ is a hyperplane. By
our assumptions, this case is excluded. ■

We considered up to now only the questions concerning equivalent norms. We have seen that it is important to
exclude the possibility that the function u is a non-zero polynomial of the (k − 1)–th order. These functions cannot
always be excluded, as for example in the weak formulation for the Poisson equation with the Neumann boundary
condition. We therefore introduce subspaces of Sobolev functions which are equivalent up to polynomials of a certain
order.

Definition 2.6.7 — Factor space W k,p(Ω)/P . Let Ω ⊂ Rd, k ∈ N and p ∈ [1,∞]. Let P ⊂ Pk−1 be a subspace
of polynomials of the (k − 1)–th order. Denote by W k,p(Ω)/P the factor space, i.e., we say that it holds u1 ∼ u2
for u1, u2 ∈W k,p(Ω), if u1 − u2 ∈ P . We endow this space by the norm

∥u∥Wk,p(Ω)/P := inf
ũ∈Wk,p(Ω): ũ∼u

∥ũ∥Wk,p(Ω) .

This space is evidently a Banach space which is for p ∈ [1,∞) separable and for p ∈ (1,∞) reflexive. The proof, as
well as the proof of the following theorem, is left as an easy exercise for a kind reader.

Theorem 2.6.8 — Poincaré inequality for factor spaces. Let Ω ∈ C0 and k ∈ N. Then there exist positive
constants c1 and c2 such that it holds for any u ∈W k,p(Ω)

c1∥u∥Wk,p(Ω)/Pk−1
≤

∑
|α|=k

∥Dαu∥pLp(Ω)

 1
p

≤ c2∥u∥Wk,p(Ω)/Pk−1
.

2.7 Dual spaces
Let k ∈ N and p ∈ (1,∞). Denote (

W k,p′

0 (Ω)
)∗

=W−k,p(Ω),

where 1
p + 1

p′ = 1.
The restriction F ∈ W−k,p(Ω), k ∈ N onto C∞

0 (Ω) clearly defines a distribution. In what follows, we shall
characterize these distributions more precisely.

Theorem 2.7.1 — Equivalent characterization of dual spaces to W k,p′

0 (Ω) I. Let p ∈ (1,∞), k ∈ N. Then
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F ∈W−k,p(Ω), if and only if there exist functions {fα}|α|≤k ⊂ Lp(Ω) such that

F =
∑
|α|≤k

(−1)αDαfα,

where Dαfα denotes the distributional derivatives, i.e., it holds for u ∈W k,p′

0 (Ω)

⟨F, u⟩Wk,p
0 (Ω) =

∑
|α|≤k

∫
Ω

fαD
αu dx. (2.24)

Moreover,

∥F∥W−k,p(Ω) = inf

∑
|α|≤k

∥fα∥pLp(Ω)

 1
p

,

where the infimum is taken over all sets of functions {fα}|α|≤k which fulfil (2.24).

Proof. For the general case, see, e.g., (Kufner et al., 1977, Theorem 5.9.2), the special case k = 1 and p = 2 can be
found, e.g., in (Evans, 1998, Section 5.9 Theorem 1). ■

Another possible characterization is as follows.

Theorem 2.7.2 — Equivalent characterization of dual spaces to W k,p′

0 (Ω) II. Let p ∈ (1,∞), k ∈ N and
Ω ∈ Ck,0(Ω). Then for any g ∈W k,p′

0 (Ω) the formula

⟨ϕg, f⟩Wk,p
0 (Ω) =

∑
|α|≤k

∫
Ω

DαgDαf dx, f ∈W k,p
0 (Ω)

defines a continuous linear functional on W k,p
0 (Ω).

On the contrary, for any ϕ ∈
(
W k,p

0 (Ω)
)∗

there exists exactly one g ∈W k,p′

0 (Ω) such that

∀f ∈W k,p
0 (Ω) : ⟨ϕ, f⟩Wk,p

0 (Ω) =
∑
|α|≤k

∫
Ω

DαgDαf dx.

Furthermore, there exists a positive constant K = K(d, k, p,Ω) such that

K ∥g∥Wk,p′ (Ω) ≤ ∥ϕ∥(Wk,p
0 (Ω))

∗ ≤ ∥g∥Wk,p′ (Ω) .

Proof. The proof can be found in Simader (1972). ■



Chapter 3

Linear elliptic PDE’s

Elliptic equations of second order belong to the most important types of partial differential equations. They are also
the most studied ones and the best understood ones. The reason of such intensive study of this type of PDEs is the fact
that they describe numerous real-world problems. We shall first show several simple problems and explain the main
ideas connected with the notion of weak solution to these problems. Next we turn our attention to more complex (but
still linear) equations with more complex boundary conditions. We concentrate our effort to questions of existence
and uniqueness of solutions. We further ask the question whether more regular data imply also higher regularity of
the weak solution and we shall also study the question under which conditions the weak solution becomes the classical
one. Then we show that in some situations the weak solutions are minimizers of certain variational problems. Even
though the reader may get impression that the theory is complete and in some situations rather simple, the general
theory of these equations still contains many open problems and there are results showing that not everything is so
simple as it might seem at the first glance. Nonlinear problems will be studied in Chapter 7.

3.1 A few simple problems
Let us recall the problem studied in Subsection 1.2.1 and consider several similar problems. At this moment we can
dispose with a certain knowledge of Sobolev spaces, however, still quite limited.

First, let us consider
−∆u+ u = f in Ω

u = 0 on ∂Ω.
(3.1)

Based on considerations in Subsection 1.2.1 we easily deduce that the corresponding weak formulation of Problem
(3.1) is (for simplicity with f ∈ L2(Ω)) as follows. We look for u ∈W 1,2

0 (Ω) such that∫
Ω

(∇u · ∇φ+ uφ) dx =

∫
Ω

fφdx ∀φ ∈W 1,2
0 (Ω). (3.2)

The existence of a weak solution in the sense of (3.2) is based on direct application of the Riesz representation
Theorem for linear bounded functionals in the Hilbert space (Theorem B.2.2). The left-hand side of (3.1) is clearly
the scalar product in W 1,2(Ω) and we know that W 1,2

0 (Ω) is a closed subspace of W 1,2(Ω). Thus we may consider
the same scalar product also on W 1,2

0 (Ω). We therefore only need to verify that the right-hand side of (3.2) can be
understood as an application of a linear continuous functional on the function φ. This is, however, trivial, since

⟨F,φ⟩W 1,2
0 (Ω) :=

∫
Ω

fφdx

is clearly linear and ∣∣∣ ∫
Ω

fφdx
∣∣∣ ≤ ∥f∥L2(Ω)∥φ∥L2(Ω) ≤ ∥f∥L2(Ω)∥φ∥W 1,2(Ω).

Whence we know that for any F ∈W−1,2(Ω) = (W 1,2
0 (Ω))∗ there exists uniquely defined u ∈W 1,2

0 (Ω) such that

⟨F,φ⟩W 1,2
0 (Ω) = (u, φ)W 1,2

0 (Ω) ∀φ ∈W 1,2
0 (Ω).

This function u is clearly a weak solution to our problem in the sense of (3.2). Moreover, it is easy to see that any
classical solution to Problem (3.1) fulfils also (3.2). The other question, namely whether a more regular weak solution
is also a classical solution (or an intermediate solution, called the strong solution) we skip for a moment and return
to this at the end of this section. Note that in our considerations the regularity of the set Ω did not play any role.
In fact, any open nontrivial set is sufficient for the definition of the weak solution as well as for the existence and
uniqueness of the weak solution to Problem (3.2).

37
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Next we return precisely to the problem considered in Subsection 1.2.1. We take

−∆u = f in Ω

u = 0 on ∂Ω.
(3.3)

The weak solution reads as follows. We look for u ∈W 1,2
0 (Ω) such that (again, we assume f ∈ L2(Ω))∫

Ω

∇u · ∇φ dx =

∫
Ω

fφdx ∀φ ∈W 1,2
0 (Ω). (3.4)

The main difficulty of this problem is connected with the fact that the left-hand side of (3.4) is not any more a
scalar product in W 1,2(Ω). On the other hand, due to Poincaré–Friedrichs inequality, we have that there exists C
independent of u ∈W 1,2

0 (Ω) such that
∥u∥L2(Ω) ≤ C∥∇u∥L2(Ω) (3.5)

for all u ∈ W 1,2
0 (Ω); this implies (we recommend the reader to check it carefully!) that the left-hand side is indeed

a scalar product in W 1,2
0 (Ω). The norm associated to this scalar product is then equivalent on W 1,2

0 (Ω) with the
standard norm on W 1,2(Ω) (associated to the standard scalar product on W 1,2(Ω)). We can now again employ the
Riesz representation Theorem (the fact that the right-hand side of (3.4) defines a continuous linear functional on
W 1,2

0 (Ω) with respect to the norm associated to the scalar product defined by the left-hand side of (3.2) requires to
use once more inequality (3.5)) to conclude that there exists unique weak solution to Problem (3.4). Again, we did
not need any smoothness of the boundary.

Next, we still keep the Poisson equation, however, instead of the homogeneous Dirichlet boundary condition we
consider the inhomogeneous one. The classical formulation reads as follows

−∆u = f in Ω

u = u0 on ∂Ω.
(3.6)

The classical formulation requires that u0 ∈ C(∂Ω) at least. For the weak solution, the choice of the optimal function
space is more complex and requires the use of fractional Sobolev spaces on the boundary of Ω. In fact, the range of
the trace operator from W 1,2(Ω) can be for Ω ∈ C0,1 characterized as W

1
2 ,2(Ω); this space will be introduced in more

details in Chapter 6. To simplify, we assume that there exists U0 ∈W 1,2(Ω) such that U0 = u0 on ∂Ω in the sense of
traces. Indeed, the choice of U0 is non-unique.

The weak formulation of our problem (3.6) is the following. We look for u ∈W 1,2(Ω) such that u−U0 ∈W 1,2
0 (Ω)

and ∫
Ω

∇u · ∇φ dx =

∫
Ω

fφdx ∀φ ∈W 1,2
0 (Ω). (3.7)

The application of the Riesz representation Theorem is less straightforward. We look for u in the form u = v+U0,
where v ∈W 1,2

0 (Ω) and satisfies∫
Ω

∇v · ∇φ dx =

∫
Ω

fφdx−
∫
Ω

∇U0 · ∇φ dx ∀φ ∈W 1,2
0 (Ω). (3.8)

Since evidently

⟨G,φ⟩W 1,2
0 (Ω) :=

∫
Ω

fφdx−
∫
Ω

∇U0 · ∇φ dx (3.9)

is a linear continuous functional on W 1,2
0 (Ω) with respect to the norm associated to the scalar product defined by

the left-hand side of (3.8), the existence of the unique v = v(U0) is a direct consequence of the Riesz representation
Theorem, exactly as for Problem (3.4). However, it does not imply directly that also u = v(U0) + U0 is independent
of the choice of the extension of the boundary data U0.

Let U1
0 and U2

0 be two different functions from W 1,2(Ω) having the same trace, U1
0 = U2

0 = u0 on ∂Ω in the sense
of traces. Let v1 and v2 be the corresponding solutions to Problem (3.8). Then w := (v1 + U1

0 )− (v2 + U2
0 ) satisfies∫

Ω

∇w · ∇φ dx = 0 ∀φ ∈W 1,2
0 (Ω).

Since w ∈W 1,2
0 (Ω) too, it is possible to use φ := w which yields∫

Ω

|∇w|2 dx = 0.

Whence w = const almost everywhere in Ω and since the trace of w is zero, it implies that w = 0 almost everywhere
in Ω. Thus, the solution u is independent of the choice of the boundary data extension U0. Recall that Ω ∈ C0,1 is
required in order to have the trace of a Sobolev function well defined.



3.2. Linear elliptic partial differential equations of the second order 39

The last problem we look at in this section is the Neumann problem for the Helmholtz equation

−∆u+ u = f in Ω

∂u

∂ννν
= g on ∂Ω.

(3.10)

Above, ννν is the unit exterior normal vector. Here, the weak formulation requires more attention. Formally, for φ
smooth up to the boundary and assuming Ω ∈ C0,1, we get∫

Ω

−∆uφ dx = −
∫
∂Ω

∂u

∂ννν
φ dS +

∫
Ω

∇u · ∇φ dx = −
∫
∂Ω

gφ dS +

∫
Ω

∇u · ∇φ dx.

Therefore, we consider the following weak formulation. We look for u ∈W 1,2(Ω) such that∫
Ω

(
∇u · ∇φ+ uφ) dx =

∫
Ω

fφdx+

∫
∂Ω

gφdS ∀φ ∈W 1,2(Ω). (3.11)

Assuming g ∈ L2(∂Ω) (we could reduce the assumption, e.g., to g ∈ L
2(d−1)

d (∂Ω) if d > 2 or Lq(∂Ω) for some q > 1 if
d = 2) the Riesz representation Theorem provides us unique weak solution to our Problem (3.11).

Clearly, whenever we have existence of a classical problem to our Problems (3.1), (3.3), (3.6) or (3.10), it is also a
weak solution in the corresponding sense. Let us now look at the opposite problem, namely whether a weak solution
which is sufficiently regular is also a classical solution to our problem. This question (in both directions) is usually
referred as consistency of weak solutions to the given problem. We start with Problem (3.2). Let u ∈ W 1,2

0 (Ω) be a
weak solution to Problem (3.2) and let furthermore, u ∈ C2(Ω) ∩ C(Ω). Then clearly u = 0 at ∂Ω in the sense of
continuous functions. Using the integration by parts formula (2.3) we have for any φ ∈ C∞

0 (Ω)∫
Ω

(∇u · ∇φ+ uφ) dx =

∫
Ω

(−∆u+ u)φ dx;

thus we have ∫
Ω

(−∆u+ u− f)φ dx = 0 (3.12)

for any φ ∈ C∞
0 (Ω). Therefore, it holds

−∆u+ u = f

in Ω (in the sense of continuous functions; since u ∈ C2(Ω), then also f ∈ C(Ω)) and our function u is the classical
solution to (3.1). Similarly we show the consistency of weak solutions for the weak formulations (3.4) and (3.7).

Problem (3.11) is slightly different. Assume that u ∈ C2(Ω) ∩ C1(Ω) satisfies (3.11) for all φ ∈ W 1,2(Ω). Then,
using integration by parts (2.1.22) with φ ∈ C∞

0 (Ω) we get as above that

−∆u+ u = f

in Ω. Next, we take φ ∈ C∞(Ω). We get∫
∂Ω

gφdS =

∫
Ω

(∇u · ∇φ+ uφ− fφ) dx =

∫
Ω

(−∆u+ u− f)φ dx+

∫
∂Ω

∂u

∂ννν
φ dS.

Since the volume integral is identically zero and the equality holds for any φ ∈ C∞(Ω), it is not difficult to see that
∂u

∂ννν
= g

on ∂Ω, i.e., the function u is a classical solution to (3.10).
If we replace the assumption u ∈ C2(Ω) by u ∈W 2,2(Ω), we get then only

−∆u+ u = f

a.e. in Ω. In this situation we speak about strong solution. This remark is relevant for all four problems considered
above.

3.2 Linear elliptic partial differential equations of the second order
In this section we turn our attention to a general second order differential operator and we shall discuss the weak
formulation for rather general boundary conditions. We define for Ω ⊂ Rd and a function u: Ω → R

Lu := −
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+

d∑
i=1

ci
∂u

∂xi
+

d∑
i=1

∂

∂xi
(diu) + bu, (3.13)

where A := (aij)
d
i,j=1: Ω → Rd×d, c := (ci)

d
i=1: Ω → Rd, d := (di)

d
i=1: Ω → Rd and b: Ω → R are the coefficients of L.

To shorten the notation, we shall often use the tensor (vector) notation

Lu = −div (A∇u) + c · ∇u+ div (du) + bu.

We now introduce the elliptic operator; it will be closely connected to our operator L.
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Definition 3.2.1 — Elliptic operator I. Let Ω ⊂ Rd be open. We say that the operator L defined in (3.13) is
elliptic, if it holds for any i, j ∈ {1, . . . , d} that aij , b, ci, di ∈ L∞(Ω) and there exists C1 > 0 such that it holds for
any z ∈ Rd and almost every x ∈ Ω

zT A(x)z =

d∑
i,j=1

aij(x)zizj ≥ C1|z|2. (3.14)

We now focus on the elliptic problem we would like to solve. Below, we understand under the data the following.

• The domain Ω ⊂ Rd will be Lipschitz and its boundary will be formed by

∂Ω = Γ1 ∪ Γ2 ∪ Γ3 ∪M,

where Γi are open in ∂Ω for i = 1, 2, 3 and the (d− 1)-dimensional Lebesgue measure of the set M is zero.

• The datum in Ω is
f : Ω → R.

• The data on ∂Ω are
u0 : Γ1 → R

g : Γ2 ∪ Γ3 → R

σ : Γ3 → R.

In this chapter we shall mostly directly assume that there exists U0: Ω → R such that U0 = u0 on Γ1 in the
appropriate sense.

We aim at solving the following problem.

Definition 3.2.2 — Boundary value elliptic problem: scalar equation. For the given data Ω, f, u0 (or U0),
g and σ and the operator L defined in (3.13) which is elliptic in the sense of Definition 3.2.1, we look for u: Ω → R
such that (ννν is the exterior unit normal vector to ∂Ω)

Lu = f in Ω (3.15)
u = u0 on Γ1 (Dirichlet boundary condition) (3.16)

(A∇u− du) · ννν = g on Γ2 (Neumann boundary condition) (3.17)
(A∇u− du) · ννν + σu = g on Γ3 (Newton boundary condition). (3.18)

The above stated definition includes elliptic equation with three kinds of boundary conditions. Recall that equations
(3.15)–(3.18) can be written as follows.

−
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+

d∑
i=1

ci
∂u

∂xi
+

d∑
i=1

∂

∂xi
(diu) + bu = f in Ω (3.19)

u = u0 on Γ1 (3.20)
d∑

i=1

 d∑
j=1

aij
∂u

∂xj

− diu

 νi = g on Γ2 (3.21)

d∑
i=1

 d∑
j=1

aij
∂u

∂xj

− diu

 νi + σu = g on Γ3. (3.22)

The term (A∇u− du) · ννν is (for d = 0) often replaced by ∇u · n, where n is the so called conormal vector defined
by nj :=

∑d
i=1 aijνi.

Observation 3.2.3. Note that if d = 0, the conormal vector n(x) = (n1, . . . , nd) points at every point x ∈ ∂Ω (where
it exists) outside of Ω, since due to the assumption on A (see (3.14)) it holds n(x) · ννν(x) =

∑d
i,j=1 aij(x)νj(x)νi(x) ≥

C1|ννν(x)|2 = C1 > 0.
Below we present two examples of (scalar) elliptic problems.

Example 3.2.4. Let A(x) = I (thus aij(x) = δij for each x ∈ Ω), b = 0 a c = d = 0 in Ω. Then Problem (3.15)–(3.18)
is reduced to

−∆u = f in Ω

u = u0 on Γ1

∂u

∂ννν
=
∂u

∂n
= g on Γ2

∂u

∂ννν
+ σu = g on Γ3.

(3.23)
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This problem describes thermal equilibrium in homogeneous and isotropic material under the conditions that on Γ1

the temperature is prescribed as u0, on Γ2 the heat flux through the boundary is prescribed and on Γ3 the heat flux
is proportional to the difference of the outer (given) temperature and the interior (unknown) temperature.

Another example shows that elliptic problems can describe convection and diffusion.

Example 3.2.5. Let b = 0, d = 0 and let c be such that div c = 0 in Ω. Then equation (3.15) is reduced to

−divA(∇u) + c · ∇u = f in Ω. (3.24)

This equation describes two phenomena: the term A∇u represents the diffusion (e.g., the Brownian motion) and the
term c · ∇u represents the transport of the quantity u in an incompressible fluid moving with the velocity field c(x),
x ∈ Ω.

Even though we shall mostly be concerned with the "scalar" operator L defined in (3.13), most results can be shown
for systems of equations. It means for problems, where the α-th component of the operator L, where α ∈ {1, . . . , N}
and N ∈ N denotes the number of unknown functions, is defined for u⃗: Ω → RN as

(Lu⃗)α := −
N∑

β=1

d∑
i,j=1

∂

∂xi

(
aαβij

∂uβ

∂xj

)
+

N∑
β=1

d∑
i=1

cαβi
∂uβ

∂xi
+

N∑
β=1

d∑
i=1

∂

∂xi
(dαβi uβ) +

N∑
β=1

bαβuβ . (3.25)

The coefficients of the operator L should be understood in this sence and we define mappings A⃗: Ω → Rd×d×N×N , c⃗:
Ω → Rd×N×N , d⃗: Ω → Rd×N×N and b: Ω → RN×N with the help of (A⃗)αβij := aαβij , (⃗c)αβi := cαβi , (⃗d)αβi := dαβi and
(b)αβ := bαβ . To shorten the notation, we use again the vector (tensor) notation

Lu⃗ = −div
(

A⃗∇u⃗
)
+ c⃗ · ∇u⃗+ div (⃗du⃗) + bu⃗

which should be now understood as equality in RN . The expression c⃗ · ∇u⃗ is to be understood as (⃗c · ∇u⃗)α =∑d
i=1

∑N
α=1 c

αβ
i

∂uβ

∂xi
, d⃗u⃗ as (⃗du⃗)αi =

∑N
β=1 d

αβ
i uβ , bu⃗ as (bu⃗)α =

∑N
β=1 b

αβuβ .
Similarly as for the scalar problem (N = 1) we can also define the ellipticity for the operator defined in (3.25).

Definition 3.2.6 — Elliptic operator II. Let Ω ⊂ Rd be open. We say that the operator L defined in (3.25) is
elliptic, if it holds for every i, j ∈ {1, . . . , d} and α, β ∈ {1, . . . , N} that aαβij , d

αβ
i , cαβi , bαβ ∈ L∞(Ω) and there exists

C1 > 0 such that for all z⃗ ∈ Rd×N and almost every x ∈ Ω that

z⃗T A⃗(x)⃗z =

d∑
i,j=1

N∑
αβ=1

aαβij (x)zαi z
β
j ≥ C1 |⃗z|2. (3.26)

Similarly as in the scalar case, we consider the following data of our problem.

• The domain Ω ⊂ Rd will be Lipschitz and its boundary will be formed by four parts

∂Ω = Γ1 ∪ Γ2 ∪ Γ3 ∪M,

where Γi are open in ∂Ω for i = 1, 2, 3 and the (d− 1)-dimensional Lebesgue measure of the set M is zero.

• The datum in Ω is
f⃗ : Ω → RN .

• The data on ∂Ω are
u⃗0 : Γ1 → RN

g⃗ : Γ2 ∪ Γ3 → RN

σ : Γ3 → RN×N .

As for the scalar case, we mostly assume in this chapter that there exists U⃗0: Ω → RN such that U⃗0 = u⃗0 on Γ1 in the
appropriate sense.

We aim at solving the following problem:

Definition 3.2.7 — Boundary value elliptic problem: vector equation. For the given data Ω, f⃗ , u⃗0, g⃗ and
σ and the operator L defined in (3.25) which is elliptic in the sense of Definition 3.2.6, we look for u⃗: Ω → RN
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satisfying (ννν is again the unit exterior normal vector to ∂Ω)

Lu⃗ = f⃗ in Ω, (3.27)
u⃗ = u⃗0 on Γ1 (Dirichlet boundary conditions) (3.28)

(A⃗∇u⃗− d⃗u⃗) · ννν = g⃗ on Γ2 (Neumann boundary condition (3.29)

(A⃗∇u⃗− d⃗u⃗) · ννν + σu⃗ = g⃗ on Γ3 (Newton boundary condition). (3.30)

The above stated definition includes system of elliptic equations with three kinds of boundary conditions. Recall that
equations (3.27)–(3.30) can be written as follows. For every α ∈ {1, . . . , N} it holds:

−
N∑

β=1

d∑
i,j=1

∂

∂xi

(
aαβij

∂uβ

∂xj

)
+

N∑
β=1

d∑
i=1

cαβi
∂uβ

∂xi
+

N∑
β=1

d∑
i=1

∂

∂xi
(dαβi uβ) +

N∑
β=1

bαβuβ = fα in Ω (3.31)

uα = uα0 on Γ1 (3.32)
N∑

β=1

d∑
i=1

 d∑
j=1

aαβij
∂uβ

∂xj

− (dαβi uβ)

 νi = gα on Γ2 (3.33)

N∑
β=1

d∑
i=1

 d∑
j=1

aαβij
∂uβ

∂xj

− (dαβi uβ)

 νi +

N∑
β=1

σαβuβ = gα on Γ3. (3.34)

Often, if d⃗ = o⃗, the term A⃗∇u⃗ ·ννν is replaced by ∇u⃗ · n⃗, where n⃗ is the conormal vector defined as nαβ
j :=

∑d
i=1 a

αβ
ij νi.

We now present one example which includes also the "reactive" terms.

Example 3.2.8. Let N = 2, A = I (i.e., aαβij := δijδαβ), d⃗ = c⃗ = 0⃗ and bαβ := (−1)α(1− δαβ). Then equations (3.27)
are reduced to

−∆u1 − u2 = f1

−∆u2 + u1 = f2

}
in Ω. (3.35)

The rest of this chapter contains the treatment of questions of solvability and further qualitative properties of
solutions to problems stated in Definitions 3.2.2 and 3.2.7. The reader should, however, keep in mind that the most
important issue is to understand different problems included in (3.15)–(3.18) and (3.27)–(3.30) rather than building
the general theory. This is also the main motivation of the definition of weak solution, although in some cases, the
definition could be different.

3.3 Definition of weak solution
The procedure how to deduce the weak formulation was partially shown (at least for a simple elliptic operator) in
Subsection 3.1. We shall follow this idea here and deduce the formulation for our rather complex problem. We shall
first proceed for the scalar case, then we also explain the idea for the vector one. Assume that u is a classical solution
to (3.15)–(3.18) and assume that all coefficients of the elliptic operator are smooth. Let φ ∈ C∞(Ω) be arbitrary such
that φ = 0 na Γ1. We multiply (3.15) on φ, and integrate over Ω. It yields (see also (3.19))∫

Ω

(
−

d∑
i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+

d∑
i=1

ci
∂u

∂xi
+

d∑
i=1

∂

∂xi
(diu) + bu

)
φ dx =

∫
Ω

fφdx.

We now look at the terms with the divergence operator and perform the integration by parts.∫
Ω

( d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
+

d∑
i=1

ci
∂u

∂xi
φ−

d∑
i=1

diu
∂φ

∂xi
+ buφ

)
dx+

∫
∂Ω

(
−

d∑
i,j=1

aij
∂u

∂xj
νi +

d∑
i=1

diuνi

)
φ dS =

∫
Ω

fφdx.

To treat the boundary integrals we employ the boundary conditions (3.21)–(3.22) together with the fact that φ = 0
on Γ1 and rewrite the above identity to the final form∫

Ω

( d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
+

d∑
i=1

ci
∂u

∂xi
φ−

d∑
i=1

diu
∂φ

∂xi
+ buφ

)
dx+

∫
Γ3

σuφ dS =

∫
Ω

fφdx+

∫
Γ2∪Γ3

gφdS.

Using the (vector-) matrix-calculus we can rewrite this identity into∫
Ω

(
A∇u · ∇φ+ c · ∇uφ− d · ∇φu+ buφ

)
dx+

∫
Γ3

σuφdS =

∫
Ω

fφdx+

∫
Γ2∪Γ3

gφdS. (3.36)
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For fixed operator L and fixed σ we introduce the following bilinear form which represents the left-hand side of (3.36)

BL,σ(u, φ) :=

∫
Ω

(
A∇u · ∇φ+ c · ∇uφ− d · ∇φu+ buφ

)
dx+

∫
Γ3

σuφ dS, (3.37)

where we assume that all integrals exist and are finite. We have already seen in Subsection 3.1 that the correct space
for our problem is the Sobolev space W 1,2(Ω). To recall the motivation we use the special case A = I, b = 1 and f
arbitrary square integrable function and all other parameters zero. If we use φ := u in (3.36), we get

∥u∥21,2 =

∫
Ω

fudx ≤ 1

2
∥f∥22 +

1

2
∥u∥21,2, (3.38)

where we used on the right-hand side the Young inequality. We see that the second term can be subtracted from
both sides of the inequality and the norm which we naturally have under control (at least formally) is the W 1,2-norm.
Following Subsection 3.1 we shall assume in the rest of this chapter that U0 ∈W 1,2(Ω) is such a function that the trace
of U0 is equal to u0 on Γ1. This leads us to the following definition of the weak solution to (3.15)–(3.18).

Definition 3.3.1 — Weak solution of boundary value problem for elliptic equation. Let Ω ∈ C0,1,
{Γi}3i=1 be the corresponding parts of the boundary and the operator L be elliptic in the sense of Definition 3.2.6.
We define

V := {φ | φ ∈W 1,2(Ω), Tφ|Γ1
= 0}

with the standard norm ∥φ∥V := ∥φ∥W 1,2(Ω). Let further the function u ∈ W 1,2(Ω) and the data U0 ∈ W 1,2(Ω) a,
σ ∈ L∞(Γ3), g ∈ (W

1
2 ,2(Γ2 ∪ Γ3))

∗ b and f ∈ V ∗. We say that u is a weak solution to (3.19)–(3.22), if

u− U0 ∈ V

BL,σ(u, φ) = ⟨f, φ⟩V + ⟨g, φ⟩
W

1
2
,2(Γ2∪Γ3)

for any φ ∈ V.
(3.39)

aU0 = u0 on Γ1 in the sense of traces.
bDual space to the range of the trace operator from W 1,2(Ω).

Due to the assumptions on the data and on the coefficients of the operator L, all terms in (3.39) are well defined
and finite. This can be easily seen from Hölder’s inequality and from the fact (not yet proved) that the range of the
trace operator can be well characterized and it is a Banach space. Note that we replaced the integrability assumption
on f and g by the assumption that they belong to certain dual spaces. Nevertheless, if we assume f ∈ L2(Ω) and
g ∈ L2(Ω), we may simply define

⟨f, φ⟩V :=

∫
Ω

fφdx, ⟨g, φ⟩
W

1
2
,2(∂Ω)

:=

∫
∂Ω

gφdS,

and solve problem (3.39). On the other hand, the general form of (3.39) allows us to cover also the case when the
right-hand side is defined as derivative of a non-smooth function. If, e.g., Γ1 = ∂Ω and f := divF, where Fi ∈ L2(Ω),
we may easily set

⟨f, φ⟩V := −
∫
Ω

F · ∇φ dx.

This definition is, moreover, consistent with the prefered integral formulation, as if Fi ∈W 1,2
0 (Ω) and thus f ∈ L2(Ω),

we may due to integration by parts (Theorem 2.1.22) identify

⟨f, φ⟩V := −
∫
Ω

F · ∇φ dx =

∫
Ω

divFφdx =

∫
Ω

fφdx.

We showed at the beginning of this section that if u is a classical solution to our Problem (3.15)–(3.18), then it
satisfies also the weak formulation. We will now look at the opposite implication, i.e., if u is a weak solution which is
additionally sufficiently smooth, then it is also the classical solution. This implication is the key property to justify
the weak formulation as it says that whenever we may show sufficient regularity of the weak solution, then the weak
solution becomes the classical one. If we can furthermore show also uniqueness of weak solutions, then the weak
formulation is the only correct choice. Everything is summarized in the following theorem.

Theorem 3.3.2 — On consistency of weak solutions I. Let all assumptions of Definition 3.3.1 be satisfied. Let
for any i, j ∈ {1, . . . , d} it hold aij , di ∈ C1(Ω), ci, b, f ∈ C(Ω), σ ∈ C(Γ3), g ∈ C(Γ2 ∪ Γ3) and U0, u ∈ C1(Ω)∩C2(Ω).
Then u is a classical solution to (3.19)–(3.22), if and only if u is a weak solution.

Proof. The first part of the proof that any classical solution is a weak solution was explained at the beginning of this
section and we shall not repeat it. Let us look at the proof of the second implication. Let u ∈ C1(Ω) ∩ C2(Ω). We
want to show that if u satisfies (3.39), then it also satisfies (3.19)–(3.22). Let the function φ ∈ C∞

0 (Ω) be arbitrary.
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Using this test function in (3.39) and due to assumptions on f we get (note that all boundary terms disappear due to
the fact that φ has compact support)∫

Ω

(
A∇u · ∇φ+ c · ∇uφ− d · ∇φu+ buφ

)
dx =

∫
Ω

fφdx.

We apply in the first and in the third terms integration by parts (it is possible due to strong assumptions on all
functions) and using the fact that the boundary terms disappear we get∫

Ω

Luφ dx =

∫
Ω

fφdx.

Since φ is an arbitrary smooth compactly supported function, we immediately obtain the validity of (3.15). The
validity of (3.16) follows from the definition of the function spaces; we therefore look at the validity of (3.17)–(3.18).
We repeat the procedure with the difference that φ ∈ C∞(Ω) such that φ = 0 on Γ1. These functions satisfy φ ∈ V
and thus can be used in (3.39). We get∫

Ω

(
A∇u · ∇φ+ c · ∇uφ− d · ∇φu+ buφ

)
dx+

∫
Γ3

σuφ dS =

∫
Ω

fφdx+

∫
Γ2∪Γ3

gφdS.

We use again in the first and in the third terms integration by parts, but we must include now also the boundary
terms (note that the integral over Γ1 again disappears as φ = 0 on Γ1)∫

Ω

Luφ dx+

∫
Γ2∪Γ3

(
A∇u · νννφ− ud · ννν

)
φ dS +

∫
Γ3

σuφ dS =

∫
Ω

fφdx+

∫
Γ2∪Γ3

gφdS.

Due to the previous step we know that the first terms on both sides are equal. Since φ can be an arbitrary smooth
function on Γ2 ∪ Γ3, we immediately get (3.17)–(3.18). ■

Before coming to the vector case, let us define another notion of the solution which lies between the weak and the
classical one.

Definition 3.3.3 — Strong solution I. Let all assumptions of Definition 3.3.1 be satisfied. Let, moreover, for
any i, j ∈ {1, . . . , d} it hold aij , di ∈W 1,∞(Ω), f ∈ L2(Ω), g ∈ L2(∂Ω) and U0 ∈W 2,2(Ω). We say that u ∈W 2,2(Ω)
is a strong solution to our problem (3.15)–(3.18), if (3.15) holds almost everywhere in Ω and (3.16)–(3.18) hold
almost everywhere on ∂Ω.

It is again not very difficult to see that if u ∈ W 2,2(Ω) and u is a weak solution, then it is also a strong solution and
vice versa. The proof can be performed exactly as the proof of Theorem 3.3.2.

We now repeat the same procedure as above for the vector problem (system of elliptic equations). We multiply
the α-th equation on the function φα from C∞(Ω), where φα = 0 on Γ1. We sum the resulted equalities over
α = 1, 2, . . . , N and integrate over Ω. It yields

N∑
α,β=1

∫
Ω

(
−

d∑
i,j=1

∂

∂xi

(
aαβij

∂uβ

∂xj

)
+

d∑
i=1

cαβi
∂uβ

∂xi
+

d∑
i=1

∂

∂xi
(dαβi uβ) + bαβuβ

)
φα dx =

∫
Ω

N∑
α=1

fαφα dx.

As in the scalar case, we perform integration by parts at several term and get the identity

N∑
α,β=1

∫
Ω

( d∑
i,j=1

aαβij
∂uβ

∂xj

∂φα

∂xi
+

d∑
i=1

cαβi
∂uβ

∂xi
φα −

d∑
i=1

dαβi uβ
∂φα

∂xi
+ bαβuβφα

)
dx

+

N∑
α,β=1

∫
∂Ω

(
−

d∑
i,j=1

aαβij
∂uβ

∂xj
νi +

d∑
i=1

dαβi uβνi

)
φα dS =

∫
Ω

N∑
α=1

fαφα dx.

We replace the boundary terms by (3.33)–(3.34) and use the fact that φα = 0 on Γ1. The resulted identity has the
form (as in the scalar case, we define g⃗ to be zero on Γ1)

N∑
α,β=1

∫
Ω

( d∑
i,j=1

aαβij
∂uβ

∂xj

∂φα

∂xi
+

d∑
i=1

cαβi
∂uβ

∂xi
φα −

d∑
i=1

dαβi uβ
∂φα

∂xi
+ bαβuβφα

)
dx

+

N∑
α,β=1

∫
Γ3

σαβuβφα dS =

∫
Ω

N∑
α=1

fαφα dx+

N∑
α=1

∫
Γ2∩Γ3

gαφα dS.

Using the (vector-) matrix-calculus we can rewrite the identity into shorter and more understandable form (we use as
in the previous section u⃗ = (u1, . . . , uN ) and similarly for other terms)∫

Ω

(
A⃗∇u⃗ : ∇φ⃗+ (⃗c∇u⃗) · φ⃗− (⃗d∇φ⃗) · u⃗+ bu⃗ · φ⃗

)
dx+

∫
Γ3

(σu⃗) · φ⃗ dS =

∫
Ω

f⃗ · φ⃗ dx+

∫
Γ2∩Γ3

g⃗ · φ⃗ dS. (3.40)
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Above, the denoted A⃗∇u⃗ : ∇φ⃗ :=
∑N

α=1

∑d
i=1(

∑N
β=1

∑d
j=1 a

αβ
ij

∂uβ

∂xj
)∂φ

α

∂xi
. We again introduce the following bilinear

form (with L and σ fixed)

BL,σ(u⃗, φ⃗) :=

∫
Ω

(
A⃗∇u⃗ : ∇φ⃗+ (⃗c∇u⃗) · φ⃗− (⃗d∇φ⃗) · u⃗+ (bu⃗) · φ⃗

)
dx+

∫
Γ3

(σu⃗) · φ⃗ dS, (3.41)

where we assume that all integrals exist and are finite. This allows us to introduce the definition of the weak solution
to (3.27)–(3.30).

Definition 3.3.4 — Weak solution of boundary value problem for system of elliptic equations. Let
Ω ∈ C0,1 with the corresponding parts of the boundary {Γi}3i=1 and let L be elliptic in the sense of Definition 3.2.6.
We define

V := {φ⃗ = (φ1, . . . , φN ) | ∀α = 1, . . . , N, φα ∈W 1,2(Ω), Tφα|Γ1
= 0}

with the standard norm ∥φ∥2V :=
∑N

α=1 ∥φα∥2W 1,2(Ω). Further, let for any α, β = 1, . . . , N the functions uα ∈
W 1,2(Ω) and the data Uα

0 ∈ W 1,2(Ω), σαβ ∈ L∞(Γ3), gα ∈ (W
1
2 ,2(∂Ω))∗ and fα ∈ V ∗. We say that u⃗ is a weak

solution to (3.31)–(3.34), if

u⃗− U⃗0 ∈ V

BL,σ(u⃗, φ⃗) = ⟨f⃗ , φ⃗⟩V +

N∑
α=1

⟨gα, φα⟩
W

1
2
,2(Γ2∩Γ3)

for any φ⃗ ∈ V.
(3.42)

Similarly as below Definition 3.3.1 it is possible to verify that under our assumptions all integrals (dualities) are
well defined and finite.

Furthermore, the same claim as in the scalar case can be shown concerning the consistency of weak solutions.

Theorem 3.3.5 — On consistency of weak solutions II. Let all assumptions of Definition 3.3.4 be fulfilled.
Let for any i, j ∈ {1, . . . , d} and any α, β ∈ {1, . . . , N} it hold aαβij , d

αβ
i ∈ C1(Ω), cαβi , bαβ , fα ∈ C(Ω), σαβ ∈ C(Γ3),

gα ∈ C(Γ2 ∪ Γ3) and Uα
0 , u

α ∈ C1(Ω) ∩ C2(Ω). Then u⃗ is a classical solution of (3.31)–(3.34), if and only if u⃗ is a
weak solution.

Proof. The proof is similar to the scalar case. ■

Exercise 3.3.6. Prove Theorem 3.3.5.

Finally we also define the strong solution in the vector case.

Definition 3.3.7 — Strong solution II. Let all assumptions of Definition 3.3.4 be satisfied. Let for any i, j ∈
{1, . . . , d} and any α, β ∈ {1, . . . , N} it holds aαβij , d

αβ
i ∈ W 1,∞(Ω), fα ∈ L2(Ω), gα ∈ L2(∂Ω) and Uα

0 ∈ W 2,2(Ω).
We say that u⃗ such that uα ∈ W 2,2(Ω) for any α ∈ {1, 2, . . . , N} is a strong solution, if (3.31) holds almost
everywhere in Ω and (3.32)–(3.34) hold almost everywhere on ∂Ω.

It is again not difficult to show that uα ∈ W 2,2(Ω) for any α ∈ {1, . . . , N} and u⃗ = (u1, . . . , uN ) is a weak solution,
then it is a strong solution and vice versa.

Exercise 3.3.8. Prove the claim about the consistency for strong solutions.

3.4 Existence of weak solutions, uniqueness and continuous dependence
on data for coercive operators

We have already seen in Subsection 3.1 that operators of the type −∆u + u are elliptic and provide good estimates
for the solution of corresponding elliptic problems: the bilinear form

BL(u, v) =

∫
Ω

(∇u · ∇v + uv) dx

has the property that

BL(u, u) =

∫
Ω

(|∇u|2 + u2) dx = ∥u∥21,2.

We shall consider in this subsection similar operators (even for the vector case) which will however be as general as
possible. In Subsection 3.1 the main tool to get existence of a weak solution was the Riesz representation Theorem.
This, however, requires that the bilinear form can be viewed as scalar product which means that the main part of
the elliptic operator is symmetric; more precisely, the matrix A from the differential operator of the second order
−
∑d

i,j=1
∂

∂xi
(aij

∂u
∂xj

) must be symmetric. We shall first relax this condition.



46 Chapter 3. Linear elliptic PDE’s

Theorem 3.4.1 — Lax–Milgram. Let V be a real Hilbert space with the scalar product (·, ·)V and the norm
∥ · ∥V = (·, ·)1/2. Let B: V × V → R be a bilinear form on V which is:

a) V -elliptic, i.e., there exists m > 0 such that for any u ∈ V it holds

B(u, u) ≥ m∥u∥2V (3.43)

b) V -bounded, i.e., there exists M > 0 such that for any u, v ∈ V it holds

|B(u, v)| ≤M∥u∥V ∥v∥V . (3.44)

Then for any F ∈ V ∗ there exists unique u ∈ V such that for any v ∈ V it holds

B(u, v) = ⟨F, v⟩V . (3.45)

Moreover, u satisfies the estimate

∥u∥V ≤ 1

m
∥F∥V ∗ . (3.46)

Proof. Let us first look at the simpler part of the proof. If u satisfies (3.45) for any v ∈ V , then choosing v := u in
(3.45) and using (3.43) we get

m∥u∥2V ≤ B(u, u) = ⟨F, u⟩V ≤ ∥F∥V ∗∥u∥V
which directly implies (3.46). Furthermore, let u1, u2 be two solutions of (3.45). Then the bilinearity of B and the
linearity of the duality immediately yield

B(u1 − u2, v) = 0 for any v ∈ V.

Choosing v := u1 − u2 and using the V –ellipticity we see that u1 = u2 which implies the uniqueness of solutions to
our problem.

It remains to show existence of u which solves (3.45). We first use the Riesz representation Theorem B.2.2 and find
for the given F ∈ V ∗ unique w ∈ V such that for any v ∈ V it holds (w, v)V = ⟨F, v⟩V . Problem (3.45) transforms
into the problem to find u ∈ V such that for any v ∈ V it holds

B(u, v) = (w, v)V . (3.47)

We now rewrite the left-hand side to the form of the scalar product. More precisely, due to the bilinearity and the
V -boundedness of B we see that for a fixed u ∈ V it holds B(u, ·) ∈ V ∗. Due to the Riesz representation Theorem
there exists unique element A(u) ∈ V such that for any v ∈ V it holds

B(u, v) = (A(u), v)V . (3.48)

Equation (3.47) then rewrites into
(A(u), v)V = (w, v)V . (3.49)

To finish the proof of existence of u ∈ V which fulfils for all v ∈ V equation (3.49), it is enough to show that the
mapping A: V → V is onto.

Let us first summarize properties of A which directly follow from the properties of the form B.

(i) A is linear. Indeed, since B is bilinear, we have for any u1, u2, v ∈ V

(A(u1 + u2), v)V
(3.48)
= B(u1 + u2, v) = B(u1, v) +B(u2, v)

(3.48)
= (A(u1), v)V + (A(u2), v)V

and thus A is linear.

(ii) A is injective and A(V ) is a closed subspace of V . The property that A(V ) is a subspace follows from the
linearity of A. Further, due to the V -ellipticity of B we have for any u ∈ V

m∥u∥2V ≤ B(u, u) = (A(u), u)V ≤ ∥A(u)∥V ∥u∥V ;

thus
∥u∥V ≤ 1

m
∥A(u)∥V

which due to the linearity implies the injectivity. Furthermore, if {A(un)}n∈N is a Cauchy sequence, then due to
the linearity of A and the above presented estimate the sequence {un}n∈N is Cauchy and thus we see that A(V )
is a closed subspace.
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(iii) A is bounded. Indeed, due to the V -boundedness of B we have

∥A(u)∥2V = (A(u), A(u))V
(3.48)
= B(u,A(u)) ≤M∥u∥V ∥A(u)∥V

and thus ∥A(u)∥V ≤M∥u∥V .

From the properties above it follows that A: V → V is linear, bounded (thus continuous) and injective operator
with the closed range A(V ) which additionally forms a subspace of V . Assume now that A(V ) ̸= V . Then there
exists v ∈ V \ A(V ) which can be chosen so that ∥v∥V = 1, and for any w ∈ A(V ) it holds (v, w)V = 0. Choosing
w := A(v) ∈ A(V ) and using the V -ellipticity of the form B we get

0 = (v,A(v))V = (A(v), v)V = B(v, v) ≥ m∥v∥2V = m > 0

which leads to contradiction. The operator A is thus onto and the proof is finished. ■

The goal of this section is to formulate assumptions on the operator L and on the data of Problem (3.27)–(3.30)
so that we may apply the Lax–Milgram Theorem. For a moment we consider only the vector problem since the scalar
problem in the setting of the following theorem is on the same difficulty level as the vector problem. Before we do so,
let us look at the special problem of the Neumann problem. Let us set c⃗ = d⃗ = 0⃗ and b = 0 in the definition of the
operator L and assume that |Γ2| = |∂Ω|. In this situation the space V in Definition 3.3.4 reduces to

V := {φ⃗ = (φ1, . . . , φN ); for any α ∈ {1, . . . , N} it holds that φα ∈W 1,2(Ω)}

and the weak formulation has the form∫
Ω

A⃗∇u⃗ : ∇φ⃗dx = ⟨f⃗ , φ⃗⟩V + ⟨g⃗, φ⃗⟩
W

1
2
,2(∂Ω;RN )

for all φ⃗ ∈ V. (3.50)

If we now choose in this identity φ⃗ := (0, . . . , 0, 1, 0, . . . , 0), we get that for any α ∈ {1, . . . , N} it must hold

⟨fα, 1⟩W 1,2(Ω) + ⟨gα, 1⟩
W

1
2
,2(∂Ω)

= 0 (3.51)

which for f⃗ and g⃗ integrable does not mean anything else than∫
Ω

fα dx+

∫
∂Ω

gα dS = 0 for any α ∈ {1, . . . , N}. (3.52)

We see that condition (3.51), or (3.52), respectively, are necessary conditions for the existence of a solution. In
what follows we show that these conditions are also sufficient. We now show one abstract result telling us that the
V -ellipticity of the bilinear form BL,σ defined in (3.41) is the sufficient condition for existence of the unique weak
solution.

Theorem 3.4.2 — On existence and uniqueness for coercive operators. Let all assumptions of Defini-
tion 3.3.4 be satisfied.

a) If BL,σ is V -elliptic, then there exists unique solution to Problem (3.27)–(3.30).

b) If c⃗ = d⃗ = 0⃗, b = 0, |Γ2| = |∂Ω| and conditions (3.51) are fulfilled, then there exists a weak solution to Problem
(3.50) which is unique up to an additive constant.

Proof. Let us first look at the simpler case b). We showed in (3.51) the necessary condition for the existence of a
solution. Since in this case the condition is reduced to∫

Ω

A⃗∇u⃗ : ∇φ⃗dx = ⟨f⃗ , φ⃗⟩V +

N∑
α=1

⟨gα, φα⟩
W

1
2
,2(∂Ω)

,

we see that replacing ˜⃗u := u⃗+ k⃗, where k⃗ ∈ RN is arbitrary, is again a solution if u⃗ were so. This leads to the idea that
we should consider instead of the space V rather the factor space V/PN

0 ; we say that u⃗1 ∼ u⃗2, if u⃗1 − u⃗2 = k⃗ ∈ RN

almost everywhere in Ω. The space V/PN
0 is again a Hilbert space and due to Theorem 2.6.8 can be endowed by the

norm

∥u⃗∥2V/PN
0

:= ∥∇u⃗∥22 =

N∑
α=1

∥∇uα∥22;

furthermore, clearly (u⃗, v⃗)V/PN
0

:=
∫
Ω
∇u⃗ · ∇v⃗ dx is a scalar product. Due to the assumption on the matrix A⃗ the

expression

B(u⃗, v⃗) :=

∫
Ω

A⃗∇u⃗ : ∇v⃗ dx
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is a bilinear form. Assumption (3.26) yields

B(u⃗, u⃗) :=

∫
Ω

A⃗∇u⃗ : ∇u⃗dx ≥ C1∥∇u⃗∥22 = C1∥u⃗∥2V/PN
0

and B is also elliptic. To be able to apply the Lax–Milgram Theorem 3.4.1 we have to find F⃗ ∈ (V/PN
0 )∗ so that

⟨F⃗ , φ⃗⟩V/PN
0

= ⟨f⃗ , φ⃗⟩V +

N∑
α=1

⟨g⃗, φ⃗⟩
W

1
2
,2(∂Ω)

.

Due to the trace theorem (recall that the space W
1
2 ,2(Ω;RN ) is the range of the trace operator) we can define F⃗ ∈ V ∗

by means of

⟨F⃗ , φ⃗⟩V = ⟨f⃗ , φ⃗⟩V +

N∑
α=1

⟨gα, φα⟩
W

1
2
,2(∂Ω)

=: ⟨f⃗ , φ⃗⟩V + ⟨g⃗, φ⃗⟩
W

1
2
,2(∂Ω;RN )

.

It remains to show that this F⃗ belongs also to (V/PN
0 )∗; in other words we need to show that for any k⃗ ∈ RN and any

φ⃗ ∈ V it holds that
⟨F⃗ , φ⃗+ k⃗⟩V = ⟨F⃗ , φ⃗⟩V .

This is, however, a simple consequence of (3.51). We can therefore apply the Lax–Milgram Theorem (Theorem 3.4.1)
and we get existence of a unique u⃗ ∈ V/PN

0 solving our problem. As u⃗ is unique in the factor space V/PN
0 , we get

uniqueness of the weak solution up to an additive constant which finishes the proof for the Neumann problem.
Let us now deal with the case a). Similarly as above the space V is Hilbert space a due to the properties of the

traces of Sobolev functions and assumptions on f⃗ and g⃗ we may define F ∈ V ∗ by means of

⟨F⃗ , φ⃗⟩V := ⟨f⃗ , φ⃗⟩V + ⟨g⃗, φ⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

.

Consider now the form BL,σ defined in (3.41); due to the linearity of the integral and assumptions on the data (the
reader can easily check it using Hölder’s inequality), that the form is a bilinear bounded form on W 1,2(Ω;RN ). Since
V is a closed subspaces of this space (an easy corollary of the trace theorem), then BL,σ is a bilinear bounded form
on V . Hence assume according to a), that BL,σ is V -elliptic.

Let us first consider uniqueness of solution to problem

BL,σ(u⃗, φ⃗) = ⟨F⃗ , φ⃗⟩V for any φ⃗ ∈ V. (3.53)

Let u⃗1 and u⃗2 be two solutions such that u⃗1 − U⃗1
0 ∈ V and u⃗2 − U⃗2

0 ∈ V (recall that u⃗0 is the prescribed value on
Γ1 and U⃗1

0 and U⃗2
0 are two functions having on Γ1 the same trace equal to u⃗0). Then also U⃗1

0 − U⃗2
0 ∈ V and we can

choose in (3.53) the test function φ⃗ := u⃗1 − u⃗2 ∈ V . Subtracting the corresponding equations for u⃗1 and u⃗2 we obtain

BL,σ(u⃗1 − u⃗2, u⃗1 − u⃗2) = 0

which due to the V -ellipticity (it is possible to use it as u⃗1− u⃗2 ∈ V ) leads to u⃗1 = u⃗2 (almost everywhere in Ω) giving
us the uniqueness of the solution.

Let us now deal with existence of a solution. We look u⃗ in the form u⃗ = v⃗ + U⃗0, where v⃗ ∈ V . Plugging this into
(3.53) and due to the linearity of BL,σ we easily see that to find the function u⃗ it is enough to show existence of v⃗ ∈ V
which satisfies

BL,σ(v⃗, φ⃗) = ⟨F⃗ , φ⃗⟩V −BL,σ(U⃗0, φ⃗) for any φ⃗ ∈ V. (3.54)

First, due to the bilinearity of BL,σ on W 1,2(Ω;RN ) we can find G⃗ ∈ V ∗ such that

⟨G⃗, φ⃗⟩V = ⟨F⃗ , φ⃗⟩V −BL,σ(U⃗0, φ⃗) for any φ⃗ ∈ V.

Equation (3.54) transforms therefore to
BL,σ(v⃗, φ⃗) = ⟨G⃗, φ⃗⟩V . (3.55)

We can now apply the Lax–Milgram Theorem 3.4.1, since we verified that BL,σ is a V -bounded bilinear form and due
to our assumptions it is also V -elliptic. Therefore there exists unique v⃗ ∈ V satisfying (3.55) and thus also u⃗, a weak
solution to problem (3.27)–(3.30). ■

We realized that to the proof of existence and uniqueness of solutions to problem (3.27)–(3.30) it is enough to
show that BL,σ is a V -elliptic form. Furthermore, for the Neumann problem we showed that conditions (3.51) are
necessary and sufficient for the existence of a solution. We further concentrate on the identification of assumptions on
the parameters of the operator L which allow us to obtain the desired ellipticity. Note that the ellipticity condition
is fundamental as we shall see in the following sections and violation of this condition can lead to non-existence or
non-uniqueness of solutions. Later, in the nonlinear case, this condition will be replaced by the so-called coercivity
which will be equivalent to the ellipticity in general Banach spaces.
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The results which we formulate and show use "brute force" to show the ellipticity of BL,σ. In many cases, as will
be shown below in several examples, they cannot be applied, although it can be verified by finer techniques that the
form BL,σ is elliptic.

For the next part, we first define two auxiliary functions

b̃(x) := inf
{z⃗∈RN ; |z⃗|=1}

N∑
α,β=1

bαβ(x)zαzβ

σ̃(x) := inf
{z⃗∈RN ; |z⃗|=1}

N∑
α,β=1

σαβ(x)zαzβ .

(3.56)

Note that in the scalar case, i.e., N = 1, it trivially holds b̃ = b and σ̃ = σ.
We first formulate the existence theorem for the situation when at least on a part of the boundary (nontrivial one)

the Dirichlet condition is given.

Theorem 3.4.3 — On existence for |Γ1| > 0. Let all assumptions of Definition 3.3.4 be satisfied and |Γ1| > 0.
Assume that there exists ε > 0 dependent only on Ω and Γ1 such that if data and coefficients of L satisfy

C1b̃(x)− |⃗c(x)|2 − |⃗d(x)|2 ≥ −εC2
1 almost everywhere in Ω,

σ̃(x) ≥ −εC1 almost everywhere on Γ3,
(3.57)

where b̃ and σ̃ are defined in (3.56) and C1 is the constant from the ellipticity of the operator L. Then there exists
unique weak solution to (3.27)–(3.30). Moreover, there exists C > 0 dependent only on Ω, Γ1, C1 and ε such that
the solution u⃗ satisfies

∥u⃗∥1,2 ≤ C
(
∥f⃗∥V ∗ + ∥U⃗0∥W 1,2(Ω;RN ) + ∥g⃗∥

(W
1
2
,2(Γ2∪Γ3;RN ))∗

)
. (3.58)

This theorem claims that if the Dirichlet condition is prescribed on a part of the boundary, then existence and
uniqueness of weak solutions is ensured if either all terms are sufficiently small or the terms b and σ are good (non-
negative) and they control the potentially bad terms c⃗ a d⃗. Moreover, it is evident that the stronger the ellipticity of
A⃗ is (hence, the higher C1 is) the worse situations can be covered. We leave as an easy exercise the proof of existence
and uniqueness of weak solutions in the following situations: (i) problem (3.23) for σ ≥ 0 and |Γ1| > 0 (ii) problem
(3.23) with (3.23)1 replaced by (3.24) for c⃗ = 0 and |Γ1| > 0 (iii) vector problem with the equations (3.35) and such
boundary conditions of the type discussed above with |Γ1| > 0.

We now formulate the theorem for the case when we prescribe only Neumann or Newton boundary condition. The
main difference with respect to the previous theorem is the fact that not only need that the terms b⃗ and σ are not
bad, but one of them must be even sufficiently good.

Theorem 3.4.4 — On existence for |Γ1| = 0. Let all assumptions of Definition 3.3.4 be satisfied and let
|Γ1| = 0. Let C1 be the constant from the ellipticity of the operator L. Then the following holds.

1. Let
C1b̃(x)− |⃗c(x)|2 − |⃗d(x)|2 ≥ 0 almost everywhere in Ω,∫

Ω

(
C1b̃(x)− |⃗c(x)|2 − |⃗d(x)|2

)
dx > 0.

(3.59)

Then there exists ε > 0 (however, now dependent on (3.59), C1 and Ω) such that if σ fulfils

σ̃(x) ≥ −ε almost everywhere on Γ3,

then there exists unique weak solution to (3.27)–(3.30).

2. Let
σ̃(x) ≥ 0 almost everywhere on Γ3,∫

Γ3

σ̃ dS > 0.
(3.60)

Then there exists ε > 0 (dependent on (3.60), C1 and Ω) such that if b, c⃗ and d⃗ fulfil

C1b̃(x)− |⃗c(x)|2 − |⃗d(x)|2 ≥ −ε almost everywhere on Γ3,

then there exists unique weak solution to (3.27)–(3.30).
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Moreover, in both cases, there exists a constant C > 0 dependent only on Ω, Γ1, C1 and ε such that the solution u⃗
satisfies

∥u⃗∥1,2 ≤ C
(
∥f⃗∥V ∗ + ∥U⃗0∥W 1,2(Ω;RN ) + ∥g⃗∥

(W
1
2
,2(Γ2∪Γ3;RN ))∗

)
. (3.61)

Corollary 3.4.5. Since the problem is linear, then the mapping F : [f⃗ , g⃗, U⃗0] 7−→ u⃗ as a mapping from V ∗× (W
1
2 ,2(Γ2∪

Γ3;RN ))∗ ×W 1,2(Ω;RN ) to V is bounded and continuous.

Proof of Theorem 3.4.3 and Theorem 3.4.4. Due to Theorem 3.4.2 it is enough to show that the bilinear form BL,σ is
V -elliptic. Let us take arbitrary u⃗ ∈ V and plug it in formula (3.41). Using the ellipticity of the matrix A⃗ (see (3.26))
and definitions of b̃ and σ̃ (see (3.56)) we get the inequality

BL,σ(u⃗, u⃗) =

∫
Ω

(
A⃗∇u⃗ : ∇u⃗+ c⃗∇u⃗ · u⃗− d⃗∇u⃗ · u⃗+ bu⃗ · u⃗

)
dx+

∫
Γ3

(σu⃗) · u⃗ dS

≥
∫
Ω

(
C1|∇u⃗|2 − |⃗c||∇u⃗||u⃗| − |⃗d||∇u⃗||u⃗|+ b̃|u⃗|2

)
dx+

∫
Γ3

σ̃|u⃗|2 dS.

Applying the Young inequality we may further estimate

|⃗c||∇u⃗||u⃗|+ |⃗d||∇u⃗||u⃗| ≤ C1

2
|∇u⃗|2 + |⃗c|2 + |⃗d|2

C1
|u⃗|2

and the above mentioned inequality reduces to the form

BL,σ(u⃗, u⃗) ≥
∫
Ω

(C1

2
|∇u⃗|2 + |u⃗|2C1b̃− |⃗c|2 − |⃗d|2

C1

)
dx+

∫
Γ3

σ̃|u⃗|2 dS. (3.62)

From now on we proceed separately for |Γ1| > 0 and |Γ1| = 0.
In the former we use the Poincaré inequality and the Theorem on traces to obtain the required inequality. More

precisely, using Theorem 2.6.3 we get existence of c1 dependent only on Ω and Γ1 such that

c21∥u⃗∥21,2 ≤
∫
Ω

|∇u⃗|2 dx+

∫
Γ1

|u⃗|2 dS.

Similarly due to the Theorem on trace operator 2.5.11 we get existence of c2 dependent only on Ω such that

c22

∫
Γ3

|u⃗|2 dS ≤ ∥u⃗∥21,2.

We apply these inequalities in (3.62) to get

BL,σ(u⃗, u⃗) ≥ c21
C1

2
∥u⃗∥21,2 +

∫
Ω

|u⃗|2C1b̃− |⃗c|2 − |⃗d|2

C1
dx+

∫
Γ3

σ̃|u⃗|2 dS

≥ c21
C1

4
∥u⃗∥21,2 + c21c

2
2

C1

4

∫
Γ3

|u⃗|2 dS

+

∫
Ω

|u⃗|2C1b̃− |⃗c|2 − |⃗d|2

C1
dx+

∫
Γ3

σ̃|u⃗|2 dS

= c21
C1

4
∥∇u⃗∥22 + C−1

1

∫
Ω

|u⃗|2(c214−1C2
1 + C1b̃− |⃗c|2 − |⃗d|2) dx

+

∫
Γ3

(c21c
2
24

−1C1 + σ̃)|u⃗|2 dS

≥ c41
C1

4
∥u⃗∥21,2 + C−1

1

∫
Ω

|u⃗|2(c214−1C2
1 + C1b̃− |⃗c|2 − |⃗d|2) dx

+

∫
Γ3

(c21c
2
24

−1C1 + σ̃)|u⃗|2 dS,

(3.63)

where in the last inequality we used again Theorem 2.6.3. If we choose

ε := c214
−1 min(1, c22),

hence ε > 0 depends only on Ω and Γ1, then it holds for any data satisfying (3.57)

BL,σ(u⃗, u⃗) ≥ c41
C1

4
∥u⃗∥21,2 = c41

C1

4
∥u⃗∥2V .
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The bilinear form BL,σ is therefore V -elliptic and the proof is in this case finished.
Let us now turn our attention to the latter, i.e., |Γ1| = 0. We cannot dispose any more with the Poincaré inequality

which works with the values of the function on the boundary. However, we may replace this by requirement that at
least one of the terms in (3.62) is good. Let us consider now case 1. from Theorem 3.4.4. Due to (3.59) there exists
Ω⋆ ⊂ Ω and α3 > 0 such that |Ω⋆|d > 0 and

C1b̃(x)− |⃗c(x)|2 − |⃗d(x)|2 ≥ C2
1α3

2
almost everywhere in Ω⋆.

Using this inequality in (3.62) and using the fact that expression in (3.59) is non-negative in the whole Ω, we have

BL,σ(u⃗, u⃗) ≥
C1

2

(∫
Ω

|∇u⃗|2 dx+ α3

∫
Ω⋆

|u⃗|2 dx
)
+

∫
Γ3

σ̃|u⃗|2 dS. (3.64)

We can now repeat the procedure from the previous part;, we apply Theorem 2.6.3 to get from the first term the whole
norm and Theorem on trace operator 2.5.11 to estimate the last term. Altogether we have

BL,σ(u⃗, u⃗) ≥
c21C1

2
∥u⃗∥21,2

+

∫
Γ3

σ̃|u⃗|2 dS ≥ c21C1

4
∥u⃗∥21,2 +

∫
Γ3

(
c22c

2
1C1

2
+ σ̃

)
|u⃗|2 dS.

Choosing

ε :=
c22c

2
1C1

2

we get the desired estimate, provided σ̃ satisfies assumptions of point 1. Point 2. can be shown similarly and is left as
an exercise to a kind reader. ■

This part contained basic techniques and procedures how to show that our operator is elliptic (hence the form BL,σ

is V -elliptic). We saw that if we prescribe Dirichlet boundary values on at least a part of the boundary, we can handle
also the unpleasant terms, provided they are not too big. If the Dirichlet conditions are not prescribed, at least one
of the other terms must be sufficiently good. The whole proof did not use any structure of the unpleasant terms and
the following exercises contain several cases which do not fall into our theory, developed up to now.

Exercise 3.4.6. Let us consider Ω ⊂ Rd open bounded, not necessarily Lipschitz. For a given f ∈ L2(Ω) we want to
find a weak solution to

−∆u = f in Ω

u = 0 on ∂Ω.

Solution. We already discussed this case, however, the main issue now will be the properties of the boundary. In this
situation, we cannot speak about the trace of u, nonetheless, the natural candidate for the suitable function space is
V := W 1,2

0 (Ω). Let us recall that this space is defined as a closure of smooth compactly supported functions in Ω.
The weak solution is called a function u ∈ V such that

B(u, φ) :=

∫
Ω

∇u · ∇φ dx =

∫
Ω

fφdx =: ⟨F,φ⟩V for any φ ∈ V.

The form B is evidently bilinear and V -bounded, it is enough to verify its V -ellipticity in order to be able to get from
the Lax–Milgram Theorem 3.4.1 existence of exactly one weak solution. Since Ω is bounded, we may find a sufficiently
large ball BR(0) ⊂ Rd such that Ω ⊂ BR(0). If we define u to be zero outside of Ω, we get u ∈ W 1,2

0 (BR(0)). (Verify
carefully this step!) Since the ball has Lipschitz boundary (even a C∞ one), we may use Theorem 2.6.3 to get

B(u, u) =

∫
Ω

|∇u|2 dx =

∫
BR(0)

|∇u|2 dx ≥ c21∥u∥2W 1,2(BR(0)) = c21∥u∥2W 1,2(Ω).

The form B is V -elliptic and the existence of a unique weak solution is a direct consequence of the theory developed
above. □

This exercise shows that if we prescribe the Dirichlet boundary condition u0 on the whole boundary, we are not
obliged to deal with Lipschitz domains, but it is enough to to assume that there exists U0 ∈ W 1,2(Ω) such that the
trace of U0 is equal to u0 on ∂Ω. We then look for our solution u in the form u = U0 + v, where v ∈ V , or rather
(u− U0) ∈ W 1,2

0 (Ω). Note that if Ω is Lipschitz and u0 is sufficiently regular, the existence of such U0 is guaranteed,
but even some situation with less regular domain Ω can be considered.

Exercise 3.4.7. Let Ω = (−1, 1)2. For a given f ∈ L2(Ω) and a ∈ L∞(−1, 1) such that ∥a∥∞ < 2, let us show
existence and uniqueness of weak solution to the problem

Lu(x) := −∂
2u

∂x21
(x)− ∂2u

∂x22
(x) + a(x1)

∂2u

∂x1∂x2
(x) = f(x) in Ω

u(x) = 0 on Ω.
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Solution. The expression on the left-hand side is not in the divergence form and thus we cannot use the theory
developed above. However, we aim to rewrite in particular the third term into the divergence form. A big mistake
would be the following

a
∂2u

∂x1∂x2
=

∂

∂x1

(
a
∂u

∂x2

)
− ∂a

∂x1

∂u

∂x2
.

Formally, we achieved the form we need, however, by our assumptions we have no information about any derivative of
a (even not about a weak one) and thus the expression on the right-hand side is not meaningful. On the other hand,
since a is independent of x2, we may proceed as follows:

a
∂2u

∂x1∂x2
=

∂

∂x2

(
a
∂u

∂x1

)
.

If we define the matrix A(x) as

A(x) :=

(
1 0

−a(x1) 1

)
,

we have

−div
(
A(x)∇u(x)

)
= −

2∑
i,j=1

∂

∂xi

(
(A(x))ij

∂u

∂xj

)
= Lu(x).

The operator L is now rewritten into the correct form and we need to verify the ellipticity of the matrix A, i.e., to
verify condition (3.26). A simple computation shows that it holds for any z⃗ ∈ R2

2∑
i,j=1

(
A(x)

)
ij
zizj = z21 + z22 − a(x1)z1z2 ≥ z21 − z21(1− ε)− z22(a(x1))

2

4(1− ε)
+ z22

≥ εz21 +

(
1− (a(x1))

2

4(1− ε)

)
z22 ,

where we used the Young inequality. We see that if ∥a∥∞ < 2, choosing ε := (2− ∥a∥∞)/2 > 0 we ensure(
1− (a(x1))

2

4(1− ε)

)
≥ ε almost everywhere in Ω.

Thus
d∑

i,j=1

(
A(x)

)
ij
zizj ≥ ε|z|2.

Hence, the operator L is elliptic and we may use the theory developed above to prove existence and uniqueness of a
weak solution to our problem. □

The following exercise deals with equation (3.24). We already know that for |c| ≪ 1 (the smallness depends now
on the ellipticity constant C1 of the matrix A) there exists unique weak solution. We now show how we can generalize
this result for particular vectors c which often appear in applications.

Exercise 3.4.8. Let Ω ⊂ Rd be Lipschitz, f ∈ L2(Ω), p ∈ (2,∞] and the vector c = (c1, . . . , cd) be such that
ci ∈ Lp(Ω), 1 = 1, 2, . . . , d. Let moreover div c ≤ 0 in Ω in the sense of distributions in Ω, i.e., for any non-negative
φ ∈ C∞

0 (Ω) it holds ∫
Ω

c · ∇φ dx =

∫
Ω

d∑
i=1

ci
∂φ

∂xi
dx ≥ 0. (3.65)

For p’s from an interval as large as possible show the existence and uniqueness of a weak solution for equation (3.24)
with homogeneous Dirichlet boundary condition without any restriction on the size of ∥c∥p.

Solution. First, we have to formulate correctly the problem. The choice of the function space is evident, V :=W 1,2
0 (Ω),

and u ∈ V is called a weak solution to our problem, provided is satisfies for any φ ∈ V∫
Ω

(
A∇u · ∇φ+ c · ∇uφ

)
dx =: B(u, φ) = ⟨F,φ⟩V :=

∫
Ω

fφdx.

Since we have no smallness of a norm of c, our above proved results cannot be applied. We therefore try to apply
directly the Lax–Milgram Theorem (Theorem 3.4.1) on our problem. Clearly F ∈ V ∗ and the form B is bilinear. It
remains to verify its V –boundedness and V –ellipticity. We start with the boundedness. The Hölder inequality give us
the following estimate

|B(u, φ)| ≤
∫
Ω

(
|A||∇u||∇φ|+ |c||∇u||φ|

)
dx

≤ ∥A∥∞∥∇u∥2∥∇φ∥2 + ∥c∥p∥∇u∥2∥φ∥ 2p
p−2

≤ C(A, c)∥u∥V (∥φ∥V + ∥φ∥ 2p
p−2

).
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The last term contains a certain norm; to bound it by the norm in V we need to apply the continuous embedding
W 1,2(Ω) ↪→ L

2p
p−2 (Ω). Using Theorem 2.4.5 we obtain

W 1,2(Ω) ↪→ L
2p

p−2 (Ω) ⇐⇒

{
p > 2 for d = 2,

p ≥ d for d > 2.

In what follows we consider only such p’s a and we know that our form B is V –bounded.
Let us now concentrate on the V –ellipticity. Using our assumptions on A (see (3.26)) together with the Poincaré

inequality (see Theorem 2.6.3) we get the estimate

B(u, u) =

∫
Ω

(
A∇u · ∇u+ c · ∇uu

)
dx ≥ C1∥∇u∥22 +

∫
Ω

c · ∇uu dx

≥ c21C1∥u∥2V +

∫
Ω

c · ∇uu dx.

Let us now look at the last integral. Using the definition of W 1,2
0 (Ω) we may find a sequence {un}n∈N ∈ C∞

0 (Ω) such
that un → u in W 1,2

0 (Ω). Moreover, due to the continuous embedding and our choice of p’s we also have that un → u

in L
2p

p−2 (Ω). The last integral can be rewritten to the following form:∫
Ω

c · ∇uu dx = lim
n→∞

∫
Ω

c · ∇unun dx = lim
n→∞

∫
Ω

d∑
i=1

ci
∂un

∂xi
un dx

=
1

2
lim
n→∞

∫
Ω

d∑
i=1

ci
∂|un|2

∂xi
dx

(3.65)
≥ 0.

In the last inequality, we used (3.65) with φ := (un)2 which is clearly non-negative and due to the properties of un
also smooth and compactly supported. The form B is thus V –elliptic; the existence and uniqueness of a weak solution
for p ≥ d (or p > 2 for d = 2, respectively) is a direct consequence of Lax–Milgram Theorem 3.4.1. □

Exercise 3.4.9. Consider for A ∈ L∞(Ω;Rd×d), f ∈ Lp(Ω), b ∈ Lq(Ω) and c ∈ Lr(Ω;Rd) the following problem: find
u ∈W 1,2

0 (Ω) such that ∫
Ω

( d∑
i,j=1

aij
∂u

∂xj

∂v

∂xi
+

d∑
i=1

ci
∂u

∂xi
v + buv

)
dx =

∫
Ω

fv dx

for all v ∈ W 1,2
0 (Ω). Assume that the bilinear form on the left-hand side is W 1,2

0 -elliptic. In dependence on d find
minimal requirements on p,q and r such that there exists a solution to the problem above (i.e., show under which
conditions the bilinear form is bounded and the right-hand side forms a bounded linear functional).

3.5 Existence of a weak solution by means of the Fredholm alternative
The previous section dealt with existence (and uniqueness) of a weak solution for a large class of data and we showed
that the existence of a weak solution can be shown, provided the corresponding operator is coercive; in other words,
provided we are able to show a priori estimates. This was typically possible in the cases, when b or σ was sufficiently
good (positive). In this section, we rather concentrate ourselves on the characterization of the data for which a solution
exists (and is possibly unique). For simplicity1 we shall not deal with inhomogeneous Dirichlet boundary condition
and in case we prescribe values u⃗0 on the boundary, then we always take u⃗0 = 0⃗. Recall first the operator L

(Lu⃗)α := −
N∑

β=1

d∑
i,j=1

∂

∂xi

(
aαβij

∂uβ

∂xj

)
+

N∑
β=1

d∑
i=1

cαβi
∂uβ

∂xi
+

N∑
β=1

d∑
i=1

∂

∂xi
(dαβi uβ) +

N∑
β=1

bαβuβ (3.66)

and its shorter notation

Lu⃗ = −div
(

A⃗∇u⃗
)
+ c⃗ · ∇u⃗+ div (⃗du⃗) + bu⃗

which will be elliptic, i.e., its coefficients satisfy Definition 3.2.6. Recall also that we aim to study solvability (weak)
of the following problem

Lu⃗ = f⃗ in Ω,

u⃗ = 0⃗ on Γ1

(A⃗∇u⃗− d⃗u⃗) · ν⃗ = g⃗ on Γ2

(A⃗∇u⃗− d⃗u⃗) · ν⃗ + σu = g⃗ on Γ3.

(3.67)

We now define the adjoint operator L∗.
1The whole theory can be developed also for inhomogeneous Dirichlet conditions which have, however, to be more regular.
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Definition 3.5.1 — Adjoint operator. Let L be an elliptic operator defined by (3.66). The operator L∗ defined
as

(L∗φ⃗)α := −
N∑

β=1

d∑
i,j=1

∂

∂xi

(
aβαji

∂φβ

∂xj

)
−

N∑
β=1

d∑
i=1

∂

∂xi
(cβαi φβ)−

N∑
β=1

d∑
i=1

dβαi
∂φβ

∂xi
+

N∑
β=1

bβαφβ (3.68)

is called the adjoint operator to L.

In the short notation, the adjoint operator is written as

L∗φ⃗ = −div
(

A⃗∗∇φ⃗
)
− div (⃗c∗φ⃗)− d⃗∗ · ∇φ⃗+ b∗φ⃗,

where we denoted
(A⃗∗)αβij := (A⃗)βαji , (⃗c∗)αβi := (⃗c)βαi , (⃗d∗)αβi := (⃗d)βαi , (b∗)αβ := bβα.

Note further that in the scalar case (i.e., for N = 1) we have A∗ = AT , b∗ = b, c∗ = c and d∗ = d. We now define the
adjoint problem.

Definition 3.5.2 — Adjoint problem. We say that the problem

L∗φ⃗ = f⃗ in Ω

φ⃗ = 0⃗ on Γ1

(A⃗∗∇φ⃗+ c⃗∗φ⃗) · ν⃗ = g⃗ on Γ2

(A⃗∗∇φ⃗+ c⃗∗φ⃗) · ν⃗ + σ∗φ⃗ = g⃗ on Γ3

(3.69)

is adjoint problem to (3.67). In (3.69), we denoted (σ∗)αβ := (σ)βα.

Since this section deals with question for which data the weak solution exists (while in the previous one the main
question was not only existence of weak solution, but also its uniqueness), we introduce the following notation.

Definition 3.5.3 We say that (f⃗ , g⃗) ∈ L2, if f⃗ = (f1, . . . , fN ) and g⃗ = (g1, . . . , gN ) and for any α ∈ {1, . . . , N} it
holds fα ∈ L2(Ω) and gα ∈ L2(Γ2 ∪ Γ3).

Remark 3.5.4. The space L2 is a Hilbert space endowed with the scalar product(
(f⃗ , g⃗), (u⃗, v⃗)

)
L2 :=

∫
Ω

f⃗ · u⃗ dx+

∫
Γ2∪Γ3

g⃗ · v⃗ dS.

We can now clarify why we speak about the adjoint operator and the adjoint problem. If we define the following
bilinear forms

BL,σ(u⃗, φ⃗) :=

N∑
α,β=1

∫
Ω

d∑
i,j=1

(
aαβij

∂uβ

∂xj

∂φα

∂xi
+

d∑
i=1

cαβi
∂uβ

∂xi
φα
)
dx−

N∑
α,β=1

∫
Ω

d∑
i=1

dαβi
∂φα

∂xi
uβ
)
dx

+

N∑
α,β=1

∫
Ω

bαβuβφα dx+

N∑
α,β=1

∫
Γ3

σαβuβφα dS

BL∗,σ∗(φ⃗, u⃗) :=

N∑
α,β=1

∫
Ω

( d∑
i,j=1

(a∗)αβij
∂φβ

∂xj

∂uα

∂xi
+

d∑
i=1

(c∗)αβi
∂uα

∂xi
φβ
)
dx−

N∑
α,β=1

∫
Ω

d∑
i=1

(d∗)αβi
∂φβ

∂xi
uα dx

+

N∑
α,β=1

∫
Ω

(b∗)αβφβuα dx+

N∑
α,β=1

∫
Γ3

(σ∗)αβφβuα dS,

we see that u⃗ ∈ V is a weak solution to the problem (3.67), if and only if it holds for any φ⃗ ∈ V (see Definition 3.3.4)

BL,σ(u⃗, φ⃗) =

∫
Ω

f⃗ · φ⃗ dx+

∫
Γ2∪Γ3

g⃗ · φ⃗ dS. (3.70)

Similarly (again from Definition 3.3.4) φ⃗ ∈ V is a weak solution to (3.69), if and only if it holds for any u⃗ ∈ V

BL∗,σ∗(φ⃗, u⃗) =

∫
Ω

f⃗ · u⃗ dx+

∫
Γ2∪Γ3

g⃗ · u⃗ dS. (3.71)

Moreover, from the definition of A⃗∗, c⃗∗, d⃗∗, b∗ and σ∗ we get that for any u⃗, φ⃗ ∈ V

BL,σ(u⃗, φ⃗) = BL∗,σ∗(φ⃗, u⃗). (3.72)
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Relation (3.72) can be also rewritten as
⟨Lu⃗, φ⃗⟩V = ⟨L∗φ⃗, u⃗⟩V ,

and therefore we speak about the adjoint operator and the adjoint problem. We should however keep in mind that
the equality above is also related to a certain Newton boundary condition represented by σ or σ∗, respectively.

In what follows we shall study properties of Problems (3.67) and (3.69). Let us first mention consequence of
Theorems 3.4.3–3.4.4.

Theorem 3.5.5 — Generalized existence theorem I. Let Ω ⊂ Rd be Lipschitz, {Γi}3i=1 be the corresponding
parts of the boundary and L be an elliptic operator. Then there exists γ0 ≥ 0 such that for any γ ≥ γ0 and any
(f⃗ , g⃗) ∈ L2 there exists unique weak solution to the problem

Lγ u⃗ := Lu⃗+ γu⃗ = f⃗ in Ω

u⃗ = 0⃗ on Γ1

(A⃗∇u⃗− d⃗u⃗) · ν⃗ + γu⃗ = g⃗ on Γ2

(A⃗∇u⃗− d⃗u⃗) · ν⃗ + σu⃗+ γu⃗ = g⃗ on Γ3.

(3.73)

Moreover, there exists C dependent only on L, σ and Ω such that for any γ ≥ γ0 the solution u⃗ satisfies

∥u⃗∥V ≤ C∥(f⃗ , g⃗)∥L2 . (3.74)

Proof. If |Γ1| > 0, we use Theorem 3.4.3. The sufficient condition (3.57) has in this case the following form

C1

(
γ + b̃(x)

)
− |⃗c(x)|2 − |⃗d(x)|2 ≥ −εC2

1 almost everywhere in Ω,

γ + σ̃(x) ≥ −εC1 almost everywhere on Γ3,

γ ≥ −εC1 almost everywhere on Γ2.

(3.75)

If we choose γ0 := C−1
1 (∥⃗c∥2∞ + ∥⃗d∥2∞ + ∥b∥∞ + ∥σ∥∞), then for any γ ≥ γ0 the condition (3.75) is fulfiled, therefore

Theorem 3.4.3 finishes the proof. If |Γ1| = 0, we similarly apply Theorem 3.4.4. ■

We present without proof a similar result for the adjoint problem. Its proof is, however, identical to the proof of the
previous theorem.

Theorem 3.5.6 — Generalized existence theorem II. Let Ω ⊂ Rd be Lipschitz, {Γi}3i=1 be the corresponding
parts of the boundary and L the elliptic operator. Then there exists γ0 ≥ 0 such that for any γ ≥ γ0 and any
(f⃗ , g⃗) ∈ L2 there exists unique weak solution to the problem

L∗
γφ⃗ := L∗φ⃗+ γφ⃗ = f⃗ in Ω

φ⃗ = 0⃗ on Γ1

(A⃗∗∇φ⃗+ c⃗∗φ⃗) · ν⃗ + γφ⃗ = g⃗ on Γ2

(A⃗∗∇φ⃗+ c⃗∗φ⃗) · ν⃗ + σ∗φ⃗+ γφ⃗ = g⃗ on Γ3.

(3.76)

Moreover, there exists a constant C dependent only on L, σ and Ω such that for any γ ≥ γ0 the solution φ⃗ satisfies

∥φ⃗∥V ≤ C∥(f⃗ , g⃗)∥L2 . (3.77)

The following results will be based on the Fredholm alternative and its consequences (see Theorem B.3.6). For the
reader’s convenience, we repeat it here.

Theorem 3.5.7 — Fredholm alternative. Let H be a Hilbert space and let K : H → H be a compact linear
operator. Then it holds:

1. N(I −K) is finite dimensional

2. R(I −K) is closed

3. R(I −K) = N(I −K∗)⊥

4. N(I −K) = {0} ⇔ R(I −K) = H

5. dimN(I −K) = dimN(I −K∗)

6. The spectrum of K is at most countable and contains 0. If the spectrum is infinite, then 0 is its only
accumulation point.
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Let us recall the notation used above: N denotes the kernel of the operator, R is the range of the operator, K∗ is the
adjoint operator, i.e., the operator satisfying for any u, v ∈ H that (Ku, v)H = (u,K∗v)H . The spectrum is defined
in Appendix, in Definition B.3.1. Finally, quite often, only Property 4. from Theorem 3.5.7 is called the Fredholm
alternative. This claim says that either for any f ∈ H the problem u−Ku = f has (unique) solution or there exists
a nontrivial solution to problem u−Ku = 0.

We can now formulate the most important result of this section.

Theorem 3.5.8 — Fredholm alternative for elliptic operators. Let Ω ⊂ Rd be Lipschitz, {Γi}3i=1 be the
corresponding parts of the boundary and let L be the elliptic operator.

1) Either for any (f⃗ , g⃗) ∈ L2 problem (3.67) possesses exactly one weak solution or for (f⃗ , g⃗) := (⃗0, 0⃗) there exists
a nontrivial solution to problem (3.67).

2) Denote
NL := {u⃗ ∈ V ; | u⃗ is a weak solution to problem (3.67) for (f⃗ , g⃗) := (⃗0, 0⃗)},

NL∗ := {φ⃗ ∈ V ; |φ is a weak solution to problem (3.69) for (f⃗ , g⃗) := (⃗0, 0⃗)}.

Then NL and NL∗ are closed subspaces of V and it holds dimNL = dimNL∗ <∞.

3) Problem (3.67) has a weak solution for a given (f⃗ , g⃗) ∈ L2, if and only if it holds for any φ⃗ ∈ NL∗

0 =
(
(f⃗ , g⃗), (φ⃗, φ⃗|Γ2∪Γ3

)
)

L2 =

∫
Ω

f⃗ · φ⃗ dx+

∫
Γ2∪Γ3

g⃗ · φ⃗ dS.

Proof. For an arbitrary γ > 0 we define bilinear forms

Bγ
L,σ(u⃗, φ⃗) := BL,σ(u⃗, φ⃗) + γ

∫
Ω

u⃗ · φ⃗ dx+ γ

∫
Γ2∪Γ3

u⃗ · φ⃗ dS

Bγ
L∗,σ∗(φ⃗, u⃗) := BL∗,σ∗(φ⃗, u⃗) + γ

∫
Ω

φ⃗ · u⃗ dx+ γ

∫
Γ2∪Γ3

φ⃗ · u⃗dS.
(3.78)

These bilinear forms correspond to problems (3.73) and (3.76). In other words, for (f⃗ , g⃗) ∈ L2 the function u⃗ ∈ V is
called a weak solution to problem (3.73) if it holds for any φ⃗ ∈ V

Bγ
L,σ(u⃗, φ⃗) =

∫
Ω

f⃗ · φ⃗ dx+

∫
Γ2∪Γ3

g⃗ · φ⃗ dS =
(
(f⃗ , g⃗), (φ⃗, φ⃗|Γ2∪Γ3)

)
L2 . (3.79)

Similarly, φ⃗ ∈ V is a weak solution to problem (3.76) for (f⃗ , g⃗) ∈ L2, if it holds for any u⃗ ∈ V

Bγ
L∗,σ∗(φ⃗, u⃗) =

∫
Ω

f⃗ · g⃗ dx+

∫
Γ2∪Γ3

g⃗ · u⃗ dS =
(
(f⃗ , g⃗), (u⃗, u⃗|Γ2∪Γ3)

)
L2 . (3.80)

Recall that due to the trace operator and Lipschitz continuity of the boundary of Ω it makes sense to speak about
values of functions from V on the boundary and in this sense we also understand u⃗|Γ2∪Γ3 and φ⃗|Γ2∪Γ3 .

Using Theorems 3.5.5–3.5.6 we fix γ > 0 such that problems (3.73) and (3.76) have unique weak solution for any
(f⃗ , g⃗) ∈ L2. We define the operator L−1

γ : L2 → L2 by

L−1
γ : (f⃗ , g⃗) 7→ (u⃗, u⃗|Γ2∪Γ3

),

it means that we assign to (f⃗ , g⃗) unique weak solution to problem (3.73), i.e., the function u⃗ satisfies (3.79). Similarly
we define the operator (L∗

γ)
−1 as

(L∗
γ)

−1 : (f⃗ , g⃗) 7→ (φ⃗, φ⃗|Γ2∪Γ3
),

where φ⃗ ∈ V is the unique weak solution to (3.76), i.e., the function φ⃗ satisfies (3.80). Both operators are clearly linear
and due to (3.74) and (3.77) also bounded (we apply here the Theorem on trace operator 2.5.11). Furthermore, due
to the compact embedding W 1,2(Ω) ↪→↪→ L2(Ω) (Theorem 2.4.17) and due to the compactness of the trace operator
(Theorem 2.5.14) both operators L−1

γ and (L∗
γ)

−1 are linear continuous compact operators from L2 to L2.
We now define the operator K : L2 → L2 as K := γL−1

γ . Evidently, also this operator is linear continuous compact.
We now rewrite problem (3.67) using the operator K. Due to the weak formulation of (3.70), weak formulation

for the operator Lγ (i.e., identity (3.79)), definition of the operator L−1
γ and definition and linearity of the operator
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K we subsequently obtain

u⃗ ∈ V solves (3.67)
def⇐⇒ BL,σ(u⃗, φ⃗) =

∫
Ω

f⃗ · φ⃗ dx+

∫
Γ2∪Γ3

g⃗ · φ⃗ dS ∀φ⃗ ∈ V,

⇐⇒ Bγ
L,σ(u⃗, φ⃗) =

∫
Ω

(γu⃗+ f⃗) · φ⃗ dx+

∫
Γ2∪Γ3

(γu⃗+ g⃗) · φ⃗ dS ∀φ⃗ ∈ V,

⇐⇒ (u⃗, u⃗|Γ2∪Γ3
) = L−1

γ

(
(γu⃗+ f⃗), (γu⃗|Γ2∪Γ3

+ g⃗)
)

⇐⇒ (u⃗, u⃗|Γ2∪Γ3
)−K(u⃗, u⃗|Γ2∪Γ3

) = h⃗, where h⃗ :=
1

γ
K(f⃗ , g⃗).

(3.81)

Let us now show Claim 1. from the theorem. Since K is compact, we may use the Fredholm alternative 3.5.7,
where Property 4. claims that either there exists a nontrivial solution (⃗a, b⃗) ∈ L2 to problem

(⃗a, b⃗)−K (⃗a, b⃗) = (⃗0, 0⃗) (3.82)

or for any (⃗a, b⃗) ∈ L2 there exists unique solution (v⃗, w⃗) ∈ L2 to problem

(v⃗, w⃗)−K(v⃗, w⃗) = (⃗a, b⃗). (3.83)

Let us first verify that K(f⃗ , g⃗) = (⃗0, 0⃗), if and only if (f⃗ , g⃗) = (⃗0, 0⃗). One impliction is, due to the linearity of K,
evident. Let us therefore show that if K(f⃗ , g⃗) = (⃗0, 0⃗), then (f⃗ , g⃗) = (⃗0, 0⃗). The definition of the operator K implies
that u⃗ ≡ 0⃗ solves (3.73). This means that we have for any φ⃗ ∈ V∫

Ω

f⃗ · φ⃗ dx+

∫
Γ2∪Γ3

g⃗ · φ⃗ dS = 0.

Since [C∞
0 (Ω)]N ⊂ V , we immediately see that f⃗ ≡ 0⃗. Similarly we also get g⃗ = 0⃗. We further show that (3.82) is

equivalent to the existence of a nontrivial solution to (3.67) with f⃗ = 0⃗ and g⃗ = 0⃗. The definition of K implies that
any nontrivial solution (⃗a, b⃗) of (3.82) can be written as (⃗a, b⃗) = (u⃗, u⃗|Γ2∪Γ3), where u⃗ ∈ V . Thus a nontrivial solution
to (3.82) exists, if and only if there exists a nontrivial u⃗ ∈ V which satisfies

(u⃗, u⃗|Γ2∪Γ3)−K(u⃗, u⃗|Γ2∪Γ3) = (⃗0, 0⃗) = K (⃗0, 0⃗). (3.84)

Comparing this equality with (3.81) we see that this property is equivalent with existence of a nontrivial solution to
(3.67).

We thus have that if no nontrivial solution to (3.67) with zero data exists, then there does not exist any nontrivial
solution to (3.82). Hence for any (⃗a, b⃗) ∈ L2 there exists unique solution to problem (3.83) and in particular for any
(f⃗ , g⃗) ∈ L2 there exists unique solution (v⃗, w⃗) ∈ L2 to problem (we use the fact that K(f⃗ , g⃗) ∈ L2)

(v⃗, w⃗)−K(v⃗, w⃗) =
1

γ
K(f⃗ , g⃗). (3.85)

Due to the definition of operator K, there exist u⃗1, u⃗2 ∈ V such that

(u⃗1, u⃗1|Γ2∪Γ3) = K(v⃗, w⃗), (u⃗2, u⃗2|Γ2∪Γ3) =
1

γ
K(f⃗ , g⃗).

Therefore
(v⃗, w⃗) = K(v⃗, w⃗) +

1

γ
K(f⃗ , g⃗) = (u⃗1, u⃗1|Γ2∪Γ3

) + (u⃗2, u⃗2|Γ2∪Γ3
) = (u⃗, u⃗|Γ2∪Γ3

),

where u⃗ := u⃗1 + u⃗2 ∈ V . Thus we get from (3.85) that for any (f⃗ , g⃗) ∈ L2 there exists unique u⃗ ∈ V such that

(u⃗, u⃗|Γ2∪Γ3)−K(u⃗, u⃗|Γ2∪Γ3) =
1

γ
K(f⃗ , g⃗).

We may now use (3.81) and we obtain that for any (f⃗ , g⃗) there exists a weak solution to problem (3.67).
Let us now assume that there exists a nontrivial solution w⃗ ∈ V for problem (3.67) with (f⃗ , g⃗) ≡ (⃗0, 0⃗). Then if

arbitrary u⃗ ∈ V solves (3.67), due to the linearity u⃗+w⃗ also solves the same problem and we showed the nonuniqueness
of solutions to (3.67).

Let us now show Claim 2. We showed in the preceding part that N(I−K) = {(u⃗, u⃗|Γ2∪Γ3) | u⃗ ∈ NL}. Therefore the
finite dimension of NL follows from Property 1. of the Fredholm alternative applied on the operator K. We now need
to speak about the adjoint operator to K; to this aim, we define the operator (but this operator may not be the adjoint
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operator to K) K∗ := γ(L∗
γ)

−1. Repeating the previous step we may show that N(I−K∗) = {(φ⃗, φ⃗|Γ2∪Γ3) | φ⃗ ∈ NL∗}.
To finish the proof we need to verify that K∗ is indeed the adjoint operator to K, i.e., we need to verify that(

K(v⃗, w⃗), (ψ⃗, θ⃗)
)

L2 =
(
(v⃗, w⃗),K∗(ψ⃗, θ⃗)

)
L2 for any (v⃗, w⃗), (ψ⃗, θ⃗) ∈ L2. (3.86)

Formula (3.86) is due to the definitions of both operators and their linearity equivalent to(
L−1
γ (v⃗, w⃗), (ψ⃗, θ⃗)

)
L2 =

(
(v⃗, w⃗), (L∗

γ)
−1(ψ⃗, θ⃗)

)
L2 for any (v⃗, w⃗), (ψ⃗, θ⃗) ∈ L2. (3.87)

The definitions of the operators and Theorems 3.5.5 and 3.5.6 provide us u⃗, φ⃗ ∈ V satisfying (u⃗, u⃗|Γ2∪Γ3
) = L−1

γ (v⃗, w⃗)

and similarly (φ⃗, φ⃗|Γ2∪Γ3
) = (L∗

γ)
−1(ψ⃗, θ⃗). Thus u⃗ a φ⃗ are unique solutions to

Bγ
L,σ(u⃗, h⃗) =

∫
Ω

v⃗ · h⃗ dx+

∫
Γ2∪Γ3

w⃗ · h⃗ dS for any h⃗ ∈ V, (3.88)

Bγ
L∗,σ∗(φ⃗, z⃗) =

∫
Ω

ψ⃗ · z⃗ dx+

∫
Γ2∪Γ3

θ⃗ · z⃗ dS for any z⃗ ∈ V. (3.89)

Identity (3.87) can thus be rewritten to the form∫
Ω

u⃗ · ψ⃗ dx+

∫
Γ2∪Γ3

u⃗ · θ⃗ dS =

∫
Ω

v⃗ · φ⃗ dx+

∫
Γ2∪Γ3

w⃗ · φ⃗ dS. (3.90)

Choosing h⃗ := φ⃗ ∈ V in equation (3.88) and z⃗ := u⃗ ∈ V in equation (3.89) we see that (3.90) is the same as

Bγ
L∗,σ∗(φ⃗, u⃗) = Bγ

L,σ(u⃗, φ⃗).

By virtue of definition (3.78) it is not difficult to see that this equality is equivalent to

BL∗,σ∗(φ⃗, u⃗) = BL,σ(u⃗, φ⃗).

This equality, however, holds always since the problems are adjoint, see (3.72). Thus K∗ is indeed the adjoint operator
to K and the proof of Claim 2. is finished.

Let us show Claim 3. Due to (3.81) we know that u⃗ ∈ V , solution to problem (3.67), exists, if and only if u⃗ ∈ V
satisfies

(u⃗, u⃗|Γ2∪Γ3
)−K(u⃗, u⃗|Γ2∪Γ3

) =
1

γ
K(f⃗ , g⃗). (3.91)

Exactly as in (3.81) we may show that φ⃗ ∈ V solves (3.69) with (f⃗ , g⃗) := (⃗0, 0⃗) (and thus φ⃗ ∈ NL∗) is equivalent to

(φ⃗, φ⃗|Γ2∪Γ3
)−K∗(φ⃗, φ⃗|Γ2∪Γ3

) =
1

γ
K∗(⃗0, 0⃗) = (⃗0, 0⃗). (3.92)

Due to Property 3. of the Fredholm alternative (Theorem 3.5.7) a solution to (3.91) exists, if and only if it holds for
any φ⃗ ∈ NL∗

0 =

(
1

γ
K(f⃗ , g⃗), (φ⃗, φ⃗|Γ2∪Γ3

)

)
L2

=
(
K(f⃗ , g⃗), (φ⃗, φ⃗|Γ2∪Γ3

)
)

L2

=
(
(f⃗ , g⃗),K∗(φ⃗, φ⃗|Γ2∪Γ3

)
)

L2
=
(
(f⃗ , g⃗), (φ⃗, φ⃗|Γ2∪Γ3

)
)

L2

=

∫
Ω

f⃗ · φ⃗ dx+

∫
Γ2∪Γ3

g⃗ · φ⃗ dS,

(3.93)

where we subsequently used the fact that K∗ is the adjoint operator to K as well as identity (3.92). The proof of
Claim 3. is finished. ■

The Fredholm alternative characterizes equivalently solvability of problem (3.67). We now show that due to the
Fredholm alternative we may characterize the solvability of elliptic problems even more precisely. We show that it is
closely connected with the spectrum of a certain operator. Let us now consider the following generalization of problem
(3.67)

Lu⃗ = λu⃗+ f⃗ in Ω,

u⃗ = 0⃗ on Γ1,

(A⃗∇u⃗− d⃗u⃗)ν⃗ = λu⃗+ g⃗ on Γ2,

(A⃗∇u⃗− d⃗u⃗)ν⃗ + σu⃗ = λu⃗+ g⃗ on Γ3.

(3.94)

The solvability of this problem is connected with λ. We have already shown (see Theorems 3.5.5 and 3.5.6), that if
λ < 0 is sufficiently small, then the above stated problem has always the unique solution. We shall now study this
problem in more details. Let us first present the following natural definition.
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Definition 3.5.9 — Spectrum of the elliptic operator. Let Ω ⊂ Rd be Lispchitz and {Γi}3i=1 be the corre-
sponding parts of the boundary. Let L be the elliptic operator as above and σαβ ∈ L∞(Γ3) for α, β = 1, 2, . . . , N .
We say that λ ∈ R belongs to the real spectrum of the operator L, if there exists a nontrivial solution to problem
(3.94) with (f⃗ , g⃗) = (⃗0, 0⃗). The set of such λ, called the real spectrum, is denoted by Σ.

It is important to realize that the definition of the spectrum is connected not only to the operator L, but takes into
account also the boundary conditions. Therefore we have in general different spectrum for, e.g., homogeneous Dirichlet
and homogeneous Neumann boundary conditions.

We finally show, how is the spectrum connected with the solvability of the original problem and we also show that
the spectrum is at most countable.

Theorem 3.5.10 — On properties of the spectrum. Let Ω ⊂ Rd be Lipschitz and {Γi}3i=1 be the corresponding
parts of the boundary. Let L be an elliptic operator and {σαβ}Nα,β=1 ∈ L∞(Γ3). Let Σ be the real spectrum of the
operator L. Then it holds.

1. Σ is at most countable. Moreover, if it is infinite, Σ = {λk}∞k=1, where λk → ∞.

2. The following two claims are equivalent:

• λ /∈ Σ

• for any (f⃗ , g⃗) ∈ L2 there exists a unique weak solution to (3.94).

3. For any λ /∈ Σ there exists C > 0 such that for any (f⃗ , g⃗) ∈ L2 and the corresponding unique weak solutions
u⃗ ∈ V to problem (3.94) it holds

∥u⃗∥V ≤ C∥(f⃗ , g⃗)∥L2 . (3.95)

Proof. Let us start with the proof of Claim 1. Due to Theorem 3.5.5 we already know that it holds Σ∩(−∞,−γ0] = ∅.
Moreover, if λ ≤ −γ0, all claims of the theorem hold. We may therefore assume λ > −γ0. Using (3.81) with γ > γ0
we may again show that u⃗ ∈ V solves problem (3.94), if and only if

(u⃗, u⃗|Γ2∪Γ3
)−K(u⃗, u⃗|Γ2∪Γ3

) =
1

γ
K(f⃗ + λu⃗, g⃗ + λu⃗|Γ2∪Γ3

)

⇐⇒ γ(u⃗, u⃗|Γ2∪Γ3
)− (γ + λ)K(u⃗, u⃗|Γ2∪Γ3

) = K(f⃗ , g⃗).

(3.96)

Let (f⃗ , g⃗) = (⃗0, 0⃗) and u⃗ ∈ V be a nontrivial solution to (3.96). Then (recall that γ + λ ≥ γ − γ0 > 0)

0 <
γ

γ + λ
=: µ

is the eigenvalue of operator K. Due to Claim 6. of Theorem 3.5.7 the spectrum of K is at most countable. Thus
the set of such λ in Σ must be at most countable. Moreover, it is is infinite, i.e. Σ = {λk}∞k=1, then there must exist
eigenvalues of operator K such that

0 <
γ

γ + λk
= µk =⇒ λk =

γ(1− µk)

µk
.

Since the only accumulation point of the spectrum of K is 0, we see that λk → ∞ and the proof of Claim 1. is finished.
Claim 2. follows directly from Claim 1. of Theorem 3.5.8.

We show Claim 3. by contradiction. Let λ /∈ Σ be fixed. Assume (3.95) does not hold. Then there exist
{(f⃗k, g⃗k)}∞k=1 ⊂ L2 and the corresponding {u⃗k}∞k=1 ⊂ V (due to Claim 2. solutions u⃗k exist and are unique) such that
∥u⃗k∥V > k(∥f⃗k∥L2(Ω) + ∥g⃗k∥L2(Γ2∪Γ3)) for any k ∈ N. Moreover, due to the linearity we may assume without lost of
generality that ∥u⃗k∥V = 1; we rescale {(f⃗k, g⃗k)}, if necessary. These solutions satisfy for any φ⃗ ∈ V

BL,σ(u⃗k, φ⃗) =

∫
Ω

(f⃗k + λu⃗k) · φ⃗ dx+

∫
Γ2∪Γ3

(g⃗k + λu⃗k) · φ⃗ dS. (3.97)

Since the space V is reflexive and ∥u⃗k∥V = 1, we may choose a subsequence (we may relabel it) such that

u⃗k ⇀ u⃗ weakly in V. (3.98)

Theorem on compact embedding, compactness of the trace operator (see Theorem 2.4.17 and Theorem 2.5.14) and
the definition of the sequence {(f⃗k, g⃗k)} imply that there exists a subsequence (we again relabel it) such that for any
α ∈ {1, . . . , N}

uαk → uα strongly in L2(Ω), (3.99)

uαk → uα strongly in L2(Γ2 ∪ Γ3), (3.100)

fαk → 0 strongly in L2(Ω), (3.101)

gαk → 0 strongly in L2(Γ2 ∪ Γ3). (3.102)
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We now pass to the limit k → ∞ in (3.97). It is evident from (3.99)–(3.102) that

lim
k→∞

(∫
Ω

(f⃗k + λu⃗k) · φ⃗ dx+

∫
Γ2∪Γ3

(g⃗k + λu⃗k) · φ⃗ dS

)
=

∫
Ω

λu⃗ · φ⃗ dx+

∫
Γ2∪Γ3

λu⃗ · φ⃗ dS.

(3.103)

Let us concentrate now on the left-hand side of (3.97). Relation (3.98) implies that it holds for any w ∈ L2(Ω),
β ∈ {1, . . . , N} and j ∈ {1, . . . , d}

lim
k→∞

∫
Ω

∂uβk
∂xj

w dx =

∫
Ω

∂uβ

∂xj
w dx. (3.104)

Choosing w := aαβij
∂vα

∂xi
and w := cαβj φα this identity yields

lim
k→∞

∫
Ω

d∑
i,j=1

aαβij
∂uβk
∂xj

∂φα

∂xi
dx =

∫
Ω

d∑
i,j=1

aαβij
∂uβ

∂xj

∂φα

∂xi
dx,

lim
k→∞

∫
Ω

cαβi
∂uβk
∂xi

φα dx =

∫
Ω

cαβi
∂uβ

∂xi
φα dx.

Using these convergences and (3.99)–(3.100) we obtain

lim
k→∞

BL,σ(u⃗k, φ⃗) = BL,σ(u⃗, φ⃗).

We received, altogether with (3.103) that for any φ⃗ ∈ V it holds

BL,σ(u⃗, φ⃗) =

∫
Ω

λu⃗ · φ⃗ dx+

∫
Γ2∪Γ3

λu⃗ · φ⃗ dS. (3.105)

It means that u⃗ ∈ V is a weak solution to problem (3.94) with (f⃗ , g⃗) = (⃗0, 0⃗). Since λ /∈ Σ, it must be u⃗ = 0⃗. If we
show that ∥u⃗∥V = 1, we obtain our desired contradiction. However, as ∥u⃗k∥V = 1 for any k ∈ N, it is enough to show
that u⃗k → u⃗ in V . From (3.99) we already know that u⃗k → u⃗ in L2(Ω); hence to conclude the proof, it is enough to
verify that ∥∇u⃗k −∇u⃗∥2 → 0. Using the ellipticity (i.e., (3.26)), definition of BL,σ and identities (3.97) and (3.105)
we easily deduce the estimate

C1∥∇u⃗k −∇u⃗∥22 ≤
∫
Ω

A⃗∇(u⃗k − u⃗) · ∇(u⃗k − u⃗) dx

= BL,σ(u⃗k − u⃗, u⃗k − u⃗)−
∫
Γ3

σ(u⃗k − u⃗) · (u⃗k − u⃗) dS

−
∫
Ω

(⃗
c · ∇(u⃗k − u⃗)(u⃗k − u⃗)− d⃗ · ∇(u⃗k − u⃗)(u⃗k − u⃗)

)
dx

=

∫
Ω

(f⃗k + λ(u⃗k − u⃗)) · (u⃗k − u⃗) dx

+

∫
Γ2∪Γ3

(g⃗k + λ(u⃗k − u⃗)) · (u⃗k − u⃗) dS

−
∫
Γ3

σ(u⃗k − u⃗) · (u⃗k − u⃗) dS

−
∫
Ω

(⃗
c · ∇(u⃗k − u⃗)(u⃗k − u⃗)− d⃗ · ∇(u⃗k − u⃗)(u⃗k − u⃗)

)
dx.

By virtue of Hölder’s inequality and strong convergences (3.99) and (3.100) we may pass with k → ∞ to show

lim
k→∞

∥∇u⃗k −∇u⃗∥22 = 0.

Thus, it holds due to (3.99) and assumptions on the sequence {u⃗k} that

1 = lim
k→∞

∥u⃗k∥V = ∥u⃗∥V

which leads to the contradiction. ■
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3.6 Maximum principle for weak solutions
This section deals only with scalar equations, the situation for systems is quite different. If we know that solution to
our problem is sufficiently regular and thus classical, we may use the maximum principle for classical solutions. We
shall discuss this issue in the following sections and we shall see that this is not always true. The aim of this section
is thus to show that the maximum principle holds also for weak solutions only.

We first recall Corollary 2.2.5 which says that if u ∈W 1,p(Ω), then also (u−M)+ ∈W 1,p(Ω) for any M ∈ R.
Let us consider the problem (in the weak setting)

−
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
= 0 in Ω

u = u0 on ∂Ω.

(3.106)

We know that under corresponding assumptions there exists unique weak solution u ∈W 1,2(Ω) of this problem. More
precisely,

u− U0 ∈W 1,2
0 (Ω)

d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
dx = 0 for any φ ∈W 1,2

0 (Ω).
(3.107)

Let us now formulate the main result of this section.

Theorem 3.6.1 — Weak maximum principle for elliptic equations. Let u satisfy (3.107). Then

∥u∥L∞(Ω) ≤ ∥u0∥L∞(∂Ω) . (3.108)

Proof. If ∥u0∥L∞(∂Ω) = ∞, the claim of the theorem holds trivially true. Let us assume that the norm is finite and
denote M := ∥u0∥L∞(∂Ω). We aim to show that

−M ≤ u(x) ≤M almost everywhere in Ω. (3.109)

Since (u−M)+ is an element of W 1,2(Ω) and the trace of this function is zero, we see that (u−M)+ ∈W 1,2
0 (Ω).

This function is therefore an eligible test function in (3.107)2. By virtue of (3.107)2 and Corollary 2.2.5 we get

0 =

∫
Ω

aij
∂u

∂xj

∂(u−M)+

∂xi
dx =

∫
Ω

aij
∂(u−M)+

∂xj

∂(u−M)+

∂xi
dx

≥ C1

∥∥∇(u−M)+
∥∥2
2
≥ α

∥∥(u−M)+
∥∥2
1,2
,

where we used the ellipticity of the operator and the equivalence of norms on W 1,2
0 (Ω). Therefore it holds

(u−M)+ = 0 almost everywhere in Ω; or u ≤M almost everywhere in Ω.

Since −u solves the same equation with the boundary condition −u0, repeating the proof above implies

(−u−M)+ = 0 almost everywhere in Ω; or u ≥ −M almost everywhere in Ω.

Inequalities in (3.109) are proved. ■

Remark 3.6.2. The same results also holds under suitable assumptions for more general elliptic problems. Assuming
b ∈ L∞(Ω), b ≥ 0, the weak maximum principle as in the theorem above also holds for the unique solution to problem

u− U0 ∈W 1,2
0 (Ω), (3.110)∫

Ω

( d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
+ buφ

)
dx = 0 for any φ ∈W 1,2

0 (Ω). (3.111)

3.7 Regularity of weak solutions
In what follows, we restrict ourselves on the scalar equation

Lu = f in Ω

u = u0 on ∂Ω,
(3.112)

where

Lu = −
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+ bu.
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Assume that u0 ∈ W
1
2 ,2(∂Ω) (the range of the trace operator in W 1,2(Ω); we rather work with U0 ∈ W 1,2(Ω) such

that U0 = u0 on ∂Ω in the sense of traces) and f ∈ (W 1,2
0 (Ω))∗, A satisfies the ellipticity condition

d∑
i,j=1

aij(x)ξiξj ≥ C1|ξξξ|2 for all ξξξ ∈ Rd almost everywhere in Ω

b(x) ≥ 0 almost everywhere in Ω

(3.113)

and for i, j = 1, 2, . . . , d we have that aij ∈ L∞(Ω) and b ∈ L∞(Ω). Then the Lax–Milgram Theorem 3.4.1 yields
existence of a unique weak solution to the following problem.

We look for u ∈W 1,2(Ω) such that for a given U0 ∈W 1,2 we have u− U0 ∈W 1,2
0 (Ω) and

∫
Ω

( d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
+ buφ

)
dx = ⟨f, φ⟩W 1,2

0 (Ω)

for all φ ∈W 1,2
0 (Ω).

The regularity theory studies the following problem: Let the data of the problem are smoother (better) than it is
required by the existence theorem. In addition to (3.113) we assume

∀i, j ∈ {1, 2, . . . , d} : aij ∈W 1,∞(Ω), b ∈ L∞(Ω), f ∈ L2(Ω), U0 ∈W 2,2(Ω), Ω ∈ C1,1. (3.114)

Can we show that the unique weak solution is more regular, i.e., u ∈W 2,2(Ω)?
Or even more generally, for some k ≥ 2, we assume

∀i, j ∈ {1, 2, . . . , d} : aij ∈W k−1,∞(Ω), b ∈W k−2,∞(Ω), f ∈W k−2,2(Ω), U0 ∈W k,2(Ω), Ω ∈ Ck−1,1. (3.115)

Does it hold that u ∈W k,2(Ω)?
In particular, assuming

∀i, j ∈ {1, 2, . . . , d} : aij ∈ C∞(Ω), b ∈ C∞(Ω), f ∈ C∞(Ω), U0 ∈ C∞(Ω), Ω ∈ C∞. (3.116)

Does it imply that u ∈ C∞(Ω)?
We first explain in detail the case k = 2 (i.e., extra conditions (3.114)), then in less detail the general case k ≥ 2

(i.e., condition (3.115)). The case (3.116) is then a direct consequence of embedding of Sobolev spaces, provided we
can show the previous result for arbitrary k ∈ N, k ≥ 2.

The proof is based on the following procedure. We first consider the problem in the full Rd. This subsequently
implies, using a suitable localization, the regularity of the solution in arbitrary Ω′ ⊂ Ω′ ⊂ Ω (Ω′ ⊂⊂ Ω). This result
is independent of the regularity of U0 as well as of Ω.

Next we deal with the question of regularity near the boundary. Here, the regularity of U0 as well as of Ω come
into play. The proof is based on the local description of the boundary together with the corresponding partition of
unity which reduces the regularity question to a special situation with our solution having a very particular support
located in V +

r ∪Λr. We flatten the boundary (here, the regularity of Ω comes into play) and show first the regularity
in the tangential direction and then, using the weak formulation, also in the normal direction.

Finally, we collect all the results together and obtain the regularity in Ω, up to the boundary. Let us therefore
consider problem (3.112) with (3.113) and (3.114) (we aim to show that u ∈W 2,2(Ω)).

However, before doing so, let us consider the problem in the full space. Here the situation is slightly more complex
since the unbounded domain causes small troubles.

We consider

−
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+ bu = f in Rd. (3.117)

We have the following result.

Lemma 3.7.1 — Existence of weak solutions in the full space. Let f ∈ L2(Rd), aij ∈ L∞(Rd) for any
i, j = 1, 2, . . . , d, b ∈ L∞(Rd), b ≥ 0 almost everywhere in Rd,

∑d
i,j=1 aij(x)ξiξj ≥ C1|ξξξ|2 for almost every x ∈ Rd

and all ξξξ ∈ Rd, C1 > 0. Let either b(x) ≥ b0 > 0 almost everywhere in Rd or let f and b have bounded support.
Then there exists a weak solution to the problem∫

Rd

d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
dx+

∫
Rd

buφ dx =

∫
Rd

fφdx (3.118)

in the sense specified below. Moreover, the solution is unique provided d ≥ 3 or if b(x) ≥ b0 > 0 almost everywhere
in a nontrivial subset of Rd.



3.7. Regularity of weak solutions 63

Remark 3.7.2. In fact, if b = 0, we may always formally add a constant and get the same solution. However, we
fix the constant by requiring that for d ≥ 3 the solution is globally integrable with the power corresponding to the
Gagliardo–Nirenberg inequality. For d = 2 the solution may logarithmically grow at infinity and we have no such
power available.

Proof of Lemma 3.7.1. The main point is to choose correctly the weak formulation. If b(x) ≥ b0 > 0 almost everywhere
in Rd, we look for u ∈W 1,2(Rd) such that

∫
Rd

( d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
+ buφ

)
dx =

∫
Rd

fφdx (3.119)

for all φ ∈ W 1,2(Rd). The existence and uniqueness of the weak solution is a direct consequence of the Lax–Milgram
Theorem 3.4.1.

Assume now the other situation, i.e., f ∈ L2(Rd) with a bounded support and b ≥ 0 almost everywhere in Rd,
b ∈ L∞(Ω) with a bounded support. Let d ≥ 3. Then we set

V =
{
u ∈ L

2d
d−2 (Rd) |∇u ∈ L2(Rd;Rd)

}
with

∥u∥V = ∥u∥
L

2d
d−2 (Rd)

+ ∥∇u∥L2(Rd;Rd).

We look for u ∈ V such that (3.118) holds for any φ ∈ V . As∣∣∣ ∫
Rd

fφdx
∣∣∣ ≤ ∣∣∣ ∫

BR

fφdx
∣∣∣ ≤ ∥f∥L2(BR)∥φ∥L2(BR) ≤ C(R)∥f∥L2(Rd)∥φ∥V ,

similarly for the integral
∫

Rd buφ dx and

∫
Rd

( d∑
i,j=1

aij
∂u

∂xj

∂u

∂xi
dx+ bu2

)
dx ≥ C1∥∇u∥2L2(Rd;Rd) ≥ C∥u∥2V ,

we can again use the Lax–Milgram Theorem 3.4.1 to prove the existence and uniqueness of a solution to our problem.
Assume now d = 2, b(x) ≥ b0 > 0 in Ω∗, a nontrivial subset of Rd (i.e., the two-dimensional measure of Ω∗ is larger

than zero). Then we define
V =

{
u ∈ L2(Ω∗) |∇u ∈ L2(Rd;Rd)

}
with

∥u∥V = ∥u∥L2(Ω∗) + ∥∇u∥L2(Rd;Rd).

Since the support of f is bounded, we get∣∣∣ ∫
Rd

fφdx
∣∣∣ ≤ ∥f∥L2(BR)∥φ∥L2(BR) ≤ ∥f∥L2(BR)∥φ∥W 1,2(BR)

≤ C∥f∥L2(BR)(∥φ∥L2(Ω∗) + ∥∇φ∥L2(BR;Rd)) ≤ C∥f∥L2(BR)∥φ∥V ,

similarly for the integral
∫

Rd buφ dx and

∫
Rd

( d∑
i,j=1

aij
∂u

∂xj

∂u

∂xi
dx+ bu2

)
dx ≥ C1∥∇u∥2L2(Rd;Rd) + b0∥u∥2L2(Ω∗) ≥ C∥u∥2V .

Finally, if d = 2 and b = 0 almost everywhere in Rd, then the solution is clearly non-unique. However, we may fix the
additive constant by choosing

V =
{
u ∈ L1

loc(R
d) |∇u ∈ L2(Rd;Rd),

∫
BR(0)

u dx = 0
}
,

where supp f ⊂ BR(0). Then ∥u∥V = ∥∇u∥L2(Rd) and we get∣∣∣ ∫
Rd

fφdx
∣∣∣ ≤ ∥f∥L2(BR)∥φ∥L2(BR) ≤ C∥f∥L2(Rd)∥∇φ∥L2(Rd;Rd)

for any φ ∈ V . Then we can also use the Lax–Milgram Theorem 3.4.1 to complete the proof. Clearly, adding any
constant to u and changing the space V in this direction we get that the solution is non-unique. ■
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Let us now show that under the assumptions

∀i, j = 1, 2, . . . , d : aij ∈W 1,∞(Rd), b ∈ L∞(Rd) and f ∈ L2(Rd) (3.120)

together with the assumptions of the previous lemma we get that the unique weak solution to the corresponding weak
formulation satisfies that the solution is more regular, i.e., ∇u ∈ W 1,2(Rd;Rd). Recall that the solution from Lemma
3.7.1 fulfils
(i) b(x) ≥ b0 > 0 almost everywhere in Rd

∥u∥W 1,2(Rd) ≤ C∥f∥L2(Rd)

(ii) f and b have bounded support, d ≥ 3

∥∇u∥L2(Rd;Rd) + ∥u∥
L

2d
d−2 (Rd)

≤ C∥f∥L2(Rd)

(iii) f and b have bounded support, d = 2, b is nontrivial

∥∇u∥L2(Rd;Rd) + ∥u∥L2(BR) ≤ C∥f∥L2(Rd),

where we assume that supp f and supp b lie in BR(0)
. (iv) f has bounded support, d = 2, b = 0 in Rd

∥∇u∥L2(Rd;Rd) ≤ C∥f∥L2(Rd).

Theorem 3.7.3 — Regularity in the full space. Let assumptions of Lemma 3.7.1 be satisfied. Let more-
over (3.120) hold for {aij}di,j=1, b and f . Then the uniquely defined weak solution u ∈ W 1,2

loc (R
d) (or W 1,2(Rd),

respectively) to problem (3.117) is such that ∇u ∈W 1,2(Rd;Rd) and it holds

∥∇u∥W 1,2(Rd;Rd) ≤ C ∥f∥L2(Rd) . (3.121)

Moreover, if b(x) ≥ b0 > 0 almost everywhere in Rd, then also

∥u∥W 2,2(Rd) ≤ C ∥f∥L2(Rd) , (3.122)

otherwise only
∥u∥L2(BR(0)) ≤ C ∥f∥2 . (3.123)

Proof: formal, incorrect, but fast and clear idea. We fix l ∈ {1, 2, . . . , d} and for a function Z we denote Z ′ = ∂Z
∂xl

. We
differentiate our equation

Lu = f in Rd

with respect to xl. It leads to equation

−
d∑

i,j=1

∂

∂xi

(
aij

∂u′

∂xj

)
=

d∑
i,j=1

∂

∂xi

(
a′ij

∂u

∂xj

)
− (bu)′ + f ′.

We multiply this equation on u′, integrate over Rd and perform integration by parts (apply the Green theorem). It
yields ∫

Rd

d∑
i,j=1

aij
∂u′

∂xj

∂u′

∂xi
dx = −

∫
Rd

d∑
i,j=1

a′ij(x)
∂u

∂xj

∂u′

∂xi
−
∫

Rd

(bu)′u′ dx+

∫
Rd

f ′u′ dx.

We now integrate by part in the last two integrals on the right-hand side to get∫
Rd

d∑
i,j=1

aij
∂u′

∂xj

∂u′

∂xi
dx = −

∫
Rd

d∑
i,j=1

a′ij(x)
∂u

∂xj

∂u′

∂xi
+

∫
Rd

buu′′ dx−
∫

Rd

fu′′ dx.

The left-hand side is due to the ellipticity condition bounded from below by C1 ∥∇u′∥2L2(Rd;Rd). We now estimate the
right-hand side by means of the Hölder inequality

C1∥∇u′∥2L2(Rd;Rd) ≤ ∥f∥L2(Rd) ∥u
′′∥L2(Rd) + ∥b∥L∞(Rd)∥u∥L2(supp b)∥u′′∥L2(Rd)

+ ∥A′∥L∞(Rd;Rd×d)∥∇u′∥L2(Rd;Rd)∥∇u∥L2(Rd;Rd)

≤ ∥f∥L2(Rd)∥∇u′∥L2(Rd) + C(∥b∥L∞(Rd), ∥A′∥L∞(Rd;Rd×d))∥f∥L2(Rd)∥∇u′∥L2(Rd;Rd)

≤ C1

2
∥∇u′∥2L2(Rd;Rd) + C(∥b∥L∞(Rd), ∥A′∥L∞(Rd;Rd×d))∥f∥2L2(Rd).
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Thus we get the desired bound

∥∇u′∥L2(Rd;Rd) ≤ C(C1, ∥b∥L∞(Rd), ∥A′∥L∞(Rd;Rd×d))∥f∥L2(Rd).

■

This proof is formal (incorrect), because it was based on the classical formulation of the problem. We, however,
do not know whether the weak solution u ∈ W 1,2(Rd) satisfies the corresponding equation almost everywhere (or
pointwise) in Rd, the less we know that we can differentiate the equation. Moreover, as in intermediate step we also
needed differentiability of b. The correct proof must be based on the weak formulation of our problem.

Proof: rigorous considerations. Theorem 2.3.1 claims that

u ∈W 1,2(Rd) ⇐⇒ u ∈ L2(Rd) &

∫
Rd

∣∣∣u(x+ hek)− u(x)

h

∣∣∣2 dx ≤ C <∞ ∀|h| ≤ h0, k ∈ {1, 2, . . . , d}.

We want to verify that ∇u ∈W 1,2(Rd;Rd). It is enough to show (since we know that ∇u ∈ L2(Rd;Rd))∫
Rd

|∇u(x+ hek)−∇u(x)|2

|h|2
dx ≤ C ∥f∥22 ∀|h| ≤ h0, k = 1, 2, . . . , d, (3.124)

where the vector ek = (0, . . . , 1, 0 . . . , 0) is the k-th vector of the canonical basis in Rd.
Estimate (3.121) then follows from Theorem 2.3.1, Claim 2. Recall the notation ∆h

ku(x) =
u(x+hek)−u(x)

h , where k
and h are fixed. Since ∇u ∈ L2(Rd;Rd), then also ∆h

k∇u ∈ L2(Rd;Rd). Moreover, if b(x) ≥ b0 > 0 almost everywhere
in Rd, then even ∆h

ku ∈ W 1,2(Rd), if not, then at least ∆h
ku ∈ L2

loc(R
d) and we also have that supp f and supp b are

bounded.
In order to obtain our estimate (3.124), we first use as a test function in the weak formulation r−h

k φ := φ(x−hek).
After a standard change of variable the weak formulation transforms into∫

Rd

d∑
i,j=1

aij(x+ hek)
∂u(x+ hek)

∂xj

∂φ(x)

∂xi
dx+

∫
Rd

b(x+ hek)u(x+ hek)φ(x) dx =

∫
Rd

f(x+ hek)φ(x) dx. (3.125)

Note that all integrals are finite. We now subtract the weak formulation with the function φ from (3.125) and we plug
φ := ∆h

ku into the resulted equality.∫
Rd

d∑
i,j=1

aij(x)
∂∆h

ku(x)

∂xj

∂∆h
ku(x)

∂xi
dx =−

∫
Rd

1

h

d∑
i,j=1

(
aij(x+ hek)− aij(x)

)∂u(x+ hek)

∂xj

∂∆h
ku(x)

∂xi
dx

−
∫

Rd

1

h

(
b(x+ hek)u(x+ hek)− b(x)u(x)

)
∆h

ku(x) dx

+

∫
Rd

1

h

(
f(x+ hek)− f(x)

)
∆h

ku(x) dx.

The last term is transformed by the change of variables to∫
Rd

f(x)∆−h
k (∆h

ku(x)) dx = −
∫

Rd

f(x)
u(x+ hek)− 2u(x) + u(x− hek)

h2
dx.

Since ∆h
ku is bounded in L2(BR) independently of h (however, the bound may depend on R in case the function f

does not have a bounded support) it follows from Theorem 2.3.1 that (we set g = ∆h
ku)∥∥∆−h

k (∆h
ku)
∥∥
2
=
∥∥∆−h

k g
∥∥
2
≤ c ∥∇g∥2 = c

∥∥∇(∆h
ku)
∥∥
2
.

The last term in (3.125) is therefore estimated by

C ∥f∥2
∥∥∇(∆h

ku)
∥∥
2
.

Similarly we get∣∣∣ ∫
Rd

1

h

(
b(x+ hek)u(x+ hek)− b(x)u(x)

)
∆h

ku(x) dx
∣∣∣ ≤ C∥b∥L∞(Rd)∥u∥L2(supp b)∥∇∆h

ku∥L2(Rd).

Other terms in (3.125) are estimated similarly as in the formal proof. We therefore get

C1

∥∥∇(∆h
ku)
∥∥2
2
≤ C

(
∥∆h

kA∥∞∥∇u∥2∥∇(∆h
ku)∥2 + ∥b∥∞∥u∥2∥∇(∆h

ku)∥2 + ∥f∥2∥∇(∆h
ku)∥2

)
≤ C(∥A∥1,∞, ∥b∥∞)

(
∥f∥22 + ∥∇u∥22 + ∥u∥L2(BR(0))

)
+
C1

2
∥∇(∆h

ku)∥22.

Above, BR(0) is chosen so that supp f , supp g ⊂ BR(0). Thus, inequality (3.124) is proved. ■

We now apply the result from the previous theorem to obtain the interior regularity result.
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Theorem 3.7.4 — Interior regularity in bounded domains. Let Ω be a bounded domain (in particular, we
have no regularity assumptions on Ω), let {aij}di,j=1, b and f satisfy (3.113)–(3.114). Let u ∈W 1,2(Ω), unique weak
solution to Problem 3.112, i.e.,∫

Ω

d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
dx+

∫
Ω

buφ dx =

∫
Ω

fφdx ∀φ ∈W 1,2
0 (Ω). (3.126)

Then for any Ω′ ⊂ Ω′ ⊂ Ω we have
∥u∥W 2,2(Ω′) ≤ C(Ω′) ∥f∥L2(Ω) .

Proof. Recall that we have ∥u∥W 1,2(Ω) ≤ C∥f∥L2(Ω) and it is enough to show the estimates of the second derivative. We
transfer our problem to the situation of Theorem 3.7.3 as follows. We replace φ by φ|ξ|2 in (3.126), where ξ ∈ C∞

0 (Ω),
ξ ≡ 1 in Ω′, 0 ≤ ξ ≤ 1. We rewrite (3.126) for the quantity w = uξ. Then we extend w by zero outside of Ω. Thus our
equation can be understood as equation in Rd. Even though b is not strictly positive in Rd, we see that after extension
by zero all functions have compact support in Rd. We have

aij
∂u

∂xj

∂

∂xi

(
φ|ξ|2

)
= aij

∂(uξ)

∂xj

∂(φξ)

∂xi
+ aij

∂u

∂xj
φξ

∂ξ

∂xi
− aiju

∂ξ

∂xj

∂(φξ)

∂xi
.

Thus we get∫
Ω

( d∑
i,j=1

aij
∂(uξ)

∂xj

∂(φξ)

∂xi
+ b(uξ)(φξ)

)
dx =−

∫
Ω

( d∑
i,j=1

aij
∂u

∂xj
φξ

∂ξ

∂xi
+

∂

∂xi

(
aiju

∂ξ

∂xj

)
φξ
)
dx

+

∫
Ω

(fξ)(φξ) dx.

Defining w := uξ, ψ := φξ and g := fξ−
∑d

i,j=1

(
aij

∂u
∂xj

∂ξ
∂xi

+ ∂
∂xi

(
aiju

∂ξ
∂xj

))
and extending all these functions by zero

outside of Ω, we end up with∫
Rd

( d∑
i,j=1

aij
∂w

∂xj

∂ψ

∂xi
+ bwψ

)
dx =

∫
Rd

gψ dx for all ψ ∈W 1,2(Rd), suppψ ⊂ Ω.

Recall that both supp g, supp b ⊂ Ω. Since we know that

∥u∥1,2 ≤ C∥f∥2,

we may now successfully apply Theorem 3.7.3 which yields

∥w∥W 2,2(Rd) ≤ C(∥g∥L2(Rd) + ∥f∥L2(Rd)) ≤ C∥f∥L2(Rd).

Whence
∥u∥W 2,2(Ω′) ≤ C∥f∥L2(Ω)

and the proof is complete. ■

Remark 3.7.5. Note that in the previous theorem we do not need any information about any regularity of the boundary
(we only need the basic estimate for the weak solution which may require the Lipschitz continuity) and we do "not
see" the boundary conditions. The same procedure as above can justify the same result as above for only

f ∈W−1,2(Ω) ∩ L2
loc(Ω), aij ∈ L∞(Ω) ∩W 1,∞

loc (Ω), b ∈ Lp(Ω) ∩ L∞
loc(Ω)

for p ≥ d if d > 2 and p > 2 for d = 2.

We now consider the boundary regularity. Let us first look at a very particular situation, namely for the domain
C+ = (−1, 1)d−1 × (0, 1) with the main part of the boundary Λ = (−1, 1)d−1 × {0} we study the following problem.

Let u− U0 ∈W 1,2(Ω), suppu ⊂ C+ ∪ Λ and∫
C+

( d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
+ buφ

)
dx =

∫
C+

fφdx for all φ ∈W 1,2
0 (C+), (3.127)

supp f ⊂ C+ ∪ Λ as well.
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Lemma 3.7.6 — Regularity in a cube. Let U0 ∈ W 2,2(C+), aij ∈ W 1,∞(C+) for all i, j ∈ {1, 2, . . . , d},
b ∈ L∞(C+), f ∈ L2(C+) and let u be a weak solution to (3.127) and both u and f have support in C+ ∪Λ. Then
u ∈W 2,2(C+) and it holds

∥u∥W 2,2(C+) ≤ C(∥f∥L2(C+) + ∥U0∥W 2,2(C+)).

Proof. Since u is the unique solution to (3.127), we have

∥u∥W 1,2(C+) ≤ C(∥f∥L2(C+) + ∥U0∥W 1,2(C+)).

We now repeat the technique from the full space estimates (local regularity results), but this is possible only for the
tangential derivatives (the normal derivatives may require knowledge of u(x+ hed) which is for x ∈ Λ, h < 0 outside
of C+).

We first use as test function
φ(x) := ∆−h

k (∆h
k(u− U0)), 1 ≤ k ≤ d− 1.

This test function is clearly eligible, it belongs toW 1,2
0 (C+). Moreover, it is well defined as the differences are computed

only along the boundary. We can now repeat the computations from the full space situation, the only difference is
that on the right-hand side some extra terms appear which are not controlled by ∥f∥L2(C+), but by ∥U0∥W 2,2(C+). Let
us first look at the most restrictive term (but also the term giving the main estimate)

∫
C+

d∑
i,j=1

aij
∂u

∂xj

∂

∂xi

(
∆−h

k (∆h
k(u− U0))

)
dx

=

∫
C+

d∑
i,j=1

aij
∂∆h

ku

∂xj

∂∆h
ku

∂xi
dx+

∫
C+

d∑
i,j=1

1

h
(aij(x+ hek)− aij(x))

∂u(x+ hek)

∂xj

∂∆h
ku

∂xi
dx

−
∫
C+

d∑
i,j=1

aij
∂∆h

ku

∂xj

∂∆h
kU0

∂xi
dx−

∫
C+

d∑
i,j=1

1

h
(aij(x+ hek)− aij(x))

∂u(x+ hek)

∂xj

∂∆h
kU0

∂xi
dx.

Thus we get

∫
C+

d∑
i,j=1

aij
∂∆h

ku

∂xj

∂∆h
ku

∂xi
dx = −

∫
C+

d∑
i,j=1

1

h
(aij(x+ hek)− aij(x))

∂u(x+ hek)

∂xj

∂∆h
ku

∂xi
dx

−
∫
C+

b(x)u(x)∆−h
k (∆h

k(u(x))) dx+

∫
C+

f(x)∆−h
k (∆h

k(u(x))) dx

+

∫
C+

d∑
i,j=1

1

h
(aij(x+ hek)− aij(x))

∂u(x+ hek)

∂xj

∂∆h
kU0

∂xi
dx+

∫
C+

d∑
i,j=1

aij
∂∆h

ku

∂xj

∂∆h
kU0

∂xi
dx

+

∫
C+

b(x)u(x)∆−h
k (∆h

k(U0(x))) dx−
∫
C+

f(x)∆−h
k (∆h

k(U0(x))) dx.

Using the estimates

∥∆−h
k (∆h

k(U0))∥L2(C+) +
∥∥∥∂∆h

kU0

∂xi

∥∥∥
L2(C+)

≤ C∥∇2U0∥L2(Rd;Rd×d)

∥∆−h
k (∆h

k(u))∥L2(C+) ≤ C∥∇(∆h
k(u))∥L2(C+;Rd)

together with the ellipticity of the differential operator and standard Young’s inequality (similarly as in the case of
the full space estimates) we end up with

∥∇(∆h
k(u))∥L2(C+;Rd) ≤ C(∥A∥W 1,∞(C+;Rd×d), ∥b∥L∞(C+), C1)(∥f∥L2(C+) + ∥U0∥W 2,2(C+)), k = 1, 2, . . . , d− 1.

The only second order derivative we do not consider on the left-hand side is ∂2u
∂x2

d
. The technique of differences does

not work in this case. However, we can write for any φ ∈ C∞
0 (Ω)

∫
C+

add
∂u

∂xd

∂φ

∂xd
dx =

∫
C+

(
fφ− buφ−

d∑
i,j=1

i+j<2d

aij
∂u

∂xj

∂φ

∂xi

)
dx

=

∫
C+

(
fφ− buφ+

d∑
i,j=1

i+j<2d

∂

∂xi

(
aij

∂u

∂xj

)
φ
)
dx.
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The ellipticity condition implies add > 0 (for ξξξ = (0, 0, . . . , 1) we have addξ2d ≥ C1|ξξξ|2 = C1ξ
2
d). The formula above by

the definition of the weak solution implies ∂2u
∂x2

d
∈ L2(C+), together with the estimate

∥∥∥∂2u
∂x2d

∥∥∥
L2(C+)

≤ C
(
∥f∥L2(C+) +

∑
|α|≤2

α̸=(0,0,...,2)

∥Dαu∥L2(C+)

)
≤ C(∥f∥L2(C+) + ∥U0∥W 2,2(C+)).

The proof is complete. ■

We need to deal with the situation when suppu ⊂ V + ∪ Λ. We shall transform this situation to the case in the
previous theorem, i.e., we flatten the boundary. To this aim, consider the following change of variables

x =ΨΨΨ(y), ΨΨΨ: C+ → V + and (−1, 1)d−1 × {0} → Λ

y = ΦΦΦ(x), ΦΦΦ: V + → C+ and Λ → (−1, 1)d−1 × {0},

where
yi =

xi
α
, i = 1, 2, . . . , d− 1, xi = αyi, i = 1, 2, . . . , d− 1

yd =
1

β
xd −

1

β
a(x′), xd = βyd + a(αy′).

Above, x′ = (x1, x2, . . . , xd−1), similarly for y′. Moreover, we have for the jacobians

JΨΨΨ(y) = det∇yΨΨΨ(y) = αd−1β

JΦΦΦ(x) = det∇xΦΦΦ(x) =
1

αd−1β
.

Clearly, these changes of variables are inverse to each other and assuming Ω ∈ C1,1, they are of class W 2,∞. Moreover,
we have for ũ(y) = u(ΨΨΨ(y)), b̃(y) = b(ΨΨΨ(y)), f̃(y) = f(ΨΨΨ(y)) and ãkl(y) =

∑d
m,n=1 amn(ΨΨΨ(y))∂Φk(ΨΨΨ(y))

∂xm

∂Φl(ΨΨΨ(y))
∂xn

that

∫
V +

d∑
i,j=1

aij(x)
∂u(x)

∂xj

∂φ(x)

∂xi
dx =

∫
C+

d∑
k,l=1

ãkl(y)
∂ũ(y)

∂yl

∂φ̃(y)

∂yk
αd−1β dy.

Therefore we end up with the weak formulation∫
C+

d∑
k,l=1

ãkl(y)
∂ũ(y)

∂yl

∂φ̃(y)

∂yk
dy +

∫
C+

b̃(y)ũ(y)φ̃(y) dy =

∫
C+

f̃(y)φ̃(y) dy. (3.128)

We need to verify that the differential operator in the weak formulation (3.128) is elliptic. However, it is easy to show
that

d∑
k,l=1

ãkl(y)ξkξl =

d∑
k,l=1

( d∑
m,n=1

amn(ΨΨΨ(y))
∂Φk(ΨΨΨ(y))

∂xm

∂Φl(ΨΨΨ(y))

∂xn

)
ξkξl

=

d∑
m,n=1

amn(ΨΨΨ(y))ηmηl ≥ C1|ηηη|2,

where ηηη = (∇ΦΦΦ)Tξξξ, i.e., ξξξ = (∇ΨΨΨ)Tηηη. Thus |ξξξ| ≤ C|ηηη| which yields the desired ellipticity estimate

d∑
k,l=1

ãkl(y)ξkξl ≥ C1|ηηη|2 ≥ C̃1|ξξξ|2.

Since the mappings x = ΨΨΨ(y) and y = ΦΦΦ(x) are of class C1,1, thus W 2,∞, we finally see that ãkl ∈ W 1,∞(C+),
b̃ ∈ L∞(C+) and f̃ ∈ L2(C+). In the last claim we used the form of the jacobians.

We have therefore proved

Theorem 3.7.7 — Regularity near the boundary. Let u ∈W 1,2
0 (V +), u−U0 ∈W 1,2(V +) satisfy in V + (the

set from the definition of a domain with smooth boundary and u is the unique solution here)∫
V +

( d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
+ buφ

)
dx =

∫
V +

fφdx for all φ ∈W 1,2(V +),

where U0 ∈ W 2,2(V +). Assume that the support of all functions belong to V + ∪ Λ. Let {aij}di,j=1 ∈ W 1,∞(V +),
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b ∈ L∞(V +) and f ∈ L2(V +). Then u ∈W 2,2(V +) and we have

∥u∥W 2,2(V +) ≤ C(∥f∥L2(V +) + ∥U0∥W 2,2(V +)).

Proof. By the change of the variables specified above we showed that ũ ∈ W 2,2(C+) together with the estimate (see
also Lemma 3.7.6)

∥ũ∥W 2,2(C+) ≤ C(∥f̃∥L2(C+) + ∥Ũ0∥W 2,2(C+)).

It is now enough to realize that by the inverse change of variables x =ΨΨΨ(y) we may return back to V + and since the
mapping is of class W 2,∞(Ω), we get the desired estimate in V +. ■

Combining Theorems 3.7.4 and 3.7.7 we get

Theorem 3.7.8 — Regularity in the whole bounded domain. Let u be the unique weak solution to Problem
(3.112) with the data satisfying (3.113)–(3.114). Then u ∈W 2,2(Ω) and it holds

∥u∥W 2,2(Ω) ≤ C(∥f∥L2(Ω) + ∥U0∥W 2,2(Ω)).

Proof. We use the partition of unity applied on the covering of Ω by {Vr}Mr=1 and by VM+1 (which lies strictly inside
of Ω). To simplify, we ignore the possible rotation and shift expressed by the mappings Tr. We have

u = uφM+1 +

M∑
r=1

uφr =: uM+1 +

M∑
r=1

ur.

We now apply Theorem 3.7.4 on uM+1 and Theorem 3.7.7 on ur, r = 1, 2, . . . ,M and sum up the estimates. Recall
that the functions have exactly the same type of support as required in the corresponding theorems and satisfy the
corresponding problems with lower order terms due to the presence of φr on the right-hand side; more precisely, we
have ∫

V +
r

( d∑
i,j=1

aij
∂ur
∂xj

∂φ

∂xj
+ burφ

)
dx =

∫
V +
r

fφrφ dx+

∫
V +
r

d∑
i,j=1

aiju
∂φr

∂xj

∂φ

∂xj
dx,

r = 1, 2, . . . ,M ; similarly for uM+1. We obtain

∥uM+1∥W 2,2(VM+1) ≤ C∥f∥L2(Ω)

∥ur∥W 2,2(Vr) ≤ C(∥f∥L2(Vr) + ∥U0∥W 2,2(Vr)), r = 1, 2, . . . ,M.

Summing up these estimates we end up with

∥u∥W 2,2(Ω) ≤ ∥uM+1∥W 2,2(VM+1) +

M∑
r=1

∥ur∥W 2,2(Vr) ≤ C(∥f∥L2(Ω) + ∥U0∥W 2,2(Ω)).

■

Remark 3.7.9. The whole procedure can be applied also in the situation when we have general elliptic operator and
u is a solution which is generally non-unique (obtained, e.g., in the part devoted to the application of Fredholm
alternative). Then, under the same assumptions as above we conclude with the estimate

∥u∥W 2,2(Ω) ≤ C(∥f∥L2(Ω) + ∥U0∥W 2,2(Ω) + ∥u∥L2(Ω)). (3.129)

We shall skip details of this proof. If the solution is unique then we know that we can estimate the last term on the
right-hand side by the other two ones.

By induction of the previous process we can show

Theorem 3.7.10 — Higher regularity. Let u be the unique weak solution to Problem (3.112) and let the data
satisfy (3.113) and (3.115) for some k ≥ 2. Then u ∈W k,2(Ω) and it holds

∥u∥Wk,2(Ω) ≤ C(∥f∥Wk−2,2(Ω) + ∥U0∥Wk,2(Ω)).

Since the previous theorem holds for any k ∈ N, k ≥ 2, we have

Corollary 3.7.11 (Full regularity). Let u be the unique weak solution to Problem (3.112) and let the data satisfy
(3.113) and (3.116). Then u ∈ C∞(Ω).

Remark 3.7.12. Remark 3.7.9 also applies to Theorem 3.7.10 for any fixed k ∈ N, k ≥ 2.
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Proof of Theorem 3.7.10. Step 1: Induction in interior regularity
We proceed by induction. We first consider the interior regularity (corresponding to uM+1), where the situation is
easier. Assume that we have for all V ⊂ V ⊂ Ω and some k ≥ 2 (under corresponding assumptions on the data of our
problem, f ∈W k−2,2(Ω), aij ∈W k−1,∞(Ω), i, j = 1, 2, . . . , d and b ∈W k−2,∞(Ω))

∥u∥Wk,2(V ) ≤ C∥f∥Wk−2,2(Ω),

the constant C may depend on V . Indeed, Theorem 3.7.4 corresponds to k = 2.
Assume now that f ∈ W k−1,2(Ω), aij ∈ W k,∞(Ω), i, j = 1, 2, . . . , d and b ∈ W k−1,∞(Ω). Take any multiindex α

such that |α| = k − 1 and choose ṽ ∈ C∞
0 (V ) for some V ⊂ V ⊂ Ω . Use as a test function in the weak formulation

the function φ := (−1)αDαṽ. Using integration by parts we obtain∫
Ω

( d∑
i,j=1

aij
∂ũ

∂xj

∂ṽ

∂xi
+ bũṽ

)
dx =

∫
Ω

f̃ ṽ dx, (3.130)

where ũ = Dαu ∈W 1,2(V ) and

f̃ = Dαf −
∑
β≤α
β ̸=α

(
α

β

)[
− ∂

∂xi

( d∑
i,j=1

Dα−βaij
∂(Dβu)

∂xj

)]
−
∑
β≤α

(
α

β

)
Dα−βbDβu.

As (3.130) holds for any ṽ ∈ C∞
0 (V ), we see that ũ is a weak solution to∫

V

( d∑
i,j=1

aij
∂ũ

∂xj

∂ṽ

∂xi
+ bũṽ

)
dx =

∫
V

f̃ ṽ dx,

where f̃ ∈ L2(V ) with

∥f̃∥L2(V ) ≤ C∥f∥Wk−1,2(V ) + C(∥A∥Wk,∞(Ω;Rd×d), ∥b∥Wk−1,∞(Ω))∥u∥Wk,2(Ω) ≤ C∥f∥Wk−1,2(V ).

We now apply Theorem 3.7.4 and get
∥ũ∥W 2,2(W ) ≤ C∥f∥Wk−1,2(V ),

where C = C(∥A∥Wk,∞(Ω), ∥b∥Wk−1,∞(Ω), C1) and W ⊂W ⊂ V . Thus u ∈W k+1,2
loc (Ω).

Step 2: Induction for regularity near the boundary; flat part of the boundary, tangential derivatives
We now proceed with the regularity near the boundary. Let us first consider the case of the flat domain C+. We proceed
by induction. We aim to show that for U0 ∈ W k,2(C+), u − U0 ∈ W 1,2

0 (C+), f ∈ W k−2,2(C+), aij ∈ W k−1,∞(C+),
i, j = 1, 2, . . . , d and b ∈W k−2,∞(C+) we get

∥u∥Wk,2(C+) ≤ C(∥f∥Wk−2,2(C+) + ∥U0∥Wk,2(C+)),

where C = C(∥A∥Wk−1,∞(C+;Rd×d), ∥b∥Wk−2,∞(C+), C1). We know that the inequality is true for k = 2; this is exactly
the claim of Lemma 3.7.6. Let us therefore assume that the claim holds for some k ≥ 2 and let us show it for k + 1.

Let α be a multiindex such that |α| = k − 1, but αd = 0. Then ũ := Dαu belongs to W 1,2(C+). Similarly as in
Step 1. it solves ∫

C+

( d∑
i,j=1

aij
∂ũ

∂xj

∂φ

∂xi
+ bũφ

)
dx =

∫
C+

f̃φdx,

where again

f̃ = Dαf −
∑
β≤α
β ̸=α

(
α

β

)[
− ∂

∂xi

( d∑
i,j=1

Dα−βaij
∂Dβu

∂xj

)]
−
∑
β≤α

(
α

β

)
Dα−βbDβu.

Then f̃ ∈ L2(C+) and
∥f∥L2(C+) ≤ C(∥f∥Wk−1,2(C+) + ∥U0∥Wk,2(C+)).

Thus, exactly as in the proof of Lemma 3.7.6 we have

∥Dβu∥L2(C+) ≤ C(∥f∥Wk−1,2(C+) + ∥U0∥Wk+1,2(C+))

for any |β| = k + 1, βd = 0, 1 or 2 which we wanted to prove; however we miss the terms with βd > 2.
Step 3: Induction for regularity near the boundary; flat part of the boundary, normal derivatives

We have to deal with βd ≥ 3. We proceed by induction. Assume that we have

∥Dβu∥L2(C+) ≤ C(∥f∥Wk−1,2(C+) + ∥U0∥Wk+1,2(C+))
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for β = k+1 and βn = 1, 2, . . . , j for some j ∈ {2, 3, . . . , k}. Let now |β| = k+1 and βn = j +1. We write β = γ + δ,
δ = (0, 0, . . . , 2) and |γ| = k − 1. From Step 1. we know that u ∈W k+1,2

loc (Ω) and thus

−
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+ bu = f

holds almost everywhere in C+. Then also

Dγ
(
−

d∑
i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+ bu

)
= Dγf

almost everywhere in C+. We write

Dγ
(
−

d∑
i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+ bu

)
= addD

βu+ g,

where g contains terms with at most j derivatives with respect to xd and at most k + 1 derivative overall. As
add ≥ C1 > 0, we get

∥Dβu∥L2(C+) ≤ C(∥f∥Wk−1,2(C+) + ∥U0∥Wk+1,2(C+)), |β| = k + 1, βd = j + 1.

Thus by induction
∥u∥Wk+1,2(C+) ≤ C(∥f∥Wk−1,2(C+) + ∥U0∥Wk+1,2(C+)).

Step 4: Regularity near the boundary; curved part of the boundary, special support
To obtain the same result in V +, we proceed exactly as in the proof of Theorem 3.7.7, we flatten the boundary and
apply Step 3. Here we use that Ω ∈ Ck−1,1 for estimates of the W k,2(V +) norm.

Step 5: Regularity in the whole domain
To get the estimates in the whole domain Ω, we proceed exactly as in the proof of Theorem 3.7.8. We write u =∑M

r=1 ur + uM+1 and apply Step 1. for uM+1 and Steps 2.–4. for ur. ■

Remark 3.7.13. (i) Note that in the Step 1. we in fact show that u ∈ W k,2
loc (Ω) provided f ∈ W k−2,2

loc (Ω), aij ∈
W k−1,∞

loc (Ω), i, j = 1, 2, . . . , d and b ∈W k−2,2
loc (Ω). Similarly, if f , aij , i, j = 1, 2, . . . , d and b ∈ C∞(Ω), then also

u ∈ C∞(Ω) (but generally u is not in C∞(Ω)!).

(ii) If d = 3, then we get from Theorem 2.4.21 (continuous embedding) that u ∈ C2, 12 (Ω) (for k = 4). Then u is a
classical solution to our problem.

(iii) A similar result holds also for the Neumann problem. Under the same assumptions on {aij}di,j=1, b, f and Ω as
in Theorem 3.7.10 we have

g ∈W k− 3
2 ,2(∂Ω) ⇒ u ∈W k,2(Ω), k ≥ 2.

(iv) We must be careful for mixed boundary conditions. A singularity may appear between Γ1 and Γ2.

3.8 Connection with calculus of variations — solvability for a symmetric
coercive operator

We show in this part how for certain type of elliptic operators solvability of (3.31)–(3.34) is connected with minimization
of quadratic functionals. In the whole section we thus do not consider a general elliptic operator L, but we restrict
ourselves to symmetric (selfadjoint) operators L which are additionally coercive. We consider again the systems of
elliptic equations.

Definition 3.8.1 — Symmmetric linear elliptic operator. Let L be an elliptic operator. We say that the
operator L is symmetric, if it is given as

(Lu⃗)α := −
N∑

β=1

d∑
i,j=1

∂

∂xi

(
aαβij

∂uβ

∂xj

)
+

N∑
β=1

bαβuβ (3.131)

and for any α, β ∈ {1, . . . , N} and i, j ∈ {1, . . . , d} it holds

aαβij = aβαji , bαβ = bβα almost everywhere in Ω. (3.132)
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We can write such an operator in the shorten form

Lu⃗ := −div (A⃗∇u⃗) + bu⃗

and condition (3.131) as
A⃗ = A⃗T , b = bT .

We consider instead of (3.27)–(3.30) a simplified problem

Lu⃗ = f⃗ in Ω

u⃗ = u⃗0 on Γ1

A⃗∇u⃗ · ννν = g⃗ on Γ2

A⃗∇u⃗ · ννν + σu⃗ = g⃗ on Γ3,

(3.133)

where we additionally assume the symmetry of σ, i.e.,

σαβ = σβα for any α, β ∈ {1, . . . , N} almost everywhere on ∂Ω. (3.134)

Let us further recall the notation from (3.56)

b̃(x) := inf
{z⃗∈RN ; |z⃗|=1}

N∑
α,β=1

bαβ(x)zαzβ , x ∈ Ω

σ̃(x) := inf
{z⃗∈RN ; |z⃗|=1}

N∑
α,β=1

σαβ(x)zαzβ , x ∈ Γ3

and in this section we always assume that

b̃(x) ≥ 0, σ̃(x) ≥ 0 almost everywhere in Ω and on Γ3, respectively. (3.135)

The space of test functions we consider here is V = {v⃗ ∈ W 1,2(Ω;RN ) | v⃗ = 0⃗ in the sense of traces on Γ1}. Recall
also that

W 1,2(Ω;RN ) := {φ⃗ = (φ1, . . . , φN ) |φα ∈W 1,2(Ω) for any α ∈ {1, . . . , N}}.

The corresponding bilinear form for problem (3.133) is

BL,σ(u⃗, φ⃗) :=

∫
Ω

(
A⃗∇u⃗ : ∇φ⃗+ bu⃗ · φ⃗

)
dx+

∫
Γ3

σu⃗ · φ⃗ dS.

The weak solution to problem (3.133) (compare with Definition 3.3.4) is then a function u⃗ such that u⃗ − U⃗0 ∈ V ,
U⃗0 ∈W 1,2(Ω), the trace U⃗0 = u⃗0 on Γ1, and for any φ⃗ ∈ V it holds

BL,σ(u⃗, φ⃗) = ⟨f⃗ , φ⃗⟩V + ⟨g⃗, φ⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

. (3.136)

Note that due to our assumed symmetries it holds BL,σ(u⃗, φ⃗) = BL,σ(φ⃗, u⃗) and our problem is thus selfadjoint. This
will allow us to formulate the problem of existence of a weak solution equivalently as looking for a minimum of a
certain functional. Let us define the functional Φ: W 1,2(Ω;RN ) → R by the formula

ΦL,σ(u⃗) :=
1

2
BL,σ(u⃗, u⃗). (3.137)

Then the following theorem holds true.

Theorem 3.8.2 — Connection between weak solution and minimum of a functional. Let Ω ∈ C0,1

with the corresponding parts of the boundary {Γi}3i=1 and let L be a symmetric ellliptic operator in the sense of
Definition 3.8.1. Let further for any α, β = 1, . . . , N , σαβ ∈ L∞(Γ3) satisfy additionally (3.134) and together with
b also (3.135). Finally, let u⃗ ∈ W 1,2(Ω;RN ) be an arbitrary function satisfying u⃗− U⃗0 ∈ V , U⃗0, V as above. Then
the following two claims are equivalent.

1. The function u⃗ is a weak solution, i.e., it satisfies (3.136).

2. For any φ⃗ ∈ V it holds that

ΦL,σ(u⃗+ φ⃗)− ΦL,σ(u⃗) ≥ ⟨f⃗ , φ⃗⟩V + ⟨g⃗, φ⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

. (3.138)
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Before we start with the proof of this theorem, let us present an equivalent form of 2. in the case when f⃗ ∈
(W 1,2(Ω;RN ))∗. For this slightly more regular f⃗ we may reformulate 2. as minimization on a convex set and we get
(the proof is left for a kind reader as a simple exercise) that to find u⃗ satisfying 2. is equivalent to finding u⃗ such that
u⃗− U⃗0 ∈ V and it holds for any v⃗ satisfying v⃗ − U⃗0 ∈ V

ΦL,σ(u⃗)− ⟨f⃗ , u⃗⟩V − ⟨g⃗, u⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

≤ ΦL,σ(v⃗)− ⟨f⃗ , v⃗⟩V + ⟨g⃗, v⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

.

Problem (3.136) is also called the Euler–Lagrange equations for the functional ΦL,σ(u⃗)−⟨f⃗ , u⃗⟩V −⟨g⃗, u⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

and (3.136) can be obtained as[ d
dt

(
ΦL,σ(u⃗+ tφ⃗)− ⟨f⃗ , u⃗+ tφ⃗⟩V − ⟨g⃗, u⃗+ tφ⃗⟩

W
1
2
,2(Γ2∪Γ3;RN )

)]
t=0

= 0,

or t = 0 is the critical point of the function ψ(t) := ΦL,σ(u⃗ + tφ⃗) − ⟨f⃗ , u⃗ + tφ⃗⟩V − ⟨g⃗, u⃗ + tφ⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

for any
φ⃗ ∈ V .

Proof of Theorem 3.8.2. We start with the implication 1. =⇒ 2. We get directly from the definition of ΦL,σ (see
(3.137)), from the fact that u⃗ solves (3.136) and from the fact that BL,σ is due to our assumption a symmetric bilinear
form that

ΦL,σ(u⃗+ φ⃗)− ΦL,σ(u⃗) =
1

2
BL,σ(u⃗+ φ⃗, u⃗+ φ⃗)− 1

2
BL,σ(u⃗, u⃗)

=
1

2
BL,σ(u⃗, u⃗) +BL,σ(u⃗, φ⃗) +

1

2
BL,σ(φ⃗, φ⃗)−

1

2
BL,σ(u⃗, u⃗)

= ⟨f⃗ , φ⃗⟩V + ⟨g⃗, φ⃗⟩
W

1
2
,2(Γ2∪Γ3)

+
1

2
BL,σ(φ⃗, φ⃗).

To finish the proof of the first implication it is enough to verify that BL,σ(φ⃗, φ⃗) ≥ 0 for any φ⃗ ∈ V . This is evident
due to the assumption on the ellipticity of the matrix A⃗ (see (3.14)) and non-negativity of b̃ and σ̃ (see (3.135)).

Let us now consider the other implication 2. =⇒ 1. Let ψ⃗ ∈ V be arbitrary. Using assumption 2. and the same
computations as above we conclude that

0 ≤ ΦL,σ(u⃗+ ψ⃗)− ΦL,σ(u⃗)− ⟨f⃗ , ψ⃗⟩V − ⟨g⃗, ψ⃗⟩
W

1
2
,2(Γ2∪Γ3)

= BL,σ(u⃗, ψ⃗) +
1

2
BL,σ(ψ⃗, ψ⃗)− ⟨f⃗ , ψ⃗⟩V − ⟨g⃗, ψ⃗⟩

W
1
2
,2(Γ2∪Γ3)

.

For arbitrary t > 0 and φ⃗ ∈ V let us choose in the inequality above ψ⃗ : = tφ⃗ which due to the bilinearity yields

0 ≤ tBL,σ(u⃗, φ⃗) +
1

2
t2BL,σ(φ⃗, φ⃗)− t⟨f⃗ , φ⃗⟩V − t⟨g⃗, φ⃗⟩

W
1
2
,2(Γ2∪Γ3)

.

Dividing by t > 0 and passing with t→ 0+ we thus get

0 ≤ lim
t→0+

(
BL,σ(u⃗, φ⃗) +

1

2
tBL,σ(φ⃗, φ⃗)− ⟨f⃗ , φ⃗⟩V − ⟨g⃗, φ⃗⟩

W
1
2
,2(Γ2∪Γ3)

)
= BL,σ⃗(u⃗, φ⃗)− ⟨f⃗ , φ⃗⟩V − ⟨g⃗, φ⃗⟩

W
1
2
,2(Γ2∪Γ3)

.

This inequality holds for any φ⃗ ∈ V and thus also for −φ⃗ which due to the linearity of the inequality in φ⃗ yields that
equality (3.136) holds and thus Claim 1. is proved. ■

We proved above that for certain types of problems (more precisely, for the symmetric ones) finding a weak solution
is equivalent to finding a minimizer of a certain variational problem. We now show that if b = o and |Γ3| = 0, we may
formulate the problem differently, but we anyway get to the same. This new formulation is called dual formulation.
The word "dual" refers here that instead of variational formulation for u⃗ we consider variational formulation for
T⃗ = A⃗∇u⃗. To this aim we first define a suitable closed subset of L2(Ω;Rd×N )

W :=
{
T⃗ ∈ L2(Ω;Rd×N ) | for any φ⃗ ∈ V it holds

∫
Ω

T⃗ : ∇φ⃗dx = ⟨f⃗ , φ⃗⟩V + ⟨g⃗, φ⃗⟩
W

1
2
,2(Γ2∪Γ3)

}
. (3.139)

Note that T⃗ : ∇φ⃗ =
∑d

i=1

∑N
α=1 T

α
i

∂φα

∂xi
. This definition does not mean anything else that T⃗ ∈W solves (in the sense

of distributions) the following problem
−div T⃗ = f⃗ in Ω,

T⃗ · ννν = g⃗ on Γ2.
(3.140)

Thus if u⃗ is a weak solution to the original problem, then automatically T⃗ = A⃗∇u⃗ ∈W . Let us further introduce the
dual functional

Φ∗(T⃗) =
1

2

∫
Ω

A⃗−1T⃗ : T⃗ dx−
∫
Ω

∇U⃗0 : T⃗ dx, (3.141)
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where A⃗−1 denotes the inverse matrix to A⃗, i.e., it holds

N∑
γ=1

d∑
k=1

(A⃗)αγik (A⃗−1)γβkj = δαβδij .

Note that due to the measurability, boundedness and ellipticity of the matrix A⃗ (see (3.26)), the inverse matrix A⃗−1

exists and is again measurable, bounded and elliptic. We may finally formulate the theorem on the equivalence of the
dual formulation and the existence of the weak solution.

Theorem 3.8.3 — Dual variational formulation. Let Ω ∈ C0,1 and let {Γi}3i=1, be the corresponding parts
of the boundary, |Γ3| = 0 and let the operator L be symmetric elliptic in the sense of Definition 3.8.1. Let further
bαβ = 0 for any α, β ∈ {1, . . . , N}. Then the following claims are equivalent

1. Function T⃗ ∈W is such that it holds for any W⃗ ∈W

Φ∗(T⃗) ≤ Φ∗(W⃗).

2. T⃗ = A⃗∇u⃗, where u⃗ is a weak solution to the corresponding elliptic problem, i.e., u⃗ − U⃗0 ∈ V and it satisfies
(3.136) with b = o.

Proof. Step 1: 2. =⇒ 1.
If u⃗ is a weak solution to our original problem, then it follows directly from the definition of V ∗ (see (3.139)) and the
weak formulation of (3.136) that T⃗ = A⃗∇u⃗ ∈ W . Let now W⃗ ∈ W be arbitrary. Due to the ellipticity of the matrix
A⃗−1 and definition of Φ∗ we get

Φ∗(W⃗)− Φ∗(T⃗) =
1

2

∫
Ω

(
A⃗−1W⃗ : W⃗ − A⃗−1T⃗ : T⃗

)
dx−

∫
Ω

∇U⃗0 : (W⃗ − T⃗)
)
dx

=
1

2

∫
Ω

A⃗−1(W⃗ − T⃗) : (W⃗ − T⃗) dx+

∫
Ω

A⃗−1T⃗ : (W⃗ − T⃗) dx

−
∫
Ω

∇U⃗0 : (W⃗ − T⃗) dx

≥
∫
Ω

A⃗−1T⃗ : (W⃗ − T⃗) dx−
∫
Ω

∇U⃗0 : (W⃗ − T⃗) dx

=

∫
Ω

∇u⃗ : (W⃗ − T⃗) dx−
∫
Ω

∇U⃗0 : (W⃗ − T⃗) dx

=

∫
Ω

(W⃗ − T⃗) : ∇(u⃗− U⃗0) dx = 0,

where the last equality is based on the facts that u⃗− U⃗0 ∈ V and T⃗, W⃗ ∈W . We thus see that Φ∗(W⃗) ≥ Φ∗(T⃗) for
any W⃗ ∈W .

Step 2: 1. =⇒ 2.
. We first deduce the Euler–Lagrange equations for problem formulated in claim 1. Therefore, let T⃗ ∈ W be a
minimizer of Φ∗ over W . Let further Z⃗ ∈ L2(Ω;Rd×N ) be an arbitrary function satisfying for every φ⃗ ∈ V∫

Ω

Z⃗ : ∇φ⃗dx = 0. (3.142)

We set for arbitrary t > 0, W⃗ := T⃗+ tZ⃗. Since T⃗ ∈W and Z⃗ satisfies (3.142), it is then evident that W⃗ ∈W and it
can be used in the variational formulation. From Claim 1. we thus have

0 ≤ 1

t
(Φ∗(W⃗)− Φ∗(T⃗)) =

1

t

(
Φ∗(T⃗+ tZ⃗)− Φ∗(T⃗)

)
=

1

t

∫
Ω

(1
2

A⃗−1(T⃗+ tZ⃗) : (T⃗+ tZ⃗)− 1

2
A⃗−1T⃗ : T⃗− t∇U⃗0 : Z⃗

)
dx

=

∫
Ω

(
A⃗−1T⃗ : Z⃗+

t

2
A⃗−1Z⃗ : Z⃗−∇U⃗0 : Z⃗

)
dx

t→0+→
∫
Ω

(A⃗−1T⃗−∇U⃗0) : Z⃗ dx.

Since (−Z⃗) satisfies also (3.142), we get the opposite inequality, and thus for any Z⃗ ∈ L2(Ω;Rd×N ) satisfying (3.142)
it holds ∫

Ω

(A⃗−1T⃗−∇U⃗0) : Z⃗ dx = 0. (3.143)
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Equations (3.143) are the Euler–Lagrange equations to the minimization problem for Φ∗.
We show in the second step of the proof that the validity of (3.143) requires further properties of T⃗; in particular

existence of u⃗ such that u⃗− U⃗0 ∈ V and T⃗ = A⃗∇u⃗. If such u⃗ really exists, it must fulfil ∇u⃗ = A⃗−1T⃗ almost everywhere
in Ω. Instead of this, at the first glance strong assumption, we look for u⃗ such that u⃗− U⃗0 ∈ V and∫

Ω

∇u⃗ : ∇φ⃗dx =

∫
Ω

A⃗−1T⃗ : ∇φ⃗dx for every φ⃗ ∈ V. (3.144)

Since A⃗−1 is bounded, we may define ⟨f⃗ , φ⃗⟩V :=
∫
Ω

A⃗−1T⃗ · ∇φ⃗ dx and see that we look for a weak solution of an
elliptic problem. Due to Theorem 3.4.2 (verifying of the assumptions is left as an exercise for a kind reader) we know
that there exists a unique solution to problem (3.144) (in the case of |Γ1| = 0 we have the Neumann problem and the
solution is unique up to an additive constant). We now show how from (3.143) and (3.144) Claim 2. follows.

It holds due to (3.144) that Z⃗ defined by Z⃗ := A⃗−1T⃗ −∇u⃗ satisfies (3.142) and thus can be used in (3.143). We
get the identity ∫

Ω

A⃗−1T⃗ : (A⃗−1T⃗−∇u⃗) dx =

∫
Ω

∇U⃗0 : (A⃗−1T⃗−∇u⃗) dx. (3.145)

Further, the choice φ⃗ := u⃗− U⃗0 in (3.144) yields∫
Ω

∇u⃗ : (∇u⃗−∇U⃗0) dx =

∫
Ω

A⃗−1T⃗ : (∇u⃗−∇U⃗0) dx. (3.146)

From (3.145) and (3.146) we get (we also use the symmetry of A⃗)

0 =

∫
Ω

(
A⃗−1T⃗ : (A⃗−1T⃗−∇u⃗) +∇u⃗ : (∇u⃗−∇U⃗0) +∇U⃗0 : ∇u⃗− A⃗−1T⃗ : ∇u⃗

)
dx

=

∫
Ω

(
|A⃗−1T⃗|2 − 2A⃗−1T⃗ : ∇u⃗+ |∇u⃗|2

)
dx =

∫
Ω

|A⃗−1T⃗−∇u⃗|2 dx.

Therefore it holds that T⃗ = A⃗∇u⃗ almost everywhere in Ω and u⃗ − U⃗0 ∈ V . Furthermore, since T⃗ ∈ W , then u⃗ must
fulfil (we use that fact that A⃗∇u⃗ = T⃗ ∈ W ) the weak formulation (3.136) and thus it is also a weak solution. The
proof is therefore finished. ■

Remark 3.8.4. We saw in the text above that the primer variational problem (minimizer for Φ) and the dual variational
problem (minimizer for Φ∗) are in a certain sense equivalent for symmetric operator without absolute terms, i.e., in
the cases when b = σ = 0, and lead to the same solution. The difference lies in the fact that by minimizing Φ we
enforce the validity of the relation Lu⃗ = f⃗ , while by minimizing Φ∗ we enforce the validity of relation T⃗ = A⃗∇u⃗. From
the point of view of applications it is more useful to solve the problem for Φ, if we are interested in u⃗, and the problem
for Φ∗, if we are interested in the form of T⃗ = A⃗∇u⃗.

The first part of this chapter dealt with existence of weak solution to the elliptic problems based on the Lax–
Milgram theorem. We now show that the proof of existence of weak solutions is much easier by looking for minima of
a certain functionals, provided the operators are not only V –elliptic, but also symmetric.

Example 3.8.5 (Existence by means of minimizing certain functionals). Show the existence of a solution to (3.133)
by showing existence of u⃗ satisfying (3.138).

Solution. Let us now consider the elliptic problem with symmetric operator and assume that (3.135) holds and BL,σ

is V -elliptic. We show how it is possible to solve problem (3.133). We look the solution in the form u⃗ = U⃗0+ w⃗, where
w⃗ ∈ V . Theorem 3.8.2 claims that u⃗ is a weak solution, if and only if

ΦL,σ(u⃗+ φ⃗)− ΦL,σ(u⃗) ≥ ⟨f⃗ , φ⃗⟩V + ⟨g⃗, φ⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

.

Let ψ⃗ ∈ V be arbitrary and choose φ⃗ := ψ⃗− w⃗ ∈ V , where w⃗ is given by u⃗ = U⃗0 + w⃗. Then the above given inequality
changes into the form

ΦL,σ(U⃗0 + w⃗)− ⟨f⃗ , w⃗⟩V − ⟨g⃗, w⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

≤ ΦL,σ(U⃗0 + ψ⃗)− ⟨f⃗ , ψ⃗⟩V − ⟨g⃗, ψ⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

.

Since ψ⃗ ∈ V is arbitrary, we in fact look for a minimizer of a certain functional. Let us consider

I := inf
w⃗∈V

(
ΦL,σ(U⃗0 + w⃗)− ⟨f⃗ , w⃗⟩V − ⟨g⃗, w⃗⟩

W
1
2
,2(Γ2∪Γ3;RN )

)
.

It follows from the definition of the infimum that it holds for any ψ⃗ ∈ V that

I ≤ ΦL,σ(U⃗0 + ψ⃗)− ⟨f⃗ , ψ⃗⟩V − ⟨g⃗, ψ⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )
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and choosing ψ⃗ = 0⃗ we thus have
I ≤ ΦL,σ(U⃗0) <∞.

The definition of the infimum implies that we can find a sequence {w⃗ n}n∈N ⊂ V such that

I = lim
n→∞

(
ΦL,σ(U⃗0 + w⃗ n)− ⟨f⃗ , w⃗ n⟩V − ⟨g⃗, w⃗ n⟩

W
1
2
,2(Γ2∪Γ3;RN )

)
and furthermore that there exists n0 such that for any n ≥ n0

ΦL,σ(U⃗0 + w⃗ n)− ⟨f⃗ , w⃗ n⟩V − ⟨g⃗, w⃗ n⟩
W

1
2
,2(Γ2∪Γ3;RN )

≤ I + 1 ≤ Φ(U⃗0) + 1. (3.147)

Hence we see that the sequence w⃗ n is bounded in V . The continuity of the trace operator also yields that the sequence
is bounded in W

1
2 ,2(∂Ω;RN ). Due to the reflexivity (we again relabel the subsequence)

w⃗ n ⇀ w⃗ weakly in V,

w⃗ n ⇀ w⃗ weakly in W
1
2 ,2(∂Ω;RN ).

(3.148)

Using the definition of Φ and the V -ellipticity, symmetry and bilinearity of BL,σ we get the following estimate

ΦL,σ(U⃗0 + w⃗ n) =
1

2
BL,σ(U⃗0 + w⃗ n, U⃗0 + w⃗ n)

=
1

2
BL,σ(U⃗0 + w⃗, U⃗0 + w⃗ n) +

1

2
BL,σ(w⃗

n − w⃗, U⃗0 + w⃗)

+
1

2
BL,σ(w⃗

n − w⃗, w⃗ n − w⃗)

=
1

2
BL,σ(U⃗0 + w⃗, U⃗0 + w⃗) +BL,σ(U⃗0 + w⃗, w⃗ n − w⃗)

+
1

2
BL,σ(w⃗

n − w⃗, w⃗ n − w⃗)

≥ ΦL,σ(U⃗0 + w⃗) +BL,σ(w⃗
n − w⃗, U⃗0 + w⃗).

Next, due to the V -ellipticity we know that there exists F⃗ ∈ V ∗ such that F⃗ = BL,σ(·, U⃗0 + w⃗). We get, using the
definition of the infimum I and the weak convergences (3.148) that

I = lim
n→∞

(
ΦL,σ(U⃗0 + w⃗ n)− ⟨f⃗ , w⃗ n⟩V − ⟨g⃗, w⃗ n⟩

W
1
2
,2(Γ2∪Γ3;RN )

)
≥ ΦL,σ(U⃗0 + w⃗) + lim

n→∞

(
⟨F⃗ , w⃗ n − w⃗⟩ − ⟨f⃗ , w⃗ n⟩V − ⟨g⃗, w⃗ n⟩

W
1
2
,2(Γ2∪Γ3;RN )

)
= ΦL,σ(U⃗0 + w⃗)− ⟨f⃗ , w⃗⟩V − ⟨g⃗, w⃗⟩

W
1
2
,2(Γ2∪Γ3;RN )

.

On the other hand, the definition of the infimum of I implies that

I ≤ Φ(U⃗0 + w⃗)− ⟨f⃗ , w⃗⟩V − ⟨g⃗, w⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

and thus necessarily
I = Φ(U⃗0 + w⃗)− ⟨f⃗ , w⃗⟩V − ⟨g⃗, w⃗⟩

W
1
2
,2(Γ2∪Γ3;RN )

≤ Φ(U⃗0 + φ⃗)− ⟨f⃗ , φ⃗⟩V − ⟨g⃗, φ⃗⟩
W

1
2
,2(Γ2∪Γ3;RN )

for any φ⃗ ∈ V . The function w⃗ is thus a minimizer and further, due to Theorem 3.8.2, u⃗ = U⃗0 + w⃗ is a weak solution
to our problem. □



Chapter 4

An easy guide to Lebesgue–Bochner and
Sobolev–Bochner spaces

In this chapter, we briefly introduce the necessary function spaces and tools needed for the correct formulation of the
evolutionary partial differential equations in the weak setting. As in the case of Sobolev spaces, we only introduce the
basic concepts and present more details, including most of the proofs, in Chapter 8.

We aim at studying mappings
f : I ⊂ R → X,

where X is a Banach space. Most of the results in this section remain true even if we replace the one-dimensional
interval by a measurable subset of Rd, however, since we do not need this level of generality, we remain in R. Moreover,
instead of the Lebesgue measure on R we may as well consider a more general measure µ. The space X is always
a Banach space; sometimes, however, we will require more properties (separability, reflexivity etc.). For simplicity,
we always assume in this chapter that I ⊂ R is open and bounded, even though most of the results remain true for
arbitrary interval in R; however, the proofs must be slightly modified in this case. The presentation below follows in
the first part nicely written thesis Kreuter (2015), the second part is then based on Boyer and Fabrie (2006) or more
precisely, on Pokorný (2022).

4.1 Bochner integral
First, we construct a new type of integral, in order to be able to integrate functions with values in general Banach
spaces.

Definition 4.1.1 — Simple function. A function s: I → X is called a simple function, if we can write

s(t) =

n∑
i=1

xiχEi(t), (4.1)

where xi ∈ X, Ei are pairwise disjoint, measurable, and
∑n

i=1 λ1(Ei) < +∞.

Remark 4.1.2. Assuming xi ̸= xj for i ̸= j and ∪n
i=1Ei = I (it also means that we define s to be the zero element on

the set of one dimensional Lebesgue measure zero, where the function is possibly not defined), then the representation
of the function s in the form (4.1) is unique.

Definition 4.1.3 — Strong and weak measurability. 1. A function f : I → X is (strongly) measurable, if
there exists a sequence of simple functions {sn}n∈N such that

lim
n→∞

∥sn(t)− f(t)∥X = 0

for almost all t ∈ I.

2. A function f : I → X is weakly measurable, if
⟨x′, f⟩X

is measurable for all x′ ∈ X∗, where X∗ denotes the dual space to X.

77
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Definition 4.1.4 — Almost separably valued function. A function f : I → X is called almost separably
valued, if there exists a set N ⊂ I, λ1(N) = 0 such that f(I \N) is separable. If N is empty, then we say that the
function f is separably valued.

We have the following important result

Theorem 4.1.5 — Pettis. A function f : I → X is measurable, if and only if f is weakly measurable and almost
separably valued.

The theorem has several corollaries.

Corollary 4.1.6. Let f : I → X be continuous. Then f is measurable.

Corollary 4.1.7. Let {fn}n∈N be a sequence of measurable functions from I to X such that fn(t) ⇀ f(t) in X for
almost every t ∈ I. Then f is measurable.

We are now ready to define the Bochner integral. For a simple function s, we may evidently set∫
I

s dλ1 :=

n∑
i=1

xiλ1(Ei),

where s =
∑n

i=1 xiχEi
(t). It can be easily shown, similarly as for the Lebesgue integral, that this definition is

independent of the representative of s and that∥∥∥∫
I

s dλ1

∥∥∥
X

≤
∫
I

∥s∥X dt.

We now extend the definition to measurable functions.

Definition 4.1.8 — Bochner integral. A measurable function f : I → X is Bochner integrable, if there exists
a sequence {sn}n∈N of simple functions converging to f almost everywhere such that

lim
n→∞

∫
I

∥f − sn∥X dt = 0.

Then for such a function f we define ∫
I

f dλ1 := lim
n→∞

∫
I

sn dλ1.

Note that the definition is correct in the sense that∥∥∥∫
I

sn dλ1 −
∫
I

sm dλ1

∥∥∥
X

≤
∫
I

∥sn − sm∥X dt ≤
∫
I

∥sn − f∥X dt

+

∫
I

∥sm − f∥X dt→ 0 as n,m→ ∞.

Hence
∫
I
sn dλ1 is a Cauchy sequence and due to the completeness of X it is convergent. If {s̃n}n∈N is another sequence

of simple functions approximating f in X almost everywhere together with limn→∞
∫
I
∥f − s̃n∥X dt = 0, it is easy to

see that the limits of sequences
{∫

I
sn dλ1

}
n∈N

and
{∫

I
s̃n dλ1

}
n∈N

are the same which shows that the definition
of the integral is independent of the approximating sequence of the simple functions. The linearity of the Bochner
integral is a consequence of the linearity of the integral for simple functions.

The following fundamental theorem yields the correspondence between the Bochner and Lebesgue integrals.

Theorem 4.1.9 — Bochner. Let f : I → X be a measurable function. Then f is Bochner integrable over I, if
and only if ∥f∥X is Lebesgue integrable over I. Moreover,∥∥∥∫

I

f dλ1

∥∥∥
X

≤
∫
I

∥f∥X dt. (4.2)

Corollary 4.1.10 (Dominated convergence Theorem). Let {fn}n∈N be a sequence of Bochner integrable functions and
let f be such that fn → f almost everywhere in I. Let g ∈ L1(I;R) be such that ∥fn∥X ≤ g for all n ∈ N almost
everywhere in I. Then f is Bochner integrable and∫

I

f dλ1 = lim
n→∞

∫
I

fn dλ1.

Corollary 4.1.11. Let f be Bochner integrable. Then the sequence sn of simple functions converging to f can be
chosen so that ∥sn(t)∥X ≤ 2∥f(t)∥X holds for almost every t ∈ I.
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Corollary 4.1.12. Let x′ ∈ X∗ and let f be Bochner integrable over I. Then∫
I

⟨x′, f⟩X dt =
〈
x′,

∫
I

f dλ1

〉
X
.

Corollary 4.1.13. Let f be Bochner integrable over I. Then

lim
λ1(J)→0+,J⊂I

∫
J

f dλ1 = 0 ∈ X.

We finish this section by a generalization of the Fubini theorem for the Bochner integral.

Theorem 4.1.14 — Fubini. Let J = I1×I2 be a product measure space with respect to the measure λ1⊗λ1 = λ2
and let f : J → X be measurable. Assume that the integral∫

I1

(∫
I2

∥f(t1, t2)∥X dt2

)
dt1 (4.3)

exists and is finite. Then f is Bochner integrable over I1 × I2 and we have∫
I1×I2

f dλ2 =

∫
I1

(∫
I2

f(t1, t2) dt2

)
dt1 =

∫
I2

(∫
I1

f(t1, t2) dt1

)
dt2. (4.4)

Conversely, if f is Bochner integrable over I1 × I2, then the integrals above exist and the equalities hold.

4.2 The spaces Lp(I;X) (Lebesgue–Bochner spaces)
We now introduce an analogue of the Lebesgue spaces.

Definition 4.2.1 — Lebesgue–Bochner spaces. A measurable function f ∈ Lp(I;X), 1 ≤ p ≤ ∞, if for
1 ≤ p <∞ ∫

I

∥f∥pX dt <∞,

and for p = ∞
ess sup

I
∥f∥X <∞.

Remark 4.2.2. Note that a function from Lp(I;X) is (recall that I is bounded) Bochner integrable. In case we would
accept the possibility that I is unbounded, then the function is at least locally Bochner integrable over I. We also
introduce the notation

∥f∥Lp(I;X) :=


(∫

I
∥f∥pX dt

) 1
p

if 1 ≤ p <∞
ess supI ∥f∥X if p = ∞.

We now present several results which are more or less similar to the standard results for Lebesgue spaces and
which will finally lead to the result that the spaces defined above (often called Lebesgue–Bochner spaces) are complete
normed spaces.

Lemma 4.2.3 Let 1 ≤ p ≤ ∞, f ∈ Lp(I;X) and g ∈ Lp′
(I;R), 1

p + 1
p′ = 1. Then f · g ∈ L1(I;X) and∥∥∥ ∫

I

fg dλ1

∥∥∥
X

≤
∫
I

∥f∥X |g|dt ≤ ∥f∥Lp(I;X)∥g∥Lp′ (I).

Lemma 4.2.4 Let 1 ≤ p ≤ ∞, f ∈ Lp(I;X) and g ∈ Lp′
(I;X∗), 1

p +
1
p′ = 1 and X∗ is the dual space to X. Then

⟨g, f⟩X ∈ L1(I;R) and ∣∣∣ ∫
I

⟨g, f⟩X dt
∣∣∣ ≤ ∥f∥Lp(I;X)∥g∥Lp′ (I;X∗).

Corollary 4.2.5. We have for 1 ≤ p ≤ q ≤ ∞ that Lq(I;X) ↪→ Lp(I;X) and

∥f∥Lp(I;X) ≤ λ1(I)
1
p−

1
q ∥f∥Lq(I;X).

In general, for I possibly unbounded, we have at least that any f ∈ Lq(I;X) is locally integrable over I and belongs
to L1

loc(I;X).
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Lemma 4.2.6 Let 1 ≤ p ≤ ∞ and let fn → f in Lp(I;X). Then there exists a subsequence {fnk
}k∈N which

converges to f almost everywhere in I (in the norm of X).

As in the scalar case we therefore have

Theorem 4.2.7 — Properties of Lebesgue–Bochner spaces. The spaces Lp(I;X) are Banach spaces with
respect to the norms ∥f∥Lp(I;X) introduced above, where we consider two functions identical, f1 = f2, provided
f1(t) = f2(t) for almost every t ∈ I (in the sense of equality in X).

If p = 2 and X is a Hilbert space, then L2(I;X) is a Hilbert space with respect to the scalar product

(f, g)L2(I;X) :=

∫
I

(f, g)X dt.

We now study the question of the density for different classes of functions in the spaces Lp(I;X) and the related
question of the separability of these function spaces. We denote (recall, I is a bounded, open interval in R)

C(I;X) = {f : I → X | continuous in I with values in X}
Ck(I;X) = {f : I → X | f, f ′, . . . , f (k) ∈ C(I;X)}
C(I;X) = {f : I → X | continuous in I with values in X up to the endpoints}
Ck(I;X) = {f : I → X | f, f ′, . . . , f (k) ∈ C(I;X)}
C0(I;X) = {f : I → X | f ∈ C(I;X), f is compactly supported in I},

C∞(I;X) =
⋂
k∈N

Ck(I;X)

C∞
0 (I;X) = C∞(I;X)

⋂
C0(I;X).

Theorem 4.2.8 — Dense subsets of Lebesgue–Bochner spaces. Let 1 ≤ p <∞. Then

1. simple functions are dense in Lp(I;X)

2. functions of the form s(t) =
∑n

j=1 φj(t)xj , φj ∈ C∞
0 (I;R), xj ∈ X, are dense in Lp(I;X)

3. if the set Y is dense in X, then C∞
0 (I;Y ) is dense in Lp(I;X)

4. let ηε be the regularizing kernel in R and suppose f is extended by zero outside I; then f ⋆ ηε → f in Lp(I;X)
for ε→ 0+.

Corollary 4.2.9. Let X be a separable Banach space, then Lp(I;X) is separable for 1 ≤ p <∞.

Theorem 4.2.10 — Lebesgue points. Let f ∈ L1
loc(I;X). Then

1

2h

∫ h

−h

∥f(t+ s)− f(t)∥X ds→ 0

for h→ 0+ for almost every t ∈ I. In particular,

f(t) = lim
h→0+

1

2h

∫ h

−h

f(t+ s) dλ1(s)

almost everywhere in I.

Finally, we have

Lemma 4.2.11 Let fn be a sequence of functions from Lp(I;X), 1 ≤ p ≤ ∞ such that ∥fn∥Lp(I;X) ≤ C < +∞
for all n ∈ N. Let there exist f : I → X such that for almost every t ∈ I

fn(t)⇀ f(t) in X.

Then f ∈ Lp(I;X) and ∥f∥Lp(I;X) ≤ C.

We might expect that the dual space to Lp(I;X) for p <∞ is Lp′
(I;X∗). However, this is in general not true for

arbitrary Banach space and we have to add some properties of X. On the other hand, using Lemma 4.2.4, we at least
know that for arbitrary Banach space X we have

Lp′
(I;X∗) ↪→

(
Lp(I;X)

)∗
.
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Moreover, for any g ∈ Lp′
(I;X∗), it also holds:

∥g∥(Lp(I;X))∗ ≤ ∥g∥Lp′ (I;X). (4.5)

In fact, we also have:

Proposition 4.2.12. For 1 ≤ p < ∞ the inclusion mapping I: Lp′
(I;X∗) →

(
Lp(I;X)

)∗ is an isometry, i.e., equality
in (4.5) holds.

We can show the following.

Theorem 4.2.13 — Duality for Lebesgue–Bochner spaces. Let either X be a reflexive Banach space or let
X∗ be separable. Then

(
Lp(I;X)

)∗ is isometrically isomorphic to the space Lp′
(I;X∗) for 1 ≤ p <∞.

Corollary 4.2.14. If X is reflexive and 1 < p <∞, then Lp(I;X) is reflexive.

4.3 Spaces W 1,p(I;X) (Sobolev–Bochner spaces)

Definition 4.3.1 — Weak time derivative. Let u ∈ L1
loc(I;X) and g ∈ L1

loc(I;X). We say that g is weak
derivative of u with respect to t, i.e., g = u′, if∫

I

u(t)φ′(t) dλ1(t) = −
∫
I

g(t)φ(t) dλ1(t)

holds for all φ ∈ C∞
0 (I;R).

In what follows, in particular in Chapters 5 and 9, we will often use the notation u′ = ∂tu.
We have

Lemma 4.3.2 Let g ∈ L1
loc(I;X), t0 ∈ I and let I be an open interval. Let

f(t) :=

∫ t

t0

g(s) dλ1(s).

Then f ∈ C(I;X) and
f ′ = g

in the weak sense and almost everywhere in I.

Further

Corollary 4.3.3. Let f ∈ L1
loc(I;X) be such that f ′ = 0 almost everywhere in I. Then there exists x0 ∈ X such that

f = x0 almost everywhere in I.

Definition 4.3.4 — Sobolev–Bochner spaces. Let 1 ≤ p ≤ ∞ and u ∈ Lp(I;X) be such that u′ ∈ Lp(I;X).
Then we say that u belongs to the Sobolev–Bochner space W 1,p(I;X) and we define

∥u∥W 1,p(I;X) := ∥u∥Lp(I;X) + ∥u′∥Lp(I;X).

Proposition 4.3.5. If 1 ≤ p ≤ ∞, then W 1,p(I;X) is with respect to the norm defined above a Banach space. If X is
a Hilbert space, then W 1,2(I;X) is a Hilbert space with respect to the scalar product

(u, v)W 1,2(I;X) :=

∫
I

(u, v)X dλ1 +

∫
I

(u′, v′)X dλ1

for any u, v ∈W 1,2(I;X). The associated norm is an equivalent norm on W 1,2(I;X).

Proposition 4.3.6. If X is reflexive, then W 1,p(I;X) is for 1 < p <∞ reflexive. If 1 ≤ p <∞ and X is separable, then
W 1,p(I;X) is separable.

Proposition 4.3.7. Let 1 ≤ p ≤ ∞ and u ∈W 1,p(I;X). Then there exists t0 ∈ I such that for almost all t ∈ I

u(t) = u(t0) +

∫ t

t0

u′(s) dλ1(s).

In fact, Proposition 4.3.7 yields existence of N ⊂ I, a null set, such that u(t) = u(t0) +
∫ t

t0
u′(s) dλ1(s) for all t,

t0 ∈ I\N . Let I = (a, b). If g ∈ L1(a, b;X) and f(t) =
∫ t

a
g(s) dλ1(s), then also ∥g∥X ∈ L1((a, b)) and f ∈ AC([a, b];X).

Recall that f : [a, b] → X is absolutely continuous on [a, b], if ∀ε > 0 ∃δ > 0:
∑n

i=1 ∥f(bi) − f(ai)∥X < ε for all
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{[ai, bi]}ni=1, disjoint collection of subintervals of I with the total length less than δ. Therefore, if u ∈ W 1,p(a, b;X),
then there exists a representative of u, a function ũ ∈ AC([a, b];X) such that ũ is differentiable almost everywhere,
ũ′ = u′ and ũ = u almost everywhere in [a, b]. Unless stated differently, we shall always assume that we work directly
with this representative.

We further have

Proposition 4.3.8. Let 1 ≤ p ≤ ∞. Then W 1,p(I;X) ↪→ C(I;X), i.e., working with the representative from above, we
have

∥u∥C(I;X) ≤ C∥u∥W 1,p(I;X).

The previous results are summarized in the following theorem.

Theorem 4.3.9 — Properties of weak derivative. Let u ∈ Lp(I;X), 1 ≤ p ≤ ∞. Then the following asser-
tions are equivalent:

1. u ∈W 1,p(I;X)

2. u is absolutely continuous on I and u′ ∈ Lp(I;X)

3. there exists a function v ∈ Lp(I;X) such that for all x′ ∈ X∗ the function ψ(t) := ⟨x′, u(t)⟩X is absolutely
continuous on I and ψ′(t) = ⟨x′, v(t)⟩X almost everywhere in I.

Furthermore, we have

Theorem 4.3.10 — Density of smooth functions in time. Let 1 ≤ p < ∞. Then C∞(I;X) is dense in
W 1,p(I;X).

4.4 Gelfand triple and properties of corresponding Bochner spaces
We next consider a more general setting, where the time derivative in general belongs to a different space than the
function itself.

Definition 4.4.1 — Gelfand triple. Let X be a separable reflexive Banach space such that there exists a Hilbert
space H, where X ↪→ H densely. Then we call the triple X, H ∼= H∗ and X∗ the Gelfand triple.

In what follows we shall prove that
X ↪→ H ∼= H∗ ↪→ X∗,

where both embeddings are dense. The identification of H and H∗ is through the Riesz representation Theorem. Let
x ∈ X and Ix ∈ H, where I: X → H represents the embedding. Let Φ: H∗ → H be the mapping which represents
the Riesz representation Theorem. Then we may define i: X → X∗ as follows

⟨ix0, x⟩X := (Ix0, Ix)H = ⟨Φ−1Ix0, Ix⟩H ,

where x, x0 ∈ X. The mapping i: X → X∗ is injective and i(X) is dense in X∗ (due to the fact that both embeddings
are dense).

Example 4.4.2. Let X = W 1,2
0 (Ω) and H = L2(Ω). As W 1,2

0 (Ω) is densely embedded into L2(Ω), the spaces
W 1,2

0 (Ω), L2(Ω) and W−1,2(Ω) =
(
W 1,2

0 (Ω)
)∗ form the Gelfand triple. By the Riesz representation Theorem, for any

f ∈W−1,2(Ω) there exists unique uf ∈W 1,2
0 (Ω) such that

⟨f, v⟩W 1,2
0 (Ω) = ((uf , v))W 1,2

0 (Ω) :=

∫
Ω

∇u · ∇v dx,

where the scalar product is equivalent to the standard scalar product on W 1,2(Ω). Now, if u ∈ C∞
0 (Ω) (which is dense

in W 1,2
0 (Ω)), then

((u, v))W 1,2
0 (Ω) =

∫
Ω

∇u · ∇v dx = −
∫
Ω

∆uv dx

for any v ∈W 1,2
0 (Ω). Hence for any f ∈W−1,2(Ω) there exists {un}n∈N such that un → uf in W 1,2

0 (Ω). Then

⟨f, v⟩W 1,2
0 (Ω) = lim

n→∞

∫
Ω

−∆unv dx = lim
n→∞

(−∆un, v)L2(Ω)

= lim
n→∞

⟨i(−∆un), v⟩W 1,2
0 (Ω) =: lim

n→∞
⟨i(fn), v⟩W 1,2

0 (Ω),
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where fn ∈ C∞
0 (Ω). Clearly, i is injective by definition and i(W 1,2

0 (Ω)) is dense in L2(Ω). Moreover, if f ∈ L2(Ω),
then −∆un → f in L2(Ω) and we have that

⟨f, v⟩W 1,2
0 (Ω) =

∫
Ω

fv dx

for any v ∈W 1,2
0 (Ω).

In this setting, we can generalize the definition of the time derivative.

Definition 4.4.3 — Generalized weak time derivative. Let u ∈ Lp(I;X), where X, H and X∗ form the
Gelfand triple. Then we say that v ∈ Lq(I;X∗) is the time derivative of u, if∫

I

⟨v, w⟩Xψ dt = −
∫
I

(u,w)Hψ
′ dt

holds for all w ∈ X, ψ ∈ C∞
0 (I;R). We denote u′ := v.

We have the following important result.

Theorem 4.4.4 — Continuous representative for Gelfand triple. Let X, H, X∗ form the Gelfand triple,
and let u ∈ Lp(I;X) with u′ ∈ Lp′

(I;X∗), 1 < p < ∞. Then u = ũ almost everywhere in I, where ũ ∈ C(I;H).
Moreover, t 7→ ∥u(t)∥2H is weakly differentiable, and

d

dt
∥u(t)∥2H = 2⟨u′(t), u(t)⟩X

almost everywhere in I. In particular,

∥ũ(t2)∥2H = ∥ũ(t1)∥2H +

∫ t2

t1

2⟨u′(s), u(s)⟩X ds.

Remark 4.4.5. Similarly as in Theorem 4.4.4 we may also show that if u, v ∈ Lp(I;X), u′, v′ ∈ Lp′
(I;X∗), then for

ψ ∈ C∞
0 (I;R) ∫

I

(
⟨u′, v⟩X + ⟨v′, u⟩X

)
ψ dt = −

∫
I

(u, v)Hψ
′ dt

as well as ∫ t2

t1

(
⟨u′, v⟩X + ⟨v′, u⟩X

)
ψ dt = (u(t2), v(t2))Hψ(t2)− (u(t1), v(t1))Hψ(t1)−

∫ t2

t1

(u, v)Hψ
′ dt

for any ψ ∈ C∞(I;R) and any t1, t2 ∈ I.

The proof of the theorem requires several auxiliary results which are also important independently.

Lemma 4.4.6 Let u ∈ Lp(I;X) and u′ ∈ Lq(I;Y ), 1 ≤ p, q <∞, where X, Y are Banach spaces, X ↪→ Y . Then
there exists a sequence {un}n∈N ⊂ C∞(I;X) such that {u′n}n∈N ⊂ C∞(I;Y ), and

un → u in Lp(I;X) and u′n → u′ in Lq(I;Y ).

Lemma 4.4.7 Let X be a reflexive Banach space, Y a Banach space and X ↪→ Y densely. Then Y ∗ ↪→ X∗

densely.

Definition 4.4.8 — Weak continuity. Let X be a Banach space. We say that u: I → X is continuous in the
weak topology of X (weakly continuous in X), u ∈ C(I;Xw), if the mapping

t 7→ ⟨x′, u(t)⟩X

is continuous in I for all x′ ∈ X∗.

Clearly, if u ∈ C(I;X), then u ∈ C(I;Xw), the other implication is generally true only if X is finite dimen-
sional.

Lemma 4.4.9 Let X, Y be two Banach spaces, X reflexive, X ↪→ Y densely, I ⊂ R be bounded, open. Let
φ ∈ L∞(I;X) and φ ∈ C(I;Yw). Then φ ∈ C(I;Xw).
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4.5 Compact embedding of spaces with time derivative
We close this chapter by presenting a result which will replace for the evolutionary equations the result on compact
embedding of Sobolev spaces and thus will allow to solve certain classes of nonlinear problems. We consider for X0

and X1 Banach spaces
W =Wα0,α1

X0,X1
= {v ∈ Lα0(I;X0) | v′ ∈ Lα1(I;X1)},

where I ⊂ R is an open bounded interval. We define

∥u∥W := ∥u∥Lα0 (I;X0) + ∥u′∥Lα1 (I;X1).

The main result is

Theorem 4.5.1 — Aubin–Lions. Let X0, X1 and X be Banach spaces such that X0 ↪→↪→ X ↪→ X1. Let X0,
X1 be reflexive, 1 < α0, α1 <∞ and let I be open, bounded. Then W ↪→↪→ Lα0(I;X).



Chapter 5

Linear evolutionary equations

We shall now study problems which describe evolution of certain quantities in time. In this chapter we restrict ourselves
to linear problems which are easier to study and we present existence of weak solutions to linear parabolic equation
(as, e.g., the heat equation) and linear hyperbolic problems (as, e.g., the wave equation). We also study regularity
of weak solutions as well as some of their further properties. In the whole chapter, we restrict ourselves to scalar
equations. Another method, based on the theory of semigroups, will be presented in Chapter 9.

5.1 Second order parabolic equations
Let Ω ⊂ Rd be open, bounded and let T ∈ (0,∞). We set QT := (0, T )× Ω and consider

∂tu+ Lu = f in QT

u = 0 on (0, T )× ∂Ω

u(0, ·) = g(·) in Ω,

(5.1)

where f : QT → R and g: Ω → R are given, and u: QT → R is unknown. Moreover, we assume that

Lu := −
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+

d∑
i=1

ci
∂u

∂xi
+ bu,

where {aij}di,j=1, {ci}di=1 and b: QT → R are given functions.

Definition 5.1.1 — Parabolic operator. We say that the operator ∂t + L is parabolic if there exists C1 > 0
such that

d∑
i,j=1

aij(t, x)ξiξj ≥ C1|ξξξ|2

for all ξξξ ∈ Rd and almost every (t, x) ∈ QT . Moreover, the functions {aij}di,j=1, {ci}di=1 and b are from L∞(QT ).

Example 5.1.2. Taking aij = δij , c = 0 and b = 0 we get that Lu = −∆u and the corresponding equation (5.1)1
reduces to the heat equation

∂tu−∆u = f.

Keeping c = 0 and b = 0, but considering Lu = −
∑d

i,j=1
∂

∂xi

(
aij

∂u
∂xj

)
we get a generalized heat equation

(corresponding to an inhomogeneous material with respect to the heat conductivity)

∂tu−
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
= f.

5.1.1 Existence of weak solutions to linear parabolic problems
In order to obtain the weak formulation for our problem, we define

B[u, v](t) :=

∫
Ω

[ d∑
i,j=1

aij
∂u

∂xj

∂v

∂xi
+

d∑
i=1

ci
∂u

∂xi
v + buv

]
(t, ·) dx

which is well defined for almost every t ∈ (0, T ) if u, v ∈ W 1,2(Ω) and {aij}di,j=1, {ci}di=1, b ∈ L∞(QT ). We first
reformulate our problem (5.1) into the setting we introduced in Chapter 4.

85
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We consider the mapping
u : [0, T ] →W 1,2

0 (Ω)

defined by
[u(t)](x) := u(t, x), x ∈ Ω, t ∈ [0, T ],

and similarly
f : [0, T ] → L2(Ω) or W−1,2(Ω).

Since we consider u ∈ L2(0, T ;W 1,2(Ω)) and aij , ci and b ∈ L∞(QT ), using

∂tu =

d∑
i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
−

d∑
i=1

ci
∂u

∂xi
− bu+ f,

we may expect that ∂tu ∈ L2(0, T ;W−1,2(Ω)). For simplicity, we first consider only the homogeneous Dirichlet
boundary conditions. A more complex choice of boundary conditions will be presented later. We have

Definition 5.1.3 — Weak solution to linear parabolic problem. Let T ∈ (0,∞), f ∈ L2(0, T ;W−1,2(Ω)),
g ∈ L2(Ω) and let the operator ∂t + L be parabolic in the sense of Definition 5.1.1. Then u ∈ L2(0, T ;W 1,2

0 (Ω))
with ∂tu ∈ L2(0, T ;W−1,2(Ω)) is a weak solution to our problem (5.1), provided

⟨∂tu, v⟩W 1,2
0 (Ω) +B[u, v](t) = ⟨f, v⟩W 1,2

0 (Ω)

holds for almost every t ∈ (0, T ) and all v ∈W 1,2
0 (Ω) and

u(0, ·) = g(·).

Remark 5.1.4. If u ∈ L2(0, T ;W 1,2
0 (Ω)) and ∂tu ∈ L2(0, T ;W−1,2(Ω)), then u ∈ C([0, T ];L2(Ω)), as W 1,2

0 (Ω), L2(Ω)
and W−1,2(Ω) form a Gelfand triple. Therefore the initial condition at t = 0 is satisfied in the sense

lim
t→0+

∥u(t, ·)− g∥L2(Ω) = 0,

where we work with the continuous representative from Theorem 4.4.4.

Before proving existence of the unique weak solution, let us show several important auxiliary results.

Lemma 5.1.5 — Properties of projection to eigenfunctions of Laplace equation I. Let {wk}∞k=1 be the
eigenfunctions to Laplace equation with Dirichlet boundary conditions normalized in L2(Ω), i.e., for any k ∈ N the
function wk ∈W 1,2

0 (Ω) and ∫
Ω

∇wk · ∇v dx = λk

∫
Ω

wkv dx

holds for any v ∈ W 1,2
0 (Ω), where λk > 0 are the corresponding eigenvalues, ∥wk∥2 = 1. We set for arbitrary

u ∈ L2(Ω) and n ∈ N

un :=

n∑
j=1

ajwj ,

where aj := (u,wk)2 =
∫
Ω
uwj dx. Then it holds.

1. We have for any n ∈ N
∥un∥2 ≤ ∥u∥2. (5.2)

2. If further u ∈W 1,2
0 (Ω), then also for any n ∈ N

∥∇un∥2 ≤ ∥∇u∥2. (5.3)

3. Moreover, there exists a positive constant C such that if Ω ∈ C1,1 and u ∈W 2,2(Ω)∩W 1,2
0 (Ω), for any n ∈ N

it holds
∥un∥2,2 ≤ C∥u∥2,2. (5.4)

Proof. Step 1: Proof of Claim 1.
The proof follows from standard theory on abstract Fourier series, as {wk}∞k=1 forms an orthonormal complete system
in L2(Ω).

Step 2: Proof of Claim 2.
Recall that {∇wk√

λk
}∞k=1 forms an orthonormal system in W 1,2

0 (Ω) with respect to the equivalent norm in W 1,2
0 (Ω) defined
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as |||u|||W 1,2
0 (Ω) := ∥∇u∥L2(Ω;Rd). We then compute (recall that (∇wk,∇wl)2 = 0 if k ̸= l)

∥∇un∥22 =
∥∥∥ n∑

k=1

(u,wk)2∇wk

∥∥∥2
2
=

n∑
k=1

(u,wk)
2
2∥∇wk∥22 =

n∑
k=1

1

λ2k
∥∇wk∥22(∇u,∇wk)

2
2

=

n∑
k=1

1

λk
(∇u,∇wk)

2
2 =

n∑
k=1

(
∇u, ∇wk√

λk

)2
2
≤ ∥∇u∥22,

where in the last step we used the Bessel inequality.
Step 3: Proof of Claim 3.

Note first that under the assumption on regularity of Ω there exist positive constants C1 and C2 such that for any
v ∈W 2,2(Ω) ∩W 1,2

0 (Ω) we have
C1∥v∥2,2 ≤ ∥∆v∥2 ≤ C2∥v∥2,2. (5.5)

This follows directly from Theorem 3.7.8. Indeed, let f ∈ L2(Ω) be such that

∆v = f.

Since v ∈W 1,2
0 (Ω), we may view the problem above as a weak solution to the Laplace equation with the homogeneous

Dirichlet boundary condition. Whence by Theorem 3.7.8 we know that

∥v∥2,2 ≤ C∥f∥2.

We thus compute
∥v∥22,2 ≤ ∥f∥22 = ∥∆v∥22.

The other inequality is trivial. Note further that again due to Theorem 3.7.8 and Remark 3.7.9 we know that for any
k ∈ N wk ∈W 2,2(Ω) ∩W 1,2

0 (Ω). As

(∆wk,∆wl)2 = λkλl(wk, wl)2 = λkλlδkl,

we have

C1∥un∥22,2 ≤ ∥∆un∥22 =
∥∥∥ n∑

k=1

(u,wk)∆wk

∥∥∥2
2
=

n∑
k=1

(u,wk)
2
2∥∆wk∥22

=

n∑
k=1

(u,wk)
2
2λ

2
k =

n∑
k=1

(∇u,∇wk)
2
2 =

n∑
k=1

(∆u,wk)
2
2 ≤ ∥∆u∥22 ≤ C2∥u∥22,2.

Above, we used twice inequality (5.5), properties of the eigenfunctions to the Laplace operator as well as Bessel
inequality. ■

In case we study more general boundary conditions for the parabolic problem, the following generalization of
Lemma 5.1.5 is useful. Note that we can even have |Γ1| = 0 (i.e., λ1 = 0 and w1 = const = 1√

|Ω|
).

Lemma 5.1.6 — Properties of projection to eigenfunctions of Laplace equation II. Let

V = {u ∈W 1,2(Ω) |u = 0 on Γ1 ⊂ ∂Ω},

∂Ω = Γ1 ∪ Γ2 ∪M , |M |d−1 = 0 and consider the following problem in the weak setting,

−∆wk = λkwk in Ω

wk = 0 on Γ1

∂wk

∂ννν
= 0 on Γ2,

i.e., we look for a nontrivial wk ∈ V , ∥wk∥2 = 1, such that∫
Ω

∇wk∇v dx = λk

∫
Ω

wkv dx

holds for all v ∈ V . We set as above un =
∑n

k=1(u,wk)wk, where u ∈ L2(Ω).

1. We have for any n ∈ N
∥un∥2 ≤ ∥u∥2.

2. If additionally u ∈ V , then also
∥∇un∥2 ≤ ∥∇u∥2.
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Proof. The proof is exactly the same as in the case of Lemma 5.1.5, Claims 1. and 2. ■

Next we recall

Lemma 5.1.7 — Gronwall lemma. Let η ∈ C([0, T )), g, h ∈ L1(0, T ), g nonnegative almost everywhere in
(0, T ) be such that

η′(t) ≤ η(t)g(t) + h(t) (5.6)

holds almost everywhere in (0, T ). Then for any t ∈ (0, T ]

η(t) ≤ e
∫ t
0
g(s) ds

(
η(0) +

∫ t

0

h(s) ds
)
. (5.7)

Exercise 5.1.8. Prove the Gronwall inequality (5.7).

We now aim at showing the following fundamental result

Theorem 5.1.9 — Existence and uniqueness of weak solutions to linear parabolic problem. Under the
assumptions stated in Definition 5.1.3, for any T <∞, there exists a unique weak solution to Problem (5.1) in the
sense of Definition 5.1.3.

Proof. Step 1: Galerkin approximation
We assume that {wk}k∈N is a the orthonormal basis in L2(Ω) and orthogonal in W 1,2(Ω) formed by eigenfunctions

of the Laplace equation with homogeneous Dirichlet boundary condition. We have that wk ∈ C∞(Ω) ∩W 1,2
0 (Ω) for

any k ∈ N. We now look for the approximate solution in the form

un(t, x) :=

n∑
k=1

dni (t)wk(x) (5.8)

and we have that

un(0, x) =

n∑
k=1

dnk (0)wk(x), (5.9)

where
dnk (0) :=

∫
Ω

gwk dx = (g, wk)L2(Ω). (5.10)

Further, we assume that un solves our problem for test functions from a finite dimensional subspace of W 1,2
0 (Ω) only,

i.e., from the linear hull of {wk}nk=1. Then we can write our approximate problem as follows

(∂tun(t, ·), wk)L2(Ω) +B[un, wk](t) = ⟨f(t, ·), wk⟩W 1,2
0 (Ω), (5.11)

k = 1, 2, . . . , n, where un(0) fulfils (5.9)–(5.10). The main point is that we may rewrite (5.11) as a system of ordinary
differential equations for the unknown functions {dnk}nk=1 as follows

dnk
′(t) +B

[ n∑
l=1

dnl (t)wl, wk

]
(t) = ⟨f(t, ·), wk⟩W 1,2

0 (Ω)

dnk (0) = (g, wk)L2(Ω).

(5.12)

Note that (5.12) is a system of linear ordinary differential equations of the first order, where the right-hand side
belongs to L2(0, T ). Therefore we may apply the Carathéodory theory to deduce existence of a unique vector-valued
absolutely continuous function d⃗ solving (5.12) a.e. in (0, T ). (If the reader prefers to use the classical theory for
ODEs, it is possible to mollify the function f in time which we, however, will not do in these Lecture Notes.)

Step 2: Energy estimates
We intend to pass with n→ ∞, so we need to control the sequence of approximate solutions independently of n, i.e.,
we need to prove the so called a priori estimates. To this aim, we multiply the Galerkin approximation tested by wk

by dnk (t) and sum up with respect to k, from 1 to n. It is in fact the same as using as a test function the solution
itself. We get ∫

Ω

∂tunun dx+

∫
Ω

( d∑
i,j=1

aij
∂un
∂xi

∂un
∂xj

+

d∑
i=1

ci
∂un
∂xi

un + b|un|2
)
dx = ⟨f, un⟩W 1,2

0 (Ω). (5.13)

We have ∫
Ω

∂tunun dx =
1

2

d

dt

∫
Ω

|un|2 dx
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and
B[un, un](t) ≥ C1∥∇un∥2L2(Ω;Rd) − C∥∇un∥L2(Ω;Rd)∥un∥L2(Ω) − C∥un∥2L2(Ω).

Therefore
d

dt
∥un∥2L2(Ω) + C̃1∥un∥2W 1,2(Ω) ≤ C

(
∥un∥2L2(Ω) + ∥f∥2W−1,2(Ω)

)
. (5.14)

We now employ the Gronwall Lemma 5.1.7. Inequality

η′(t) ≤ C1η(t) + C2F (t)

in (0, T ) implies

η(t) ≤ eC1t
(
η(0) + C2

∫ t

0

F (s) ds
)

in (0, T ). Denoting η(t) := ∥un∥2L2(Ω), F (t) := ∥f(t)∥2W−1,2(Ω), we end up with

∥un(t, ·)∥2L2(Ω) ≤ C(T )
(
∥un(0, ·)∥2L2(Ω) + ∥f∥2L2(0,t;W−1,2(Ω))

)
for arbitrary t ∈ (0, T ). Due to the Bessel inequality (see also Lemma 5.1.5, Case 1.)

∥un(0, ·)∥L2(Ω) ≤ ∥g∥2L2(Ω),

hence we get
max
t∈[0,T ]

∥un(t, ·)∥L2(Ω) ≤ C
(
∥g∥L2(Ω) + ∥f∥L2(0,T ;W−1,2(Ω))

)
.

We now return back to (5.14) and read from it

C̃1

∫ T

0

∥un∥2W 1,2(Ω) dt ≤ C
(∫ T

0

∥un∥2L2(Ω) dt+

∫ t

0

∥f∥2W−1,2(Ω) dt
)
+ ∥un(0, ·)∥2L2(Ω),

therefore, together with the estimate above

∥un∥L∞(0,T ;L2(Ω)) + ∥un∥L2(0,T ;W 1,2(Ω)) ≤ C
(
∥f∥L2(0,T ;W−1,2(Ω)) + ∥g∥L2(Ω)

)
.

We, however, also need an estimate of the time derivative. For arbitrary v ∈W 1,2
0 (Ω) we can write

v = v1n + v2n,

where v1n belongs to the linear hull of {wk}nk=1, and v2n is perpendicular to this set in L2(Ω). We easily get∫
Ω

∂tunv dx =

∫
Ω

∂tun(v
1
n + v2n) dx =

∫
Ω

∂tunv
1
n dx+ 0

and we may use the Galerkin approximation for un. It yields (recall that W 1,2
0 (Ω), L2(Ω) and W−1,2(Ω) form the

Gelfand triple)

⟨∂tun, v1n⟩W 1,2
0 (Ω) =

∫
Ω

∂tunv
1
n dx = ⟨f, v1n⟩W 1,2

0 (Ω) −B[un, v
1
n](t),

and therefore

∥∂tun∥W−1,2(Ω) = sup
v∈W

1,2
0 (Ω)

∥v∥W1,2(Ω)≤1

⟨∂tun, v⟩W 1,2
0 (Ω) = sup

v∈W
1,2
0 (Ω)

∥v∥W1,2(Ω)≤1

∫
Ω

∂tunv dx

= sup
v∈W

1,2
0 (Ω)

∥v∥W1,2(Ω)≤1

∫
Ω

∂tunv
1
n dx = sup

v∈W
1,2
0 (Ω)

∥v∥W1,2(Ω)≤1

(
⟨f, v1n⟩W 1,2

0 (Ω) −B[un, v
1
n]
)

≤ sup
v∈W

1,2
0 (Ω)

∥v∥W1,2(Ω)≤1

(
∥f∥W−1,2(Ω) + C∥un∥W 1,2(Ω)

)
∥v1n∥W 1,2(Ω)

≤ C
(
∥f∥W−1,2(Ω) + ∥un∥W 1,2(Ω)

)
,

where we used that ∥v1n∥W 1,2(Ω) ≤ ∥v∥W 1,2(Ω), see Lemma 5.1.5, Claim 2. Therefore we have

∥∂tun∥L2(0,T ;W−1,2(Ω)) ≤ C
(
∥f∥L2(0,T ;W−1,2(Ω)) + ∥un∥L2(0,T ;W 1,2(Ω))

)
≤ C

(
∥f∥L2(0,T ;W−1,2(Ω)) + ∥g∥L2(Ω)

)
.
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Step 3: Limit passage
Next we want to let n → ∞. As the spaces L2(0, T ;W 1,2

0 (Ω)) and L2(0, T ;W−1,2(Ω)) are Hilbert spaces and the
space L∞(0, T ;L2(Ω)) has a separable predual space, there exists u ∈ L2(0, T ;W 1,2

0 (Ω)) ∩ L∞(0, T ;L2(Ω)) with
∂tu ∈ L2(0, T ;W−1,2(Ω)) such that for a chosen subsequence {nk}k∈N ⊂ {n}n∈N we have for k → ∞

unk
⇀ u in L2(0, T ;W 1,2

0 (Ω))

unk
⇀∗ u in L∞(0, T ;L2(Ω))

∂tunk
⇀ ∂tu in L2(0, T ;W−1,2(Ω)).

Passing to the limit in the modified Galerkin approximation∫ T

0

⟨∂tunk
, wl⟩W 1,2

0 (Ω)ψ dt+

∫ T

0

B[unk
, wl]ψ dt =

∫ T

0

⟨f, wl⟩W 1,2
0 (Ω)ψ dt,

where ψ ∈ C∞
0 ((0, T )), we get∫ T

0

⟨∂tu,wl⟩W 1,2
0 (Ω)ψ dt+

∫ T

0

B[u,wl]ψ dt =

∫ T

0

⟨f, wl⟩W 1,2
0 (Ω)ψ dt

for all l ∈ N and all ψ ∈ C∞
0 ((0, T )). As the linear hull of {wl}l∈N is dense in W 1,2

0 (Ω), we easily show∫ T

0

⟨∂tu, v⟩W 1,2
0 (Ω)ψ dt+

∫ T

0

B[u, v]ψ dt =

∫ T

0

⟨f, v⟩W 1,2
0 (Ω)ψ dt (5.15)

for all v ∈W 1,2
0 (Ω) and all ψ ∈ C∞

0 ((0, T )). Hence

⟨∂tu, v⟩W 1,2
0 (Ω) +B[u, v]ψ = ⟨f, v⟩W 1,2

0 (Ω)

for all v ∈W 1,2(Ω) almost everywhere in (0, T ). Note that v does not depend on time and the set of times, where the
equality holds, is connected to the set of Lebesgue points of the three terms above. Thus the equality holds on the
same set for all functions v ∈W 1,2

0 (Ω).
Let us now verify that limt→0+ ∥u(t) − g∥L2(Ω) = 0. First, we have from (5.15) due to the definition of the time

derivative

−
∫ T

0

(u, v)L2(Ω)ψ
′ dt+

∫ T

0

B[u, v](t)ψ dt =

∫ T

0

⟨f, v⟩W 1,2
0 (Ω)ψ dt

for all v ∈W 1,2
0 (Ω) and all ψ ∈ C∞

0 ((0, T )). As (u, v)L2(Ω) ∈ C([0, T ]) for any v ∈W 1,2
0 (Ω), we may take a sequence of

ψn ∈ C∞
0 ((0, T )) such that it converges to a function ψ ∈ C∞

0 ([0, T )) locally uniformly in (0, T ) (and ψ′ converges in
distributions to ψ′ + ψ(0)δ). Then we get

−
∫ T

0

(u, v)L2(Ω)ψ
′ dt− (u(0, ·), v(·))L2(Ω)ψ(0) +

∫ T

0

B[u, v](t)ψ dt =

∫ T

0

⟨f, v⟩W 1,2
0 (Ω)ψ dt (5.16)

for all v ∈ W 1,2
0 (Ω) and ψ ∈ C∞

0 ([0, T )). Similarly, starting now from the Galerkin approximation, we have (we
multiply the k-th equation by ψ ∈ C∞

0 ([0, T )), integrate over the time interval and use the integration by parts with
respect to time)

−
∫ T

0

(unk
, wl)L2(Ω)ψ

′ dt− (unk
(0, ·), wl(·))L2(Ω)ψ(0) +

∫ T

0

B[unk
, wl](t)ψ dt =

∫ T

0

⟨f, wl⟩W 1,2
0 (Ω)ψ dt

for any l ∈ {1, 2, . . . , nk}. Using the fact that (unk
(0), wl)L2(Ω) = (g, wl)L2(Ω) for any l ≤ nk, we may pass to the limit

k → ∞ to get

−
∫ T

0

(u,wl)L2(Ω)ψ
′ dt− (g, wl)L2(Ω)ψ(0) +

∫ T

0

B[u,wl](t)ψ dt =

∫ T

0

⟨f, wl⟩W 1,2
0 (Ω)ψ dt

for any l ∈ N and any ψ ∈ C∞
0 ([0, T )). Next, using the density of the linear hull of {wl}l∈N in W 1,2

0 (Ω) we easily get

−
∫ T

0

(u, v)L2(Ω)ψ
′ dt− (g, v)L2(Ω)ψ(0) +

∫ T

0

B[u, v](t)ψ dt =

∫ T

0

⟨f, v⟩W 1,2
0 (Ω)ψ dt

for any v ∈W 1,2
0 (Ω) and any ψ ∈ C∞

0 ([0, T )). Hence

(u(0, ·), v(·))L2(Ω) = (g, v)L2(Ω) ∀v ∈W 1,2
0 (Ω) ⊃ C∞

0 (Ω)
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which yields
u(0, ·) = g(·).

Since u ∈ C([0, T ];L2(Ω)), we also have
lim
t→0+

∥u(t)− g∥L2(Ω) = 0.

Step 4: Uniqueness
Since the problem is linear, it is enough to verify that unique solution to our problem with f ≡ 0 and g ≡ 0 is u ≡ 0.
As the solution u is an appropriate test function, we have for almost every t ∈ (0, T )

⟨u′, u⟩W 1,2
0 (Ω) +B[u, u] = 0.

Using now Theorem 4.4.4 and the properties of the bilinear form, we have

1

2

d

dt
∥u∥2L2(Ω) +

C̃1

2
∥u∥2W 1,2(Ω) ≤ C∥u∥2L2(Ω).

The Gronwall Lemma 5.1.7 together with the fact that the initial condition is zero yields

∥u(t, ·)∥2L2(Ω) = 0 for any t ∈ [0, T ],

whence u = 0 almost everywhere in QT . ■

We now consider a more general initial-boundary value problem (with the same parabolic operator as above)

∂tu+ Lu = f in QT

u = u0 on (0, T )× Γ1

(A∇u) · ννν = h on (0, T )× Γ2

(A∇u) · ννν + σu = h on (0, T )× Γ3

u(·, 0) = g(·) in Ω.

(5.17)

We set
V = {v ∈W 1,2 | v = 0 on Γ1 in the sense of traces}.

We assume that there exists

U0 ∈ L2(0, T ;W 1,2(Ω)) with ∂tU0 ∈ L2(0, T ; (W 1,2(Ω))∗), U0|Γ1
= u0 (5.18)

and further, we take

f ∈ L2(0, T ;V ∗), h ∈ L2(0, T ; (W
1
2 ,2(Γ2 ∪ Γ3))

∗), σ ∈ L∞((0, T )× Γ3) g ∈ L2(Ω). (5.19)

Definition 5.1.10 We say that u ∈ L2(0, T ;W 1,2(Ω)) such that u− U0 ∈ L2(0, T ;V ), ∂t(u− U0) ∈ L2(0, T ;V ∗)
is a weak solution to problem (5.17), if

⟨∂tu, v⟩V +B[u, v](t) +

∫
Γ3

σuv dS = ⟨f, v⟩V + ⟨h, v⟩
W

1
2
,2(Γ2∪Γ3)

for all v ∈ V and almost every t ∈ (0, T ), together with u(0, ·) = g(·).

Remark 5.1.11. Note that V ↪→ H = L2(Ω) = (L2(Ω))∗ ↪→ V ∗, where the embeddings are dense, form the Gelfand
triple. Furthermore u−U0 ∈ C([0, T ];L2(Ω)). Since also U0 ∈ C([0, T ];L2(Ω)), we have u ∈ C([0, T ];L2(Ω)). Therefore
the initial condition is well defined.

Theorem 5.1.12 — Existence and uniqueness of weak solutions to linear parabolic problem with
general boundary conditions. Let Ω ∈ C0,1 and {Γi}3i=1 be as in the elliptic problem. Let the operator ∂t + L
be parabolic. Then under assumptions (5.18)–(5.19) there exists unique weak solution to (5.17) in the sense of
Definition 5.1.10.

Proof. We take {wk}k∈N, formed by the eigenfunction to the following problem

−∆wk = λkwk in Ω

wk = 0 on Γ1

∂wk

∂ννν
= 0 on Γ2 ∪ Γ3.
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We now look for un in the form

un(t, x) = U0(t, x) +

n∑
k=1

dnk (t)wk(x)

with initial condition

(un − U0)(0, x) =

n∑
k=1

(un − U0, wk)L2(Ω)(t)wk(x)

such that

(∂tun, wk)L2(Ω) +B[un, wk] +

∫
Γ3

σunwk dS = ⟨f, wk⟩V + ⟨h,wk⟩
W

1
2
,2(Γ2∪Γ3)

for all k = 1, 2, . . . , n. The existence of a unique solution to this problem can be shown exactly as in Theorem 5.1.9.
For the uniform estimates, we use as a test function un − U0 (which belongs to the linear hull of {wk}nk=1) and get

(∂tun, un − U0)L2(Ω) +B[un, un − U0] +

∫
Γ3

σun(un − U0) dS = ⟨f, un − U0⟩V + ⟨h, un − U0⟩
W

1
2
,2(Γ2∪Γ3)

.

This can be rewritten as

(∂t(un − U0), un − U0)L2(Ω) +B[un − U0, un − U0] +

∫
Γ3

σ(un − U0)
2 dS = −⟨∂tU0, un − U0⟩W 1,2

0 (Ω)

−B[U0, un − U0]−
∫
Γ3

σU0(un − U0) dS + ⟨f, un − U0⟩V + ⟨h, un − U0⟩
W

1
2
,2(Γ2∪Γ3)

.

As in Theorem 5.1.9, by means of the Gronwall argument, we get

max
t∈[0,T ]

∥(un − U0)(t, ·)∥L2(Ω) +
C̃1

2
∥un − U0∥L2(0,T ;W 1,2(Ω))

≤ C
(
∥f∥L2(0,T ;V ∗) + ∥U0∥L2(0,T ;W 1,2(Ω)) + ∥∂tU0∥L2(0,T ;(W 1,2(Ω)))∗ + ∥h∥

(W
1
2
,2(Γ2∪Γ3))∗

+ ∥(un − U0)(0, ·)∥L2(Ω)

)
≤ C

(
∥f∥L2(0,T ;V ∗) + ∥U0∥L2(0,T ;W 1,2(Ω)) + ∥∂tU0∥L2(0,T ;(W 1,2(Ω)))∗ + ∥h∥

(W
1
2
,2(Γ2∪Γ3))∗

+ ∥g∥L2(Ω)

)
.

The difficulty is connected with the surface integral over Γ3, where we need to estimate

∥un − U0∥L2(Γ3) ≤ C∥un − U0∥
1
2

L2(Ω)∥un − U0∥
1
2

W 1,2(Ω)

which follows from the properties of the trace operator.
Similarly as in Theorem 5.1.9 we also get

∥∂t(un − U0)∥L2(0,T ;V ∗)

≤ C
(
∥f∥L2(0,T ;V ∗) + ∥U0∥L2(0,T ;W 1,2(Ω)) + ∥∂tU0∥L2(0,T ;(W 1,2(Ω)))∗ + ∥h∥

(W
1
2
,2(Γ2∪Γ3))∗

+ ∥g∥L2(Ω)

)
.

The limit passage n → ∞ is the same as above in Theorem 5.1.9, similarly also the satisfaction of the initial
condition. Finally, for uniqueness, we again need to verify that for zero data, the only solution is zero. We have

⟨∂tu, v⟩V +B[u, v](t) +

∫
Γ3

σuv dS = 0

with u(0) = 0. We plug in v := u and get

1

2

d

dt
∥u∥2L2(Ω) +

C̃1

2
∥u∥W 1,2(Ω) ≤ C(∥u∥2L2(Ω) + ∥u∥2L2(Γ3)

).

We again employ the interpolation inequality

∥u∥L2(Γ3) ≤ C∥u∥
1
2

L2(Ω)∥u∥
1
2

W 1,2(Ω)

together with the Young inequality and the Gronwall inequality yields due to the zero initial condition that u = 0
almost everywhere in QT . The proof is complete. ■



5.1. Second order parabolic equations 93

5.1.2 Regularity of weak solutions to linear parabolic problems
Let us now look at the problem of the regularity of the solution. We first present formal argument why we may expect
a better regularity than we get from the definition of the weak solution. For the sake of simplicity, we consider only
the heat equation in Rd, i.e.,

∂tu−∆u = f in (0, T )× Rd,

u(0, ·) = g(·) in Rd,

and let f ∈ L2((0, T )× Rd) = L2(0, T ;L2(Rd)), g ∈W 1,2(Rd) =W 1,2
0 (Rd). Furthermore, we assume that u→ 0 when

|x| → ∞ so that all integrations by parts we use below are allowed. Then we have∫
Rd

f2 dx =

∫
Rd

(∂tu−∆u)2 dx =

∫
Rd

(
(∂tu)

2 + (∆u)2 − 2∆u∂tu
)
dx

=

∫
Rd

(
(∂tu)

2 dx+

∫
Rd

(∆u)2 dx+ 2

∫
Rd

∂t∇u · ∇u dx.

The second integral can be rewritten as∫
Rd

(∆u)2 dx =

∫
Rd

( d∑
k=1

∂2u

∂u2k

)( d∑
l=1

∂2u

∂x2l

)
dx

=

d∑
k,l=1

∫
Rd

∂2u

∂xk∂xl

∂2u

∂xk∂xl
dx =

∫
Rd

|∇2u|2 dx

and the third integral

2

∫
Rd

∂t∇u · ∇u dx =
d

dt

∫
Rd

|∇u|2 dx.

Therefore

max
t∈[0,T ]

∫
Rd

|∇u|2 dx+

∫ T

0

∫
Rd

(
|∇2u|2 + (∂tu)

2
)
dx dt

≤
∫

Rd

|∇u(0)|2 dx+

∫ T

0

∫
Rd

f2 dx dt

=

∫
Rd

|∇g|2 dx+

∫ T

0

∫
Rd

f2 dx dt.

Next we differentiate the equation with respect to time. We get

∂2ttu−∆∂tu = ∂tf,

hence testing the equation by ∂tu
1

2

d

dt
∥∂tu∥2L2(Rd) +

∫
Rd

|∇∂tu|2 dx =

∫
Rd

∂tf∂tu dx.

Thus, using also the Gronwall lemma 5.1.7 and the fact that ∂tu(0, ·) = ∆u(0, ·) + f(0, ·),

max
t∈[0,T ]

∥∂tu∥2L2(Rd) + ∥∇∂tu∥2L2((0,T )×Rd;Rd) ≤ ∥∂tf∥2L2((0,T )×Rd) + ∥∇2g∥2L2(Rd;Rd×d) + ∥f(0, ·)∥2L2(Rd).

Since
∥f(0, ·)∥L2(Rd) ≤ C

(
∥∂tf∥L2((0,T )×Rd) + ∥f∥L2((0,T )×Rd)

)
,

we get
max
t∈[0,T ]

∥∂tu∥L2(Rd) + ∥∇∂tu∥L2((0,T )×Rd;Rd) ≤ C
(
∥f∥W 1,2(0,T ;L2(Rd)) + ∥∇2g∥L2(Rd;Rd×d)

)
.

Combining all the estimates together, we finish with

max
t∈[0,T ]

(∥∂tu∥L2(Rd) + ∥∇u∥L2(Rd;Rd)) + ∥∇∂tu∥L2((0,T )×Rd;Rd) + ∥∇2u∥L2((0,T )×Rd;Rd×d)

≤ C
(
∥f∥W 1,2(0,T ;L2(Rd)) + ∥∇g∥W 1,2(Rd;Rd)

)
.

We shall now show the estimates rigorously, for our general parabolic operator. As in the elliptic part, we consider
only homogeneous Dirichlet boundary conditions. We shall assume the following:

{aij}di,j=1 ∈W 1,∞(QT ), {ci}di=1, b ∈ L∞(QT ),

Ω ∈ C1,1, f ∈ L2(QT ), g ∈W 1,2
0 (Ω)

(5.20)

and, for higher regularity,

{aij}di,j=1 ∈W 1,∞(QT ), {ci}di=1, b ∈W 1,∞(0, T ;L∞(Ω)),

Ω ∈ C1,1, f ∈W 1,2(0, T ;L2(Ω)), g ∈W 2,2(Ω) ∩W 1,2
0 (Ω).

(5.21)

We have
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Theorem 5.1.13 — Regularity of weak solutions to parabolic equations I. Let u ∈ L2(0, T ;W 1,2
0 (Ω))

with ∂tu ∈ L2(0, T ;W−1,2(Ω)) be a weak solution to our parabolic problem in the sense of Definition 5.1.3. Let
assumptions (5.20) be fulfilled. Then u ∈ L2(0, T ;W 2,2(Ω)) ∩ L∞(0, T ;W 1,2

0 (Ω)) with ∂tu ∈ L2((0, T )× Ω) and

ess sup
t∈[0,T ]

∥∇u∥L2(Ω;Rd) + ∥∂tu∥L2(QT ) + ∥∇2u∥L2(QT ;Rd×d) ≤ C
(
∥f∥L2(QT ) + ∥∇g∥L2(Ω;Rd)

)
,

where C depends on T , Ω and coefficients of L. If (5.21) is fulfilled, then additionally u ∈ L∞(0, T ;W 2,2(Ω)) with
∂tu ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;W 1,2

0 (Ω)), ∂2ttu ∈ L2(0, T ;W−1,2(Ω)), and

ess sup
t∈[0,T ]

(∥∇2u∥L2(Ω;Rd×d) + ∥∂tu∥L2(Ω)) + ∥∂tu∥L2(0,T ;W 1,2(Ω)) + ∥∂2ttu∥L2(0,T ;W−1,2(Ω))

≤ C
(
∥f∥W 1,2(0,T ;L2(Ω)) + ∥g∥W 2,2(Ω)

)
.

Proof. Recall that due to the assumptions of Theorem 5.1.13, there exists unique weak solution to the parabolic
problem in the sense of Definition 5.1.3. Therefore we may work either with the Galerkin approximation or with the
weak formulation.
Step 1: First time derivative estimate
We start with the Galerkin approximation∫

Ω

∂tunwk dx+

∫
Ω

( d∑
k=1

aij
∂un
∂xj

∂wk

∂xi
+

d∑
i=1

ci
∂un
∂xi

wk + bunwk

)
dx =

∫
Ω

fwk dx,

k = 1, 2, . . . , n. We multiply the k-th equation by ∂td
n
k (t) and sum up for k from 1 to n (i.e., we test by the time

derivative of the approximate solution). We get∫
Ω

(∂tun)
2 dx+

∫
Ω

( d∑
i,j=1

aij
∂un
∂xj

∂(∂tun)

∂xi
dx+

d∑
i=1

ci
∂un
∂xi

∂tun + bun∂tun

)
dx =

∫
Ω

f∂tun dx.

If A = AT , we could proceed directly, since∫
Ω

( d∑
i,j=1

aij
∂un
∂xj

∂(∂tun)

∂xi
dx =

1

2

d

dt

∫
Ω

d∑
i,j=1

aij
∂un
∂xj

∂un
∂xi

dx− 1

2

d∑
i,j=1

∂taij
∂un
∂xj

∂un
∂xi

dx.

In the general case we write∫
Ω

d∑
i,j=1

aij
∂un
∂xj

∂(∂tun)

∂xi
dx =

∫
Ω

( d∑
i,j=1

1

2
(aij + aji)

∂un
∂xj

∂(∂tun)

∂xi
+

d∑
i,j=1

1

2
(aij − aji)

∂un
∂xj

∂(∂tun)

∂xi

)
dx

=
1

2

d

dt

∫
Ω

d∑
i,j=1

1

2
(aij + aji)

∂un
∂xj

∂un
∂xi

dx−
∫
Ω

d∑
i,j=1

1

2
∂t(aij + aji)

∂un
∂xj

∂un
∂xi

dx

−
∫
Ω

d∑
i,j=1

1

2

∂

∂xi
(aij − aji)

∂un
∂xj

∂tun dx.

Above, we used in the last term integration by parts together with the fact that Ω ∈ C1,1, the eigenfunctions of the
Laplace equation with homogeneous Dirichlet boundary condition are of the class W 2,2(Ω) ∩W 1,2

0 (Ω) and the extra
term ∫

Ω

d∑
i,j=1

1

2
(aij − aji)

∂2un
∂xi∂xj

∂tun dx = 0,

since the second derivative is symmetric and the term aij − aji is skew symmetric. We end up with (note that∑d
i,j=1

1
2 (aij + aji)

∂un

∂xj

∂un

∂xi
=
∑d

i,j=1 aij
∂un

∂xj

∂un

∂xi
due to the symmetry)

∥∂tun∥2L2(Ω) +
1

2

d

dt

∫
Ω

d∑
i,j=1

aij
∂un
∂xj

∂un
∂xi

dx =

∫
Ω

f∂tun dx−
∫
Ω

d∑
i=1

ci
∂un
∂xi

∂tun dx−
∫
Ω

bun∂tun dx

+
1

2

∫
Ω

d∑
i,j=1

∂taij
∂un
∂xj

∂un
∂xi

dx+

∫
Ω

d∑
i,j=1

1

2

∂

∂xi
(aij − aji)

∂un
∂xj

∂tun dx.

Due to our assumptions we can estimate the right-hand side as

|RHS| ≤ ∥f∥L2(Ω)∥∂tun∥L2(Ω) + C(L)
(
∥∇un∥L2(Ω;Rd)∥∂tun∥L2(Ω) + ∥un∥L2(Ω)∥∂tun∥L2(Ω) + ∥∇un∥2L2(Ω;Rd)

)
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and due to the bounds from Theorem 5.1.9 and parabolicity of the operator ∂t + L; i.e.,

C1∥∇u∥2L2(Ω;Rd) ≤
∫
Ω

d∑
i,j=1

aij
∂u

∂xj

∂u

∂xi
dx

we get

ess sup
t∈[0,T ]

∫
Ω

d∑
i,j=1

aij
∂un
∂xj

∂un
∂xi

dx+ ∥∂tun∥2L2(QT ) ≤ C
(
∥f∥2L2(QT ) + ∥g∥2L2(Ω) + ∥∇un(0, ·)∥2L2(Ω)

)
.

Recall that due to Claim 2. from Lemma 5.1.5 ∥∇un(0, ·)∥L2(Ω;Rd) ≤ ∥∇g∥L2(Ω;Rd). Then

∥∇un∥L∞(0,T ;L2(Ω;Rd)) + ∥∂tun∥L2(QT ) ≤ C
(
∥f∥L2(QT ) + ∥g∥W 1,2(Ω)

)
,

where the constant C depends on the coefficients of L, on T and Ω. We may therefore let n→ ∞ to get

∥∇u∥L∞(0,T ;L2(Ω;Rd)) + ∥∂tu∥L2(QT ) ≤ C
(
∥f∥L2(QT ) + ∥g∥W 1,2(Ω)

)
.

Step 2: Regularity in spatial variables
We may write now∫

Ω

d∑
i,j=1

(
aij

∂u

∂xj

∂v

∂xi

)
(t, ·) dx =

∫
Ω

f(t, ·)v(·) dx−
∫
Ω

∂tu(t, ·)v(·) dx−
∫
Ω

( d∑
i=1

ci
∂u

∂xi
v − buv

)
(t, ·) dx

for all v ∈W 1,2(Ω) and almost every t ∈ (0, T ). Therefore, using the elliptic regularity, we get

∥u(t, ·)∥W 2,2(Ω) ≤ C
(
∥f(t, ·)∥L2(Ω) + ∥∂tu(t, ·)∥L2(Ω) + ∥u(t, ·)∥W 1,2(Ω)

)
,

hence, integrating over (0, T ),
∥u∥L2(0,T ;W 2,2(Ω)) ≤ C

(
∥f∥L2(QT ) + ∥g∥W 1,2(Ω)

)
.

Above, the constant C depends again on T , on the smoothness of Ω and on the coefficients of L.
Step 3: Higher order time derivative estimate
We now continue with the second part of the theorem. We return back to the Galerkin approximation and differentiate
the corresponding system of ordinary differential equations with respect to time. This is, due to the regularity theory
for ODEs, possible, and we get∫

Ω

∂2ttunwk dx+B[∂tun, wk](t) =

∫
Ω

∂tfwk dx−
∫
Ω

d∑
i,j=1

∂taij
∂un
∂xj

∂wk

∂xi
dx

−
∫
Ω

( d∑
i=1

∂tci
∂un
∂xi

wk + ∂tbunwk

)
dx.

(5.22)

We multiply the k-th equation by ∂tdnk (t) and sum for k from 1 to n (i.e., we test by ∂tun). We get∫
Ω

∂2ttun∂tun dx+B[∂tun, ∂tun](t) =

∫
Ω

∂tf∂tun dx

−
∫
Ω

d∑
i,j=1

∂taij
∂un
∂xj

∂(∂tun)

∂xi
dx−

∫
Ω

( d∑
i=1

∂tci
∂un
∂xi

∂tun + ∂tbun∂tun

)
dx.

Therefore we have

1

2

d

dt
∥∂tun∥2L2(Ω) + ∥∇∂tun∥2L2(Ω;Rd) ≤ ∥∂tf∥L2(Ω)∥∂tun∥L2(Ω)

+ C∥∇un∥L2(Ω;Rd)∥∇∂tun∥L2(Ω;Rd) + C∥∇un∥L2(Ω;Rd)∥∂tun∥L2(Ω) + C∥un∥L2(Ω)∥∂tun∥L2(Ω)

which after employing the Gronwall and Young inequalities provides the estimate

sup
t∈[0,T ]

∥∂tun∥2L2(Ω) +

∫ T

0

∥∇∂tun∥2L2(Ω;Rd) dt ≤ C
(
∥∂tf∥2L2(0,T ;L2(Ω)) + ∥∂tun(0, ·)∥2L2(Ω)

)
.

Looking once more at the Galerkin approximation we see that

∥∂tun(0, ·)∥2L2(Ω) ≤ ∥f(0, ·)∥2L2(Ω) + C∥un(0, ·)∥2W 2,2(Ω) ≤ C
(
∥f∥2W 1,2(0,T ;L2(Ω)) + ∥g∥W 2,2(Ω)

)
,
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where we used that ∥un(0, ·)∥W 2,2(Ω) ≤ C∥g∥W 2,2(Ω), see Lemma 5.1.5, Claim 3. We can therefore let n→ ∞ and get

∥∂tu∥L∞(0,T ;L2(Ω)) + ∥∇∂tu∥L2(0,T ;L2(Ω;Rd)) ≤ C
(
∥∂tf∥W 1,2(0,T ;L2(Ω)) + ∥g∥W 2,2(Ω)

)
.

Step 4: Another time regularity
We look again at the problem

B[u, v] =

∫
Ω

fv dx−
∫
Ω

∂tuv dx

for any v ∈W 1,2
0 (Ω) and a.e. t ∈ (0, T ), and get, similarly as above

∥u∥W 2,2(Ω) ≤ C
(
∥f∥L2(Ω) + ∥∂tu∥L2(Ω) + ∥u∥L2(Ω)

)
due to the elliptic regularity. Therefore

∥u∥L∞(0,T ;W 2,2(Ω)) ≤ C
(
∥f∥L∞(0,T ;L2(Ω)) + ∥∂tu∥L∞(0,T ;L2(Ω)) + ∥u∥L∞(0,T ;L2(Ω))

)
≤ C

(
∥f∥W 1,2(0,T ;L2(Ω)) + ∥g∥W 2,2(Ω) + ∥u∥L∞(0,T ;L2(Ω))

)
.

Step 5: Second order time derivative estimate
The last step is to show that ∂2ttu ∈ L2(0, T ;W−1,2(Ω)). Since (5.22) holds, we may proceed exactly as in the proof of
the existence of a solution in Theorem 5.1.9 that ∂tun is bounded in L2(0, T ;W−1,2(Ω)). ■

Remark 5.1.14. Note that if A is symmetric, it is enough to assume, both in (5.20) and (5.21), that {aij}di,j=1 ∈
W 1,∞(0, T ;L∞(Ω)).

Similarly as in the case of the elliptic regularity, we may improve the smoothness provided all the data are smooth
enough. In order to simplify the presentation, we assume here that the coefficients of the operator L are independent
of time and sufficiently smooth in the spatial variable.

Theorem 5.1.15 — Regularity of weak solutions to parabolic equations II. Let Ω be of class C2m+1,1.
Let g ∈ W 2m+1,2(Ω) and ∂kf

∂tk
∈ L2(0, T ;W 2m−2k,2(Ω)), k = 0, 1, 2, . . . ,m. Let the coefficients of L be sufficiently

smooth in the spatial variables and independent of time, and let g0 := g ∈ W 1,2
0 (Ω), g1 = f(0, ·)− Lg0 ∈ W 1,2

0 (Ω),
. . . , gm := ∂m−1f(0,·)

∂tm−1 − Lgm−1 ∈W 1,2
0 (Ω). Then ∂ku

∂tk
∈ L2(0, T ;W 2m+2−2k(Ω)), k = 0, 1, . . . ,m+ 1 and

m+1∑
k=0

∥∥∥∂ku
∂tk

∥∥∥
L2(0,T ;W 2m+2−2k,2(Ω))

≤ C
( m∑

k=0

∥∥∥∂kf
∂tk

∥∥∥
L2(0,T ;W 2m−2k,2(Ω))

+ ∥g∥W 2m+1,2(Ω)

)
,

where the constant C depends on T , Ω, m and on the coefficients of L.

Remark 5.1.16. Let us indicate, where do the compatibility conditions come from. Formally, ∂tu =: w solves

∂tw + Lw = ∂tf in QT

w = 0 on (0, T )× ∂Ω

w(0) = f(0)− Lg in Ω

and recall that we needed above that the initial condition belongs toW 1,2
0 (Ω). Hence we must require that f(0, ·)−Lg ∈

W 1,2
0 (Ω) which is the second compatibility condition. Similarly for higher order estimates.
Consequently, we have

Theorem 5.1.17 — Regularity of weak solutions to parabolic equations III. Let g ∈ C∞(Ω), f ∈ C∞(QT ),
Ω ∈ C∞, the coefficients of L are time independent and of class C∞(Ω) and let infinitely many compatibility
conditions from Theorem 5.1.15 above hold. Then the solution to our problem is smooth, i.e.,

u ∈ C∞(QT ).

Proof of Theorem 5.1.15. The proof will be based on induction. The case m = 0 corresponds to Theorem 5.1.13, more
precisely to its first part.

Step 1: Estimates for highest time regularity
Assume that Theorem 5.1.15 is valid for some nonnegative integer m and suppose that

g ∈W 2m+3,2(Ω),
∂kf

∂tk
∈ L2(0, T ;W 2m+2−2k,2(Ω)), k = 0, 1, . . . ,m+ 1.

Assume that the (m+1)th compatibility condition holds. We differentiate our equation with respect to t and consider
(ũ = ∂tu)

∂tũ+ Lũ = f̃ in QT

ũ = 0 on (0, T )× ∂Ω

ũ(0, ·) = g̃(·) in Ω,

(5.23)
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where f̃ = ∂tf and g̃(·) = f(·, 0) − (Lg)(·). By Theorem 5.1.13 we have that ũ ∈ L2(0, T ;W 1,2
0 (Ω)), ∂tũ ∈

L2(0, T ;W−1,2(Ω)), where ũ is the unique solution to (5.23). Since f and g satisfy the (m + 1)th compatibility
condition, functions f̃ and g̃ satisfy the mth compatibility condition. Thus by induction

∂kũ

∂tk
∈ L2(0, T ;W 2m+2−2k,2(Ω)), k = 0, 1, . . . ,m+ 1

and
m+1∑
k=0

∥∥∥∂kũ
∂tk

∥∥∥
L2(0,T ;W 2m+2−2k,2(Ω))

≤ C
( m∑

k=0

∥∥∥∂kf̃
∂tk

∥∥∥
L2(0,T ;W 2m−2k,2(Ω))

+ ∥g̃∥W 2m+1,2(Ω)

)
.

Since ũ = ∂tu, we can write

m+2∑
k=1

∥∥∥∂ku
∂tk

∥∥∥
L2(0,T ;W 2m+4−2k,2(Ω))

≤ C
(m+1∑

k=1

∥∥∥∂kf
∂tk

∥∥∥
L2(0,T ;W 2m+2−2k,2(Ω))

+ ∥f(0, ·)∥W 2m+1,2(Ω) + ∥Lg∥W 2m+1,2(Ω)

)
≤ C

(m+1∑
k=0

∥∥∥∂kf
∂tk

∥∥∥
L2(0,T ;W 2m+2−2k,2(Ω))

+ ∥g∥W 2m+3,2(Ω)

)
;

(5.24)
above we used that

∥f(0, ·)∥W 2m+1,2(Ω) ≤ C
(
∥f∥L2(0,T ;W 2m+2,2(Ω)) +

∥∥∥∂f
∂t

∥∥∥
L2(0,T ;W 2m,2(Ω))

)
which is a consequence of (Evans, 1998, Theorem 4 Section 5.9.2).

Step 2: Estimates for highest spatial regularity
For 0 ≤ t ≤ T fixed we write Lu = f − ∂tu = h. By the corresponding theorem on elliptic regularity (Theorem 3.7.10)
we have that

∥u∥W 2m+4,2(Ω) ≤ C(∥h∥W 2m+2,2(Ω) + ∥u∥L2(Ω))

≤ C(∥f∥W 2m+2,2(Ω) + ∥∂tu∥W 2m+2,2(Ω) + ∥u∥L2(Ω)).

Integrating this inequality over t ∈ (0, T ) and adding it to estimate (5.24) we end up with

m+2∑
k=0

∥∥∥∂ku
∂tk

∥∥∥
L2(0,T ;W 2m+4−2k(Ω))

≤ C
(m+1∑

k=0

∥∥∥∂kf
∂tk

∥∥∥
L2(0,T ;W 2m+2−2k,2(Ω))

+ ∥g∥W 2m+3,2(Ω) + ∥u∥L2(QT )

)
.

But we already know that ∥u∥L2(QT ) ≤ C(∥f∥L2(QT )+∥g∥L2(Ω)) which finishes the proof of the theorem for m+1. ■

5.1.3 Maximum principles for parabolic problems
We would like to prove the maximum principle for our parabolic problem and for weak solutions only. Recall that for
the classical solution, this issue is discussed in Pokorný (2025) or in Evans (1998). We restrict ourselves to the case
when b ≥ 0 a.e. in QT , −div c ≥ 0 in the weak sense and f ≤ 0 in the following sense

Definition 5.1.18 A distribution f ∈ L2(0, T ;W−1,2(Ω)) ≥ 0 (or ≤ 0), provided∫ T

0

⟨f, φ⟩W 1,2
0 (Ω) ≥ 0 (or ≤ 0)

for all φ ∈ L2(0, T ;W 1,2
0 (Ω)) which are almost everywhere in QT nonnegative.

We first present the heuristic idea of the proof. Assume that the function χ+ := χ{(t,x)∈(0,T )×Ω |u(t,x)>0} is an
appropriate test function. Then (recall that u+ := max{0, u})

⟨∂tu, χ+⟩W 1,2
0 (Ω) =

d

dt

∫
Ω

u+ dx,∫
Ω

d∑
i,j=1

aij
∂u

∂xj

∂χ+

∂xi
dx = 0,

∫
Ω

d∑
i=1

ci
∂u

∂xi
χ+ dx = −

∫
Ω

div cu+ dx ≥ 0,∫
Ω

buχ+ dx =

∫
Ω

bu+ dx ≥ 0

⟨f, χ+⟩ ≤ 0,
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therefore we get
d

dt

∫
Ω

u+ dx ≤ 0,

hence u+(t, ·) ≤ 0 provided u+(0, ·) ≤ 0. However, we need several technical tools to justify the computations above.
Note that for the function z 7→ z+ there exists a sequence of functions z 7→ ψn(z) such that 0 ≤ ψn ≤ z+ in R,

ψn ↗ z+ in R and ψ′
n, ψ′′

n ≥ 0 and they are uniformly bounded on R (not necessarily with respect to n).

Exercise 5.1.19. Show that the function ψn(z) := z+arctg2(nz)
(
2
π

)2 satisfies all conditions above.

We may therefore use the following lemma

Lemma 5.1.20 Let ψ: R → R be such that ψ ∈ C1(R), ψ(z) = 0 for z ≤ 0 and 0 ≤ ψ(z) ≤ z for z ≥ 0.

1. If u ∈W 1,2
0 (Ω), then ψ(u) ∈W 1,2

0 (Ω) and

∇ψ(u) = ψ′(u)∇u

in the weak sense and u 7→ ψ(u) is continuous from W 1,2
0 (Ω) →W 1,2

0 (Ω).

2. If u ∈ L2(0, T ;W 1,2
0 (Ω)), ∂tu ∈ L2(0, T ;W−1,2(Ω)), then

d

dt

∫
Ω

ψ(u(t)) dx = ⟨∂tu, ψ′(u(t))⟩W 1,2
0 (Ω)

almost everywhere in (0, T ).

Proof. Claim 1. follows from Theorem 2.2.4. We therefore prove Claim 2. Let first u ∈ C1([0, T ];W 1,2
0 (Ω)). Then for

t1, t2 ∈ [0, T ]

u(t2)− u(t1) =

∫ t2

t1

∂tu(s) ds in W 1,2
0 (Ω),

i.e., u(t2, x)− u(t1, x) =
∫ t2
t1
∂tu(s, x) ds for almost every x ∈ Ω. Therefore, for almost every x ∈ Ω

∂tψ(u(t, x)) = ψ′(u(t, x))∂tu(t, x),

and

ψ(u(t2, x))− ψ(u(t1, x)) =

∫ t2

t1

ψ′(u(s, x))∂tu(s, x) ds for almost every x ∈ Ω.

Then, integrating the identity above over Ω and using the Fubini Theorem and properties of the Gelfand triple∫
Ω

ψ(u(t2, x)) dx−
∫
Ω

ψ(u(t1, x)) dx =

∫ t2

t1

∫
Ω

ψ′(u(s, x))∂tu(s, x) dx ds

=

∫ t2

t1

⟨∂tu(s, x), ψ′(u(s, x))⟩W 1,2
0 (Ω) ds.

Now, if u ∈ L2(0, T ;W 1,2
0 (Ω)) and ∂tu ∈ L2(0, T ;W−1,2(Ω)), there exists a sequence un ∈ C1([0, T ];W 1,2

0 (Ω)) such
that un → u in L2(0, T ;W 1,2

0 (Ω)) and ∂tun → ∂tu in L2(0, T ;W−1,2(Ω)), see Lemma 4.4.6. Moreover, due to Theorem
4.4.4, we also have un(t) → u(t) in L2(Ω) for all t ∈ [0, T ] (where we take u as the continuous representative). Then∫

Ω

ψ(un(t2, x)) dx−
∫
Ω

ψ(un(t1, x)) dx =

∫ t2

t1

⟨∂tun(s), ψ′(un(s))⟩W 1,2
0 (Ω) ds.

Letting n→ ∞ and recalling that ψ grows at most linearly we end up with the desired formula∫
Ω

ψ(u(t2, x)) dx−
∫
Ω

ψ(u(t1, x)) dx =

∫ t2

t1

⟨∂tu(s), ψ′(u(s))⟩W 1,2
0 (Ω) ds.

Hence we can differentiate, e.g., with respect to t2 in the sense of distributions. ■

Theorem 5.1.21 — Weak maximum principle for parabolic problem. Let u ∈ L2(0, T ;W 1,2
0 (Ω)) with

∂tu ∈ L2(0, T ;W−1,2(Ω)) be a weak solution to our parabolic problem, where ∂t + L is a parabolic operator,
div c ≤ 0 (in the weak sense on QT ), b ≥ 0 a.e. in QT , f ≤ 0 in the sense of Definition 5.1.18 and g ≤ 0 a.e. in Ω.
Then

u(t) ≤ 0 almost everywhere in (0, T )× Ω.
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Proof. We consider the sequence ψn approximating the function z 7→ z+ as presented above. We use ψ′
n(u) as a test

function in the weak formulation of our parabolic problem. Whence

⟨∂tu, ψ′
n(u)⟩W 1,2

0 (Ω) +

∫
Ω

d∑
i,j=1

aij
∂u

∂xj

∂ψ′
n(u)

∂xi
dx+

∫
Ω

d∑
i=1

ci
∂u

∂xi
ψ′
n(u) dx+

∫
Ω

buψ′
n(u) dx = ⟨f, ψ′

n(u)⟩W 1,2
0 (Ω).

Now, due to Lemma 5.1.20, our assumptions and properties of the approximation ψn we have

⟨∂tu, ψ′
n(u)⟩W 1,2

0 (Ω) =
d

dt

∫
Ω

ψn(u(t)) dx∫
Ω

d∑
i,j=1

aij
∂u

∂xj

∂ψ′
n(u)

∂xi
dx =

∫
Ω

d∑
i,j=1

aij
∂u

∂xj

∂u

∂xi
ψ′′
n(u) dx ≥ 0

∫
Ω

d∑
1

ci
∂u

∂xi
ψ′
n(u) dx =

∫
Ω

d∑
1

ci
∂ψn(u)

∂xi
dx ≥ 0∫

Ω

buψ′
n(u) dx ≥ 0

⟨f, ψ′
n(u)⟩W 1,2

0 (Ω) ≤ 0.

Then
d

dt

∫
Ω

ψn(u(t, ·)) dx ≤ 0,

hence ∫
Ω

ψn(u(t, ·)) dx ≤
∫
Ω

ψn(g) dx ≤ 0

for all t ∈ (0, T ] (provided we consider the continuous representative of u). Letting n → ∞ and using the Lebesgue
Monotone convergence Theorem we end up with ∫

Ω

u+(t, ·) dx ≤ 0

for all t ∈ [0, T ], hence u(t, x) ≤ 0 almost everywhere in [0, T ]× Ω. ■

5.2 Second order hyperbolic equation

We will consider the following problem of the hyperbolic type

∂ttu+ Lu = f in QT

u(0, ·) = g(·) in Ω

∂tu(0, ·) = h(·) in Ω

u = 0 on (0, T )× ∂Ω,

(5.25)

where

Lu = −
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+

d∑
i=1

ci
∂u

∂xi
+ bu.

Definition 5.2.1 We say that the operator ∂tt + L is (uniformly) hyperbolic, if there exists a constant C1 > 0
such that

d∑
i,j=1

aijξiξj ≥ C1|ξξξ|2 for all ξξξ ∈ Rd a.e. in QT .

Moreover, we further assume that {aij}di,j=1, {ci}di=1 and b ∈ L∞(QT ).

Example 5.2.2. Assuming aij = δij , ci = 0, i = 1, 2, . . . , d and b = 0, we get the classical wave equation

∂ttu−∆u = f.
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As in the parabolic case, we introduce

B[u, v](t) =

∫
Ω

( d∑
i,j=1

aij
∂u

∂xj

∂v

∂xi
+

d∑
i=1

ci
∂u

∂xi
v + buv

)
(t, ·) dx

for all u, v ∈W 1,2
0 (Ω).

We expect the weak formulation in the form

⟨∂ttu, v⟩W 1,2
0 (Ω) +B[u, v](t) = (f, v)L2(Ω) for all v ∈W 1,2

0 (Ω),

where the reason why we prefer to have more regular right-hand side than in the parabolic setting will be explained
later. Therefore we expect, by analogy with the parabolic case, that u should belong to L2(0, T ;W 1,2

0 (Ω)), while ∂ttu
should belong to L2(0, T ;W−1,2(Ω)).

5.2.1 Existence of a weak solution to linear hyperbolic problem
We assume

aij ∈W 1,∞(QT ), ci, b ∈ L∞(QT ) for all i, j = 1, 2, . . . , d

h ∈ L2(Ω), g ∈W 1,2
0 (Ω), f ∈ L2(QT ).

(5.26)

Definition 5.2.3 — Weak solution for hyperbolic equation. We say that u ∈ L2(0, T ;W 1,2
0 (Ω)) with

∂tu ∈ L2(QT ) and ∂ttu ∈ L2(0, T ;W−1,2(Ω)) is a weak solution to the hyperbolic initial-boundary value problem
problem provided

⟨∂ttu, v⟩W 1,2
0 (Ω) +B[u, v](t) = (f, v)L2(Ω)

for all v ∈W 1,2
0 (Ω) and a.e. t ∈ (0, T ), and

u(0, ·) = g(·), ∂tu(0, ·) = h(·).

Remark 5.2.4. Recall that the assumptions above imply that (after a possible change of the function on the time
levels of zero one dimensional Lebesgue measure) u ∈ C([0, T ];L2(Ω)) and ∂tu ∈ C([0, T ];W−1,2(Ω)). The fact why we
require higher integrability of g and h will be explained later.

Theorem 5.2.5 — Existence and uniqueness of weak solution to hyperbolic equation. Under assump-
tions (5.26) there exists a weak solution to our hyperbolic problem in the sense of Definition 5.2.3. If furthermore
∇c ∈ L2(QT ;Rd×d), the solution is unique.

Remark 5.2.6. If the matrix A is symmetric almost everywhere in QT , it is enough to assume that {aij}di,j=1 ∈
W 1,∞(0, T ;L∞(Ω)). The reason is similar to the proof of regularity for parabolic problems.

Proof of Theorem 5.2.5. Step 1: Galerkin approximation
We proceed similarly as in the case of the parabolic problem. We take {wk}∞k=1 the orthonormal basis in L2(Ω)

and orthogonal basis in W 1,2
0 (Ω) formed by eigenfunctions of the Laplace operator with the homogeneous Dirichlet

condition. We write

un(t, x) =

n∑
k=1

dni (t)wk(x),

where
(∂ttun, wl)L2(Ω) +B[un, wl](t) = (f, wl)L2(Ω), l = 1, 2, . . . , n,

i.e.,

dnl
′′(t) +B

[ n∑
k=1

dnk (t)wk, wl

]
(t) = (f, wl)L2(Ω)

dnl (0) = (g, wl)L2(Ω)

dnl
′(0) = (h,wl)L2(Ω),

(5.27)

l = 1, 2, . . . , n. We obtained a system of the second order linear ODEs (n equations) which can be easily transformed
into a system of 2n ODEs of the first order. We may then apply the Carathéodory theory which yields the existence
of a unique generalized solution on the time interval [0, T ] such that dnl

′ ∈ AC([0, T ]), l = 1, 2, . . . , n. The fact that
the solution is global follows from the fact that the system is linear.

Step 2: Energy estimate
We now multiply (5.27) by dnl

′, sum for l = 1, 2, . . . , n and get

(∂ttun, ∂tun)L2(Ω) +B[un, ∂tun] = (f, ∂tun)L2(Ω).
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First, we have

(∂ttun, ∂tun)L2(Ω) =
1

2

d

dt
∥∂tun∥2L2(Ω).

Next

B[un, ∂tun] =

∫
Ω

( d∑
i,j=1

aij
∂un
∂xj

∂∂tun
∂xi

+

d∑
i=1

ci
∂un
∂xi

∂tun + bun∂tun

)
dx

=

∫
Ω

( d∑
i,j=1

1

2
(aij + aji)

∂un
∂xj

∂(∂tun)

∂xi
+

d∑
i,j=1

1

2
(aij − aji)

∂un
∂xj

∂(∂tun)

∂xi
+

d∑
i=1

ci
∂un
∂xi

∂tun + bun∂tun

)
dx

=
1

2

d

dt

∫
Ω

d∑
i,j=1

1

2
(aij + aji)

∂un
∂xj

∂un
∂xi

dx− 1

2

∫
Ω

d∑
i,j=1

∂t(aij + aji)
∂un
∂xj

∂un
∂xi

dx

−
∫
Ω

d∑
i,j=1

1

2

∂

∂xi
(aij − aji)

∂un
∂xj

∂tun dx+

∫
Ω

( d∑
i=1

ci
∂un
∂xi

∂tun + bun∂tun

)
dx.

We used above that the term ∫
Ω

d∑
i,j=1

1

2
(aij − aji)

∂2un
∂xi∂xj

∂tun dx = 0,

as (aij − aji) is skew symmetric and ∂2un

∂xi∂xj
is symmetric. We use now the fact that un can be approximation by

smooth compactly supported functions. We continue

B[un, ∂tun] ≥
1

2

d

dt

∫
Ω

d∑
i,j=1

aij
∂un
∂xj

∂un
∂xi

dx

− C(∥A∥W 1,∞(QT ), ∥b∥L∞(QT ), ∥c∥L∞(QT ))
(∫

Ω

d∑
i,j=1

aij
∂un
∂xj

∂un
∂xi

dx+ ∥∂tun∥2L2(Ω)

)
,

where we used the symmetry in the term with highest spatial derivatives. Employing the Gronwall Lemma 5.1.7 and
the hyperbolicity of the operator, we get (this is precisely the reason why we need higher regularity of g and h than
expected by the continuity of the solution)

∥∂tun(t, ·)∥2L2(Ω) + ∥un(t, ·)∥2W 1,2
0 (Ω)

≤ C
(
∥g∥2

W 1,2
0 (Ω)

+ ∥h∥2L2(Ω) + ∥f∥2L2(0,T ;L2(Ω))

)
,

hence
max
[0,T ]

(
∥∂tun(t, ·)∥L2(Ω) + ∥un(t, ·)∥W 1,2

0 (Ω)

)
≤ C

(
∥g∥W 1,2

0 (Ω) + ∥h∥L2(Ω) + ∥f∥L2(0,T ;L2(Ω))

)
.

In order to estimate the second order time derivative we proceed as in the parabolic problem. We write for
v ∈ W 1,2

0 (Ω) that v = v1n + v2n, where v1n belongs to the linear hull of {wl}nl=1 and v2n is perpendicular to it (both in
L2(Ω) and W 1,2

0 (Ω)). Recall that (see Lemma 5.1.5) ∥v1n∥L2(Ω) ≤ ∥v∥L2(Ω) and ∥v1n∥W 1,2
0 (Ω) ≤ ∥v∥W 1,2

0 (Ω). Then

⟨∂ttun, v⟩W 1,2
0 (Ω) = (∂ttun, v)L2(Ω) = (∂ttun, v

1
n)L2(Ω) = −B[un, v

1
n](t) + (f, v1n)L2(Ω).

Thus
∥∂ttun∥W−1,2(Ω) = sup

∥v∥
W

1,2
0 (Ω)

≤1

⟨∂ttun, v⟩W 1,2
0 (Ω) ≤ C(∥un∥W 1,2

0 (Ω) + ∥f ||L2(Ω)),

hence
∥∂ttun∥L2(0,T ;W−1,2(Ω)) ≤ C

(
∥f∥L2(0,T ;L2(Ω)) + ∥g∥W 1,2

0 (Ω) + ∥h∥L2(Ω)

)
.

Step 3: Limit passage
We now let n→ ∞. As in the parabolic problem, for suitably chosen subsequence

unk
⇀∗ u in L∞(0, T ;W 1,2

0 (Ω))

∂tunk
⇀∗ ∂tu in L∞(0, T ;L2(Ω))

∂ttunk
⇀ ∂ttu in L2(0, T ;W−1,2(Ω))

and we can pass to the limit in the modified weak formulation to get∫ T

0

⟨∂ttu,wl⟩W 1,2
0 (Ω)ψ dt+

∫ T

0

B[u,wl]ψ dt =

∫ T

0

(f, wl)L2(Ω)ψ dt
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for all l ∈ N and all ψ ∈ C∞
0 ((0, T )). Hence, exactly as for the parabolic problem∫ T

0

⟨∂ttu, v⟩W 1,2
0 (Ω)ψ dt+

∫ T

0

B[u, v]ψ dt =

∫ T

0

(f, v)L2(Ω)ψ dt

for all v ∈W 1,2
0 (Ω) and all ψ ∈ C∞

0 ((0, T )), i.e.,

⟨∂ttu, v⟩W 1,2
0 (Ω) +B[u, v] = (f, v)L2(Ω)

for all v ∈W 1,2
0 (Ω) at almost every t ∈ (0, T ).

Next we look at the initial condition. Here, the problem is slightly more complex than for the parabolic problem.
First, using the definition of the first order time derivative of u we have∫ T

0

⟨∂ttu, v⟩W 1,2
0 (Ω)ψ dt = −

∫ T

0

(∂tu, v)L2(Ω)ψ
′ dt

for all v ∈ W 1,2
0 (Ω) and ψ ∈ C∞

0 ((0, T )). Therefore, taking a sequence ψn ∈ C∞
0 ((0, T )) such that ψn converges

uniformly to ψ ∈ C∞
0 ([0, T )) we end up with (ψ′

n → ψ′ + ψ(0)δ in the sense of distributions)

−
∫ T

0

(∂tu, v)L2(Ω)ψ
′ dt+

∫ T

0

B[u, v]ψ dt =

∫ T

0

(f, v)L2(Ω)ψ dt+ ⟨∂tu(0, ·), v(·)⟩W 1,2
0 (Ω)ψ(0)

for all ψ ∈ C∞
c ([0, T )). Now, as u ∈ AC([0, T ];L2(Ω)), we finally have∫ T

0

(u, v)ψ′′ dt+

∫ T

0

B[u, v]ψ dt =

∫ T

0

(f, v)L2(Ω)ψ dt+ ⟨∂tu(0, ·), v(·)⟩W 1,2
0 (Ω)ψ(0)− (u(0, ·), v(·))L2(Ω)ψ

′(0).

We now return to the Galerkin approximation and multiply it by ψ ∈ C∞
0 ([0, T )) and integrate over the time

interval. We get ∫ T

0

(∂ttun, wl)L2(Ω)ψ dt+

∫ T

0

B[un, wl]ψ dt =

∫ T

0

(f, wl)L2(Ω)ψ dt.

We integrate twice by parts in the first term and get (recall that ∂tun ∈ AC ([0, T ];W 1,2
0 (Ω)))∫ T

0

(un, wl)ψ
′′ dt+

∫ T

0

B[un, wl]ψ dt =

∫ T

0

(f, wl)L2(Ω)ψ dt+ (h,wl)L2(Ω)ψ(0)− (g, wl)L2(Ω)ψ
′(0).

We let n→ ∞ and then use the density of finite linear combination of {wl}l∈N in W 1,2
0 (Ω) to get∫ T

0

(u, v)ψ′′ dt+

∫ T

0

B[u, v]ψ dt =

∫ T

0

(f, v)L2(Ω)ψ dt+ (h, v)L2(Ω)ψ(0)− (g, v)L2(Ω)ψ
′(0)

for all v ∈W 1,2
0 (Ω) and ψ ∈ C∞

0 ([0, T )). Therefore

⟨∂tu(0, ·), v(·)⟩W 1,2
0 (Ω) = (h, v)L2(Ω)

(u(0, ·), v(·))L2(Ω) = (g, v)L2(Ω)

for all v ∈ W 1,2
0 (Ω). Due to the density of W 1,2

0 (Ω) in L2(Ω) we get the desired equality. Note that in fact, we also
have (∂tu(0, ·), v(·))L2(Ω) = (h, v)L2(Ω) as ∂t ∈ C([0, T ];L2

w(Ω)), see Lemma 4.4.9.
Step 4: Uniqueness

We now show the uniqueness of weak solutions to the hyperbolic equation. As for the parabolic case, it is enough to
show that if f = g = h = 0, then the only solution is u = 0. However, we cannot proceed as in the part devoted to
the a priori estimates, as the function ∂tu cannot be, due to the lack of regularity, used as test function. Therefore we
use the "minus first" derivative. To this aim, let us define

v(t) :=


∫ s

t

u(τ) dτ, 0 ≤ t ≤ s

0, s ≤ t ≤ T,

where u solves our hyperbolic problem with f = g = h = 0. Then v(t, ·) ∈ W 1,2
0 (Ω) for almost every t ∈ (0, T ) (we

even have ∂tv ∈ L2(0, T ;W 1,2(Ω))) and
⟨∂ttu, v⟩W 1,2

0 (Ω) +B[u, v] = 0

almost everywhere in (0, T ), thus ∫ s

0

[
⟨∂ttu, v⟩W 1,2

0 (Ω) +B[u, v]
]
dt = 0.
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As ∂tv = −u, ∂tu(0) = v(s) = 0, we get using the definition of the time derivative (and consequently, by approximation,
using as test function in the time variable a constant function ψ ≡ 1)∫ s

0

[
− (∂tu, ∂tv)L2(Ω) +B[u, v]

]
(t) dt = 0,

hence ∫ s

0

[
(∂tu, u)L2(Ω) −B[∂tv, v]

]
(t) dt = 0.

Therefore we have (we use again the fact that the product of symmetric and skew-symmetric term cancel out as well
as that the symmetric part of the matrix can be replaced by the matrix itself if the other term is symmetric)∫ s

0

1

2

d

dt

(
∥u∥2L2(Ω) −

∫
Ω

d∑
i,j=1

aij
∂v

∂xj

∂v

∂xi

)
dt = −

∫ s

0

∫
Ω

d∑
i,j=1

∂taij
∂v

∂xj

∂v

∂xi
dx dt

−
∫ s

0

∫
Ω

d∑
i,j=1

∂

∂xi
(aij − aji)

∂v

∂xj
∂tv dxdt+

∫ s

0

∫
Ω

(
bv∂tv +

d∑
i=1

ci
∂2v

∂t∂xi
v
)
dx dt.

We rewrite the last term as ∫
Ω

d∑
i=1

ci
∂2v

∂t∂xi
v dx = −

∫
Ω

d∑
i=1

∂ci
∂xi

uv dx−
∫
Ω

d∑
i=1

ciu
∂v

∂xi
dx.

Then
∥u(s, ·)∥2L2(Ω) + ∥v(0, ·)∥2

W 1,2
0 (Ω)

≤ C

∫ s

0

(
∥v∥2

W 1,2
0 (Ω)

+ ∥u∥2L2(Ω)

)
dt.

We denote

w(t) :=

∫ t

0

u(τ) dτ, 0 ≤ t ≤ T ;

then
∥u(s, ·)∥2L2(Ω) + ∥w(s, ·)∥2

W 1,2
0 (Ω)

≤ C

∫ s

0

(
∥w(s, ·)− w(t, ·)∥2W 1,2(Ω) + ∥u(t, ·)∥2L2(Ω)

)
dt

≤ C

∫ s

0

(
2(∥w(s, ·)∥2W 1,2(Ω) + ∥w(t, ·)∥2W 1,2(Ω)) + ∥u(t, ·)∥2L2(Ω)

)
dt.

Hence
∥u(s.·)∥2L2(Ω) + (1− 2Cs)∥w(s, ·)∥2

W 1,2
0 (Ω)

≤ C

∫ s

0

(
∥w(t, ·)∥2

W 1,2
0 (Ω)

+ ∥u(t, ·)∥2L2(Ω)

)
dt.

We choose T1 so small that

2CT1 =
1

2
.

Then on [0, T1] we have

∥u(s, ·)∥2L2(Ω) + ∥w(s, ·)∥2
W 1,2

0 (Ω)
≤ C

∫ s

0

(
∥w(t, ·)∥2

W 1,2
0 (Ω)

+ ∥u(t, ·)∥2L2(Ω)

)
dt

which yields that u = 0 on the possibly short time interval [0, T1]. We may now use u(T1) as a new initial value. We
proceed as above and prove that u = 0 on the time interval [T1, 2T1]. After finite number of steps we reach the time
instant T . The proof is complete. ■

Remark 5.2.7. More complex boundary conditions can be treated similarly as in the case of the parabolic problems.
Some technicalities are different, but the main points are similar modulo changes in the proof above for homogeneous
Dirichlet boundary conditions with respect to the parabolic problem.

5.2.2 Regularity of weak solutions to hyperbolic equations

Next we study the regularity of the solution. As for the parabolic problem, we start with a simple model case: here
it is the wave equation in Rd. We consider

∂ttu−∆u = f in (0, T )× Rd

u(0, ·) = g(·) in Rd

∂tu(0, ·) = h(·) in Rd.
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We compute

1

2

d

dt

∫
Rd

(
|∂tu|2 + |∇u|2

)
dx =

∫
Rd

(
∂tu∂ttu+∇u · ∂t∇u

)
dx =

∫
Rd

∂tu
(
∂ttu−∆u

)
dx =

∫
Rd

f∂tu dx.

Therefore
d

dt

∫
Rd

(
|∂tu|2 + |∇u|2

)
dx ≤

∫
Rd

f2 dx+

∫
Rd

|∂tu|2 dx

which after employing the Gronwall inequality yields

max
t∈[0,T ]

(
∥∂tu(t, ·)∥2L2(Rd) + ∥∇u(t, ·)∥2L2(Rd)

)
≤ C

(
∥f∥2L2((0,T )×Rd) + ∥h∥2L2(Rd) + ∥g∥2

W 1,2
0 (Rd)

)
.

Next, denote ũ := ∂tu. Then

∂ttũ−∆ũ = f̃ in (0, T )× Rd

ũ(0, ·) = ∂tu(0, ·) = h(·) in Rd

∂tũ(0, ·) = ∂ttu(0, ·) = ∆u(0, ·) + f(0, ·) = ∆g + f(0, ·) in Rd.

As
max
[0,T ]

∥f(t, ·)∥2L2(Rd) ≤ C
(
∥f∥L2((0,T )×Rd) + ∥∂tf∥L2((0,T )×Rd)

)
,

we get

max
t∈[0,T ]

(
∥∂ttu(t, ·)∥2L2(Rd) + ∥∂t∇u(t, ·)∥2L2(Rd)

)
≤ C

(
∥f∥2L2((0,T )×Rd) + ∥∂tf∥2L2((0,T )×Rd) + ∥∇h∥2L2(Rd) + ∥∆g∥2L2(Rd)

)
.

Finally, we write
∆u = ∂ttu− f

and we have due to the elliptic regularity

∥∇2u∥L∞(0,T ;L2(Rd)) ≤ C
(
∥f∥L2(0,T ;L2(Rd)) + ∥∂tf∥L2(0,T ;L2(Rd)) + ∥h∥W 1,2

0 (Rd) + ∥g∥W 2,2(Rd)

)
.

We now show these bounds rigorously. We assume

{aij}di,j=1 ∈W 1,∞(QT ), b ∈ L∞(QT ), {ci}di=1 ∈ L∞(0, T ;W 1,∞(Ω))

h ∈ L2(Ω), g ∈W 1,2
0 (Ω), f ∈ L2(QT )

(5.28)

and for the higher regularity

{aij}di,j=1 ∈W 1,∞(Ω), independent of time , b ∈W 1,∞(0, T ;L∞(Ω)), {ci}di=1 ∈W 1,∞(QT )

f ∈W 1,2(0, T ;L2(Ω)), g ∈W 2,2(Ω), h ∈W 1,2
0 (Ω), Ω ∈ C1,1.

(5.29)

We have

Theorem 5.2.8 — Regularity of weak solutions for hyperbolic problem I. Let conditions (5.28) be
fulfilled. Let u ∈ L2(0, T ;W 1,2

0 (Ω)) with ∂tu ∈ L2(0, T ;L2(Ω)) and ∂ttu ∈ L2(0, T ;W−1,2(Ω)) be the unique weak
solution to

∂ttu+ Lu = f in (0, T )× Ω,

u(0, ·) = g(·) in Ω,

∂tu(0, ·) = h(·) in Ω,

u = 0 on (0, T )× ∂Ω.

Then u ∈ L∞(0, T ;W 1,2
0 (Ω)) with ∂tu ∈ L∞(0, T ;L2(Ω)) and

∥u∥L∞(0,T ;W 1,2
0 (Ω)) + ∥∂tu∥L∞(QT ) ≤ C

(
∥f∥L2(QT ) + ∥g∥W 1,2

0 (Ω) + ∥h∥L2(Ω)

)
.

Moreover, if (5.29) holds, then u ∈ L∞(0, T ;W 2,2(Ω)), ∂tu ∈ L∞(0, T ;W 1,2
0 (Ω)), ∂ttu ∈ L∞(QT ), ∂tttu ∈

L2(0, T ;W−1,2(Ω)) and

∥u∥L∞(0,T ;W 2,2(Ω)) + ∥∂tu∥L∞(0,T ;W 1,2
0 (Ω)) + ∥∂ttu∥L∞(0,T ;L2(Ω)) + ∥∂tttu∥L2(0,T ;W−1,2(Ω))

≤ C
(
∥f∥W 1,2(0,T ;L2(Ω)) + ∥g∥W 2,2(Ω) + ∥h∥W 1,2

0 (Ω)

)
.
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Proof. The first estimate was shown in the existence proof, since our assumptions ensure uniqueness of weak solutions.
We therefore concentrate only on the second one. Due to the uniqueness of the weak solution under our assumptions,
we use both the Galerkin approximation and the weak formulation.

Step 1: Second order time derivative estimate
We take the Galerkin approximation un(t, x) =

∑n
i=1 d

n
i (t)wi(x) which satisfies

(∂ttun, wl)L2(Ω) +B[un, wl] = (f, wl)L2(Ω), l = 1, 2, . . . , n,

where {wl}∞l=1 is the complete orthonormal system in L2(Ω) and complete orthogonal system in W 1,2
0 (Ω) formed by

eigenfunctions of the Laplace operator with homogeneous Dirichlet conditions. We differentiate the equations with
respect to time and get (we use the regularity properties of ODEs)

(∂tttun, wl)L2(Ω) +B[∂tun, wl] = (∂tf, wl)L2(Ω) −
∫
Ω

d∑
i=1

∂tci
∂un
∂xj

wl dx−
∫
Ω

∂tbunwl dx.

We may multiply the l-th equation by dnl
′′(t), sum up for l = 1 to n and integrate over (0, T ) (i.e., we test the equation

by ∂ttun). We get

(∂tttun, ∂ttun)L2(Ω) +B[∂tun, ∂ttun] = (∂tf, ∂ttun)L2(Ω) −
∫
Ω

d∑
i=1

∂tci
∂un
∂xj

∂ttun dx−
∫
Ω

∂tbun∂ttun dx.

We need to work slightly more with the highest order spatial derivative term. We have (recall that {aij}di,j=1 are
independent of time)∫

Ω

d∑
i,j=1

aij
∂(∂tun)

∂xj

∂(∂ttun)

∂xi
dx =

∫
Ω

d∑
i,j=1

1

2
(aij + aji)

∂(∂tun)

∂xj

∂(∂ttun)

∂xi
dx+

∫
Ω

d∑
i,j=1

1

2
(aij − aji)

∂(∂tun)

∂xj

∂(∂ttun)

∂xi
dx

=
1

2

d

dt

∫
Ω

d∑
i,j=1

1

2
(aij + aji)

∂(∂tun)

∂xj

∂(∂tun)

∂xi
dx−

∫
Ω

d∑
i,j=1

1

2

∂

∂xi
(aij − aji)

∂(∂tun)

∂xj
∂ttun dx,

where we used that the other term in the integration by parts disappears due to smoothness of the orthogonal system
and the symmetry/skew symmetry of the corresponding terms. We end up (due to the symmetry, we do not have to
write the symmetric part of A any more)

1

2

d

dt

(
∥∂ttun∥2L2(Ω) +

∫
Ω

aij
∂(∂tun)

∂xj

∂(∂tun)

∂xi
dx
)
≤ C

(
∥∂t∇un∥L2(Ω;Rd)∥∂ttun∥L2(Ω) + ∥∂ttun∥L2(Ω)∥∂tun∥L2(Ω)

+ ∥∇un∥L2(Ω;Rd)∥∂ttun∥L2(Ω) + ∥un∥L2(Ω)∥∂ttun∥L2(Ω) + ∥∂tf∥L2(Ω)∥∂ttun∥L2(Ω) + ∥∇∂tun∥L2(Ω;Rd)∥∂ttun∥L2(Ω)

)
≤ C

(
∥∂tf∥2L2(Ω) + ∥f∥2L2(Ω) + ∥∇∂tun∥2L2(Ω;Rd) + ∥∂ttun∥2L2(Ω)

)
.

The Gronwall inequality yields

∥∂ttun∥L∞(0,T ;L2(Ω)) + ∥∂t∇un∥L∞(0,T ;L2(Ω;Rd))

≤ C
(
∥∂ttun(0, ·)∥L2(Ω) + ∥∂t∇un(0, ·)∥L2(Ω;Rd) + ∥f∥W 1,2(0,T ;L2(Ω)) + ∥g∥W 1,2

0 (Ω) + ∥h∥L2(Ω)

)
.

As
∥∂t∇un(0, ·)∥L2(Ω;Rd) = ∥∇∂tun(0, ·)∥L2(Ω;Rd) ≤ ∥∇h∥L2(Ω;Rd)

and (v1n = Pnv)

∥∂ttun(0, ·)∥L2(Ω) ≤ sup
∥v∥L2(Ω)≤1

(
(f(0, ·), v1n)L2(Ω) −B[un, v

n
1 ](0)

)
≤ C(∥un(0, ·)∥W 2,2(Ω) + ∥f(0, ·)∥L2(Ω) ≤ C

(
∥g∥W 2,2(Ω) + ∥f∥W 1,2(0,T ;L2(Ω))

)
,

we get

∥∂ttun∥L∞(0,T ;L2(Ω)) + ∥∂t∇un∥L∞(0,T ;L2(Ω;Rd)) ≤ C
(
∥g∥W 2,2(Ω) + ∥f∥W 1,2(0,T ;L2(Ω)) + ∥h∥W 1,2

0 (Ω)

)
and passing to the limit we obtain the desired estimate.

Step 2: Elliptic regularity
Next, we write ∫

Ω

d∑
i,j=1

aij
∂u

∂xj

∂v

∂xi
dx =

∫
Ω

(
− ∂ttu+ f −

d∑
i=1

ci
∂u

∂xi
− bu

)
v dx
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and using the elliptic regularity we have

∥u(t, ·)∥W 2,2(Ω) ≤ C
(
∥∂ttu(t, ·)∥L2(Ω) + ∥f(t, ·)∥L2(Ω) + ∥∇u(t, ·)∥L2(Ω;Rd) + ∥u(t, ·)∥L2(Ω)

)
.

Hence
∥u∥L∞(0,T ;W 2,2(Ω)) ≤ C

(
∥∂ttu∥L∞(0,T ;L2(Ω)) + ∥f∥L∞(0,T ;L2(Ω)) + ∥u∥L∞(0,T ;W 1,2(Ω))

)
≤ C

(
∥f∥W 1,2(0,T ;L2(Ω)) + ∥g∥W 2,2(Ω) + ∥h∥W 1,2(Ω)

)
.

Step 3: Third order time derivative estimate
We now return back to the Galerkin approximation and differentiate it with respect to time. We get

(∂tttun, wl)L2(Ω) +B[∂tun, wl] = (∂tf, wl)L2(Ω) −
∫
Ω

d∑
i=1

∂tci
∂un
∂xj

wl dx−
∫
Ω

∂tbunwl.

Similarly as in the existence part we may now compute that

∥∂tttun∥L2(0,T ;W−1,2(Ω)) ≤ C
(
∥∂tf∥L2(0,T ;L2(Ω)) + ∥∂tun∥L2(0,T ;W 1,2(Ω)) + ∥un∥L2(0,T ;W 1,2(Ω))

)
≤ C

(
∥f∥W 1,2(0,T ;L2(Ω)) + ∥g∥W 2,2(Ω) + ∥h∥W 1,2(Ω)

)
.

■

Exactly as in the parabolic problem we may proceed further. We will again not specify the precise assumptions on
the regularity of the coefficients of L.

Theorem 5.2.9 — Regularity of weak solutions for hyperbolic problem II. Let {aij}di,j=1, {ci}di=1, b be in-

dependent of time and sufficiently smooth in Ω. Let g ∈Wm+1,2(Ω), h ∈Wm,2(Ω) and ∂kf
∂tk

∈ L2(0, T ;Wm−k,2(Ω)),
k = 0, 1, . . . ,m. Let Ω ∈ Cm,1. Let the following compatibility conditions hold

g0 := g ∈W 1,2
0 (Ω), h1 := h ∈W 1,2

0 (Ω), . . . ,

g2l :=
∂2l−2f

∂t2l−2
(0, ·)− Lg2l−2 ∈W 1,2

0 (Ω) if m = 2l,

h2l+1 :=
∂2l−1f

∂t2l−1
(0, ·)− Lh2l−1 ∈W 1,2

0 (Ω) if m = 2l + 1.

Then
∂ku

∂tk
∈ L∞(0, T ;Wm+1−k,2(Ω)), k = 0, 1, . . . ,m+ 1,

and

ess sup
t∈(0,T )

m+1∑
k=0

∥∥∥∂ku
∂tk

∥∥∥
Wm+1−k,2(Ω)

≤ C
( m∑

k=0

∥∥∥∂kf
∂tk

∥∥∥
L2(0,T ;Wm−k,2(Ω))

+ ∥g∥Wm+1,2(Ω) + ∥h∥Wm,2(Ω)

)
.

Remark 5.2.10. The role of the compatibility conditions is similar as in the case of parabolic problems and we saw its
use above.

Since Theorem 5.2.9 hold for any n ∈ N, we also have

Theorem 5.2.11 — Regularity of weak solutions for hyperbolic problem III. Let {aij}di,j=1, {ci}di=1, b
be C∞(Ω) (and independent of time), f ∈ C∞(QT ), g and h ∈ C∞(Ω), Ω ∈ C∞ and let the compatibility conditions
from Theorem 5.2.9 hold for any m ∈ N. Then the unique solution to the linear hyperbolic problem is such that
u ∈ C∞(QT ).

Proof of Theorem 5.2.9. The proof can be performed similarly as for the parabolic problem, by induction in m. The
case m = 0 follows directly from Theorem 5.2.9.

Step 1: Highest time derivative estimate
Assume the theorem to be satisfied for some m ∈ N0 and suppose g ∈W 2m+2(Ω), h ∈W 2m+1(Ω) and the right-hand
side ∂kf

∂tk
∈ L2(0, T ;Wm+1−k,2(Ω)), k = 0, 1, . . . ,m+1. Suppose the (m+1)th compatibility condition holds true. We

set ũ = ∂tu and differentiate the equation with respect to time. Then we see that ũ is the unique weak solution to the
following problem

∂ttũ+ Lũ = f̃ in QT

ũ = 0 on (0, T )× ∂Ω

ũ(0, ·) = g̃(·) in Ω

∂tũ(0, ·) = h̃(·) in Ω,

where f̃ = ∂tf , g̃ = h, h̃(·) = f(0, ·) − Lg(·). For m = 0 we know that ũ ∈ L2(0, T ;W 1,2
0 (Ω)), ∂tũ ∈ L2(QT ) and

∂ttũ ∈ L2(0, T ;W−1,2(Ω)).
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Since f , g and h satisfy the (m+1)th compatibility condition, f̃ , g̃ and h̃ satisfy the mth compatibility condition.
Thus applying the induction assumption we get

∂kũ

∂tk
∈ L∞(0, T ;Wm+1−k,2(Ω), k = 0, 1, . . . ,m+ 1

together with the estimate

ess sup
t∈(0,T )

m+1∑
k=0

∥∥∥∂kũ
∂tk

∥∥∥
L2(0,T ;Wm+1−k,2(Ω))

≤ C
( m∑

k=0

∥∥∥∂kf̃
∂tk

∥∥∥
Wm+1−k,2(Ω)

+ ∥g̃∥Wm+1,2(Ω) + ∥h̃∥Wm,2(Ω)

)
.

As ũ = ∂tu, we can rewrite the estimate above as

ess sup
t∈(0,T )

m+2∑
k=1

∥∥∥∂ku
∂tk

∥∥∥
Wm+2−k,2(Ω)

≤ C
(m+1∑

k=1

∥∥∥∂kf
∂tk

∥∥∥
L2(0,T ;Wm+1−k,2(Ω))

+ ∥g∥Wm+2,2(Ω) + ∥h∥Wm+1,2(Ω) + ∥f(0, ·)∥Wm,2(Ω)

)
≤ C

(m+1∑
k=0

∥∥∥∂kf
∂tk

∥∥∥
L2(0,T ;Wm+1−k,2)(Ω)

+ ∥g∥Wm+2,2(Ω) + ∥h∥Wm+1,2(Ω)

)
,

(5.30)

where we used the estimate ∥f(0, ·)∥Wm,2(Ω) ≤ C(∥f∥L2(0,T ;Wm,2(Ω)) + ∥∂tf∥L2(0,T ;Wm,2(Ω)).
Step 2: Highest spatial derivative estimate

We now write for almost all t ∈ (0, T )
Lu = f − ∂ttu =: z.

We have by elliptic regularity

∥u∥Wm+2,2(Ω) ≤ C(∥z∥Wm,2(Ω) + ∥u∥L2(Ω)) ≤ C(∥f∥Wm,2(Ω) + ∥∂ttu∥Wm,2(Ω) + ∥u∥L2(Ω)).

Taking the essential supremum over (0, T ) and combining the resulted inequality with (5.30) we end up with

ess sup
t∈(0,T )

m+2∑
k=0

∥∥∥∂ku
∂tk

∥∥∥
Wm+2−k,2(Ω)

≤ C
(m+1∑

k=0

∥∥∥∂kf
∂tk

∥∥∥
L2(0,T ;Wm+1−k,2(Ω))

+ ∥g∥Wm+2,2(Ω) + ∥h∥Wm+1,2(Ω)

)
.

This is the claim of the theorem for m+ 1. ■

5.2.3 Finite speed of propagation for weak solutions to hyperbolic problems
We proved this result for classical solutions in Pokorný (2025), see also Evans (1998). We now try to extend this result
for weak solutions only.

Theorem 5.2.12 — Finite speed of propagation for wave equation. Let the function u ∈ L2(0, T ;W 1,2
loc (Ω))∩

W 1,2(0, T ;L2
loc(Ω)) ∩W 2,2(0, T ;W−1,2

loc (Ω)) be a weak solution to

⟨∂ttu, v⟩W 1,2
0 (Ω) + c2

∫
Ω

∇u · ∇v dx = 0 (5.31)

for all v ∈W 1,2(Ω), v = 0 in the neighbourhood of the ∂Ω, for almost every t ∈ (0, T ). Let B1(0) ⊂ Ω and u(0, ·) =
∂tu(0, ·) = 0 almost everywhere in B1(0). Then u(t, x) = 0 almost everywhere in the set {(t, x) | t > 0, |x|+ t

c < 1}.

Remark 5.2.13. Note that c can be interpreted as the speed of propagation of the signal.

Proof of Theorem 5.2.12. We first assume that c = 1, then we transform the general situation to this special case. We
integrate (5.31) with c = 1 over time, from 0 to t. We get, using also the Fubini Theorem

⟨∂tu, v⟩W 1,2
0 (Ω) +

∫
Ω

(∫ t

0

∇u(τ, ·)dτ
)
· ∇v dx = ⟨∂tu(0, ·), v⟩W 1,2

0 (Ω). (5.32)

Assume that g is a Lipschitz function, zero around ∂Ω such that moreover
(i) g(t, x) = 0 for all x such that |x| ≥ 1
(ii) g(1, x) = 0 for all x ∈ Rd.

We set v(x) := (ug)(t, x) in (5.32) and integrate the resulted identity over time, from 0 to 1. We end up with∫ 1

0

⟨∂tu, ug⟩W 1,2
0 (Ω) dt+

∫ 1

0

∫
Ω

(∫ t

0

∇u(τ, ·)dτ
)
· ∇(ug) dxdt =

∫ 1

0

⟨∂tu(0, ·), ug⟩W 1,2
0 (Ω) dt. (5.33)
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First, note that the term on the right-hand side is zero. This follows from the fact that ∂tu(0, x) = 0 for |x| ≤ 1,
g(t, x) = 0 for |x| > 1, hence also ⟨∂tu(0, ·), ug⟩W 1,2

0 (Ω) = 0 for almost every t ∈ (0, T ).
Next we consider the first term on the left-hand side. Since ∂tu ∈ L2(0, T ;L2

loc(Ω)), we may write∫ 1

0

⟨∂tu, ug⟩W 1,2
0 (Ω) dt =

∫ 1

0

∫
Ω

∂tuug dx dt =
1

2

∫ 1

0

∫
Ω

∂t(u
2)g dx dt

= −1

2

∫ 1

0

∫
Ω

u2∂tg dxdt+
1

2

∫
Ω

(
u2(1, ·)g(1, ·)− u2(0, ·)g(0, ·)

)
dx.

Since u2(1, x)g(1, x) = 0 by (ii) and u2(0, x)g(0, x) = 0 by assumptions of the theorem and by (i), we end up with∫ 1

0

⟨∂tu, ug⟩W 1,2
0 (Ω) dt = −1

2

∫ 1

0

∫
Ω

u2∂tg dx dt.

The second term can be computed as∫ 1

0

∫
Ω

(∫ t

0

∇u(τ, ·)dτ
)
· ∇(ug) dxdt =

∫ 1

0

∫
Ω

(∫ t

0

∇u(τ, ·)dτ
)
· (∇ug +∇gu) dx dt

=
1

2

∫ 1

0

∫
Ω

∂t

(∫ t

0

∇u(τ, ·)dτ
)2
g dx dt+

∫ 1

0

∫
Ω

(∫ t

0

∇u(τ, ·)dτ
)
· ∇gu dxdt

= −1

2

∫ 1

0

∫
Ω

(∫ t

0

∇u(τ, ·)dτ
)2
∂tg dx dt

+
1

2

∫
Ω

(∫ 1

0

∇u(τ, ·)dτ
)2
g(1, ·) dx− 1

2

∫
Ω

(∫ 0

0

∇u(τ, ·)dτ
)2
g(0, ·) dx

+

∫ 1

0

∫
Ω

(∫ t

0

∇u(τ, ·)dτ
)
· ∇gu dxdt

= −1

2

∫ 1

0

∫
Ω

(∫ t

0

∇u(τ, ·)dτ
)2
∂tg dx dt+

∫ 1

0

∫
Ω

(∫ t

0

∇u(τ, ·)dτ
)
· ∇gu dxdt.

Plugging these computations into (5.33) we end up with

−1

2

∫ 1

0

∫
Ω

(
u2 +

(∫ t

0

∇u(τ, ·)dτ
)2)

∂tg dx dt = −
∫ 1

0

∫
Ω

(∫ t

0

∇u(τ, ·)dτ
)
· ∇gu dxdt

≤ 1

2

∫ 1

0

∫
Ω

|∇g|
(
u2 +

(∫ t

0

∇u(τ, ·)dτ
)2)

dx dt.

We now suitably choose the function g. We take for ε ∈ (0, 1)

g(t, x) = max{0, 1− ε− (1− ε)|x| − t}.

This function is clearly nonnegative, Lipschitz, for ε sufficiently close to zero the function g is zero near the boundary
of Ω. We further have g(1, x) = 0 for all x ∈ Rd and g(0, x) = max{0, (1 − ε)(1 − |x|)} = 0 for |x| ≥ 1. Thus our
assumptions are satisfied.

We further have
∂tg = −χ{(t,x)∈R+×Ω | t<(1−ε)(1−|x|)} =: −χε

∇g = (1− ε)χ{(t,x)∈R+×Ω | t<(1−ε)(1−|x|)} = (1− ε)χε.

Altogether, we have

1

2

∫ 1

0

∫
Ω

(
u2 +

(∫ t

0

∇u(τ, ·)dτ
)2)

χε dx dt ≤
1− ε

2

1

2

∫ 1

0

∫
Ω

(
u2 +

(∫ t

0

∇u(τ, ·)dτ
)2)

χε dx dt

which implies
uχε = 0 almost everywhere in (0, T )× Ω,

whence u(t, x) = 0 almost everywhere in the set {(t, x) ∈ R+ × Ω | t < (1− ε)(1− |x|)}. Passing with ε → 0+ we get
u(t, x) = 0 almost everywhere in the set {(t, x) ∈ R+ × Ω | t+ |x| < 1}. The case c = 1 is finished.

Let us assume that c ̸= 0 (but positive). We have

⟨∂ttu, v⟩W 1,2
0 (Ω) + c2

∫
Ω

∇u · ∇v dx = 0

for all v ∈ W 1,2
0 (Ω) which is zero near the boundary and almost every t ∈ (0, T ). Further, we assume u(0, x) =

∂tu(0, x) = 0 in B1(0). We define ũ(t, x) := u(ct, x). Then we have

⟨∂ttũ, v⟩W 1,2
0 (Ω) +

∫
Ω

∇ũ · ∇v dx = 0
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for all v ∈W 1,2
0 (Ω) which is zero near the boundary and almost every t ∈ (0, T ). Since we did not change the condition

at t = 0, using the procedure above we conclude that ũ(t, x) = 0 almost everywhere in the set {(t, x) ∈ R+×Ω | t+|x| <
1}. Thus also u(ct, x) = 0 almost everywhere in the set {(t, x) ∈ R+ ×Ω | t+ |x| < 1} which implies u(t, x) = 0 almost
everywhere in the set {(t, x) ∈ R+ × Ω | t

c + |x| < 1}. The proof is complete. ■



Chapter 6

A more detailed guide to Sobolev spaces

We know from the introductory chapter that the classical solution for different kinds of partial differential equations
may not exist or the classical formulation may not be the appropriate type of solution. On the other hand, we also
know that in many situations it is possible to speak about a generalized solution which we called weak solutions.
For the steady problems, they are based on the Sobolev spaces W k,p(Ω) which play the main role in the modern
theory of partial differential equations. In Chapter 2 we only introduced them and explained their most important
properties. However, deeper understanding of these spaces in unavoidable as soon as we touch nonlinear problems.
This is precisely the aim of this chapter. For the sake of completeness, we repeat in this chapter also those parts which
were already presented relatively carefully in Chapter 2.

As before, we assume in this chapter that the reader knows the elements of the theory of Lebesgue integral
and Lebesgue spaces and knows the main properties of spaces of continuous, Hölder continuous and continuously
differentiable functions. For completeness and for the reader’s convenience we present a short overview of these results
in Appendix A. We also assume that the reader has sufficient knowledge of functional analysis; a short overview of
the main important results is presented in Appendix B

6.1 Definitions, basic properties
Let us first recall the definition of the multiindex.

Notation 6.1.1 (Multiindex). The ordered d–tuple α = (α1, . . . , αd), αi ∈ N0, is called a multiindex. The length of
the multiindex is denoted |α| and is defined as |α| = α1 + · · ·+ αd.

In what follows we also use a shorten notation for partial derivatives.

Notation 6.1.2 (Partial derivative written by a multiindex). The symbol Dαϕ denotes the partial derivative of a
function ϕ

Dαϕ(x) :=
∂|α|ϕ(x)

∂xα1
1 . . . ∂xαd

d

.

We can now introduce the basic notion in the modern theory of partial differential equations1.

Definition 6.1.3 — Weak derivative. Let Ω ⊂ Rd be an open (possibly also unbounded) set and α =
(α1, . . . , αd) be a multiindex. Let u, vα ∈ L1

loc(Ω). We say that vα is a weak derivative of u with respect to

1The weak derivative is a special case of a more general notion — the distributional derivative. If u ∈ L1
loc(Ω), we may assign to the

function u the regular distribution Tu defined as

∀φ ∈ D(Ω): ⟨Tu, φ⟩ :=
∫
Ω
uφdx,

where ⟨·, ·⟩ denotes the duality pairing between (D(Ω))∗ and D(Ω). Every distribution can be differentiated infinitely many times. A
distribution G is the derivative of a distribution T with respect to xα, if

∀φ ∈ D(Ω): ⟨T,Dαφ⟩ = (−1)|α| ⟨G,φ⟩ .

In particular, if G = Gv and T = Tu are regular distributions, it holds

∀φ ∈ D(Ω):

∫
Ω
u(x)Dαφ(x) dx = ⟨Tu, D

αφ⟩ = (−1)|α| ⟨Gv , φ⟩ = (−1)|α|
∫
Ω
v(x)φ(x) dx;

it means that v = Dαu in the weak sense. While a derivative of the distribution exists for any order, it may not be the case for weak
derivatives. On the other hand, if the weak derivative of the second (or higher) order exists and Ω ⊂ Rd with d ≥ 2, then the derivative is
independent of the order of differentiation, see also Exercise 2.1.10 below.

110
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xα, if it holds for any ϕ ∈ C∞
0 (Ω) ∫

Ω

u(x)Dαϕ(x) dx = (−1)|α|
∫
Ω

vα(x)ϕ(x) dx.

The following properties of the weak derivative are more or less evident.

Lemma 6.1.4 — Connection between weak and classical derivative I. The following claims hold.

1. Let u ∈ Ck(Ω). Then for any |α| ≤ k the classical and weak derivatives coincide.

2. The weak derivative is (in the sense of equality in L1
loc(Ω), thus almost everywhere) given uniquely.

Proof. We leave the proof of these claims to a kind reader as a useful exercise. ■

Remark 6.1.5. If the classical derivative is continuous, it is necessarily equal to the weak derivative. Therefore, we
shall use the same notation for both; if vα is a weak derivative of u with respect to xα, we shall write Dαu = vα.
We are ready to present the most important definition of this chapter.

Definition 6.1.6 — Sobolev spaces. Let Ω ⊂ Rd be an open set, k ∈ N and p ∈ [1,∞]. The Sobolev space
W k,p(Ω) is defined as

W k,p(Ω) := {u ∈ Lp(Ω) | ∀|α| ≤ k |Dαu ∈ Lp(Ω)}.

We endow this space with the norm

∥u∥k,p = ∥u∥Wk,p(Ω) :=



∑
|α|≤k

∥Dαu∥pLp(Ω)

 1
p

for p ∈ [1,∞),

max
|α|≤k

∥Dαu∥L∞(Ω) for p = ∞.

If it is clear from the context on which set we work, we shall use the shorten notation ∥ · ∥k,p. If there is a danger
of ambiguity, we shall use the full notation ∥ · ∥Wk,p(Ω). Similarly as in the case of the Lp(Ω) spaces, the elements of
W k,p(Ω) are in fact classes of functions which differ on a set of measure zero.
Remark 6.1.7. It is possible to define the Sobolev spaces for k ∈ N0 which means that the case k = 0 is included. For
k = 0 we identify the Sobolev space with the Lebesgue space, i.e.,

W 0,p(Ω) := Lp(Ω).

Remark 6.1.8. We also often shorten the notation for partial derivatives of u. For u ∈ W k,p(Ω), we define for
m = 1, . . . , k the vector (the tensor of the m-th order) ∇mu : Ω → Rdm

as follows

[∇mu]i1···im :=
∂mu

∂xi1 · · · ∂xim
, where il = 1, . . . , d.

If m = 1, we shorten ∇u := ∇1u.
The correctness of Definition 6.1.6 is summarized in the following theorem.

Theorem 6.1.9 — Sobolev norm. The space W k,p(Ω) is a normed linear space.

Proof. The space W k,p(Ω) is clearly a linear space (cf. Exercise 6.1.10). It is therefore enough to verify that ∥ · ∥k,p is
a norm. We consider only the case p ∈ [1,∞), the proof for p = ∞ is left for a reader as a useful exercise. We check
step by step that ∥ · ∥k,p satisfies all the axioms of a norm.

Step 1: Property 1. of the norm
It evidently holds for any u ∈W k,p(Ω) that

0 ≤ ∥u∥k,p <∞.

Moreover, if ∥u∥k,p = 0, then also ∥u∥p = 0 and therefore (property of the ∥ · ∥Lp(Ω)-norm) we also have u = 0 almost
everywhere in Ω, i.e., u is equivalent to a zero function. The opposite implication is straightforward. Whence it holds

u = 0 ⇐⇒ ∥u∥k,p = 0.

Step 2: Property 2. of the norm
The weak derivative satisfies Dα (λu) = λDαu (cf. Exercise 6.1.10), further also ∥λDαu∥p = |λ|∥Dαu∥p. Altogether,
we have

∥λu∥k,p =

∑
|α|≤k

∥Dα (λu) ∥pp

 1
p

=

|λ|p
∑
|α|≤k

∥Dαu∥pp

 1
p

= |λ|∥u∥k,p,
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and we verified that the proposed norm is positively 1-homogeneous.
Step 3: Property 3. of the norm

Weak derivative is clearly linear Dα (u+ v) = Dαu +Dαv (cf. Exercise 6.1.10) and for the Lp-norm, the Minkowski
(triangle) inequality holds (cf. Theorem A.3.10)

∥u+ v∥p ≤ ∥u∥p + ∥v∥p.

Moreover, also the "discrete" Minkowski inequality holds, i.e., we have for any non-negative {an, bn}mn=0(
m∑

n=0

(an + bn)
p

) 1
p

≤

(
m∑

n=0

apn

) 1
p

+

(
m∑

n=0

bpn

) 1
p

.

This inequality yields

∥u+ v∥k,p =

∑
|α|≤k

∥Dαu+Dαv∥pp

 1
p

≤

∑
|α|≤k

(
∥Dαu∥p + ∥Dαv∥p

)p 1
p

≤

∑
|α|≤k

∥Dαu∥pp

 1
p

+

∑
|α|≤k

∥Dαu∥pp

 1
p

= ∥u∥k,p + ∥v∥k,p;

we thus verified the triangle inequality. It follows from Steps 1–3 that ∥ · ∥k,p is a norm. ■

The following exercise contains elementary properties of the weak derivative. Their proofs are easy, however, we
recommend the reader to perform them in detail.

Exercise 6.1.10 (Properties of weak derivative). Show that it holds for arbitrary two functions u, v ∈W k,p(Ω), where
k ∈ N, and an arbitrary multiindex α satisfying |α| ≤ k:

1. Dαu ∈W k−|α|,p(Ω) and Dα(Dβu) = Dβ(Dαu) = Dα+βu, whenever |α|+ |β| ≤ k

2. λu+ µv ∈W k,p(Ω) and Dα(λu+ µv) = λDαu+ µDαv whenever λ, µ ∈ R

3. if Ω̃ ⊂ Ω is open, then u ∈W k,p(Ω̃)

4. if η ∈ C∞(Ω), then ηu ∈W k,p(Ω) and it holds that

Dα(ηu) =
∑

{β | ∀i=1,...,d βi≤αi}

(
α

β

)
DβηDα−βu,

where
(
α
β

)
:=
∏d

i=1

(
αi

βi

)
.

Let us now present several typical examples showing which functions belong or do not belong to the spacesW k,p(Ω).
The first example illustrates that Sobolev functions cannot have a jump across a (d− 1)–dimensional manifold.

Example 6.1.11. The function

u(x) :=

{
x in (0, 1)

2 in [1, 2)

is not an element of W 1,p((0, 2)), because the weak derivative, if it had existed, would have been equal to the classical
one in the intervals (0, 1) and (1, 2); the classical derivative is the function

v(x) :=

{
1 in (0, 1)

0 in (1, 2).

This function, however, is not a weak derivative of 2 u, but it is a weak derivative of a function

ũ(x) =

{
x in (0, 1)

1 in [1, 2).

Generally, a function which has a jump discontinuity across a (d− 1)–dimensional manifold in Ω ⊂ Rd, does not have
a weak derivative in Ω.

2The function u indeed possesses a distributional derivative. It is equal to the distribution Tχ(0,1)
+ δ1, where χI is the characteristic

function of the interval I and δs is the Dirac distribution with the support at the point s. But this distribution is not regular and the
function u does not possess a weak derivative. The function u, however, belongs to the space BV ((0, 2)), i.e., to the space of functions with
bounded variation. The space BV (Ω) is defined as a subspace of the function space L1(Ω) for which all distributional partial derivatives
of the first order are Radon measures, cf. (Lukeš and Malý, 1995, Section 21).
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The second example shows a typical behaviour near a singularity.

Example 6.1.12. Let Ω = B1(0) ⊂ Rd. Then u(x) := 1
|x|α ∈ W 1,p(Ω) ⇔ α < d−p

p . We see that also unbounded
functions belong to some W 1,p(Ω). Note that for α < d−p

p the function u ∈ Lq(Ω) for every q ∈ [1, p∗), where p∗ := dp
d−p

(compare with the Embedding Theorem 6.5.1).

Solution. Consider the function
ui(x) := −α xi

|x|α+2

and show that ui(x) = ∂
∂xi

1
|x|α (in the weak sense). To this aim, apply the definition of the weak derivative and

consider any φ ∈ C∞
0 (Ω) (it is in fact enough to take φ ∈ C1

0(Ω))

−
∫
Ω

u(x)
∂φ(x)

∂xi
dx = − lim

ε→0+

∫
Ω\Bε(0)

u(x)
∂φ(x)

∂xi
dx

and apply the Green formula (integration by parts in higher dimensions) on the second integral; (it can now be applied
as both functions are sufficiently smooth on Ω \Bε(0)). Then compute the limit ε→ 0+. □

The last example illustrates the fact that the set of points, where the Sobolev function is discontinuous or un-
bounded, can be even dense in Ω.

Example 6.1.13. Let {rk}∞i=1 be a dense countable subset in B1(0). We define for x ∈ B1(0)

u(x) =

∞∑
i=1

1

2i
|x− ri|−α.

If p < d and α ∈ (0, d−p
p ), then u ∈W 1,p(B1(0)), but the function is not bounded on any open subset of B1(0).

The basic important properties of Sobolev spaces as completeness, separability and reflexivity are summarized in
the following theorem.

Theorem 6.1.14 — On properties of Sobolev spaces. For every k ∈ N0 and p ∈ [1,∞] the space W k,p(Ω) is
a Banach space. For p ∈ [1,∞) the space W k,p(Ω) is separable and for p ∈ (1,∞) the space is reflexive. For p = 2
the space W k,2(Ω) is a Hilbert space with the scalar product

(u, v)Wk,2(Ω) = (u, v)k,2 :=
∑
|α|≤k

∫
Ω

DαuDαv dx. (6.1)

Proof. Step 1: Completeness
The aim is to show that every Cauchy sequence in W k,p(Ω) has a limit in W k,p(Ω). Let {un}∞n=1 ⊂ W k,p(Ω) be a
Cauchy sequence, i.e.,

∀ε > 0, ∃n0 ∈ N, ∀n,m ≥ n0 : ∥un − um∥k,p < ε.

The definition of ∥ · ∥k,p implies that for any multiindex α such that |α| ≤ k it holds ∥Dαun−Dαum∥p < ε. Therefore
all sequences {Dαun}∞n=1 ⊂ Lp(Ω) are Cauchy sequences. The spaces Lp(Ω) are complete (cf. Theorem A.3.11), and
therefore there exist limits

un → u in Lp(Ω)

Dαun → uα in Lp(Ω), |α| ≤ k.
(6.2)

Since the limits of sequences Dαun were constructed separately, it is not clear whether we have Dαu = uα. It remains
to verify this claim. First, it holds uα ∈ L1

loc(Ω) (as uα ∈ Lp(Ω)); we have verified the first property of the weak
derivative. We take arbitrary α such that |α| ≤ k. By virtue of the definition of the weak derivative it holds for every
ϕ ∈ C∞

0 (Ω) ∫
Ω

unD
αϕ dx = (−1)

|α|
∫
Ω

Dαunϕ dx.

We pass to the limit n→ ∞ on both sides of the equality. For the left-hand side we have due to (2.2)1

lim
n→∞

∫
Ω

unD
αϕ dx =

∫
Ω

uDαϕ dx,

and for the right-hand side we obtain due to (2.2)2

lim
n→∞

(−1)
|α|
∫
Ω

Dαunϕ dx = (−1)
|α|
∫
Ω

uαϕ dx.

Whence it must hold for any ϕ ∈ C∞
0 (Ω) that

∫
Ω
uDαϕ dx = (−1)

|α| ∫
Ω
uαϕ dx. This implies Dαu = uα.
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Step 2: Reflexivity and separability
To show the reflexivity and separability we use the properties of the Lp(Ω) spaces, cf. Theorems A.3.34 and A.3.37.
Denote X = (Lp(Ω))

κ, where κ is the number of all multiindeces with the length equal or less than k. The space X
is clearly reflexive (for p ∈ (1,∞)) and separable (for p ∈ [1,∞)).

We further define the mapping I: W k,p(Ω) → X as3

I(u) = [Dαu]|α|≤k =

[
u,

∂u

∂x1
, . . . ,

∂u

∂xd
, . . . ,

∂ku

∂xkd

]
.

Then I is an isomorphism between W k,p(Ω) and I(W k,p(Ω)) ⊂ X. Due to the completeness of the space W k,p(Ω),
cf. Theorem 2.1.14, the set I(W k,p(Ω)) is a closed subset of X. Thus due to Theorem B.2.4 the space W k,p(Ω) is
separable, if p ∈ [1,∞), and reflexive, if p ∈ (1,∞).

Step 3: Case p = 2
We leave for a kind reader the verification that (2.1) is a scalar product. Since the associated norm is the standard
norm in W k,2(Ω), the space W k,2(Ω) is a Hilbert space. ■

On the other hand, for the value p = 1 the Sobolev spaces (similarly as the Lebesgue ones) are not reflexive and
for p = ∞ neither reflexive, nor separable.

Theorem 6.1.15 — On non-reflexivity and non-separability. The Sobolev space W k,∞(Ω) is not separable
and the Sobolev spaces W k,1(Ω) and W k,∞(Ω) are not reflexive.

Proof. The proof of the first claim is left for the reader, cf. the following Exercise 2.1.16. The proof of the second
claim can be found in (Kufner et al., 1977, Theorems 5.2.4 and 5.2.6). ■

Exercise 6.1.16 (W k,∞(Ω) is not separable). Let Ω ⊂ Rd and let δ > 0 be such that Bδ(x0) ⊂ Ω for a certain x0.
Consider for ξ = (ξ1, . . . , ξd) ∈ Bδ(x0) functions φξ = min(1, |x1 − ξ1|). Show that φξ is an uncountable system of
functions from W 1,∞(Ω) such that ∥φξ − φξ̃∥W 1,∞(Ω) ≥ 1 for ξ1 ̸= ξ̃1.

In what follows we introduce certain subspaces of Sobolev spaces whose elements "are zero" on the boundary Ω.
These subspaces play an important role when we introduce the solution to certain boundary value problems in the
theory of PDEs as well as at the rigorous justification of integration by parts for Sobolev functions.

Definition 6.1.17 — The space W k,p
0 (Ω). Let Ω ⊂ Rd be an open set, p ∈ [1,∞) and k ∈ N. Denote

W k,p
0 (Ω) := C∞

0 (Ω)
∥ · ∥k,p

.

Remark 6.1.18. If we allow p = ∞ in the definition above, we would get

C∞
0 (Ω)

∥ · ∥k,∞ ⊆
{
u ∈ Ck(Ω) | ∀|α| ≤ k, ∀x ∈ ∂Ω: Dαu(x) = 0

}
which follows directly from the definition of the convergence in the norm ∥ · ∥k,∞.

The following relation between W k,p(Ω) and W k,p
0 (Ω) is left as an exercise for a kind reader.

Exercise 6.1.19. Show that W k,p
0 (Ω) is a subspace of W k,p(Ω). Show further that W k,p

0 (Ω) ⊊ W k,p(Ω) for an
arbitrary open Ω ⊊ Rd.

The spaces W k,p
0 (Ω) share almost all properties with W k,p(Ω) which is formulated in the next theorem.

Theorem 6.1.20 — On properties of spaces W k,p
0 (Ω). For any k ∈ N and p ∈ [1,∞) the space W k,p

0 (Ω) is a
Banach space. For p ∈ [1,∞) the space W k,p

0 (Ω) is separable and for p ∈ (1,∞) the space is reflexive. The space
W k,1

0 (Ω) is not reflexive.

Proof. The proof is, similarly as the proof of Theorem 6.1.14, based on known properties of the Lebesgue spaces Lp(Ω).
A more detailed proof can be found in (Kufner et al., 1977, Theorems 5.2.2, 5.2.4 and 5.2.6). ■

Remark 6.1.21. If we allow for k = 0 in the definition of the space W k,p
0 (Ω), then W 0,p

0 (Ω) = Lp(Ω) for 1 ≤ p < ∞
and Ω ⊂ Rd open, since the smooth compactly supported functions are dense in Lp(Ω) in this situation.

Finally, as a direct consequence, we deduce the formula for integration by parts for elements of Sobolev spaces
W 1,p

0 (Ω) and W 1,p′
(Ω).

3The mapping I forms the vector of all possible (weak) partial derivatives of the order at most k.
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Theorem 6.1.22 — On integration by parts I. Let Ω ⊂ Rd be an open set, k ∈ N and p ∈ [1,∞). Then for
any multiindex α such that |α| ≤ k, every u ∈W k,p

0 (Ω) and everya v ∈W k,p′
(Ω) it holds∫

Ω

Dαu v dx = (−1)|α|
∫
Ω

uDαv dx. (6.3)

aRecall that p′ := p
p−1

with the convention that for p = 1 we have p′ = ∞.

Proof. By virtue of Hölder’s inequality A.3.12 it is not difficult to verify that both integrals in (6.3) are finite. Fur-
thermore, from the definition of the space W k,p

0 (Ω) we know that there exists a sequence {un}∞n=1 ⊂ C∞
0 (Ω) such that

for any multiindex α, |α| ≤ k we have
Dαun → Dαu in Lp(Ω).

As also Dαv ∈ Lp′
(Ω), we immediately obtain∫

Ω

Dαu v dx = lim
n→∞

∫
Ω

Dαun v dx∫
Ω

uDαv dx = lim
n→∞

∫
Ω

unD
αv dx.

(6.4)

Finally, directly from the definition of the weak derivative (recall that un ∈ C∞
0 (Ω)) we deduce∫

Ω

Dαun v dx = (−1)|α|
∫
Ω

unD
αv dx

and plugging this identity into (6.4) we get (6.3). ■

Inspired by Definition 6.1.17, we introduce at the end of this section yet other function spaces which we obtain as
closure of smooth functions up to the boundary in the corresponding Sobolev norm.

Definition 6.1.23 — Sobolev spaces as closure. Let Ω ⊂ Rd be an open set, p ∈ [1,∞) and k ∈ N. The space
W̃ k,p(Ω) is defined as

W̃ k,p(Ω) := C∞(Ω)
∥ · ∥k,p

.

Remark 6.1.24. Analogously as in the case W k,p
0 (Ω) (cf. Remark 2.1.18) it does not make sense to define W̃ k,∞(Ω),

because we would get due to the properties of ∥ · ∥k,∞ that W̃ k,∞(Ω) ⊂ Ck(Ω).

The following lemma summarizes the properties of the space defined as the closure of smooth functions up to the
boundary in the Sobolev norm.

Lemma 6.1.25 — On properties of spaces W̃ k,p(Ω). Let k ∈ N and p ∈ [1,∞). Then W̃ k,p(Ω) is a closed
subspace of W k,p(Ω) (and thus a Banach space) which is separable and furthermore for p ∈ (1,∞) also reflexive. In
particular, W̃ k,p(Ω) ⊂W k,p(Ω).

Proof. The fact that the space is closed follows directly from the definition. Other properties can by shown by virtue
of Theorem 6.1.14. Their proof is left as a useful exercise for a kind reader. ■

The answer on the question when it holds W̃ k,p(Ω) =W k,p(Ω) will be given in the next section. The validity of such
claim will require certain assumptions on the qualitative properties of the set Ω. We now only present a counterexample
of this claim for a sufficiently "ugly" open set Ω.

Exercise 6.1.26 (W̃ k,p(Ω) ̸=W k,p(Ω)). We define the set Ω ⊂ R2 as

Ω := B1(0) \ {(x, 0) : x ∈ [0, 1)}, see also Figure 6.2 from Example 6.2.12.

Consider a function u defined as

u(x, y) :=


0 if x ≤ 0,

0 if x > 0 a y ≥ 0,

x if x > 0 a y < 0.

Show that for every p ∈ [1,∞] it holds u ∈W 1,p(Ω), but for p <∞ we have u /∈ W̃ 1,p(Ω).

Let us note that introducing the Sobolev spaces by Definitions 6.1.6 or 6.1.23 is not the only possibility. In the
last subsection of this chapter we present an alternative, but fully equivalent definition based on the so-called Beppo
Levi spaces.
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6.2 Density of smooth functions
Next, we look at results concerning the density of different types of smooth functions. They are important since they
allow the following proof strategy: we first show validity of certain integral identity for smooth functions and in the
next step, based on the density argument, we show by suitable limit passage that the identity also holds for Sobolev
functions. These results will be mostly based on mollification of Sobolev functions.

In what follows the notation η will be used exclusively for the mollification kernel, i.e., for smooth radially symmetric
function supported in the unit ball with integral mean value equal to one, see also Definition A.3.28. The function
ηε(x) := ε−dη(xε ) stands then for its rescaling and finally for u ∈ L1

loc(R
d) we introduce the mollification of the function

u, denoted uε, as (see also Definition A.3.30)

uε(x) := ηε ⋆ u(x) =

∫
Rd

ηε(x− y)u(y) dy.

6.2.1 Local approximation of Sobolev functions
The first result concerns a direct application of the mollification of a Sobolev function.

Theorem 6.2.1 — On local approximation by smooth functions. Let Ω ⊂ Rd be open, p ∈ [1,∞) and
u ∈W k,p(Ω) be arbitrary. We define u as zero outside of Ω and let uε := ηε ⋆ u denote the mollification of u. Then
it holds:

1. Dαuε = (Dαu)ε almost everywhere in Ωε := {x ∈ Ω | dist (x, ∂Ω) > ε}

2. uε → u in W k,p(Ω′) for every open Ω′ ⊂ Ω′ ⊂ Ω.

Proof. Based on the definition, we compute

Dαuϵ(x) = Dα

(∫
Rd

ηϵ(x− y)u(y) dy

)
=

∫
Rd

(Dα
xηϵ(x− y))u(y) dy.

The verification of assumptions of Theorem on the derivative of integral with respect to a parameter is here simple,
since ηε is a smooth function with compact support. We also used the symbol Dα

x to underline that the derivative is
taken with respect to the variable x. We next use the fact that for any x ∈ Ωε and each y ∈ Rd\Ω it holds ηε(x−y) = 0
and thus for x ∈ Ωε we have

Dαuϵ(x) =

∫
Ω

(Dα
xηϵ(x− y))u(y) dy =

∫
Ω

(
(−1)

|α|
Dα

y ηϵ(x− y)
)
u(y) dy

=

∫
Ω

ηϵ(x− y)Dα
y u(y) dy =

∫
Rd

ηϵ(x− y)Dα
y u(y) dy = (Dαu)ε (x);

we used above the definition of the weak derivative as well as the fact that supp ηε(x−y) ⊂ Ω. Claim 1. is proved. Claim
2. is then a simple consequence of Claim 1. and properties of mollification; we apply Claim 4. from Theorem A.3.33
subsequently to every Dαu with |α| ≤ k. ■

This theorem, even though it concerns only local approximation, has several important corollaries. The first one
is a precise characterization of W k,p(Rd).

Lemma 6.2.2 — Connection of W k,p
0 (Rd) and W k,p(Rd). Let k ∈ N a p ∈ [1,∞). Then W k,p(Rd) =W k,p

0 (Rd).

Proof. The inclusion W k,p
0 (Rd) ⊂W k,p(Rd) is evident and follows directly from the definition of the space W k,p

0 (Rd).
Let us now deal with the opposite inclusion W k,p(Rd) ⊂W k,p

0 (Rd). We have to show that for every u ∈W k,p(Rd)

there exists a sequence {un}∞n=1 ⊂ C∞
0 (Rd) such that ∥u− un∥Wk,p(Rd)

n→∞→ 0.

It is not difficult to see that for every n ∈ N there exists a non-negative ξn ∈ C∞
0 (Rd) such that ξn = 1 in Bn(0),

ξn = 0 in Rd \ B2n(0) and which fulfils ∥ξn∥Ck(Rd) ≤ C(k, d), where the constant C(k, d) is independent of n. Let us
define the function un := uξn. Due to results of Exercise 6.1.10 we now that un ∈ W k,p(Rd). Furthermore, using
Claim 4. from the same exercise we immediately get the estimate

∥Dαu−Dαun∥pLp(Rd) =

∫
Rd

|Dαu−Dα(uξn)|p dx

≤ (C(k, d))p
∫

Rd\Bn(0)

∑
|β|≤|α|

|Dβu|p dx.

As u ∈W k,p(Rd), it follows from the above stated inequality that for arbitrary ρ > 0 we may find n ∈ N such that

∥u− un∥Wk,p(Rd) <
ρ

2
.
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Now, it is enough to mollify the function un which unlike the function u already has compact support suppun ⊂ B2n(0);
we apply Theorem 6.2.1. In other words, for any ρ > 0, there exists ε0 > 0 such that for any ε < ε0 it holds

∥un − (un)ε∥Wk,p(Rd)
<
ρ

2

and (un)ε ∈ C∞
0 (B2n+ε0(0)) ⊂ C∞

0 (Rd). The triangle inequality yields

∥u− (un)ε∥Wk,p(Rd)
≤ ∥un − (un)ε∥Wk,p(Rd)

+ ∥u− un∥Wk,p(Rd) < ρ

which is precisely what we wanted to prove. We construct the required sequence by taking ρk := 1
k for any k ∈ N. ■

Another, "intuitively" straightforward corollary of the Theorem on local approximation by smooth functions 6.2.1
is the following claim dealing with Sobolev functions which have zero first order derivative almost everywhere (and,
as follows from the theorem, the functions are constant).

Lemma 6.2.3 — On constant functions. Let Ω ⊂ Rd be an open connected and u ∈ W 1,1
loc (Ω). Then the

following two assertions are equivalent.

1. The function u is constant almost everywhere in Ω.

2. For any multiindex α of the length one it holds Dαu = 0 almost everywhere in Ω.

Proof. Implication 1. ⇒ 2. follows directly from the definition of the weak derivative. Hence, we concentrate on the
proof 2. ⇒ 1. Let x0 ∈ Ω be arbitrary. As Ω is open, there exists ε0 such that B2ε0(x0) ⊂ Ω. Let us define u by zero
outside of Ω and applying the mollifier we obtain the function uε ∈ C∞

0 (Rd). Using Theorem 6.2.1 we get that for any
ε ∈ (0, ε0) and any x ∈ Bε(x0) it holds

Dαuε(x) = (Dαu)ε(x) ∀|α| = 1.

Since Dαu ≡ 0 almost everywhere, we see from the definition of (Dαu)ε that for a suitable ε it holds for every
x ∈ Bε0(x0)

Dαuε(x) = (Dαu)ε(x) = 0.

Since uε is a smooth function, whose all first (classical) partial derivatives are zero, it must be constant in Bε0(x0). Since
u ∈ W 1,p(Ω), using Property 2. from the Theorem on properties of the mollifier A.3.33 we get that const = uε → u
almost everywhere in Bε0(x0), hence u = const in Bε0(x0). Since x0 was arbitrary and Ω is connected and open,
Claim 1. from our theorem holds true. ■

We showed in the previous lemma that a Sobolev function has zero gradient in an open connected set, if and only
if the function is constant there. We now show that if a function is constant on a measurable set, then all derivatives of
the first order are there zero almost everywhere. This will allow us to present a claim about composition of Lipschitz
and Sobolev functions4 Recall that χB denotes a characteristic function of a set B.

Theorem 6.2.4 — On the derivative of a composite function. Let Ω be open and u ∈ W 1,p(Ω) for some
p ∈ [1,∞]. Denote for arbitrary a ∈ R

Ωa := {x ∈ Ω |u(x) = a}.

Then for any i ∈ {1, . . . , d} it holds that ∂u
∂xi

= 0 almost everywhere in Ωa.
Further, let f ∈ C0,1(R) (note that f ′ ∈ L∞(R)). Then f ◦ u− f(0) ∈W 1,p(Ω) and it holds

∂f(u(x))

∂xi
= f ′(u(x))

∂u(x)

∂xi
χ{x∈Ω |u(x)/∈Sf} almost everywhere in Ω, (6.5)

where Sf := {s ∈ R | the classical derivative f ′(s) does not exist}.

Note that the Rademacher Theorem A.2.16 ensures that the derivative f ′ exists almost everywhere in R and thus
the set Sf is of zero measure. If moreover Ω has finite measure, then f(0) ∈ W 1,p(Ω) and thus f(u) ∈ W 1,p(Ω).
Finally, as an easy corollary of Theorem 6.2.4 which is in fact a part of the proof, we get a claim which is often used
in the theory of partial differential equations.

4It is easier to deduce these formulas, if we work with the equivalent definition of the Sobolev spaces based on so called Beppo Levi
spaces.
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Corollary 6.2.5. Let u ∈W 1,1(Ω) be arbitrary and denote u+ := max{0, u} and u− := −min{0, u}. Then we have for
all i ∈ {1, . . . , d} and almost everywhere in Ω that

∂u+

∂xi
=

∂u

∂xi
χ{x∈Ω |u(x)>0}

∂u−

∂xi
= − ∂u

∂xi
χ{x∈Ω |u(x)<0}

∂|u|
∂xi

= signu
∂u

∂xi
χ{x∈Ω |u(x)̸=0}.

In particular, u+, u− and |u| ∈W 1,1(Ω).

Proof of Theorem 6.2.4. Let us first denote fLip := ∥f ′∥L∞(R). Since f is continuous, f(u) is measurable. Moreover,
as f is globally Lipschitz, we have

|f(u(x))− f(0)| ≤ fLip|u(x)− 0| ≤ fLip|u(x)|.

As u ∈ Lp(Ω), then also f(u)− f(0) ∈ Lp(Ω). Assume now that f(u) is a Sobolev function and equality (6.5) holds.
Then we also have ∥∂f(u)

∂xi
∥p ≤ fLip∥ ∂u

∂xi
∥p and thus (f(u)− f(0)) ∈W 1,p(Ω). It remains to verify validity of (6.5).

We start with the case when additionally f ∈ C1(R). We want to show that f(u) has a weak derivative and the
derivative is given by formula (6.5). Let φ ∈ C∞

0 (Ω) and uε be the mollification of u by Theorem 6.2.1 such that
dist(suppφ, ∂Ω) > 2ε. We may then apply classical theorem on the derivative of a composed function; Property 1.
from Theorem 6.2.1 implies after integration by parts

−
∫
Ω

f(uε)
∂φ

∂xi
dx =

∫
Ω

f ′(uε)
∂uε
∂xi

φ dx. (6.6)

We now let ε→ 0+. Let us first look at the left-hand side. As uε → u in L1(Ω ∩ suppφ) and f is globally Lipschitz,

lim
ε→0+

∣∣∣∣∫
Ω

(f(uε)− f(u))
∂φ

∂xi
dx

∣∣∣∣ ≤ fLip∥φ∥1,∞ lim
ε→0+

∫
Ω∩suppφ

|uε − u| dx = 0.

We estimate the right-hand side of (6.6) as follows.∣∣∣∣∫
Ω

f ′(uε)
∂uε
∂xi

φ dx−
∫
Ω

f ′(u)
∂u

∂xi
φ dx

∣∣∣∣
≤
∫
Ω

|f ′(uε)|
∣∣∣∣∂uε∂xi

− ∂u

∂xi

∣∣∣∣ |φ| dx
+

∫
Ω

|f ′(uε)− f ′(u)|
∣∣∣∣ ∂u∂xi

∣∣∣∣ |φ| dx
≤ fLip∥φ∥∞

∫
Ω∩suppφ

∣∣∣∣∂uε∂xi
− ∂u

∂xi

∣∣∣∣ dx
+ ∥φ∥∞

∫
Ω∩suppφ

|f ′(uε)− f ′(u)|
∣∣∣∣ ∂u∂xi

∣∣∣∣ dx.
The first term goes to zero due to the convergence ∇uε → ∇u in L1(Ω ∩ suppφ). To show the convergence to zero
of the second term, it is enough to realize that due to the continuity of f ′ and almost everywhere convergence of uε
the whole integrand converges almost everywhere. To pass to the limit it is possible to apply the Lebesgue dominated
convergence Theorem A.3.4, as

|f ′(uε(x))− f ′(u(x))|
∣∣∣∣∂u(x)∂xi

∣∣∣∣ ≤ 2fLip|∇u(x)| ∈ L1(Ω ∩ suppφ);

this gives us the integrable majorant. We thus have for every φ ∈ C∞
0 (Ω)

−
∫
Ω

f(u)
∂φ

∂xi
dx =

∫
Ω

f ′(u)
∂u

∂xi
φ dx (6.7)

which we wanted to show.
Let turn our attention on the proof that ∇u = 0 almost everywhere in Ω0. Let us consider a special function

f(x) :=

{
x x > 0

0 x ≤ 0,
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i.e., f(u) := u+. We approximate the function f by the sequence of functions

fε(x) :=

{(
ε2 + x2

) 1
2 − ε x > 0

0 x ≤ 0.

Clearly fε(u) → u+ almost everywhere in Ω and

lim
ε→0+

f ′ε(x) =

{
1 for x > 0

0 for x ≤ 0.

This immediately implies that
f ′ε(u) → χ{x∈Ω |u(x)>0} almost everywhere.

However, the previous step implies

−
∫
Ω

fε(u)
∂φ

∂xi
dx =

∫
Ω

f ′ε(u)
∂u

∂xi
φ dx.

Due to the almost everywhere convergence of f ′ε(u) and of fε(u) and applying the Lebesgue dominated convergence
Theorem A.3.4 we get

−
∫
Ω

u+
∂φ

∂xi
dx =

∫
Ω

∂u

∂xi
φχ{x∈Ω |u(x)>0} dx.

We proved not only formula (6.5) for a particular function f , but also the first from the formulas in the second part
of Corollary 6.2.5. Furthermore, as u− = (−u)+ and |u| = u+ + u−, the validity of other formulas from this corollary
immediately follows.

Finally, since u = u+ − u−, then ∇u = ∇u+ −∇u− almost everywhere. However, on Ω0, the functions ∇u+ and
∇u− are equal to zero almost everywhere. Thus also ∇u = 0 almost everywhere on Ω0. Moreover, after adding an
arbitrary constant, i.e., for ũ := u+ c we have ∇ũ = ∇u and thus ∇u = 0 almost everywhere on Ωc for any c ∈ R and
the first part of the theorem is shown.

Let us now show (6.5) for a general f ∈ C0,1(R). Due to the properties of the mollifier (recall Theorem A.3.33) we
know that there exist a sequence fε ∈ C1(R) such that for ε→ 0+

5

fε ⇒ f in R,

f ′ε → f ′ almost everywhere in R.

Furthermore, we have
|fε(x)| ≤ |f(x)|+ Cε and ∥f ′ε∥L∞(R) ≤ fLip.

Since fε is a smooth function, we can use (6.7) and get

−
∫
Ω

fε(u)
∂φ

∂xi
dx =

∫
Ω

f ′ε(u)
∂u

∂xi
φ dx. (6.8)

We have to perform the limit passage ε → 0+. The term on the left-hand side is the same as above. To pass to the
limit on the right-hand side we would like to use again the Lebesgue dominated convergence Theorem A.3.4. Due to
the estimate ∥f ′ε∥∞ ≤ fLip it is not difficult to find the majorant and it therefore remains to show

f ′ε(u(x))∇u(x) → f ′(u(x))∇u(x)χ{x∈Ω |u(x)/∈Sf}

for almost every x ∈ Ω. This is evident, whenever u(x) /∈ Sf . Let now a := u(x) ∈ Sf . Then clearly the set
{x ∈ Ω |u(x) ∈ Sf} ∩ {x ∈ Ω |∇u(x) ̸= 0} is a null set, if Sf is at most countable. Since in general this might not be
the case, we apply the argument from Giusti (2003). We use the Theorem on the coarea formula in the form∫

L

|∇u(x)| dx =

∫
R
Hd−1(∂Ut ∩ L) dt,

where L = {x ∈ Ω |x ∈ Sf} and Ut = {x ∈ Ω |u(x) > t}, see, e.g., Federer (1969) for the proof. Then since
∂Ut = {x ∈ Ω |u(x) = t}, we see that ∇u = 0 a.e. in L. Thus ∇u(x)χ{x∈Ω |u(x)∈Sf} = 0 almost everywhere, which
finishes the proof. ■

In general, a composition of two Sobolev functions may give a function which is not Sobolev any more.

Example 6.2.6. Consider the function u(x) = x3 sin3
(
1
x

)
∈ W 1,∞((−1, 1)) and further the function f(z) = 3

√
z ∈

W 1,q((−1, 1)) for q < 3
2 . Then the function (f ◦ u)(x) = x sin

(
1
x

)
does not belong even to W 1,1((−1, 1)).

5To prove the second convergence, it is necessary to combine the Rademacher Theorem A.2.16 and the Theorem on local approximation
by smooth functions 6.2.1.
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6.2.2 Global approximation of Sobolev functions by functions from C∞(Ω)

We now show that Theorem 6.2.1 can be significantly strengthen in the sense that the approximate sequence belongs
to C∞(Ω) ∩W k,p(Ω). Note that this stronger form does not require any extra assumptions on the set Ω, on the other
hand, it does not say anything about the approximation by functions from C∞(Ω). Such type of approximation will
be studied in the next subsection.

To be able to show the desired approximation result, we need the following general version of the Lemma on
partition of unity.

Lemma 6.2.7 — On partition of unity I. Let Ω ⊂ Rd be open and {Vi}i∈I its (generally uncountable) covering.
Then there exists a countable system of functions {φj}j∈J such that it holds:

1. φj ∈ C∞
0 (Rd) for all j ∈ J

2. for each j ∈ J there exists i ∈ I such that suppφj ⊂ Vi

3. 0 ≤ φj ≤ 1 for all j ∈ J

4. for all x ∈ Ω the sum
∑

j∈J φj(x) = 1 and moreover, for any compact K ⊂ Ω we have φj ̸= 0 only for finite
number of j.

Proof. For the proof see, e.g., Yosida (1980). ■

We can now come to the main result of this part.

Theorem 6.2.8 — On approximation by smooth functions in Ω. Let Ω ⊂ Rd be a bounded open set,
p ∈ [1,∞) and u ∈ W k,p(Ω). Then there exists a sequence {un}∞n=1 ⊂ C∞(Ω) ∩W k,p(Ω) such that un → u in
W k,p(Ω).

Proof. Step 1: Definition of the covering
Let us define the sets

Ωi :=

{
x ∈ Ω : dist (x, ∂Ω) >

1

i

}
, i ∈ N.

These sets are open, from a certain index i non-empty, satisfying Ωk ⊂ Ωj ⊂ Ωj ⊂ Ω for j > k and Ω =
⋃∞

i=1 Ωi. We
further define for each i ∈ N open sets

Vi := Ωi+3 \ Ωi+1 =

{
x ∈ Ω :

1

i+ 3
< dist (x, ∂Ω) <

1

i+ 1

}
.

Finally, we define V0 suitably so that this set is open, V 0 ⊂ Ω and so that it holds Ω =
⋃∞

i=0 Vi. We evidently also
have V i ⊂ Ω. Due to Lemma 6.2.7, we construct to the covering {Vi}∞i=0 the partition of unity {φi}∞i=0.

Step 2: Interior approximation in Vi
For a given u ∈ W k,p(Ω) and i ∈ N we define functions ui := uφi. Evidently, ui ∈ W k,p(Ω) and suppui ⊂ Vj ⊂ Ω
for some j ∈ N (in what follows, for each i we consider such j). Let us now choose arbitrary ρ > 0. We find to this
number sufficiently small εi such that it holds for the mollified function (ui)εi = ηεi ⋆ (φiu)

∥ui − (ui)εi∥Wk,p(Vj)
<

ρ

2i+1
;

this is surely possible, it is enough to apply the Theorem on local approximation by smooth functions 6.2.1. If
necessary, we make εi smaller, in order to have supp(ui)εi ⊂ Ωj+4 \ Ωj . It clearly holds that (ui)εi ∈ C∞ (Ω).

Step 3: Definition of the approximate function
We set

v :=

∞∑
i=0

(ui)εi .

This definition makes a good sense, since the sum is always (for fixed x ∈ Ω) finite; the reason is that the covering
{Vi} we constructed is locally finite (Property 4. from Lemma 6.2.7, i.e., ∀K ⊂ Ω, K compact, there is only a finite
number of indeces j for which it holds φj ̸= 0). Indeed,6 v ∈ C∞ (Ω).

Step 4: Function v is a good approximation
It clearly holds u = u

∑∞
i=0 φi. Let us now consider an arbitrary open set Ω′ ⊂ Ω′ ⊂ Ω. Then, due to the compactness

of Ω′,

∥v − u∥Wk,p(Ω′) =

∥∥∥∥∥
∞∑
i=0

(ui)εi − u

∞∑
i=0

φi

∥∥∥∥∥
Wk,p(Ω′)

≤
∑

i∈N0;Vj(i)∩Ω′ ̸=∅

∥(ui)εi − ui∥Wk,p(Vj)
< ρ

∞∑
i=0

1

2i+1
= ρ.

6On the other hand, it is not difficult to check that in general it is not true that v ∈ C∞ (
Ω
)
.
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Due to the continuous dependence of the integral on the domain it is now enough to come to the supremum over all
sets Ω′, i.e.„ Ω′ ↗ Ω, and we get

∥v − u∥Wk,p(Ω) ≤ ρ.

This inequality implies that v ∈ W k,p(Ω) which was not yet clear. Furthermore, it is now evident that we may
approximate u arbitrarily closely (in dependence on ρ) by a function v ∈W k,p(Ω)∩C∞ (Ω) and the proof is finished. ■

6.2.3 Global approximation of Sobolev functions by functions from C∞(Ω)

We aim at obtaining global approximation of Sobolev functions by smooth functions up to the boundary. To this aim,
we need to apply Theorem 6.2.1. Since the approximation must be done up to the boundary, it will already depend on
the properties of the boundary. For general domains, this given result is not true (cf. Exercise 6.1.26), thus we must
exclude such situations as in the above mentioned exercise. We will present two results of this type. The first one
is connected with a special type of domains, so-called star-shaped ones for which the proof is rather straightforward.
The other case covers more general class of domains, but the definition of the domain is much more involved. Indeed,
also the proof is more complex.

Definition 6.2.9 — Star-shaped domain. We say that an open set Ω ⊂ Rd is star-shaped (with respect to
a point x0), if there exists a point x0 ∈ Ω such that for any x ∈ Ω, x ̸= x0 the half line starting at x0 and going
through x has exactly one common point with the boundary of Ω. It means that{

y ∈ Rd | ∃τ ∈ R+, y = τ(x− x0) + x0
}
∩ ∂Ω contains exactly one point.

An example of a star-shaped domain is a ball or cube in Rd or, as indicated by the name of the domain — a symmetric
star in the plane. Recall that a star-shaped set is necessarily connected.

Theorem 6.2.10 — On approximation up to the boundary for star-shaped domains. Let Ω be a star-
shaped domain and u ∈W k,p(Ω) for p ∈ [1,∞). Then there exists a sequence {un}∞n=1 ⊂ C∞(Ω) such that un → u
in W k,p(Ω).

Proof. The main idea of the proof consists in the idea that for star-shaped domains we may relatively easily the
function u "slide out" of Ω and then mollify this "slid" function. We may assume without loss of generality that Ω is
star-shaped with respect to the origin, i.e., x0 = 0 (in the general case we may use the change of variables y = x−x0).
Our goal is to show that for any ρ > 0 there exists uρ ∈ C∞ (Ω) such that

∥u− uρ∥k,p < ρ. (6.9)

Step 1: Slid out
We define for τ ∈ (0, 1) the slid of the function uτ (x) := u(τx) and denote the open set

Ωτ :=
{
x ∈ Rd | τx ∈ Ω

}
.

Since the set is star-shaped with respect to the origin, we have that for all τ ∈ (0, 1) we have Ω ⊂ Ωτ . Evidently also
uτ ∈W k,p(Ωτ ) (verify in details!) and it holds for any x ∈ Ωτ

Dα(uτ )(x) = τ |α| (Dαu)τ (x).

Thanks to this it is rather easy to show (see Exercise A.3.27) that

uτ → u in Lp(Ω) for τ → 1−. (6.10)

Using the triangle inequality we then get

∥Dα (u− uτ )∥Lp(Ω) =
∥∥∥Dαu− τ |α|(Dαu)τ

∥∥∥
Lp(Ω)

=
∥∥∥(Dαu− (Dαu)τ ) + (1− τ |α|) (Dαu)τ

∥∥∥
Lp(Ω)

≤
(
1− τ |α|

)
∥(Dαu)τ∥Lp(Ω)

+ ∥Dαu− (Dαu)τ∥Lp(Ω)
.

Due to (6.10) we see that for τ → 1− the right-hand side converges to zero and thus, for any ρ > 0 we can find
τ ∈ (0, 1) (which will be from now on fixed) such that it holds

∥u− uτ∥Wk,p(Ω) <
ρ

2
.

Step 2: Mollification
The function uτ belongs to W k,p(Ωτ ) and Ω ⊂ Ωτ . We may use, for our fixed τ , the Theorem on local approximation
by smooth functions 6.2.1 and we find for ρ > 0 a number ε > 0 such that it holds

∥uτ − (uτ )ε∥Wk,p(Ω) <
ρ

2
,
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where (uτ )ε ∈ C∞(Rd) and thus also (uτ )ε ∈ C∞(Ω).
Step 3: Approximation

We finally define uρ := (uτ )ε and verify (6.9). Applying the triangle inequality we get

∥u− uρ∥Wk,p(Ω) ≤ ∥u− uτ∥Wk,p(Ω) + ∥uτ − (uτ )ε∥Wk,p(Ω) < ρ

which we wanted to show. ■

The star-shaped domains are too specific and do not include a big class of otherwise "nice" domains. Another class
for which the approximation of Sobolev function by smooth functions holds true are so-called domains with continuous
boundary. Since it is not more difficult to define domains with Hölder continuous (or even more general) boundary,
we present the definition in full generality.

Definition 6.2.11 — Domain with Ck,µ-boundary. Let Ω ⊂ Rd be a bounded domain, k ∈ N0 and µ ∈ [0, 1]a.
We say that Ω is a domain with the Ck,µ-boundary (shortly domain of the type Ck,µ and denote Ω ∈ Ck,µ), if there
exist positive numbers α, β and M cartesian coordinate systems, i.e., the coordinates of an arbitrary point x ∈ Rd in
the r-th coordinate system are denoted as x = (xr1 , . . . , xrd) := (x′r, xrd), and M continuous functions ar: ∆r → R
of class Ck,µ, where we define for any r ∈ {1, . . . ,M}

∆r :=
{
x′r ∈ Rd−1 | i = 1, . . . , d− 1 : |xri | < α

}
such that the following holds.

1. If we denote by Tr the mapping (rotation and shift) which describes the change of coordinates from the r-th
cartesian coordinate system (x′r, xrd) to the global coordinate system (x′, xd), then for any x ∈ ∂Ω there exists
a coordinate system (i.e., there exists r ∈ {1, . . . ,M}), such that x = Tr(x

′
r, ar(x

′
r)) for some x′r ∈ ∆r.

2. If we define

V +
r :=

{
(x′r, xrd) ∈ Rd |x′r ∈ ∆r, ar(x

′
r) < xrd < ar(x

′
r) + β

}
V −
r :=

{
(x′r, xrd) ∈ Rd |x′r ∈ ∆r, ar(x

′
r)− β < xrd < ar(x

′
r)
}

Λr :=
{
(x′r, xrd) ∈ Rd |x′r ∈ ∆r, ar(x

′
r) = xrd

}
,

then Tr(V +
r ) ⊂ Ω , Tr(V −

r ) ⊂ Rd \ Ω and Tr(Λr) ⊂ ∂Ω.

Property 1. implies furthermore that ∂Ω =
⋃M

r=1 Tr(Λr). If we denote the open set Vr := V +
r ∪ V −

r ∪ Λr, then
∂Ω ⊂

⋃M
r=1 Tr(Vr) and {Tr(Vr)}Mr=1 is a finite covering of a certain neighbourhood of ∂Ω.

aFor µ = 0 we speak about domains with Ck-boundary; if further k = 0, then C0-domains are often called domains with continuous
boundary and are also denoted as domains with C-boundary.

Figure 6.1 displays the typical situation how the boundary should look like.
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Figure 6.1: Domain Ω with the C0,1-boundary.

Example 6.2.12. Typical examples of different types of domains are as follows.
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1. Domain defined as (0, a)d, a > 0 (i.e., the d-dimensional cube) is a domain with the C0,1-boundary (Lipschitz
boundary).

2. The ball in Rd is a domain with the C∞-boundary.

3. The ball in Rd without one line (see Figure 6.2) is even not a domain with the C-boundary.

&%
'$

Figure 6.2: Domain which is not of the type C.

Note that the third example is in fact a typical example of the domain assumed in Exercise 6.1.26 for which we do
not have W̃ k,p(Ω) = W k,p(Ω). On the other hand, as we shall see below, the equality holds for domains Ω ∈ C0 and
together with the continuity of the boundary, the key property is that we may speak about a well defined interior of
the domain (represented by Tr(V +

r )) and exterior of the domain (represented by Tr(V −
r )) which allows us to modify

the proof from the case of star-shaped domains.

Remark 6.2.13. Some of the domains have special names; the domain Ω ∈ C is usually called the domain with
continuous boundary, and Ω ∈ C0,1 is called the domain with Lipschitz boundary.

Important tool in the proof of the theorem below which will also be very useful at several other situations is the
following lemma.

Lemma 6.2.14 — On partition of unity II. Let {Gi}ki=1 be a finite number of open sets in Rd such that
Ω ⊂ ∪k

i=1Gi. Then there exist non-negative functions ϕi ∈ C∞
0 (Gi), i = 1, . . . , k such that for any i we have

∥ϕi∥C(Ω) ≤ 1 and it holds for any x ∈ Ω
k∑

i=1

ϕi(x) = 1.

Proof. We take open sets G′
i ⊂⊂ Gi, i = 1, 2, . . . , k (i.e., G′

i ⊂ G′
i ⊂ Gi) such that {G′

i}ki=1 still cover Ω. Then there
exists an open set Gk+1 such that ∪k+1

i=1Gi = Rd and dist(Gk+1,Ω) > 0. We take h > 0 sufficiently small so that
dist(G′

i, Gi) > h for all i = 1, 2, . . . , k and dist(Gk+1,Ω) > h. We set

ω(x;h) :=

{
e

|x|2

|x|2−h2 pro |x| < h
0 pro |x| ≥ h.

We cover each G′
i and Gk+1 by balls centred at yij lying in the given sets (this covering can be chosen finite for each

i = 1, 2, . . . , k and locally finite for Gk+1) and set

ψi(x) =
∑
j

ω(x− yij ;h) for i = 1, 2, . . . , k + 1.

Clearly ψi ∈ D(Gi) for i = 1, 2, . . . , k + 1 and for each x ∈ Ω it is
∑k

i=1 ψi(x) ̸= 0 and ψk+1(x) = 0. We finally set

ϕi(x) :=
ψi(x)∑k+1

j=1 ψj(x)
.

Then the system of functions {ϕi(x)}ki=1 forms the required partition of unity in Ω. ■

The main result of this subsection reads as follows.

Theorem 6.2.15 — On the approximation up to the boundary for Ω ∈ C0. Let Ω ∈ C0, p ∈ [1,∞), k ∈ N
and u ∈ W k,p(Ω). Then there exists a sequence {un}∞n=1 of functions from C∞(Ω) such that un → u in W k,p(Ω).
In other words, for p ∈ [1,∞), k ∈ N and Ω ∈ C0 we have W̃ k,p(Ω) =W k,p(Ω).

Proof. Our goal is to show that for any u ∈W k,p(Ω) and for arbitrary chosen ρ > 0 we find uρ ∈ C∞(Ω) such that

∥u− uρ∥k,p < ρ.

In what follows, let u and ρ be fixed.
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Step 1: Partition of unity
We denote for r = 1, . . . ,M the open sets from the definition of the set with continuous boundary Or := Tr(Vr). Then
we can surely find an open set OM+1 such that OM+1 ⊂ OM+1 ⊂ Ω and, moreover, Ω ⊂ ∪M+1

r=1 Or. We apply the
above shown Lemma on partition of unity II 6.2.14 on the system of sets {Or}M+1

r=1 and denote ur := uϕr ∈W k,p(Ω).
For x ∈ Rd \ Ω we define ur(x) := 0.

Step 2: Approximation inside
The function uM+1 ∈W k,p(Ω) has compact support lying inside of Ω and since uM+1 is defined to be zero outside of
Ω, we have uM+1 ∈W k,p(Rd). We can directly apply the Lemma on connection of W k,p

0 (Rd) and W k,p(Rd) 6.2.2 and
find for a given ρ the function uρM+1 ∈ C∞

0 (Rd) such that∥∥uM+1 − uρM+1

∥∥
Wk,p(Ω)

<
ρ

M + 1
.

Step 3: "Slid out" of the function
For arbitrary δ ∈ (0, β2 ) we define ur,δ(x) := ur(Tr(x

′
r, xrd + δ)); the function ur is thus defined also in some neigh-

bourhood of ∂Ω, see Figure 6.3. Then main reason for this shift is the fact that the function ur is defined in some
neighbourhood of ∂Ω (here we also use the continuity of the boundary). Thus we shall be able to apply the Theorem
on local approximation 6.2.1.

More precisely, as ϕr has compact support in Tr(Vr ∩ Λr), we see that by suitable choice of β, since ur is defined
to be zero outside of Ω, we have ur ∈W k,p(Ωr), where Ωr := Rd \ Tr(V −

r
2
) is open and

V −
r
2

:=

{
(x′r, xrd) ∈ Rd : x′r ∈ ∆r, ar(x

′
r)−

β

2
< xrd < ar(x

′
r)

}
⊂ V −

r .

If we additionally define Ωr,δ := {y ∈ Rd : ∃x ∈ Ωr, y = Tr(x
′
r, xrd − δ)}, then ur,δ ∈ W k,p(Ωr,δ). Evidently, for any

multiindex α such that |α| ≤ k and each x ∈ Ωr,δ we have Dαur,δ(x) = Dαur(Tr(x
′
r, xrd + δ)), whenever the derivative

exists. Due to the Theorem on the p-mean continuity A.3.26 we can choose δ > 0 (δ < β
2 ) such that it holds

∥ur,δ − ur∥Wk,p(Ωr∩Ωr,δ)
<

ρ

2(M + 1)
.

?
δ

?
δ

V −
r

V +
r

Λ

x′r

xrd

6

?

?

6
β

β

Figure 6.3: Shift of a function

Step 4: Mollification
To be able to apply the Theorem on local approximation 6.2.1, we first show that Ω ⊂ Ωr,δ. To the contrary, assume
that there exists y ∈ Ω such that y /∈ Ωr,δ. In other words, for each x = Tr(x

′
r, xrd) ∈ Ωr it holds y ̸= Tr(x

′
r, xrd − δ).

Describing y in the r-th local coordinate system, i.e., y = Tr(y
′
r, yrd), then y ̸= Tr(x

′
r, xrd − δ) is equivalent with

(y′r, yrd + δ) ̸= (x′r, xrd) which does not mean anything else than (y′r, yrd + δ) ∈ V −
r
2

. This relation can be, due to the
continuity of a and definition of V −

r
2

, written as

ar(y
′
r)−

β

2
≤ yrd + δ ≤ ar(y

′
r).

Since δ < β
2 , we see that

ar(y
′
r)− β < yrd < ar(y

′
r);

then y ∈ Tr(V
−
r ) and thus y /∈ Ω which leads to the contradiction.

We can now apply the Theorem on local approximation 6.2.1 and for ur,δ ∈W k,p(Ωr,δ) we find uρr ∈ C∞(Ω) (recall
that Ω ⊂ Ωr,δ) such that

∥ur,δ − uρr∥Wk,p(Ω) <
ρ

2(M + 1)
.
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Step 5: Construction of the approximate sequence
We set

uρ :=

M+1∑
r=1

uρr .

Evidently uρ ∈ C∞(Ω) and using Steps 1,2,3 (note that Ω ⊂ Ωr,δ ∩Ωr) and 4 as well as the triangle inequality we get

∥uρ − u∥Wk,p(Ω) ≤

∥∥∥∥∥
M+1∑
r=1

(uρr − ur)

∥∥∥∥∥
Wk,p(Ω)

≤
M+1∑
r=1

∥uρr − ur∥Wk,p(Ω)

<
ρ

M + 1
+

M∑
r=1

∥uρr − ur∥Wk,p(Ω)

<
ρ

M + 1
+

M∑
r=1

∥uρr − ur,δ∥Wk,p(Ω) +

M∑
r=1

∥ur,δ − ur∥Wk,p(Ω)

<
ρ

M + 1
+ 2

M∑
r=1

ρ

2(M + 1)
= ρ.

The proof is finished. ■

Remark 6.2.16. Both fundamental properties of the set with continuous boundary appeared in Steps 3 and 4. On one
hand we needed uniquely determined direction inside (outside) of Ω (Step 3), continuity of ar was important in the
description of V −

r
2

.

6.3 Connection between weak derivative and differences
We saw in the previous subsection that the Sobolev functions can approximated arbitrarily close in the Sobolev norm
by smooth functions. We also know that if a function has continuous classical derivatives, then they coincide with the
weak derivatives. We shall now consider the opposite relation, namely if the weak derivative can be considered as a
certain approximation of the classical derivative.

We denote for arbitrary i = 1, . . . , d and h ∈ R the difference quotient

∆h
i u(x) :=

u(x+ hei)− u(x)

h
, (6.11)

where ei is the unit vector in the direction of the xi axis. It is evident that if u has at the point x (classical) partial
derivative with respect of the xi variable, then

lim
h→0

∆h
i u(x) =

∂u

∂xi
.

We aim to clarify that something similar "in the mean" holds also for the weak derivative almost everwhere in Ω. The
first result in this direction is the following.

Theorem 6.3.1 — On the connection between difference quotient and weak derivative I. Let Ω be
open, p ∈ [1,∞] and u ∈ Lp(Ω). We denote for arbitrary δ > 0

Ωδ := {x ∈ Ω | dist(x, ∂Ω) > δ}.

Then we have the following.

1. If u ∈W 1,p(Ω), then for any i ∈ {1, . . . , d}, δ ∈ (0, 1) and |h| ∈ (0, δ2 ) it holds

∥∥∆h
i u
∥∥
Lp(Ωδ)

≤
∥∥∥∥ ∂u∂xi

∥∥∥∥
Lp(Ω)

.

2. If p ∈ (1,∞] and there exist constants {Ci}di=1 such that for any i ∈ {1, . . . , d}, δ ∈ (0, 1) and |h| ∈ (0, δ2 ) it
holds ∥∥∆h

i u
∥∥
Lp(Ωδ)

≤ Ci,
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then u ∈W 1,p(Ω). Moreover, we have for any i ∈ {1, . . . , d} the estimate∥∥∥∥ ∂u∂xi
∥∥∥∥
Lp(Ω)

≤ Ci.

Proof. Step 1: Proof of Claim 1.
Let first p ∈ [1,∞) and u ∈W 1,p(Ω) which we extend by zero7 outside of Ω. From the Theorem on local approximation
6.2.1 we know that

u ⋆ ηε =: uε
ε→0+→ u in W 1,p(Ω δ

2
). (6.12)

Since uε are smooth functions, we have for each i ∈ {1, . . . , d} and each x ∈ Ωδ (|h| ≤ δ
2 )

∆h
i uε(x) =

1

h

∫ h

0

∂uε
∂xi

(x+ tei) dt.

Using Hölder’s inequality we thus get

∣∣∆h
i uε(x)

∣∣p ≤ 1

hp

∣∣∣∣∣
∫ h

0

∂uε
∂xi

(x+ tei) dt

∣∣∣∣∣
p

≤ 1

h

∫ h

0

∣∣∣∣∂uε∂xi
(x+ tei)

∣∣∣∣p dt.

We integrate this inequality over Ωδ and apply Fubini’s theorem. As a result we get

∥∥∆h
i uε(x)

∥∥p
Lp(Ωδ)

≤ 1

h

∫
Ωδ

(∫ h

0

∣∣∣∣∂uε∂xi
(x+ tei)

∣∣∣∣p dt

)
dx

=
1

h

∫ h

0

∫
Ωδ

∣∣∣∣∂uε∂xi
(x+ tei)

∣∣∣∣p dx dt.

Using a suitable change of variables we may estimate the last integral (we increase the domain over which we integrate)

1

h

∫ h

0

∫
Ωδ

∣∣∣∣∂uε∂xi
(x+ tei)

∣∣∣∣p dx dt ≤ 1

h

∫ h

0

∫
Ω δ

2

∣∣∣∣∂uε∂xi
(x)

∣∣∣∣p dx dt =

∥∥∥∥∂uε∂xi

∥∥∥∥p
Lp(Ω δ

2
)

.

We may now use the (strong) convergence (6.12) and combining the last two inequalities we obtain

∥∥∆h
i u
∥∥p
Lp(Ωδ)

≤
∥∥∥∥ ∂u∂xi

∥∥∥∥p
Lp(Ω δ

2
)

≤
∥∥∥∥ ∂u∂xi

∥∥∥∥p
Lp(Ω)

.

The last inequality is just a simple enlarging of the domain over which we integrate. The proof of the first part for
p ∈ [1,∞) is finished.

Let now p = ∞. Let us denote ΩR := Ω ∩BR(0) which is again open and additionally bounded. If u ∈ W 1,∞(Ω),
then it must hold u ∈ W 1,p(ΩR) for any R > 0 and p ∈ [1,∞). Denoting in a similar manner as above ΩR

δ , we can
use the previous step and obtain

∥∥∆h
i u
∥∥
Lp(ΩR

δ )
≤
∥∥∥∥ ∂u∂xi

∥∥∥∥
Lp(ΩR)

.

Now, we can let p→ ∞ (see Theorem A.3.17) and get

∥∥∆h
i u
∥∥
L∞(ΩR

δ )
≤
∥∥∥∥ ∂u∂xi

∥∥∥∥
L∞(ΩR)

.

Finally, the limit passage R→ ∞ finishes the proof of the first part also for p = ∞.
Step 2: Proof of Claim 2.

We first start with p ∈ (1,∞). We extend as above u by zero outside of Ω and take a sequence {hn}∞n=1 having zero
limit. We then define functions

vni := ∆hn
i uχΩ2|hn| .

We see from the assumptions that it holds for any i that ∥vni ∥Lp(Ω) ≤ Ci. Since for our p’s the spaces Lp are reflexive,
we may choose a subsequence (which we relabel)

vni ⇀ vi weakly in Lp(Ω).

7Note that after this extension the function u may not be a Sobolev function in Rd.
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Due to the weak lower semicontinuity of the norm (or also weak lower semicontinuity of convex functions, see Theo-
rem A.3.43) it immediately follows

∥vi∥Lp(Ω) ≤ Ci.

It remains to show that vi are weak derivatives of u, i.e.,

vi(x) =
∂u

∂xi
(x) in the weak sense and almost everywhere in Ω, i = 1, 2, . . . , d

which according to the definition means that it holds for any φ ∈ C∞
0 (Ω)∫

Ω

viφ dx = −
∫
Ω

u
∂φ

∂xi
dx. (6.13)

By the uniqueness of the weak derivative we get that for any subsequence vnk
i ⇀ ∂u

∂xi
and thus also for any sequence

hn → 0. As φ has compact support, there exists n0 such that for any n ≥ n0, suppφ ⊂ Ω2|hn|. The properties of φ
yield ∫

Ω

viφ dx = lim
n→∞

∫
Ω

vni φ dx = lim
n→∞

∫
Ω2|hn|

∆hn
i uφ dx

= lim
n→∞

∫
Rd

∆hn
i uφ dx = lim

n→∞

∫
Rd

u∆−hn
i φ dx

= − lim
n→∞

∫
Rd

u
φ(x− hnei)− φ

−hn
dx = −

∫
Ω

u
∂φ

∂xi
dx;

we therefore verified (6.13) and the proof for p ∈ (1,∞) is finished. We used in the above weak convergence the
Lebesgue dominated convergence Theorem A.3.4 for the last equality and also the identity∫

Rd

∆h
i uφ dx =

∫
Rd

u∆−h
i φ dx.

We leave the proof of this identity for a kind reader as an easy exercise.
The case p = ∞ can be shown similarly as in the previous step and is also left as an exercise. ■

Corollary 6.3.2. Note that (verify that the assumptions of the second part of Theorem 6.3.1 are satisfied) Lipschitz
functions belong to W 1,∞(Ω). We even have the embedding C0,1(Ω) ↪→ W 1,∞(Ω). The opposite inclusion requires
certain regularity of the domain and will be discussed later.

Remark 6.3.3. The second part of Theorem 6.3.1 does not hold for p = 1, as a kind reader may verify for the function
u(x) := signx in the interval (−1, 1). Nonetheless, the function fulfilling the assumptions of the second part of the
theorem for p = 1 belongs to the space BV (Ω) — functions with bounded variation.

We showed in the previous theorem that the difference quotients converge to the weak derivative provided p ∈
(1,∞). We now strengthen the previous theorem in the sense that we will replace weak convergence by the strong
one.

Theorem 6.3.4 — On the connection between difference quotient and weak derivative II. Let Ω be
bounded, p ∈ [1,∞) and u ∈W 1,p(Ω). We denote for δ > 0

Ωδ := {x ∈ Ω | dist(x, ∂Ω) > δ}.

Then it holds for any δ > 0

lim
h→0

∥∥∥∥∆h
i u− ∂u

∂xi

∥∥∥∥
Lp(Ωδ)

= 0. (6.14)

Proof. We shall use the same notation as in Theorem 6.3.1. Let u ∈ W 1,p(Ω). Similarly as above, we introduce the
mollification uε for which we obtain

∆h
i uε(x) =

1

h

∫ h

0

∂uε
∂xi

(x+ tei) dt.

Let now δ > 0 be fixed; we also fix h1, h2 ∈ (− δ
2 ,

δ
2 ). We get for the difference of the corresponding difference quotients,

using its definition and the standard Theorem on the change of variables

∆h1
i uε(x)−∆h2

i uε(x) =
1

h1

∫ h1

0

∂uε
∂xi

(x+ tei) dt−
1

h2

∫ h2

0

∂uε
∂xi

(x+ tei) dt

=

∫ 1

0

(
∂uε
∂xi

(x+ th1ei)−
∂uε
∂xi

(x+ th2ei)

)
dt.
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We can now estimate the Lp-norm of the term on the left-hand side by means of Fubini’s theorem, Hölder’s and
triangle inequalities to get

∥∆h1
i uε −∆h2

i uε∥pLp(Ωδ)

≤
∫
Ωδ

∫ 1

0

∣∣∣∣∂uε∂xi
(x+ th1ei)−

∂uε
∂xi

(x+ th2ei)

∣∣∣∣p dt dx

≤
∫ 1

0

(∥∥∥∥∂uε∂xi
(·+ th1ei)−

∂uε
∂xi

∥∥∥∥
Lp(Ωδ)

+

∥∥∥∥∂uε∂xi
(·+ th2ei)−

∂uε
∂xi

∥∥∥∥
Lp(Ωδ)

)p

dt.

Due to the properties of the mollifications we may pass with ε→ 0+ (recall that |h1|, |h2| < δ
2 ) and obtain the estimate

∥∆h1
i u−∆h2

i u∥pLp(Ωδ)

≤
∫ 1

0

(∥∥∥∥ ∂u∂xi (·+ th1ei)−
∂u

∂xi

∥∥∥∥
Lp(Ωδ)

+

∥∥∥∥ ∂u∂xi (·+ th2ei)−
∂u

∂xi

∥∥∥∥
Lp(Ωδ)

)p

dt

≤ 2p sup
0<t<max(|h1|,|h2|)

∫
Ωδ

∣∣∣∣ ∂u∂xi (x+ tei)−
∂u

∂xi
(x)

∣∣∣∣p dx.

We now verify, based on the inequality stated above, that the sequence of the differences is a Cauchy sequence. Let
ε > 0 be arbitrary. Since ∂u

∂xi
∈ Lp(Ω), we may apply the Theorem on the p-mean continuity A.3.26 and find hε ≤ δ

2
such that for it holds for any h ∈ (0, hε)∫

Ωδ

∣∣∣∣ ∂u∂xi (x+ hei)−
∂u

∂xi
(x)

∣∣∣∣p dx <
εp

2p
.

Combining the last two inequalities we get that it holds for any h1, h2 ∈ (0, hε)

∥∆h1
i u−∆h2

i u∥Lp(Ωδ) < ε

and the sequence is a Cauchy one. Since the spaces Lp are complete, the sequence of the differences ∆h
i u converges

strongly in Lp(Ωδ) to some vi ∈ Lp(Ωδ). Similarly as in the proof of the previous theorem it is possible to verify that

vi =
∂u

∂xi
almost everywhere in Ωδ

and the proof is complete. ■

Remark 6.3.5. Since the strong convergence implies almost everywhere convergence, at least for a chosen subsequence,
Theorem 6.3.4 guarantees that for any subsequence hn → 0 there exists a set of zero Lebesgue measure N ⊂ Ω such
that (for a chosen subsequence)

lim
hn→0

∣∣∣∣∆hn
i u(x)− ∂u

∂xi
(x)

∣∣∣∣ = 0 for all x ∈ Ω \N.

This claim, however, does not imply existence of the classical derivative, since the function u can be changed on a
set of measure zero which can be dense in Ω and thus after this change the function u is not continuous at any point
and cannot have the classical derivative anywhere. A different situation is for p > d, where already a continuous
representative of the function exists. We shall discuss this case later.

On the other hand, we may strengthen Lemma 6.1.4. We relax the assumption on the continuity of the derivatives
as follows.

Lemma 6.3.6 — Connection of weak and classical derivative II. Let Ω be an open set and u ∈ W 1,1(Ω).
Let D ⊂ Ω be defined as

D := {x ∈ Ω | there exists the classical partial derivative of u with respect to xi}.

Then the weak and classical derivatives of u coincide almost everywhere in D.

Proof. The proof of this claim is based on the previous theorem and is left as an exercise for a kind reader. ■

Finally we present a small generalization of Theorem 6.3.1.

Lemma 6.3.7 — On the connection between difference quotient and weak derivative III. Let Ω be
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open, p ∈ [1,∞] and u ∈W 1,p(Ω). We denote for δ > 0, h ∈ (− δ
2 ,

δ
2 ) and arbitrary unit vector e ∈ Rd

Ωδ := {x ∈ Ω | dist(x, ∂Ω) > δ}

∆h
eu(x) :=

u(x+ he)− u(x)

h
.

Then it holds ∥∥∆h
eu
∥∥
Lp(Ω2|h|)

≤ ∥∇u · e∥Lp(Ω) .

Proof. The proof is also left as an exercise for a kind reader. ■

6.4 Extension from W 1,p(Ω) to W 1,p(Rd)

In Theorem 6.2.15 we had to solve the mollification of a function from W k,p(Ω) by "sliding out" the function, since
unlike the Lebesgue spaces there is no simple extension which keeps the regularity of the function. We shall show
in this section how to construct the extension; the prize is a certain smoothness of the boundary and the minimal
requirement is Lipschitz continuity. The main result of this section is the following theorem.

Theorem 6.4.1 — Extension operator. Let Ω ∈ C0,1 and p ∈ [1,∞]. Then there exists a continuous linear
operator

E :W 1,p(Ω) →W 1,p(Rd)

such that:

1. Eu = u in Ω

2. Eu has compact support in Rd

3. there exists C = C(d,Ω) > 0 such that

∥Eu∥W 1,p(Rd) ≤ C ∥u∥W 1,p(Ω) .

Remark 6.4.2. In what follows we shall call Eu extension of u ∈ W 1,p(Ω) to u ∈ W 1,p(Rd) and the operator E will
be called the extension operator. The extension can be defined so that it preserves the C1 regularity. It is possible to
preserve also higher regularity, but more regularity of the boundary of Ω must be required. This is due to the fact
that the construction can be easily done for flat boundaries, while for more general non-flat boundaries we first need
to flatten the boundary.

Let us assume that the boundary is described (for simplicity, we do not consider the change of variables caused by
different coordinate systems)

xd = a(x′), x′ ∈ ∆ =
{
x′ ∈ Rd−1 | ∀i ∈ {1, . . . , d− 1} |xi| < α

}
.

Recall the notation from Definition 6.2.11

V + =
{
(x′, xd) ∈ Rd |x′ ∈ ∆, a(x′) < xd < a(x′) + β

}
V − =

{
(x′, xd) ∈ Rd |x′ ∈ ∆, a(x′)− β < xd < a(x′)

}
Λ =

{
(x′, xd) ∈ Rd |x′ ∈ ∆, a(x′) = xd

}
V = V + ∪ V − ∪ Λ.

We now look at the change of variables which "flattens" the boundary. We define new variables (y′, yd) and the
mapping F: (−1, 1)d → V by means of

x′ = αy′

xd = a(αy′) + βyd, (i.e., x = F(y))
(6.15)

and

y′ =
1

α
x′

yd =
1

β
xd −

1

β
a(x′), (i.e., y = F−1(x)),

(6.16)

respectively. Denote further

C+ := (−1, 1)d−1 × (0, 1)

C− := (−1, 1)d−1 × (−1, 0).

Then F maps C+ onto V +, C− onto V − and (−1, 1)d−1 × {0} onto Λ. Furthermore, if a is at least Lipschitz, the
following key lemma holds true.
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Lemma 6.4.3 — Flattening of the boundary. Let F and F−1 be defined above by (6.15) and (6.16). Let a be
a Lipschitz continuous function in ∆. Then the change of variables F and its inverse F−1 are Lipschitz continuous.

Moreover, there exist constants C1 = C1(a, α, β, d) and C2 = C2(a, α, β, d) such that for any u ∈W 1,p(V +) with
p ∈ [1,∞), the function U := u ◦ F ∈W 1,p(C+) and it holds

C1 ∥u∥W 1,p(V +) ≤ ∥U∥W 1,p(C+) ≤ C2 ∥u∥W 1,p(V +) . (6.17)

Proof. The proof of the Lipschitz continuity of F(y) := (F1(y), . . . , Fd(y)) and F−1(x) = (F−1
1 (x), . . . , F−1

d (x)) is left
for a reader as an easy exercise.

Let us prove the remaining claims. First, note that due to the Lipschitz continuity of a we know (see Rademacher
Theorem A.2.16) that a is differentiable almost everywhere in ∆ and there exists a constant aLip such that we have
for any i = 1, . . . , d− 1

|ai(x′)| :=
∣∣∣∣∂a(x′)∂xi

∣∣∣∣ ≤ sup
{x′,y′∈∆: x′ ̸=y′}

|a(x′)− a(y′)|
|x′ − y′|

=: aLip. (6.18)

We may now compute the derivatives (almost everywhere in C+ and V +, respectively) of the mappings F and F−1

as follows

Gij(y) :=
∂Fi(y)

∂yj
=


αδij for i = 1, . . . , d− 1

αaj(αy
′) for i = d and j = 1, . . . , d− 1

β for i = j = d

G−1
ij (x) :=

∂F−1
i (x)

∂xj
=


α−1δij for i = 1, . . . , d− 1

− β−1aj(x
′) for i = d and j = 1, . . . , d− 1

β−1 for i = j = d.

From these formulas, it is not difficult to show that it holds for the Jacobians of the mappings F and F−1

JF(y) := detG(y) = αd−1β,

JF−1(x) := detG−1(x) =
1

αd−1β
.

Finally, since F is a bi-Lipschitz mapping and u is measurable, then also U is measurable and using the Theorem on
change of variables (see (Lukeš and Malý, 1995, Theorem 34.18)) we get

∥U∥pLp(C+) :=

∫
C+

|U(y)|p dy =

∫
C+

|u(F(y))|p dy

=

∫
V +

|u(x)|pJF−1(x) dx =
∥u∥pLp(V +)

αd−1β
.

(6.19)

Assume now that the weak derivative of U exists and it holds

∂U(y)

∂yi
=

d∑
j=1

∂u

∂xj
(F(y))Gji(y) almost everywhere in C+. (6.20)

Note that due to measurability Dαu and properties of F the expression on the right-hand side is a measurable
function. Furthermore, if u and a had continuous derivatives of the first order, then the identity (6.20) would be
fulfilled everywhere in C+ by the chain rule. Repeated application of the Theorem on the change of variables yields∥∥∥∥∂U∂yi

∥∥∥∥p
Lp(C+)

=

∫
C+

∣∣∣∣∂U(y)

∂yi

∣∣∣∣p dy =

∫
C+

∣∣∣∣∣∣
d∑

j=1

∂u

∂xj
(F(y))Gji(y)

∣∣∣∣∣∣
p

dy

≤ dp−1
d∑

j=1

∫
C+

∣∣∣∣ ∂u∂xj (F(y))
∣∣∣∣p |Gji(y)|p dy

≤ dp−1
d∑

j=1

∥Gij∥p∞
∫
C+

∣∣∣∣ ∂u∂xj (F(y))
∣∣∣∣p dy

= dp−1αd−1β

d∑
j=1

∥Gij∥p∞
∫
V +

∣∣∣∣∂u(x)∂xj

∣∣∣∣p dx

≤ Cp(α, β, a, d)∥u∥pW 1,p(V +).

Combining this estimate and (6.19) we get the second inequality from (6.17). Inverting the relation (6.20) (the matrix
G is regular) and repeating the same procedure we also get the first inequality in (6.17).
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It remains to verify that (6.20) holds in the weak sense. The idea of the proof is to approximate u by a smooth
function for which it holds (6.20) and then pass to the limit. Since V + is a domain with Lipschitz boundary (verify
carefully!), we may approximate u by means of {un}∞n=1 ⊂ C∞(V +) so that un → u in W 1,p(V +). We may now
introduce the approximation of U as

Un(y) := un(F(y)).

Since un is a smooth function and F is Lipschitz continuous (as a is Lipschitz continuous), then also Un is Lipschitz
continuous and by virtue of the Rademacher Theorem A.2.16 has almost everywhere classical derivative, i.e.,

∂Un(y)

∂yi
=

d∑
j=1

∂un

∂xk
(F(y))Gji(y) almost everywhere in C+. (6.21)

Furthermore, due to Corollary 6.3.2 we know that Un ∈ W 1,∞(V +) and therefore also Un ∈ W 1,p(V +) for any
p ∈ [1,∞). Finally, as the classical derivative exists almost everywhere and Un is a Sobolev function, we may apply
Lemma 6.3.6 to see that the classical derivative in (6.21) is equal to the weak derivative almost everywhere.

Repeating the procedure above we may deduce

∥Un − Um∥W 1,p(C+) ≤ C(a, α, β, d)∥un − um∥W 1,p(V +);

as un is a Cauchy sequence, then also Un is a Cauchy sequence. Due to the completeness of the Sobolev spaces
(Theorem 6.1.14) there exists U ∈W 1,p(C+) such that Un → U in W 1,p(C+) and thus also

∂Un

∂yi
→ ∂U

∂yi
almost everywhere in C+.

To conclude, we pass to the limit in (6.21) (on the right-hand side, we use the strong convergence which implies also
the almost everywhere convergence, at least for a subsequence, for ∇un) and get (6.20). ■

The following Lemma follows directly from the proof of Lemma 6.4.3 and is therefore left as a useful exercise for
the kind reader.

Lemma 6.4.4 Let F and F−1 be defined by (6.15) and (6.16), a be a Lipschitz continuous function in ∆, p ∈ [1,∞)
and functions U : (−1, 1)d → R and u: V → R satisfy U := u ◦ F. Then U ∈ W 1,p(C), if and only if u ∈ W 1,p(V ).
Moreover, there exist positive numbers C1 = C1(a, α, β, d) and C2 = C2(a, α, β, d) such that

C1 ∥u∥W 1,p(V ) ≤ ∥U∥W 1,p(C) ≤ C2 ∥u∥W 1,p(V ) . (6.22)

We can now get to the proof of the main theorem from this section.

Proof of Theorem 6.4.1. Let us first assume p ∈ [1,∞) only.
Step 1: Smooth function on a cube:

Let U ∈ C1(C+) be such that suppU ∩ ∂C+ ⊂ (−1, 1)d−1 × {0}, see Figure 6.4.

(-1,0) (1,0)

(-1,1) (1,1)

suppU

C+

Figure 6.4: Support of the function U

For such a function U we define the extension as

EU(x) :=


U(x) x ∈ C+,

− 3U(x1, . . . , xd−1,−xd) + 4U(x1, . . . , xd−1,−
xd
2
) x ∈ C− \ C+,

0 x ∈ Rd \ C.

Clearly suppEU ⊂ C = (−1, 1)d. We show that EU ∈ C1(Rd). It is enough to study the behaviour of the function EU
at the common boundary of C+ and C−. It means to verify that for arbitrary (x1, . . . , xd−1) the limits EU(x1, . . . , xd)



132 Chapter 6. A more detailed guide to Sobolev spaces

and of all its partial derivatives are the same if xd → 0±. We immediately get from the definition that (as U is from
C1(C+))

lim
xd→0−

EU(x1, . . . , xd−1, xd) = (−3 + 4)U(x1, . . . , xd−1, 0) = U(x1, . . . , xd−1, 0)

and thus also EU ∈ C(C). Similarly we get for all i = 1, . . . d− 1

lim
xd→0−

∂(EU)

∂xi
(x1, . . . , xd−1, xd)

= −3 lim
xd→0−

∂U

∂xi
(x1, . . . , xd−1,−xd) + 4 lim

xd→0−

∂U

∂xi

(
x1, . . . , xd−1,−

xd
2

)
=
∂U

∂xi
(x1, . . . , xd−1, 0).

Finally, for the derivative with respect to xd we get directly from the definition of EU that (zd denotes the last variable
of U)

lim
xd→0−

∂(EU)

∂xd
(x1, . . . , xd−1, xd)

= 3 lim
xd→0−

∂U

∂zd
(x1, . . . , xd−1,−xd)− 2 lim

xd→0−

∂U

∂zd

(
x1, . . . , xd−1,−

xd
2

)
=
∂U

∂zd
(x1, . . . , xd−1, 0).

Moreover, it evidently holds
∥EU∥W 1,p(Rd) = ∥EU∥W 1,p(C) ≤ K ∥U∥W 1,p(C+) , (6.23)

where K is a fixed constant, independent of d and p.
Step 2: Functions from a Sobolev space on a cube

Let U ∈W 1,p(C+) be such that suppU ∩ ∂C+ ⊂ (−1, 1)d−1 × {0}, see Figure 6.4. Then by virtue of the Theorem on
global approximation 6.2.15 there exists a sequence of functions {Un}∞n=1 ⊂ C∞(C+) such that Un → U in W 1,p(C+).
Moreover, it follows from the proof of Theorem 6.2.15 that dist(suppUn, suppU) → 0. We then know for sufficiently
large n that suppUn ∩ ∂C+ ⊂ (−1, 1)d−1 ×{0} and for functions Un the previous step can be used. Hence there exist
EUn ∈ C1(Rd) such that suppEUn ∈ C. Due to the linearity of E, we then get from (6.23) that

∥EUn − EUm∥W 1,p(Rd) = ∥EUn − EUm∥W 1,p(C) ≤ K ∥Un − Um∥W 1,p(C+) .

Therefore, if Un is a Cauchy sequence, then also EUn is a Cauchy sequence. We thus define as the constructed
extension the limit of the sequence EUn (recall that W 1,p(Rd) is complete, see Theorem 6.1.14). The extension has
all required properties and the constant C from Claim 3. of the theorem is independent of d and p.

Step 3: Function from a Sobolev space on a part of the boundary
In what follows we use the notation from Definition 6.2.11. Let u ∈ W 1,p(V +) be such that suppu ∩ ∂V + ⊂ Λ. The
situation is similar to the situation on the cube, only the boundary is not flat. We use the scheme of the flattening of
the boundary and Lemma 6.4.3. We denote U := u ◦ F and we define for the function U its extension EU as in the
previous step. The extension of the function u can then be defined as Eu := EU ◦F−1. The extension has all required
properties which follows from Lemma 6.4.4, and the constant c form the third claim of the theorem will now depend
on a, α, β, d, or in other words, on d a V +.

Step 4: Functions from a Sobolev space on Ω
Similarly as in the proof of Theorem 6.2.15 we denote for r = 1, . . . ,M the sets Or := Tr(Vr) a O+

r := Tr(V
+
r ), where

Tr are mappings from the local coordinate system (x′r, xrd) to the fixed coordinate system (x′, xd). Then
⋃M

r=1Or is
an open covering of a certain neighbourhood of the boundary nad we apply here the Lemma on partition of unity II
(Lemma 6.2.14).

Let ϕr ∈ C∞
0 (Or) are the functions forming the partition of unity on a certain neighbourhood of ∂Ω. Denote

ur = (uϕr) ◦ Tr. The function ur ∈W 1,p(V +) satisfies the assumptions of the previous step and thus there exists the
corresponding extension Eur. We define the final extension operator E as

Eu :=

M∑
r=1

(Eur) ◦ T−1
r .

It follows from Steps 1–3 that this extension has all required properties from Theorem 6.4.1, where the constant c
from Claim 3. depends only on d and on Ω. The theorem is proved for p ∈ [1,∞).

Let now p = ∞. Since Ω is bounded, we have W 1,∞(Ω) ⊂ W 1,p(Ω) and due to the previous construction, there
exists extension Eu of the function u for any p <∞. We have

∥Eu∥W 1,p(Rd) ≤ c ∥u∥W 1,p(Ω) ≤ c1 ∥u∥W 1,∞(Ω) ,

where the constant c1 can be chosen independently of p. It follows from Theorem A.3.17 that Eu ∈ W 1,∞(Rd) and
Eu satisfy the assumptions for o p = ∞. The proof is finished. ■
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Exercise 6.4.5 (Extension operator W k,p(Ω) → W k,p(Rd)). Show that for Ω ∈ Ck−1,1 there exists an extension
operator E: W k,p(Ω) → W k,p(Rd). Modify Step 1 of the previous proof so that EU ∈ Ck(C) if U ∈ Ck(C+). Verify
then that the whole proof remains almost unchanged, only in Step 3 we shall need smoother boundary.

Another important observation, based on the previous construction, is presented in the following exercise.

Exercise 6.4.6. Let Ω ∈ C1. Show that the operator E defined in Theorem 6.4.1 is also a continuous linear operator
from C1(Ω) to C1

0(R
d).

The extension presented in the first step of the proof of Theorem 6.4.1 (extension on a cube) was constructed as a
C1 function. Nevertheless, if we are interested only in Sobolev spaces, we may proceed more directly as given in the
following exercise.

Exercise 6.4.7. Modify the first step of the proof of Theorem 6.4.1 in the following way.

EU(x) :=


U(x) x ∈ C+,

U(x1, . . . , xd−1,−xd) x ∈ C−,

0 x ∈ Rd \ C.

Show that EU ∈W 1,∞(C) ∩W 1,1
0 (C). Check that the rest of the proof of Theorem 6.4.1 remains unchanged.

Remark 6.4.8. There is also another method of extension of Sobolev functions, so called Calderón method (the method
from Theorem 6.4.1 is called Nikolskii method) and to construct the extension for any k and p ∈ (1,∞) it is enough
to have Ω ∈ C0,1, while the Nikolskii method requires, due to the flattening of the boundary, at least Ck−1,1 boundary.
Disadvantage of the Calderón method is that it does not work for p = 1 and p = ∞.8

6.5 Theorems on continuous and compact embeddings
We turn now our attention to different embeddings (continuous or compact) of Sobolev spaces. From the definition of
Sobolev spaces it directly follows that u ∈W k,p(Ω) belongs also to Lp(Ω). The main goal is to show that the function
u belongs to a "much better" space, provided Ω has a Lipschitz boundary.

Recall Example 6.1.12. We studied for which α ∈ R the function

f(x) := |x|−α

belongs to W 1,p(B1(0)) and to Lq(B1(0)), respectively. We showed that if α < d−p
p , then f ∈ W 1,p(B1(0)), and,

simultaneously, f ∈ Lq(B1(0)) pro any q ∈ [1, dp
d−p ]. This on one hand indicates that if u ∈ W 1,p(Ω), for p < d, then

u ∈ Lq(Ω) for q ∈ [1, dp
d−p ], too. On the other hand, this examples shows that the best we may expect for p < d is that

W 1,p(Ω) ↪→ Lq(Ω), where q ≤ dp
d−p , higher exponent would contradict the above mentioned example.

Finally, for p > d, the assumption u ∈ W 1,p(Ω) implies that −α > 1 − d
p > 0. Note that for such α we already

have f ∈ C0,|α|(B1(0)).
This simple example leads us to the conjecture that it may hold for "reasonable" domains Ω that

W 1,p(Ω) ↪→

{
L

dp
d−p (Ω) for p ∈ [1, d),

C0,1− d
p (Ω) for p ∈ (d,∞).

We show in the following text that this conjecture is correct. We moreover show that the above stated embedding can
be strengthen to compact embeddings, i.e., we show for sufficiently regular (i.e., Lipschitz) domains

W 1,p(Ω) ↪→↪→

{
Lq(Ω) for all q ∈ [1, dp

d−p ) if p < d,

C0,µ(Ω) for all µ ∈ [0, 1− d
p ) if p ∈ (d,∞).

Let us now summarize the main results of this section. We have for Ω ∈ C0,1 the following results.

1. If p ∈ [1, d), then ∀q ∈ [1, dp
d−p ] it holds W 1,p(Ω) ↪→ Lq(Ω); the embedding is compact for q ∈ [1, dp

d−p ).

2. If p = d, then ∀q ∈ [1,∞) it holds W 1,d(Ω) ↪→↪→ Lq(Ω) (but W 1,d(Ω) ̸↪→ L∞(Ω)).

3. If p ∈ (d,∞), then ∀µ ∈ [0, 1− d
p ] it holds W 1,p(Ω) ↪→ C0,µ(Ω); the embedding is compact for µ ∈ [0, 1− d

p ).

4. If p = ∞, then W 1,∞(Ω) ↪→ C0,1(Ω) and thus W 1,∞(Ω) ↪→↪→ C0,µ(Ω) for any µ ∈ [0, 1).
8The Calderón method is based on integral representation of functions. More details can be found (pro p = 2) in Nečas (1967) or

Ženíšek (2001), the generalization for p ̸= 2 can the reader due himself; it is based on the theory of Fourier multipliers. The restriction
p ̸= 1 and p ̸= ∞ is connected with the fact that Lp − Lp estimates of certain types of singular integral operators generally do not hold
true for p = 1 and p = ∞.
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6.5.1 Theorems on continuous embedding
As was indicated in the introduction of this section, theorem on continuous (and compact) embedding will differ
depending on whether p < d, p = d or p > d. To present all results in a compact form, we first formulate the
corresponding theorem (it will correspond to the conjecture formulated in the introduction of this section). Let us
first consider p < d. We define

p⋆ :=
dp

d− p
. (6.24)

Then we have

Theorem 6.5.1 — Embedding W 1,p(Ω) ↪→ Lq(Ω) for p < d. Let Ω ∈ C0,1 and p ∈ [1, d). Then it holds for any
q ∈ [1, p⋆]

W 1,p(Ω) ↪→ Lq(Ω).

More precisely, for any q ∈ [1, p⋆] there exists C which depends only on p, d, q and Ω such that for any u ∈W 1,p(Ω)
it holds

∥u∥Lq(Ω) ≤ C ∥u∥W 1,p(Ω) . (6.25)

The theorem above does not say anything about the case p = d, however, as a direct consequence of Theorem 6.5.1
we easily get the following.

Theorem 6.5.2 — Embedding W 1,d(Ω) ↪→ Lq(Ω). Let Ω ∈ C0,1. Then it holds for any q ∈ [1,∞)

W 1,d(Ω) ↪→ Lq(Ω).

Let us now consider the case p > d. Define

µ⋆ := 1− d

p
, (6.26)

where we set for p = ∞ the value µ⋆ := 1. The main result in this situation is the following.

Theorem 6.5.3 — Embedding W 1,p(Ω) ↪→ C0,α(Ω) for p > d. Let Ω ∈ C0,1 and p ∈ (d,∞]. Then it holds for
any α ∈ [0, µ⋆]

W 1,p(Ω) ↪→ C0,α(Ω).

More precisely, for any α ∈ [0, µ⋆] there exists a constant C which depends only on α, p, d and Ω such that for any
u ∈W 1,p(Ω) there exists a representative u⋆ ∈ C0,α(Ω), i.e., u⋆ ∈ [u], satisfying

∥u⋆∥C0,α(Ω) ≤ C ∥u∥W 1,p(Ω) .

It follows from the above stated theorems that the case p = d is particular and the embedding from Theorem 6.5.2
is not "sharp". Nonetheless, as shown in the following exercise, better result on the scale of Lebesgue spaces cannot
be expected.9

Exercise 6.5.4. Show that the function f(x) := ln
(
ln
(
1 + 1

|x|

))
belongs for d ≥ 2 to W 1,d(B1(0)), but does not

belong to L∞(B1(0)). Whence W 1,d(Ω) ̸↪→ L∞(Ω).
9We show in Subsection 6.7 that if Ω is a bounded set, then(∫

Ω

∣∣∣∣u−
1

|Ω|

∫
Ω
udy

∣∣∣∣p dx

) 1
p

≤ C ∥∇u∥Lp(Ω) .

Choosing Ω = B1(0) and applying the change of variables z = x+ ry, y ∈ B1(0) we get (perform carefully!)(∫
Br(x)

∣∣∣∣∣u−
1

|Br(x)|

∫
Br(x)

udy

∣∣∣∣∣
p

dz

) 1
p

≤ Cr ∥∇u∥Lp(Br(x))
.

Particularly for p = 1 we have

1

|Br(x)|

∫
Br(x)

∣∣∣∣∣u−
1

|Br(x)|

∫
Br(x)

udy

∣∣∣∣∣ dz ≤ Cr
1

|Br(x)|

∫
Br(x)

|∇u|dz

≤ Cr
1

|Br(x)|

(∫
Br(x)

|∇u|d dz

) 1
d

|Br(x)|1−
1
d ≤ C ∥∇u∥Ld(Rd) .

The left-hand side characterizes the space BMO(Rd) (bounded mean oscillations). This space is a Banach space and

[u]BMO(Rd) = sup
Br(x)⊂Rd

1

|Br(x)|

∫
Br(x)

∣∣∣∣∣u−
1

|Br(x)|

∫
Br(x)

udy

∣∣∣∣∣ dz
is the seminorm in this space. It plays an important role in the harmonic analysis, where it is often used as a replacement of the space
L∞(Ω), see, e.g., Stein (1993).
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Proof of the embedding for p ≤ d

Let us first consider the case p < d. Our aim is thus to prove Theorems 6.5.1–6.5.2, where Ω is a domain with Lipschitz
boundary (and therefore also bounded). Nonetheless, several results stated below remain true even if Ω is unbounded.
Let us first note if |Ω| <∞, then it follows directly from Hölder’s inequality that W 1,p(Ω) ↪→ Lq(Ω) for q ∈ [1, p]. The
aim is to show that q can be larger than p.

Recall the notation (cf. Remark 6.1.8)

∇u :=

(
∂u

∂x1
, . . . ,

∂u

∂xd

)
.

Then the Euclidean norm of ∇u is

|∇u| :=

√√√√ d∑
i=1

(
∂u

∂xi

)2

and furthermore
∥∇u∥Lp(Ω;Rd) := ∥|∇u|∥Lp(Ω).

Then it is not difficult to see that
∥u∥p + ∥∇u∥Lp(Ω;Rd)

is an equivalent norm in W 1,p(Ω). To simplify the notation, if no confusion may arise, we always work with ∇u instead
of carefully writing all partial derivatives.

Example 6.5.5. Let us try to find a condition for q to satisfy: let p ∈ [1, d), then there exists C > 0 such that for
any u ∈W 1,p(Rd) it holds

∥u∥Lq(Rd) ≤ C ∥∇u∥Lp(Rd;Rd) . (6.27)

We take u ∈ C∞
0 (Rd) for which we assume (6.27) to hold and define the functions

uλ(x) := u(λx), with arbitrary λ ∈ R+.

Inequality (6.27) should hold for all functions from W 1,p(Rd) with the constant C independent of u. In particular, it
must hold for all functions uλ. Using the change of variables, we easily get

∥uλ∥Lq(Rd) = λ−
d
q ∥u∥Lq(Rd)

∥∇uλ∥Lp(Rd;Rd) = λ1−
d
p ∥∇u∥Lp(Rd;Rd)

and from inequality (6.27) applied on uλ it follows

λ−
d
q ∥u∥Lq(Rd) ≤ Cλ1−

d
p ∥∇u∥Lp(Rd;Rd) .

Since the parameter λ is arbitrary, for the inequality above to hold it is necessary that

1 +
d

q
− d

p
= 0, or q =

dp

d− p
.

Indeed, we now prove that inequality (6.27) really holds for u ∈ C∞
0 (Rd), provided d, p and q satisfy 1+ d

q −
d
p = 0.

Lemma 6.5.6 — Gagliardo. Let i = 1, . . . , d and ûi ∈ L∞(Rd−1) be arbitrary functions with a compact support.
We define for any i the function ui : Rd → R by means of

ui(x) := ûi(x̂i), where x̂i := (x1, . . . , xi−1, xi+1, . . . , xd).

Then it holds for d ≥ 2∫
Rd

d∏
i=1

|ui(x)| dx ≤
d∏

i=1

(∫
Rd−1

|ûi(x̂i)|d−1 d̂xi

) 1
d−1

=

d∏
i=1

∥ûi∥Ld−1(Rd−1),

where
d̂xi := dx1 · · · dxi−1 dxi+1 · · · dxd.

Proof. The proof will be performed by means of the induction on the dimension d.
Step 1: The case d = 2

The validity of the lemma for d = 2 is a simple consequence of the Fubini Theorem∫
R2

|u1(x)||u2(x)| dx =

∫
R2

|û1(x2)||û2(x1)| dx1 dx2

=

∫
R
|û1(x2)| dx2

∫
R
|û2(x1)| dx1.
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Step 2: Induction step on the dimension d:
Assume that the claim holds for d− 1; let us show that it also holds for d. Due to the fact that ud is independent of
xd, we get the identity ∫

Rd

|u1| . . . |ud| dx1 . . . dxd =

∫
Rd−1

|ûd|
(∫

R
|u1| . . . |ud−1| dxd

)
d̂xd.

We estimate the interior integral over R by virtue of the generalized Hölder inequality (see Lemma A.3.13) with all
pi = d− 1 as follows∫

Rd−1

|ûd|
(∫

R
|u1| . . . |ud−1| dxd

)
d̂xd ≤

∫
Rd−1

|ûd|
d−1∏
i=1

(∫
R
|ui|d−1 dxd

) 1
d−1

d̂xd.

We now apply Hölder’s inequality on the integral over Rd−1 and get (p = d− 1, p′ = d−1
d−2 )∫

Rd−1

|ûd|
d−1∏
i=1

(∫
R
|ui|d−1 dxd

) 1
d−1

d̂xd

≤
(∫

Rd−1

|ûd|d−1 d̂xd

) 1
d−1

(∫
Rd−1

d−1∏
i=1

(∫
R
|ui|d−1 dxd

) 1
d−2

d̂xd

) d−2
d−1

= ∥ûd∥Ld−1(Rd−1)

(∫
Rd−1

d−1∏
i=1

gi(x1, . . . , xd−1) dx1 . . . dxd−1

) d−2
d−1

,

where

gi(x1, . . . , xd−1) :=

(∫
R
|ûi(x1, . . . , xd)|d−1 dxd

) 1
d−2

are functions independent of xi and the related ĝi ∈ L∞(Rd−2) have compact support. It holds for these gi, due to
the induction assumption∫

Rd−1

d−1∏
i=1

gi dx1 . . . dxd−1 ≤
d−1∏
i=1

(∫
Rd−2

|ĝi|d−2 d̂xi dxd

) 1
d−2

=

d−1∏
i=1

(∫
Rd−1

|ûi|d−1 d̂xi

) 1
d−2

=

d−1∏
i=1

∥ûi∥
d−1
d−2

Ld−1(Rd−1)
.

Altogether we have

∫
Rd

|u1| . . . |ud| dx1 . . . dxd ≤ ∥ûd∥Ld−1(Rd−1)

(
d−1∏
i=1

∥ûi∥
d−1
d−2

Ld−1(Rd−1)

) d−2
d−1

=

d∏
i=1

∥ûi∥Ld−1(Rd−1)

which we wanted to prove. ■

We can now come to the proof of the basic inequality for smooth functions with compact support. Let us recall
the notation p⋆ from (6.24).

Theorem 6.5.7 — Gagliardo–Nirenberg. Let p ∈ [1, d). Then it hold for any u ∈ C1
0(R

d)

∥u∥Lp⋆ (Rd) ≤
p(d− 1)

d− p
∥∇u∥Lp(Rd) . (6.28)

Proof. Step 1: Case p = 1
For p = 1, the exponent p⋆ = d

d−1 . Further, it clearly holds for sufficiently smooth functions with compact support

u(x) = u(x1, . . . , xd) =

∫ xi

−∞

∂u

∂xi
(x1, . . . , xi−1, s, xi+1, . . . , xd) ds

which after increasing the domain of integration yields for any x ∈ Rd the estimate

|u(x)| ≤
∫ +∞

−∞
|∇u (x1, . . . , xi−1, s, xi+1, . . . , xd) |ds.



6.5. Theorems on continuous and compact embeddings 137

It is easy to deduce from here

|u(x)|
d

d−1 ≤
d∏

i=1

(∫
R
|∇u (x1, . . . , xi−1, s, xi+1, . . . , xd)| ds

) 1
d−1

.

We integrate this inequality over Rd and get

∥u∥
d

d−1

L
d

d−1 (Rd)
≤
∫

Rd

d∏
i=1

(∫
R
|∇u (x1, . . . , xi−1, s, xi+1, . . . , xd)| ds

) 1
d−1

dx.

We apply on the right-hand side the Gagliardo Lemma 6.5.6, where we choose

ûi (x̂i) :=

(∫
R
|∇u (x1, . . . , xi−1, s, xi+1, . . . , xd)| ds

) 1
d−1

;

as a result we get

∥u∥
d

d−1

L
d

d−1 (Rd)
≤

d∏
i=1

(∫
Rd

|∇u| dx
) 1

d−1

= ∥∇u∥
d

d−1

L1(Rd;Rd)

which is the desired inequality for p = 1.
Step 2: Proof for arbitrary p ∈ (1, d)

Let v ∈ C1
0(R

d) and define function u := |v|γ . For γ > 1, the function u ∈ C1
0(R

d). It follows from Step 1 that

∥|v|γ∥
L

d
d−1 (Rd)

= ∥u∥
L

d
d−1 (Rd)

≤ ∥∇u∥L1(Rd;Rd) = ∥∇|v|γ∥L1(Rd;Rd) =

∫
Rd

|∇|v|γ | dx.

We compute the gradient on the right-hand side and apply Hölder’s inequality (our aim is to have ∥∇v∥Lp(Rd;Rd) on
the right-hand side)

∫
Rd

|∇|v|γ | dx =

∫
Rd

γ|v|γ−1|∇v| dx ≤ γ

(∫
Rd

|v|(γ−1) p
p−1 dx

) p−1
p

∥∇v∥Lp(Rd;Rd).

We therefore have(∫
Rd

|v|γ
d

d−1 dx

) d−1
d

= ∥|v|γ∥
L

d
d−1 (Rd)

≤ γ

(∫
Rd

|v|(γ−1) p
p−1 dx

) p−1
p

∥∇v∥Lp(Rd;Rd) .

Let us now choose γ so that the powers at |v| are the same on both sides of the inequality. Hence, we require

γ
d

d− 1
= (γ − 1)

p

p− 1

which implies the choice

γ =
p (d− 1)

d− p
> 1;

the inequality holds due to the assumption p ∈ (1, d). The final inequality has the form(∫
Rd

|v|
dp

d−p dx

) d−1
d

≤ p (d− 1)

d− p

(∫
Rd

|v|
dp

d−p dx

) p−1
p

∥∇v∥Lp(Rd;Rd)

which implies

∥v∥
L

dp
d−p (Rd)

=

(∫
Rd

|v|
dp

d−p

) d−p
pd

≤ p (d− 1)

d− p
∥∇v∥Lp(Rd;Rd) .

The proof is complete. ■

We get, based on the density of smooth compactly supported functions.

Corollary 6.5.8 (Embedding of spaces W 1,p(Rd) and W 1,p
0 (Ω) for p ∈ [1, d)). Let p ∈ [1, d). Then it holds.

1. W 1,p(Rd) ↪→ Lp⋆

(Rd) and every u ∈W 1,p(Rd) satisfies inequality (6.28).

2. Let Ω ⊂ Rd be open. Then W 1,p
0 (Ω) ↪→ Lp⋆

(Ω) and every u ∈W 1,p
0 (Ω) satisfies (after defining to be zero outside

of Ω) inequality (6.28).
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Proof. In both cases, smooth compactly supported functions are dense in the given spaces (it is directly definition
of the space W 1,p

0 (Ω) and for a similar claim for W 1,p(Rd) see Lemma 6.2.2). The claim is thus a consequence of
the completeness of the Lebesgue spaces and inequality (6.28), the details are left as a useful exercise for the kind
reader. ■

We can now start with the proof of Theorems 6.5.1–6.5.2.

Proof of Theorem 6.5.1 and of Theorem 6.5.2. Let us first consider the case p ∈ [1, d), i.e., we prove Theorem 6.5.1.
As Ω ∈ C0,1, due to the Extension Theorem 6.4.1 there exists extension operator E: W 1,p(Ω) →W 1,p(Rd) such that

∥Eu∥W 1,p(Rd) ≤ c ∥u∥W 1,p(Ω) ,

where the constant c is independent of u. Moreover, the support of the extended function Eu is a compact set in Rd.
Corollary 6.5.8 then implies

∥u∥Lp⋆ (Ω) ≤ ∥Eu∥Lp⋆ (Rd) ≤
p (d− 1)

d− p
∥∇ (Eu)∥Lp(Rd;Rd)

≤ p (d− 1)

d− p
∥Eu∥W 1,p(Rd) ≤ c ∥u∥W 1,p(Ω) .

The claim of the theorem is then consequence of this inequality, of the trivial embedding Lp⋆

(Ω) ↪→ Lq(Ω) for Ω
bounded and q ∈ [1, p⋆] (see Lemma A.3.14) and the transitivity of the continuous embedding.

Let us now consider the case p = d. If q ∈ [1, d], the proof is evident as Ω is bounded; thus Ld(Ω) ↪→ Lq(Ω). Let
q > d. Then there exists pq ∈ [1, d) such that q = p⋆q =

dpq

d−pq
(i.e., pq = dq

d+q ) and due to Theorem 6.5.1 it holds

W 1,pq (Ω) ↪→ Lq(Ω).

Further for Ω bounded and pq < d it holds W 1,d(Ω) ↪→W 1,pq (Ω). Altogether,

W 1,d(Ω) ↪→W 1,pq (Ω) ↪→ Lq(Ω)

and the proof is complete. ■

Remark 6.5.9. It is important to realize that while for Rd relation (6.28) holds, for a bounded set Ω with Lipschitz
boundary we only have (6.25). It means that on the right-hand side of (6.25) we have the full norm in W 1,p(Ω), not
only the norm of the gradient, as it is the case for (6.28). Inequality of the type (6.28) cannot hold generally, as the
right-hand side does not change if we add a constant to u. On bounded sets, we may expect estimate (6.28) only in
special cases, when adding a constant is exluded, as e.g., in the case of W 1,p

0 (Ω) (see Corollary 6.5.8).
On the other hand, in the full space, we only have W 1,p(Rd) ↪→ Lq(Rd) for q ∈ [p, p⋆]. We namely cannot expect

in general that u ∈ Lq(Rd) for q < p.

A natural question arises, whether the assumption Ω ∈ C0,1 is really necessary for the optimal embedding exponent.
The following example contains counterexamples, showing the necessity.

Example 6.5.10. We show that for W 1,p(Ω) ↪→ Lp⋆

(Ω) to hold in the class of sets Ω ∈ C0,α with α ∈ [0, 1], the
necessary condition is Ω ∈ C0,1. Assume that Ω ⊂ R2 has a part of the boundary in the neighbourhood of the point
(0, 0) described by |y| = xµ, where µ > 1 and x ∈ (0, 1), and the rest of the boundary is smooth, cf. Figure 6.5. Check
carefully that then Ω ∈ C0, 1µ (the description of the boundary x = |y|

1
µ , y ∈ [−1, 1], must be considered).

Now, similarly as in Example 6.1.12, we consider functions of the type u(x, y) := x−a, where we only deal with
the part of the domain close to the origin, i.e. with the set Ω := {(x, y) |x ∈ (0, 1), y ∈ (−xµ, xµ)}, since outside the
origin, the function is smooth. Then

∥u∥qLq(Ω) =

∫ 1

0

(∫ xµ

−xµ

x−aq dy

)
dx = 2

∫ 1

0

xµ−aq dx

∥∇u∥pLp(Ω) = |a|p
∫ 1

0

(∫ xµ

−xµ

x−(a+1)p dy

)
dx = 2|a|p

∫ 1

0

xµ−(a+1)p dx.

From here we immediately get that

u ∈ Lq(Ω) ⇐⇒ q <
1 + µ

a

u ∈W 1,p(Ω) ⇐⇒ a <
1 + µ− p

p
.
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x

y

Ω

y = xµ

y = −xµ

Figure 6.5: Domain Ω from Example 6.5.10.

This example confirms that we have for a two-dimensional domain Ω ∈ C0, 1µ at most W 1,p(Ω) ↪→ Lqµ(Ω), where
qµ = (1+µ)p

1+µ−p . This example can be easily transformed to d dimensions, where the correct choice is qµ = (d−1+µ)p
d−1+µ−p . For

more details see (Adams, 1975, Theorem 5.35). It is possible to see that qµ is a decreasing function of µ, having for
µ = 1, i.e., for a Lipschitz domain, optimal value q1 = p⋆, and at infinity (domain with continuous boundary) only the
value q∞ = p.

We show at the end of this subsection that inequality (6.28) allows to prove interpolation inequalities of the type

∥u∥Lr(Rd) ≤ C ∥∇u∥αLp(Rd;Rd) ∥u∥
1−α
Lq(Rd) ,

for suitably chosen q, r, p and α.

Example 6.5.11. The following inequalities hold10.

1. We have for d = 2 ∥v∥L4(R2) ≤ 2
1
2 ∥∇v∥

1
2

L2(R2;R2) ∥v∥
1
2

L2(R2) .

2. We have for d = 3 ∥v∥L4(R3) ≤
(
8
3

) 3
4 ∥∇v∥

3
4

L2(R3;R3) ∥v∥
1
4

L2(R3) .

We start with inequality (6.28) for p = 1. We take for d = 2 the function u = |v|2 and by virtue of Hölder’s
inequality we compute∫

R2

|v|4 dx ≤
(∫

R2

|∇|v|2| dx
)2

≤ 4

(∫
R2

|∇v||v|dx
)2

≤ 4 ∥∇v∥2L2(R2;R2) ∥v∥
2
L2(R2) .

Taking the fourth root we obtain the result.
For d = 3 we choose u = |v| 83 , then∫

R3

|v|4 dx ≤
(∫

R3

|∇|v| 83 | dx
) 3

2

≤
(
8

3

) 3
2
(∫

R3

|∇v||v| 53 dx
) 3

2

≤
(
8

3

) 3
2
(∫

R3

|∇v||v| 13 |v| 43 dx
) 3

2

≤
(
8

3

) 3
2

∥∇v∥
3
2

L2(R3;R3) ∥v∥
1
2

L2(R3) ∥v∥
2
L4(R3) .

We now divide by ∥v∥2L4(R3) and we conclude by taking the square root.

Based on similar considerations, it is possible to show a general claim which is left as a useful exercise for the kind
reader.

Exercise 6.5.12 (General interpolation inequality). Show that for any α ∈ [0, 1) and any r, p, q ∈ [1,∞] satisfying

1

r
= α

(
1

p
− 1

d

)
+ (1− α)

1

q

there exists a constant C = C(p, q, r, d) such that it holds for any u ∈ C∞
0 (Rd)

∥u∥Lr(Rd) ≤ C ∥∇u∥αLp(Rd;Rd) ∥u∥
1−α
Lq(Rd) . (6.29)

Moreover, if p < d, it is also possible to take α = 1. Due to the density argument, these inequalities can be extended
for functions u ∈ Lr(Rd) for which ∇u ∈ Lp(Rd;Rd).

10The constants obtained above are not optimal and can be improved, see e.g., Temam (2001). These inequalities play an important
role in the proof of existence, uniqueness and regularity of weak solutions to the incompressible Navier–Stokes equations and they are
"responsible" for a significant difference between the results for two and three space dimensions.
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Proof of the embedding theorem for p > d

We now deal with the proof of Theorem 6.5.3. We start with the key claim from which we deduce several corollar-
ies.

Lemma 6.5.13 — Morrey I. Let u ∈ C1
0(R

d). We denote for arbitrary µ ∈ (0, 1]

[∇u]L1,µ(Rd) := sup
x∈Rd

sup
ρ>0

∫
[0,ρ]d

|∇u(x+ y)|
ρd−1+µ

dy. (6.30)

Then it holds for any x1, x2 ∈ Rd

|u(x1)− u(x2)| ≤
2
√
d

µ
|x1 − x2|µ[∇u]L1,µ(Rd). (6.31)

Proof. We choose x1, x2 ∈ Rd arbitrarily, but fixed and denote Cρ the closed cube with the length of the edge ρ such
that x1 and x2 lie on the opposite walls of this cube. Then it holds

ρ ≤ |x1 − x2| ≤
√
dρ. (6.32)

Due to the smoothness of u we further get for all x ∈ Cρ and i = 1, 2 the estimate

|u(x)− u(xi)| =
∣∣∣∣∫ 1

0

d

ds
u(xi + s(x− xi)) ds

∣∣∣∣
=

∣∣∣∣∫ 1

0

∇u(xi + s(x− xi)) · (x− xi) ds

∣∣∣∣
≤
∫ 1

0

|∇u(xi + s(x− xi))| |x− xi| ds

≤
√
dρ

∫ 1

0

|∇u(xi + s(x− xi))| ds,

(6.33)

where we used in the last inequality estimate (6.32).
We shall now look at the "distance" of the mean value u on the cube Cρ from the values at the points xi. We get,

using the properties of the Lebesgue integral∣∣∣∣∣
∫
Cρ

u(x)

ρd
dx− u(xi)

∣∣∣∣∣ =
∣∣∣∣∣
∫
Cρ

u(x)− u(xi)

ρd
dx

∣∣∣∣∣ ≤
∫
Cρ

|u(x)− u(xi)|
ρd

dx.

Due to estimate (6.33) and Fubini’s Theorem we can transform this inequality into the form∣∣∣∣∣
∫
Cρ

u(x)

ρd
dx− u(xi)

∣∣∣∣∣ ≤ √
d

∫ 1

0

∫
Cρ

|∇u(xi + s(x− xi))|
ρd−1

dx ds. (6.34)

We now perform the change of variables

z := xi + s(x− xi) Ci
ρs :=

{
z ∈ Rd | z = xi + s(x− xi) for some x ∈ Cρ

}
,

where Ci
ρs is now a cube with the length of the edge ρs. The resulting integral has the form∫ 1

0

∫
Cρ

|∇u(xi + s(x− xi))|
ρd−1

dx ds =

∫ 1

0

∫
Ci

ρs

|∇u(z)|
sdρd−1

dz ds

= ρµ
∫ 1

0

sµ−1

(∫
Ci

ρs

|∇u(z)|
(ρs)d−1+µ

dz

)
ds.

We plug in this inequality into (6.34) and get, using the assumptions on u∣∣∣∣∣
∫
Cρ

u(x)

ρd
dx− u(xi)

∣∣∣∣∣ ≤ √
dρµ

∫ 1

0

sµ−1

(∫
Ci

ρs

|∇u(z)|
(ρs)d−1+µ

dz

)
ds

≤
√
d[∇u]L1,µ(Rd)ρ

µ

∫ 1

0

sµ−1 ds

=

√
d

µ
[∇u]L1,µ(Rd)ρ

µ.

(6.35)
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The triangle inequality then finishes the whole proof. Indeed,

|u(x1)− u(x2)| =

∣∣∣∣∣
∫
Cρ

u(x)

ρd
dx− u(x2)−

∫
Cρ

u(x)

ρd
dx+ u(x1)

∣∣∣∣∣
≤

∣∣∣∣∣
∫
Cρ

u(x)

ρd
dx− u(x2)

∣∣∣∣∣+
∣∣∣∣∣
∫
Cρ

u(x)

ρd
dx− u(x1)

∣∣∣∣∣
≤ 2

√
d

µ
[∇u]L1,µ(Rd)ρ

µ

and thus (6.31) holds true. ■

It is important to realize that for estimate (6.31) it is not necessary to control the seminorm on the right-hand
side on the whole Rd, but it is enough to consider a qualitatively same term taking into account only a certain
neighbourhood of x1 and x2. We show now this modification.

Lemma 6.5.14 — Morrey II. Let u ∈ C1((−2R, 2R)d). Then it holds for any x1, x2 ∈ (−R,R)d

|u(x1)− u(x2)| ≤
2
√
d

µ
|x1 − x2|µ sup

x∈(−R,R)d
sup

ρ∈(0,R)

∫
(−ρ,ρ)d

|∇u(x+ y)|
ρd−1+µ

dy. (6.36)

Proof. The proof follows easily for the previous proof by a slight modification of estimate (6.34) and is left for a kind
reader as an exercise. ■

With the help of the Morrey Lemma I 6.5.13 we can now relatively easily prove the following estimate which shows
relation between the spaces W 1,p(Rd) and C0,µ

0 (Rd).

Theorem 6.5.15 — Morrey I. Let p ∈ (d,∞) and µ := 1− d
p . Then it holds for any u ∈ C1

0(R
d)

∥u∥C0,µ
0 (Rd) ≤

4
√
d

µ
∥u∥W 1,p(Rd) . (6.37)

Proof. Let us recall the definition of the norm in C0,µ
0 (Rd) (see (A.4))

∥u∥C0,µ
0 (Rd) := ∥u∥L∞(Rd) + sup

{x,y∈Rd | x̸=y}

|u(x)− u(y)|
|x− y|µ

.

Step 1: Estimate of differences
In this step, we apply the Morrey Lemma I 6.5.13. By virtue of Hölder’s inequality and due to our choice of µ we get
the estimate ∫

(0,ρ)d

|∇u(x+ y)|
ρd−1+µ

dy ≤

(∫
(0,ρ)d

|∇u(x+ y)|p dy

) 1
p

ρ
d
p′

ρd−1+µ
≤ ∥∇u∥Lp(Rd;Rd)

which immediately leads to the inequality (recall (6.30))

[∇u]L1,µ(Rd) ≤ ∥∇u∥Lp(Rd;Rd).

Using (6.31) we therefore have

|u(x1)− u(x2)| ≤
2
√
d

µ
|x1 − x2|µ ∥∇u∥Lp(Rd;Rd)

or

sup
{x1,x2∈Rd | x1 ̸=x2}

|u(x1)− u(x2)|
|x1 − x2|µ

≤ 2
√
d

µ
∥∇u∥Lp(Rd;Rd) . (6.38)

Step 2: Estimate for ∥u∥∞
Let us choose arbitrary x, y ∈ Rd. Then due to (6.38)

|u(x)− u(y)| ≤ 2
√
d

µ
∥∇u∥Lp(Rd;Rd) |x− y|µ

which after applying the triangle inequality yields

|u(x)| ≤ |u(y)|+ 2
√
d

µ
∥∇u∥Lp(Rd;Rd) |x− y|µ .
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We integrate this inequality with respect to y over the set Cρ := {y ∈ Rd | 2|yi − xi| ≤ ρ∀i = 1, 2, . . . , d}; it results to

|u(x)||Cρ| ≤
∫
Cρ

|u(y)|dy + |Cρ|
2ρµ

√
d ∥∇u∥Lp(Rd;Rd)

µ
.

We estimate the integral on the right-hand side to get the norm of u in Lp(Rd)

|u(x)||Cρ| ≤ |Cρ|
p−1
p ∥u∥Lp(Cρ)

+ |Cρ|
2ρµ

√
d ∥∇u∥Lp(Rd;Rd)

µ
, (6.39)

from where (we choose for example ρ = 1)

sup
x∈Rd

|u(x)| ≤ ∥u∥Lp(Rd) +
2
√
d

µ
∥∇u∥Lp(Rd;Rd) . (6.40)

It follows from inequalities (6.38) and (6.40) for u ∈ C∞
0 (Rd) that

∥u∥C0,µ(Rd) ≤
4
√
d

µ
∥u∥W 1,p(Rd) (6.41)

and the proof is complete. ■

Similarly as in the case of Morrey Lemma, the estimate can be localized.

Theorem 6.5.16 — Morrey II. Let p ∈ (d,∞) and choose µ := 1− d
p . Then it holds for any u ∈ C1((−2R, 2R)d)

∥u∥C0,µ([−R,R]d) ≤
∥u∥Lp((−2R,2R)d)

R1−µ
+ (1 +Rµ)

2
√
d

µ
∥u∥W 1,p((−2R,2R)d) . (6.42)

Proof. The proof is a simple modification of the previous proof, in particular of the choice of ρ in (6.39), and is left
for the kind reader as an exercise. ■

Due to the density of C∞
0 (Rd) in W 1,p(Rd) inequality (6.37) also holds for u ∈ W 1,p(Rd). However, we must be

slightly careful here, as u ∈ W 1,p(Rd) means in fact that a class of equivalent functions belongs to W 1,p(Rd). We
therefore must work with a suitable representative of this class..

Corollary 6.5.17. Let p ∈ (d,∞). Then it holds for µ = 1− d
p

W 1,p(Rd) ↪→ C0,µ(Rd).

More precisely, for any u ∈W 1,p(Rd) there exists a representative u⋆ ∈ C0,µ(Rd), u⋆ ∈ [u], such that

∥u⋆∥C0,µ(Rd) ≤
4
√
d

µ
∥u∥W 1,p(Rd) .

Proof. We leave the proof as an exercise for a reader. ■

The corollary implies that for u ∈ W 1,p(Rd), p > d, all points in Rd are Lebesgue points (recall Definition A.3.19)
of the function u⋆ and thus

u⋆(x) = lim
r→0+

1

|Br(x)|

∫
Br(x)

u(y) dy

for any x ∈ Rd.

We can now come to the proof of the main theorem of this part.

Proof of Theorem 6.5.3. Since Ω ∈ C0,1, due to Theorem 6.4.1 there exists a continuous linear extension operator

E :W 1,p(Ω) →W 1,p(Rd)

and there exist C = C(d,Ω) such that for any p ∈ [1,∞] it holds

Eu = u almost everywhere in Ω, ∥Eu∥W 1,p(Rd) ≤ C ∥u∥W 1,p(Ω)

and the support of Eu is a compact set in Rd.
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Let us first consider p ∈ (d,∞). It follows from Corollary 6.5.17 that (µ⋆ := 1− d
p )

∥u⋆∥C0,µ⋆ (Ω) = ∥(Eu)⋆∥C0,µ⋆ (Ω) ≤
4
√
d

µ⋆
∥Eu∥W 1,p(Rd) ≤

C(d,Ω)

µ⋆
∥u∥W 1,p(Ω) .

The claim of the theorem for p ∈ (d,∞) is then a consequence of this inequality, of the embedding C0,µ⋆

(Ω) ↪→ C0,α(Ω)
for Ω bounded and 0 ≤ α ≤ µ⋆ (recall Exercise A.2.15) and of the transitivity of continuous embedding.

We now finish the proof for p = ∞. Since Ω is a bounded domain, evidently W 1,∞(Ω) ↪→ W 1,p(Ω) for arbitrary
p <∞. It follows from above that

∥u⋆∥
C0,1− d

p (Ω)
≤ C(d,Ω)

1− d
p

∥u∥W 1,p(Ω) .

Passing to the limit p→ ∞ we then easily obtain the claim of the theorem. ■

Corollary 6.5.18 (If Ω ∈ C0,1, then C0,1(Ω) =W 1,∞(Ω)). Let Ω ∈ C0,1. Then C0,1(Ω) =W 1,∞(Ω).

Proof. We already know (cf. Corollary 6.3.2), that for any open set C0,1(Ω) ↪→ W 1,∞(Ω). On the other hand, we
know for Lipschitz domains that W 1,∞(Ω) ↪→ C0,1(Ω) and thus also C0,1(Ω) =W 1,∞(Ω). ■

The only "weakness" of this approach is the use of the Rademacher Theorem A.2.16 in the proof of the exten-
sion theorem. However, this can be removed, since it is possible to show a more general result which includes the
Rademacher Theorem as a special case.

As we have already seen in Lemma 6.1.4, the weak derivative of a Sobolev function agrees with the classical one
at almost every points, where the classical derivative exists. Moreover, (see Remark 6.3.5) we know that the weak
derivative is really a good approximation of the classical derivative. We now generalize these two claims and show
existence of the total differential almost everywhere for functions from W 1,p(Ω) with p > d. Then we also show the
Rademacher Theorem A.2.16 as a particular case. Recall that a function u has at the point x total differential if there
exists a ∈ Rd such that

lim
y→x

|u(y)− u(x)− a · (y − x)|
|x− y|

= 0.

Recall also that a is equal to the gradient of u at the point x in the classical sense. In the theorem below we deal with
the continuous representative [u], since due to Theorem 6.5.3 it holds W 1,p(Ω) ↪→ C0(Ω).

Theorem 6.5.19 Let u ∈W 1,p(Ω) and p ∈ (d,∞]. Then the function u (more precisely, its continuous represen-
tative) has total differential almost everywhere in Ω and the classical derivative is at almost all points, where the
total differential exists, equal to the weak derivative.

Proof. Step 1: p ∈ (d,∞)
First, let p ∈ (d,∞) and x ∈ Ω be arbitrary. Assume further that r > 0 is so small that B4r(x) ⊂ Ω. We know from
the density of smooth functions that we may approximate u arbitrarily precisely by smooth functions in B2r(x). We
may therefore apply Morrey Lemma II (Lemma 6.5.14) and we have for arbitrary y ∈ Br(x) and v ∈ W 1,p(B2r(x))
the estimate11

|v(x)− v(y)| ≤ C(d, p)|x− y|µ sup
z∈Br(x)

sup
ρ∈(0,r)

∫
Bρ(z)

|∇v(z′)|
ρd−1+µ

dz′.

We may further estimate the expression on the right-hand side by means of Hölder’s inequality

∫
Bρ(z)

|∇v(z′)|
ρd−1+µ

dz′ ≤ C(d)ρ1−µ− d
p

(∫
Bρ(z)

|∇v(z′)|p dz′
) 1

p

;

hence

|v(x)− v(y)| ≤ C(d, p)r1−
d
p

(∫
B2r(x)

|∇v(z)|p dz

) 1
p

. (6.43)

In what follows, we reduce ourselves on the set of Lebesgue points ∇u(x) and |∇u(x)|p, i.e., on the set of x ∈ Ω
for which it holds

lim
r→0+

1

|Br(x)|

∫
Br(x)

(|∇u(x)−∇u(z)|+ |∇u(x)−∇u(z)|p) dz = 0.

The Theorem on Lebesgue points A.3.20 and Exercise A.3.24 imply that the above stated relation holds for almost
every x ∈ Ω. For arbitrary x ∈ Ω for which the above stated equality holds we set

v(y) := u(y)− u(x)−∇u(x) · (y − x).

11Even though the Morrey Lemma is formulated for cubes, we can easily rewrite it by rescaling for balls.
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Then clearly ∇v(y) = ∇u(y)−∇u(x) and v ∈W 1,p(B4r(x)) for sufficiently small r > 0. Moreover, we know that v is
continuous and v(x) = 0. We thus have for each y ∈ Br(x)

|u(y)− u(x)−∇u(x) · (y − x)| = |v(y)| = |v(y)− v(x)|.

Let us choose now arbitrary y ∈ ∂Br(x) (and thus r = |x− y|). We get from inequality (6.43) that

|u(y)− u(x)−∇u(x) · (y − x)|
|x− y|

=
|v(x)− v(y)|

r

≤ C(p, d)

(∫
B2r(x)

|∇v(z)|p

rd
dz

) 1
p

= C(p, d)

(∫
B2r(x)

|∇u(x)−∇u(z)|p

rd
dz

) 1
p

≤ C(p, d)

(
1

|B2r(x)|

∫
B2r(x)

|∇u(x)−∇u(z)|p dz

) 1
p

.

We consider now y → x, thus r → 0+ in the above stated inequality. Since we consider only such x which are Lebesgue
points of ∇u, we see that

lim
y→x

|u(y)− u(x)−∇u(x) · (y − x)|
|x− y|

≤ C(p, d) lim
r→0+

(
1

|B2r(x)|

∫
B2r(x)

|∇u(x)−∇u(z)|p dz

) 1
p

= 0.

The function u thus has classical total differential at the point x. Moreover, the classical gradient is equal to the weak
gradient ∇u(x). The remaining claims for p ∈ (d,∞) are evident.

Step 2: p = ∞
If u ∈W 1,∞(Ω), then also u ∈W 1,p

loc (Ω) for all p <∞ and we may thus use the first part of the proof. ■

6.5.2 Theorems on compact embedding
We now strengthen the results of the previous subsection and state that the corresponding compact embeddings for
Sobolev spaces defined on Lipschitz domains hold true. Furthermore, we also claim that some results remain true even
for less smooth domains, in particular for only domains with continuous boundary. We again consider separately the
cases p < d, p = d and p > d. Recall also the notation p⋆ = dp

d−p and µ⋆ = 1 − d
p . The main result for p < d is the

following.

Theorem 6.5.20 — On compact embedding of W 1,p(Ω) for p < d. Let Ω ∈ C0,1 and p ∈ [1, d). Then it
holds for any q ∈ [1, p⋆)

W 1,p(Ω) ↪→↪→ Lq(Ω).

For p ≥ d we have the following result.

Theorem 6.5.21 — On compact embedding of W 1,p(Ω) for p ≥ d. Let Ω ∈ C0,1 and p ∈ [d,∞]. Then it
holds for any q ∈ [1,∞)

W 1,p(Ω) ↪→↪→ Lq(Ω).

Moreover, if p > d, then it holds for any α ∈ [0, µ⋆)

W 1,p(Ω) ↪→↪→ C0,α(Ω),

and thus also W 1,p(Ω) ↪→↪→ L∞(Ω).

As indicated in Example 6.5.10, the assumption on the Lipschitz continuity of the boundary is a key one, otherwise
the embedding (continuous) up to the limit spaces cannot be true. On the other hand, the same example indicates
that for domains with Hölder continuous boundary it is possible to expect some improvement in the integrability and
we may hope for some compact embedding. The following theorem gives the claim which will be also fundamental for
the proof of Theorem 6.5.20.

Theorem 6.5.22 — On compact embedding for domains with C0-boundary. Let Ω ∈ C0 and p ∈ [1,∞).
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Then it holds
W 1,p(Ω) ↪→↪→ Lp(Ω).

As a trivial corollary we also have.

Corollary 6.5.23. Let Ω ∈ C0 and p ∈ [1,∞). Then it holds for any q ∈ [1, p]

W 1,p(Ω) ↪→↪→ Lq(Ω).

We shall now deal with the proofs of the above stated theorems.

Proof of Theorem 6.5.22. It follows from the definition that W 1,p(Ω) is continuously embedded to Lp(Ω). To prove
the compact embedding, it remains to show that bounded sets in W 1,p(Ω) are totally bounded in Lp(Ω). Let C∗ > 0
and A ⊂W 1,p(Ω) be such that for any u ∈ A it holds ∥u∥1,p ≤ C∗. Our goal is to show that this set is totally bounded
in Lp(Ω). To this aim we apply the equivalent characterization by the Kolmogorov Theorem (Theorem A.3.40). We
define u ∈ A to be zero outside of Ω and verify the assumptions of the Kolmogorov Theorem. Assumption 1., i.e., the
uniform boundedness, is trivially satisfied, as ∥u∥p ≤ ∥u∥1,p. Assumption 3., i.e., the uniform equal decay at infinity,
is again satisfied trivially, as Ω is a bounded domain. Let us deal with Assumption 2., i.e., with the uniform equal
p-mean continuity.

Let ε > 0 be arbitrary, but fixed. We define δ0 := ε
2C∗ and without loss of generality we assume that δ0 < 1. We

may find for arbitrary h ∈ Rd a unit vector e ∈ Rd such that h = |h|e. In what follows we always consider such h. We
now apply the Lemma on the connection between the difference quotient and weak derivative III 6.3.7 and if |h| ≤ δ0,
we get (recall that |e| = 1 and ∥u∥1,p ≤ C∗ as well as recall that Ωa = {x ∈ Ω | dist (x, ∂Ω) > a})

∥rhu− u∥Lp(Ω2|h|) = |h|∥∆|h|
e u∥Lp(Ω2|h|) ≤ |h| ∥∇u · e∥Lp(Ω) ≤ δ0 ∥∇u∥Lp(Ω) ≤

ε

2
. (6.44)

Therefore we have, due to the triangle inequality and properties of the shift (recall that u is equal to zero outside of
Ω)

∥rhu− u∥Lp(Rd) ≤ ∥rhu− u∥Lp(Ω2|h|) + ∥rhu− u∥Lp(Rd\Ω2|h|) ≤
ε

2
+ 2∥u∥Lp(Ω\Ω4|h|). (6.45)

We now concentrate on the estimate of the second term which deals with the behaviour near the boundary. We
keep the notation from Definition 6.2.11. Due to the continuity of the boundary Ω we know that there exist M
cartesian coordinate systems and mappings Tr from the local coordinate system (x′r, xrd) to (x′, xd) and sets

V +
r =

{
(x′r, xrd) ∈ Rd| x′r ∈ ∆r, ar(x

′
r) < xrd < ar(x

′
r) + β

}
,

where ar are continuous functions in ∆r. Due to the continuity of ar there exists δ1 > 0 such that whenever |h| ≤ δ1,
then Ω \ Ω4|h| ⊂

⋃M
r=1 Tr(V

+
r ). Further, let {ϕr}M+1

r=1 be the partition of unity from Theorem 6.2.15, where the
functions ϕr ∈ C∞

0 (Tr(Vr)) for all r = 1, . . . ,M and ϕM+1 ∈ C∞
0 (Ω). We set ur := uϕr (and thus u =

∑M+1
r=1 ur).

Then surely there exists a number δ2 > 0 such that it holds for all |h| ≤ δ2 that suppuM+1∩(Ω\Ω4|h|) = ∅. Moreover,
there exists a constant C(Ω) such that for all r = 1, . . . ,M

∥ur∥W 1,p(Tr(V
+
r )) ≤ C(Ω)∥u∥1,p ≤ C(Ω)C∗. (6.46)

It follows from the above stated that the last term on the right-hand side of (6.45) can be estimated by

∥u∥Lp(Ω\Ω4|h|) ≤
M∑
r=1

∥ur∥Lp(Tr(V
+
r )\Ω4|h|)

.

Finally, let us denote for arbitrary γ ≤ β the following sets V +
r

V +
r,γ :=

{
(x′r, xrd) ∈ Rd| x′r ∈ ∆r, ar(x

′
r) < xrd < ar(x

′
r) + γ

}
.

We use again the continuity of ar. It is not difficult to show that there exists a continuous increasing function γ such
that γ(0) = 0 and

Ω \ Ω4|h| ⊂
M⋃
r=1

Tr(V
+
r,γ(4|h|))

for each |h| < min(δ1, δ2). From here and from the Theorem on the change of variables we get

∥u∥Lp(Ω\Ω4|h|) ≤
M∑
r=1

∥ur∥Lp(Tr(V
+
r,γ(4|h|)))

=

M∑
r=1

∥ũr∥Lp(V +
r,γ(4|h|))

, (6.47)

where ũr(x′r, xrd) := ur(Tr(x
′
r, xrd)).
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It is therefore enough to estimate the norms on the right-hand side of the above stated inequality. As Ω has
continuous boundary, the smooth functions are dense in the given Sobolev space W 1,p(Ω) and we may formally
proceed12. For arbitrary, but fixed r ∈ {1, . . . ,M}, and arbitrary xr ∈ V +

r we have (recall that ũr(x′r, ar(x′r)+β) = 0)
due to Hölder’s inequality

|ũr(x′r, xrd)|p =

∣∣∣∣∣
∫ ar(x

′
r)+β

xrd

d

ds
ũr(x

′
r, s) ds

∣∣∣∣∣
p

≤ βp−1

∫ ar(x
′
r)+β

ar(x′
r)

|∇ũr(x′r, s)|p ds.

We now integrate this inequality over V +
r,γ(4|h|) and get

∥ũr∥pLp(V +
r,γ(4|h|))

=

∫
V +
r,γ(4|h|)

|ũr(x′r, xrd)|p dx′r dxrd

≤ βp−1

∫
∆r

∫ a(x′
r)+γ(4|h|)

a(x′
r)

∫ ar(x
′
r)+β

ar(x′
r)

|∇ũr(x′r, s)|p ds dxrd dx′r

= βp−1γ(4|h|)
∫
V +
r

|∇ũr(xr)|p dxr

= βp−1γ(4|h|)
∫
Tr(V

+
r )

|∇u(x)|p dx ≤ βp−1γ(4|h|)(C∗)p,

where we used in the last inequality (6.46). Plugging into (6.45) and using (6.47) we thus get (recall that u is defined
by zero outside of Ω)

∥rhu− u∥Lp(Rd) ≤
ε

2
+ 2β

1
p′ C∗(γ(4|h|))

1
p .

We finally define

δ3 :=
1

4
γ−1

(
εp

4pMpβp−1(C∗)p

)
> 0.

Then it holds for any |h| < min(δ0, δ1, δ2, δ3)

∥rhu− u∥Lp(Rd) < ε

and the proof is complete. ■

Remark 6.5.24. The most difficult part of the proof was the estimate of the term near the boundary. If we strengthen
the assumptions or weaken the claim, the proof would become simpler. If we assumed that Ω has Lipschitz boundary,
then we knew from the theorem on continuous embedding that ∥u∥q ≤ C for some q > p, thus from Hölder’s inequality

∥u∥Lp(Ω\Ω4|h|) ≤ ∥u∥q|Ω \ Ω4|h||
q−p
qp .

We see that the term on the right-hand side can be arbitrarily small in dependence on |h|. In a similar way we could
prove "easier" the compact embedding W 1,p(Ω) ↪→↪→ Lq(Ω) for Ω ∈ C0, whenever 1 ≤ q < p.

We can finally perform the proofs of the main theorems of this section.

Proof of Theorem 6.5.20. Let p < d. If moreover q < p, the proof is simple, since from Theorem 6.5.22 we know that

W 1,p(Ω) ↪→↪→ Lp(Ω) ↪→ Lq(Ω) =⇒ W 1,p(Ω) ↪→↪→ Lq(Ω).

Let us consider the case q ∈ (p, p⋆). Since Ω ∈ C0,1, from the Theorem on continuous embedding for p < d 6.5.1 we
known that W 1,p(Ω) ↪→ Lp⋆

(Ω). Using the interpolation Hölder inequality (Lemma A.3.15) we get for any u ∈W 1,p(Ω)

∥u∥Lq(Ω) ≤ ∥u∥αLp(Ω) ∥u∥
1−α
Lp⋆ (Ω) ≤ C(p,Ω) ∥u∥αLp(Ω) ∥u∥

1−α
W 1,p(Ω),

where α ∈ (0, 1) is taken so that 1
q = α

p + 1−α
p⋆ . Let now A ⊂ W 1,p(Ω) be an arbitrary bounded closed set. Due to

Theorem 6.5.22 we know that this set is compact in Lp(Ω) and thus for any ε > 0 there exists an ε-net {ui}ki=1 ⊂ A;
it means that for any u ∈ A it holds

min
i

∥u− ui∥p ≤ ε.

Due to the above stated interpolation we get that

min
i

∥u− ui∥q ≤ C(p,Ω)min
i

∥u− ui∥αp ∥u− ui∥1−α
1,p ≤ C(p, q,Ω, A)εα.

Thus we see that for given A and q < p⋆ we can construct a finite covering by arbitrarily small balls and the proof is
complete. ■

Proof of Theorem 6.5.21. The first claim is a direct consequence of Theorems 6.5.2 and 6.5.20. The second claims
then follows from Theorem 6.5.3 and from the compact embedding among the Hölder continuous functions (see
Theorem A.2.14). ■

12More precisely, we may approximate ur by a sequence of smooth functions for which we show rigorously the required estimates; they
remain true after the limit passage to the functions ur, too.
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6.5.3 General Sobolev embeddings
The previous subsections dealt with W 1,p(Ω). By induction, the results above can be generalized.

Theorem 6.5.25 — General Sobolev embeddings. Let Ω ∈ C0,1, k ∈ N and p ∈ [1,∞]. Let further
j ∈ {0, 1, . . . , k − 1} be arbitrary. Denote

m0 :=
1

p
− k − j

d
and if m0 ̸= 0, m :=

1

m0
.

Then we have the following.

1. If m0 > 0, then

(a) W k,p(Ω) ↪→W j,m(Ω)

(b) for any m1 ∈ [1,m) it holds W k,p(Ω) ↪→↪→W j,m1(Ω).

2. If m0 = 0, then it holds for any q ∈ [1,∞) that W k,p(Ω) ↪→↪→W j,q(Ω).

3. If m0 < 0, we set µ := −dm0 and it holds

(a) if µ ∈ (0, 1), then W k,p(Ω) ↪→ Cj,µ(Ω) and for any α ∈ [0, µ) we have W k,p(Ω) ↪→↪→ Cj,α(Ω)

(b) if µ = 1, then{
p ̸= ∞ : ∀α ∈ [0, 1) : W k,p(Ω) ↪→↪→ Cj,α(Ω)

p = ∞ : W k,∞(Ω) ↪→ Ck−1,1(Ω)

(c) if µ > 1, then it holds for any α ∈ [0, 1] that W k,p(Ω) ↪→↪→ Cj,α(Ω).

Proof. The proof is based on mathematical induction and embedding theorems for the spaces W 1,p(Ω). It is therefore
left as an easy exercise for the kind reader. ■

As already said, the above mentioned theorem is based on mathematical induction and results on embeddings for
W 1,p(Ω). As we showed, these results are in fact optimal and cannot be improved13. It may therefore seem that
results of Theorem 6.5.25 are optimal. It is generally true, except one case of W d,1(Ω). By induction we can show that
W d,1(Ω) ↪→ W 1,d(Ω). Note that this embedding is indeed optimal and cannot be improved on the level of Sobolev
spaces. We know that the space W 1,d(Ω) is not embedded into continuous functions; even not to bounded ones. On
the other hand, at each induction step we did an "insignificant" error, "not seen" for Sobolev spaces. We clarify
everything by the last theorem on Sobolev embeddings.

Theorem 6.5.26 — On embedding of W d,1(Ω). Let Ω ∈ C0,1. Then W d,1(Ω) ↪→ C0
B(Ω), where

C0
B(Ω) = {u ∈ C(Ω) | sup

x∈Ω
|u(x)| =: ∥u∥C0

B(Ω) <∞}.

Proof. The proof is based on the following lemma, where the embedding is shown for the cubes. Using the fact that a
domain with Lipschitz boundary can be written as an at most countable union of open cubes (up to a set of measure
zero), whose edges have positive length bounded away from zero, the claim follows for Lipschitz domains. ■

It remains to prove the above mentioned lemma. Denote the d-dimensional cube as R, i.e.,

R = {x ∈ Rd | ai < xi < bi, i = 1, 2, . . . , d}

and a d− 1-dimensional cube as R′, i.e.,

R′ = {x ∈ Rd−1 | ai < xi < bi, i = 1, 2, . . . , d− 1}.

We can then show the following.

Lemma 6.5.27 It holds
W d,1(R) ↪→ C(R).

Proof. Since the smooth functions up to the boundary are dense in W d,1(R), it remains to show this embedding for
these functions. By virtue of the mean value theorem we have

∥u∥L1(R) =

∫ bd

ad

(∫
R′

|u(x′, xd)| dx′
)
dxd = (bd − ad)

∫
R′

|u(x′, σ)|dx′

13On the scale of of Lebesgue spaces; for finer scales like Besov spaces is the situation different, see, e.g., Bahouri et al. (2011).
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for some σ ∈ (ad, bd). Then for arbitrary xd ∈ (ad, bd)

|u(x′, xd)| ≤ |u(x′, σ)|+
∫ xd

σ

|D(0,...,0,1)u(x′, t)|dt.

Integrating over R′ and then over (ad, bd) we thus have

∥u(·, xd)∥L1(R′) ≤∥u(·, σ)∥L1(R′) + ∥D(0,...,0,1)u∥L1(R)

≤(bd − ad)
−1∥u∥L1(R) + ∥D(0,...,0,1)u∥L1(R).

Therefore we have for any xd as above

∥u(·, xd)∥Wd−1,1(R′) ≤ C∥u∥Wd,1(R),

where C depends only on (bd − ad). By induction we thus get

∥u(·, x2, x3, . . . , xd)∥W 1,1((a1,b1)) ≤ C∥u∥Wd,1(R).

The mean value theorem gives existence of σ ∈ (a1, b1) such that

∥u(·, x2, x3, . . . , xd)∥L1((a1,b1)) = (b1 − a1)|u(σ, x2, . . . , xd)|.

Therefore
|u(x)| ≤ |u(σ, x2, . . . , xd)|+

∫ x1

σ

|D(1,0...,0)u(t, x2, . . . , xd)| dt

≤ 1

(b1 − a1)
∥u(·, x2, x3, . . . , xd)∥L1((a1,b1)) + ∥D(1,0...,0)u(·, x2, . . . , xd)∥L1((a1,b1))

≤ C∥u∥Wd,1(R).

The continuity of u follows from the fact that by similar argument as above we may get

|u(x)− u(y)| ≤ ∥u∥Wd,1(Cx,y),

where Cx,y is arbitrary cube which contains the points x and y (thus, e.g., the smallest one). The proof is complete. ■

6.6 Traces of Sobolev functions
The Sobolev functions are used to formulate the boundary value problems for partial differential equations. It is
therefore necessary to have a possibility to speak about values of Sobolev functions on the boundary of the domain
Ω. There are two approaches how to solve this problem. One is based on the notion of "capacity" of a set and can
be found, e.g., in Mazja (1985). The other approach which is more commonly used is based on extension of a certain
linear operator and will be presented here.

If u ∈ W 1,p(Ω), then for p > d there exists a continuous representative (up to the boundary of Ω, provided the
domain is sufficiently regular) which equals to the given function u almost everywhere in Ω. Whence in this case the
boundary value is well defined (and is even Hölder continuous). Thus, below we discuss only the case p ≤ d.

In this situation it is not any more clear what does the boundary value mean, since the d-dimensional measure of
the boundary is zero. On the other hand, under suitable assumption on the regularity of the boundary of Ω (at least
for Ω ∈ C0) we know that smooth functions up to the boundary are dense in W 1,p(Ω), the restriction of functions
u ∈ W 1,p(Ω) on ∂Ω is well defined for a dense subset of W 1,p(Ω). It therefore suffices to study if the restriction
operator for functions u ∈ C∞(Ω) on ∂Ω is well defined as an operator from W 1,p(Ω) into a certain function space
defined on the boundary of Ω. Below we explain that it is possible. First, however, we need to define correctly the
corresponding spaces.

6.6.1 Surface integral and spaces Lp(∂Ω)

In the whole subsection we assume that the boundary is of the class C0,1 and we use the notation from Definition 6.2.11.
Further, let {ϕr}Mr=1 be the partition of unity on a certain small neighbourhood of ∂Ω covered by the local description
of the boundary. We first define sets of zero measure.

Definition 6.6.1 — Set of zero measure on ∂Ω. Let A ⊂ ∂Ω. We say that A is a set of zero measure, if it
holds for any r ∈ {1, . . . ,M}

|{x′r ∈ ∆r |Tr(x′r, ar(x′r)) ∈ A}|d−1 = 0.

Similarly as in the case of the standard Lebesgue measure, in what follows, we use the terminology almost everywhere
in ∂Ω, if the claim holds for all x ∈ ∂Ω \A, where A is a set of zero measure.

We continue with the definition of measurable functions.
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Definition 6.6.2 — Measurable functions on ∂Ω. Let f : ∂Ω → R. We say that f is measurable, if for any
r ∈ {1, . . . ,M}, f ◦ Tr is measurable on ∆r with respect to the d− 1-dimensional measure.

We are now ready to define the surface integral.

Definition 6.6.3 — Integral
∫
∂Ω

· dS. Let u: ∂Ω → R be measurable. Denote ur(x) := u(x)ϕr(x), where
{ϕr}Mr=1 is the partition of unity corresponding to the open covering of a certain neighbourhood of the boundary.
Then we define the integral of a function u over ∂Ω as∫

∂Ω

u dS :=

M∑
r=1

∫
∆r

ur(Tr(x
′
r, ar(x

′
r)))

√
1 + |∇ar(x′r)|2 dx′r, (6.48)

provided all the integrals on the right-hand side exist and are finite.

Remark 6.6.4. Note that in the definition above, each integrand on the right-hand side of (6.48) is a measurable
function. It follows from the fact that u is measurable and thus, due to the smoothness of ϕr, also the function ur is
measurable. Furthermore, since functions ar are Lipschitz, then the Rademacher Theorem A.2.16 ensures existence of
∇ar almost everywhere in ∆r and the gradient is also measurable.

The above defined surface integral seems to depend on the choice of parametrization (description) of the boundary
∂Ω. The following key theorem justifies that, indeed, it is not the case.

Theorem 6.6.5 — Independence of surface integral of parametrization. Let Ω ∈ C0,1 be arbitrary. Let
{ar1,∆r1, Tr1}M1

r1=1 and {ar2,∆r2, Tr2}M2
r2=1 be two arbitrary descriptions of the boundary which are in agreement

with Definition 6.2.11. Let further {ϕr1}M1
r1=1 and {ϕr2}M2

r2=1 be two partitions of unity corresponding to them. Then
a function u is measurable with respect to the first parametrization, if and only if it is measurable with respect to
the second parametrization. Furthermore, it holds for any measurable u

M1∑
r1=1

∫
∆r1

ur1(Tr1(x
′
r1, ar1(x

′
r1)))

√
1 + |∇ar1(x′r1)|2 dx′r1

=

M2∑
r2=1

∫
∆r2

ur2(Tr2(x
′
r2, ar2(x

′
r2)))

√
1 + |∇ar2(x′r2)|2 dx′r2;

(6.49)

whence the surface integral of u does not depend on the choice of parametrization of ∂Ω.

Proof. The proof of the first part of the theorem about the measurability is left for the kind reader as an exercise. In
what follows, we concentrate ourselves on the proof of equality (6.49). Since {ϕr1} and {ϕr2} are partition of unity in
the vicinity of the boundary ∂Ω, we get the identity

M2∑
r2=1

∫
∆r2

ur2(Tr2(x
′
r2, ar2(x

′
r2)))

√
1 + |∇ar2(x′r2)|2 dx′r2

=

M2∑
r2=1

∫
∆r2

uϕr2(Tr2(x
′
r2, ar2(x

′
r2)))

√
1 + |∇ar2(x′r2)|2 dx′r2

=

M2∑
r2=1

M1∑
r1=1

∫
∆r2

uϕr1ϕr2(Tr2(x
′
r2, ar2(x

′
r2)))

√
1 + |∇ar2(x′r2)|2 dx′r2

=

M2∑
r2=1

M1∑
r1=1

∫
∆r2

ur1ϕr2(Tr2(x
′
r2, ar2(x

′
r2)))

√
1 + |∇ar2(x′r2)|2 dx′r2.

(6.50)

Let us now concentrate on the last integral. We denote

(∂Ω)r1,r2 := ∂Ω ∩ suppϕr1 ∩ suppϕr2.

In what follows we consider only cases, when (∂Ω)r1,r2 is a set of non-zero measure (otherwise, the corresponding
integral in (6.50) is identically zero). We then define for these sets the corresponding local description of the boundary

Λr2
r1 := (Tr1)

−1(∂Ω)r1,r2, ∆r2
r1 := {x′r1 ∈ ∆r1 : x′r1 = ar1(x

′
r1)},

Λr1
r2 := (Tr2)

−1(∂Ω)r1,r2, ∆r1
r2 := {x′r2 ∈ ∆r2 : x′r2 = ar2(x

′
r2)}.

We now define the mapping φ⃗: ∆r1
r2 → ∆r2

r1 by the formula

φ⃗(x′r2) :=
(
(Tr1)

−1(Tr2(x
′
r2, ar2(x

′
r2)))

)′
.



150 Chapter 6. A more detailed guide to Sobolev spaces

It is easy to verify that this mapping is bijective (the proof of this claim is left to the kind reader). Using this mapping
we may rewrite the last integral in (6.50) as∫

∆r2

ur1ϕr2(Tr2(x
′
r2, ar2(x

′
r2)))

√
1 + |∇ar2(x′r2)|2 dx′r2

=

∫
∆r2

ur1ϕr2(Tr1(φ⃗(x
′
r2), ar1(φ⃗(x

′
r2)))

√
1 + |∇ar2(x′r2)|2 dx′r2.

(6.51)

We apply for this integral the change of variables. It remains to express the jacobian of φ⃗ as well as ∇ar2 . For
notational simplicity we now define two auxiliary mappings

ΣΣΣr1(x
′
r1) := Tr1((x

′
r1, ar1(x

′
r1))), ΣΣΣr2(x

′
r2) := Tr2((x

′
r2, ar2(x

′
r2)))

and two matrices of derivatives

Ar1(x
′
r1) :=

∂(x′r1, ar1(x
′
r1))

∂x′r1
, Ar2(x

′
r2) :=

∂(x′r2, ar2(x
′
r2))

∂x′r2
,

i.e.,

Aij
r1(x

′
r1) :=


δij i < d,

∂ar1(x
′
r1)

∂(x′r1)j
i = d,

Aij
r2(x

′
r2) :=


δij i < d,

∂ar2(x
′
r2)

∂(x′r2)j
i = d.

Moreover, since Tr1 and Tr2 are only rotations and shifts, there exists matrices Qr1 and Qr2 such that

∇r1ΣΣΣr1(x
′
r1) :=

∂ΣΣΣr1(x
′
r1)

∂x′r1
= Qr1Ar1(x

′
r1),

∇r2ΣΣΣr2(x
′
r2) :=

∂ΣΣΣr2(x
′
r2)

∂x′r2
= Qr2Ar2(x

′
r2).

We now apply the Sylvester rule for computation of the determinant of a matrix as well as the definition of the matrix
Ar2 and get (the upper index T denote the transposed matrix and Ii denotes the i-dimensional unit matrix)

1 + |∇r2ar2(x
′
r2)|2 = det

(
Id−1 +∇r2ar2(x

′
r2)(∇r2ar2(x

′
r2))

T
)

= det
(
Id−1 + (∇r2ar2(x

′
r2))

T∇r2ar2(x
′
r2)
)

= det
(
(Ar2(x

′
r2))

T Ar2(x
′
r2)
)

= det
(
(Ar2(x

′
r2))

T (Qr2)
T Qr2Ar2(x

′
r2)
)
,

where the last equality follows from the fact that Qr2 is orthogonal. Using now the definitions of ΣΣΣr1, ΣΣΣr2 and φ⃗, and
due to the chain rule (it can be applied since ar1 and ar2 are Lipschitz functions) we obtain the identity

1+|∇r2ar2(x
′
r2)|2 = det

(
(Ar2(x

′
r2))

T (Qr2)
T Qr2Ar2(x

′
r2)
)

= det
(
(Qr2Ar2(x

′
r2))

T Qr2Ar2(x
′
r2)
)

= det
(
(∇r2ΣΣΣr2(x

′
r2))

T∇r2ΣΣΣr2(x
′
r2)
)

= det
(
(∇r2ΣΣΣr1(φ⃗(x

′
r2)))

T∇r2ΣΣΣr1(φ⃗(x
′
r2))

)
= det

(
(∇r1ΣΣΣr1(φ⃗(x

′
r2))∇r2φ⃗(x

′
r2))

T∇r1ΣΣΣr1(φ⃗(x
′
r2))∇r2φ⃗(x

′
r2)
)

= |det∇r2φ⃗(x
′
r2)|

2
det
(
(∇r1ΣΣΣr1(φ⃗(x

′
r2)))

T∇r1ΣΣΣr1(φ⃗(x
′
r2))

)
= |det∇r2φ⃗(x

′
r2)|

2
det
(
Qr1Ar1(φ⃗(x

′
r2)))

T Qr1Ar1(φ⃗(x
′
r2))

)
= |det∇r2φ⃗(x

′
r2)|

2
det
(
Ar1(φ⃗(x

′
r2)))

T Ar1(φ⃗(x
′
r2))

)
= |det∇r2φ⃗(x

′
r2)|

2 (
1 + |∇r1ar1(φ⃗(x

′
r2))|2

)
.

We now apply this identity in (6.51) and get, due to the Theorem on the change of variables,∫
∆r2

ur1ϕr2(Tr2(x
′
r2, ar2(x

′
r2)))

√
1 + |∇ar2(x′r2)|2 dx′r2

=

∫
∆r2

ur1ϕr2(ΣΣΣr1(φ⃗(x
′
r2))

√
1 + |∇ar1(φ⃗(x′r2))|2 |det∇r2φ⃗(x

′
r2)|

2
dx′r2

=

∫
∆r1

ur1ϕr2(ΣΣΣr1(x
′
r1))

√
1 + |∇ar1(x′r1)|2 dx′r1

=

∫
∆r1

ur1ϕr2(Tr1(x
′
r1, ar1(x

′
r1)))

√
1 + |∇ar1(x′r1)|2 dx′r1.

(6.52)
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Finally, applying (6.52) in (6.50) and due to the fact that ϕr2 is a partition of unity, we get

M2∑
r2=1

∫
∆r2

ur2(Tr2(x
′
r2, ar2(x

′
r2)))

√
1 + |∇ar2(x′r2)|2 dx′r2

=

M2∑
r2=1

M1∑
r1=1

∫
∆r1

ur1ϕr2(Tr1(x
′
r1, ar1(x

′
r1)))

√
1 + |∇ar1(x′r1)|2 dx′r1

=

M1∑
r1=1

∫
∆r1

ur1(Tr1(x
′
r1, ar1(x

′
r1)))

√
1 + |∇ar1(x′r1)|2 dx′r1

(6.53)

which is the desired identity (6.49). The proof is finished. ■

The surface integral is thus well (and uniquely) defined and we can present the definition of the Lebesgue spaces
on ∂Ω. This definition is in fact a straightforward modification of the spaces Lp(Ω).

Definition 6.6.6 — Spaces Lp(∂Ω). Let Ω ∈ C0,1 and let u be a function defined almost everywhere in ∂Ω. We
say that the function u is an element of Lp(∂Ω), p ∈ [1,∞), if∫

∂Ω

|u|p dS <∞.

We further say that the function u is an element of L∞(∂Ω), if (the essential supremum, more precisely, the sets of
measure zero, should be understood in the sense of Definition 6.6.1

ess sup
x∈∂Ω

|u(x)| <∞.

We consider the following norms in the spaces Lp(∂Ω)

∥u∥Lp(∂Ω) :=


(∫

∂Ω

|u|p dS
) 1

p

p ∈ [1,∞)

ess sup
x∈∂Ω

|u(x)| p = ∞.
(6.54)

Similarly as for the classical Lebesgue spaces we understand elements of Lp(∂Ω) as classes of equivalent functions,
i.e, we say that u ∼ v, if u = v almost everywhere on ∂Ω. Based on this convention we have the following re-
sult.

Theorem 6.6.7 — Properties of spaces Lp(∂Ω). Let Ω ∈ C0,1. Then the space Lp(∂Ω) with the norm defined
in (6.54) is a Banach space which is separable for p ∈ [1,∞) and reflexive for p ∈ (1,∞).

Proof. The proof can be performed similarly as for the standard Lebesgue spaces and can be found, e.g., in Kufner
et al. (1977) or Nečas (1967). ■

Remark 6.6.8. Recall that if Ω ∈ C0,1, then due to the Rademacher Theorem A.2.16 the functions ar are differentiable
in ∆r and there exists a constant C > 0 such that

∣∣∣ ∂ar

∂x′
ri

∣∣∣ ≤ C <∞ almost everywhere in ∆r for any r ∈ {1, 2, . . . ,M}.
Thus we may consider, for p ∈ [1,∞), instead of norm (6.54) an equivalent one,

N (u)Lp(∂Ω) :=

(
M∑
r=1

∫
∆r

|ur(Tr(x′r, ar(x′r)))|
p
dx′r

) 1
p

(6.55)

which is sometimes easier to work with.
The following lemma claims that yet another equivalent norm can be defined without the functions {ϕr}Mr=1 from

the partition of unity.

Lemma 6.6.9 Let Ω ∈ C0,1, a function u defined almost everywhere in ∂Ω, be measurable such that it is non-zero
only in Tr(Λr) for some r ∈ {1, . . . ,M} fixed. Let it hold

∫
∆r

|u(Tr(x′r, ar(x′r)))|
p
dx′r <∞ for a certain p ∈ [1,∞).

Then u ∈ Lp(∂Ω) and there exists a constant C = C(∂Ω) such that

∥u∥Lp(∂Ω) ≤ C

(∫
∆r

|u(Tr(x′r, ar(x′r)))|
p
dx′r

) 1
p

.

Proof. The proof is a simple consequence of the definitions and can be found, e.g., in the book Kufner et al. (1977) or
Nečas (1967). ■
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6.6.2 Theorems on traces for W 1,p(Ω)

Before we introduce the main result of this subsection which allows to speak about boundary values for Sobolev
functions, let us motivate the optimality of the result.

Example 6.6.10. Let u(x) := |x|−α. We already know from Example 6.1.12 that this function belongs to W 1,p(B1(0))
provided α < d−p

p . The same holds if we replace B1(0) by the half-ball {x ∈ Rd | |x| < 1, xd > 0}. Since this function is
smooth outside of the origin, we may expect that its trace will coincide with the function outside the origin. Computing
its trace, the only interesting part is the set xd = 0 (otherwise the function is smooth). We therefore have∫

{B1(0)⊂Rd−1 | xd=0}
|x|−αq dS = C(d)

∫ 1

0

r−αq+d−2 dr.

This integral is finite provided −αq+ d− 2 > −1, i.e., for q < d−1
α . This indicates that the best result we may expect

is that if u ∈W 1,p(Ω), p < d, then u ∈ Lq(∂Ω) for q ∈ [1, (d−1)p
d−p ].

We are now ready to formulate the promised main result.

Theorem 6.6.11 — On trace operator for W 1,p(Ω) with p ∈ [1, d). Let Ω ∈ C0,1. Define the linear continuous
operator T : C∞(Ω) → C(∂Ω) by

Tu := u|∂Ω.

Denote for arbitrary p ∈ [1, d)

p♯ :=
dp− p

d− p
, i.e.,

1

p♯
=

1

p
− p− 1

p(d− 1)
.

Then there exists a uniquely defined extension of T such that the mapping is linear,

T : W 1,p(Ω) → Lq(∂Ω),

and bounded (thus continuous) for all q ∈ [1, p♯].

Proof. Step 1: Reduction to smooth functions
Assume that we show the following claim

∀v ∈ C∞(Ω) : ∥Tv∥
Lp♯ (∂Ω)

≤ C(p, ∂Ω) ∥v∥W 1,p(Ω) . (6.56)

Note that for smooth functions, the operator T is well defined. By virtue of Theorem 6.2.15 we know that for any
u ∈ W 1,p(Ω) there exists a sequence {un}∞n=1 ⊂ C∞(Ω) such that un → u in W 1,p(Ω). Due to the definition of the
operator T and due to (6.56) the sequence {Tun}∞n=1 is a Cauchy sequence in Lp♯

(∂Ω). The space Lp♯

(∂Ω) is complete
(recall Theorem 6.6.7); thus there exists a limit of the sequence {Tun}∞n=1 in Lp♯

(∂Ω). We can therefore define

Tu := lim
n→∞

Tun.

It clearly holds that the limit is independent of the approximate sequence and depends only on the element u (the
proof of this claim is left an exercise) and thus the operator T has all required properties for q = p♯ including inequality
(6.56) for Sobolev functions only. It remains to deal with the existence of the trace in Lq(∂Ω) for q < p♯. The (d− 1)
dimensional measure of the boundary of Ω is finite, then Hölder’s inequality implies that we have for any q ∈ [1, p♯]
that ∥v∥Lq(∂Ω) ≤ C(q, p♯, ∂Ω) ∥v∥

Lp♯ (∂Ω)
. Hence, from (6.56) we get

∀v ∈W 1,p(Ω) : ∥v∥Lq(∂Ω) ≤ C ∥v∥
Lp♯ (∂Ω)

≤ C ∥v∥W 1,p(Ω) . (6.57)

Step 2: Localisation and partition of unity
We again follow the notation in Definition 6.2.11 and let {ϕr}Mr=1 ∈ C∞

0 (Tr(Vr)) be a partition of unity in a vicinity of
∂Ω. Denote ur := uϕr, then suppur ⊂ Tr(Vr). Assume now that it holds for any r ∈ {1, 2, . . . ,M}(∫

∆r

|ur(Tr(x′r, ar(x′r)))|
p♯

dx′r

) p

p♯

≤ C

∫
∆r

∫ ar(x
′
r)+β

ar(x′
r)

(
|∇xr

ur(Tr(xr))|p + |ur(Tr(xr))|p
)
dx′r dxrd . (6.58)

Applying the equivalence of norms (see (6.55)) and the standard change of variables (recall that Tr are orthogonal
transformations) we get

∥u∥
Lp♯ (∂Ω)

≤ C

M∑
r=1

∥ur∥Lp♯ (∂Ω)
≤ C

M∑
r=1

∥ur ◦ Tr∥W 1,p(Vr)
= C

M∑
r=1

∥ur∥W 1,p(Tr(Vr))
≤ C ∥u∥W 1,p(Ω) ,

where we used in the last inequality that ϕr are smooth functions. It remains to verify the validity of (6.58) for smooth
functions.



6.6. Traces of Sobolev functions 153

Step 3: Proof of inequality (6.58)
Assume without loss of generality that Tr is the identity (if it is not the case, we just apply the corresponding rotation
and shift of the coordinate system); thus Tr(V +

r ) = V +
r . Let u ∈ C∞(Ω). From the definition of ur (ϕr has a compact

support in Vr) it follows that it holds for every x′ ∈ ∆r that ur(x′, ar(x′) + β) = 0. Assume first the case p > 1 and
thus also p♯ > 1. Due to the smoothness of ur we immediately get that |ur|p

♯ ∈ C1(V +
r ). Denoting

v(x′) := |ur(x′, ar(x′))|
dp−p
d−p ,

we get

v(x′) = |ur(x′, ar(x′))|
dp−p
d−p − |ur(x′, ar(x′) + β)|

dp−p
d−p = −

∫ ar(x
′)+β

ar(x′)

∂

∂s

(
|ur(x′, s)|

dp−p
d−p

)
ds.

A straightforward computation yields

v(x′) ≤ p♯
∫ ar(x

′)+β

ar(x′)

|∇ur(x′, s)| |ur(x′, s)|
d(p−1)
d−p ds.

We integrate this inequality over ∆r. By virtue of Hölder’s inequality (Theorem A.3.12) we get∫
∆r

|v(x′)| dx′ ≤ p♯
∫
∆r

∫ ar(x
′)+β

ar(x′)

|∇ur(x′, s)| |ur(x′, s)|
d(p−1)
d−p ds dx′

= p♯
∫
V +
r

|∇ur(x)| |ur(x)|
d(p−1)
d−p dx ≤ p♯ ∥∇ur∥Lp(V +

r ;Rd) ∥ur∥
d(p−1)
d−p

L
dp

d−p (V +
r )
.

Since V +
r ∈ C0,1 (we leave the proof of this property to the kind reader), we may use the Theorem on continuous

embedding for p < d (Theorem 6.5.1) ans estimate the last term by the W 1,p-norm. Altogether, we get

∥ur∥Lp♯ (Λr)
≤ C(d, p) ∥ur∥W 1,p(V +

r ) , (6.59)

where the constant C(d, p) remains bounded for p → 1+. By the limit passage we obtain the validity of (6.59) also
for p = 1. Inequality (6.58) follows directly from (6.59) and the proof is finished. ■

Remark 6.6.12. Since C(∂Ω) ↪→ Lq(∂Ω), the operator T defined as Tu := u|∂Ω is in fact defined as an operator from
C∞(Ω) → Lq(∂Ω) for any q ∈ [1,∞]. However, it is possible to extend it to W 1,p(Ω) only for q ≤ p♯.

The situation is much simpler for p ≥ d and the following claim holds.

Theorem 6.6.13 — On trace operator for W 1,p(Ω) with p ≥ d. Let Ω ∈ C0,1 and T be the trace operator
defined in Theorem 6.6.11. Then the operator is continuous from W 1,d(Ω) to Lq(∂Ω) for each q ∈ [1,∞). Moreover,
the operator T is continuous from W 1,p(Ω) to Lq(∂Ω) for each q ∈ [1,∞] if p ∈ (d,∞].

Proof. The situation p = d is similar to the situation in Theorem 6.5.2, the proof is thus left to the kind reader as a
useful exercise.

Due to Theorem 6.5.3 we know for p > d that W 1,p(Ω) is continuously embedded into C0(Ω). The proof of the
theorem is thus trivial and follows directly from Hölder’s inequality. ■

Next we strengthen the trace theorem. In fact, except for p = 1, the operator is compact as an operator from
W 1,p(Ω) to certain Lebesgue spaces on ∂Ω.

Theorem 6.6.14 — On compactness of trace operator. Let Ω ∈ C0,1 and T be the operator defined in
Theorem 6.6.11. Then it holds.

1. If p ∈ (1, d), then the operator T is compact from W 1,p(Ω) to Lq(∂Ω) for any q ∈ [1, p♯).

2. If p > d, then the operator T is compact from W 1,p(Ω) to Lq(∂Ω) for each q ∈ [1,∞].

3. If p = d, then the operator T is compact from W 1,d(Ω) to Lq(∂Ω) for each q ∈ [1,∞).

Proof. We have for p > d from Theorem 6.5.3 the compact embedding W 1,p(Ω) to C0(Ω) and the proof is thus trivial.
In what follows we deal with the case p < d.

We first show a variant of the inequality from the Step 3 of the proof to Theorem 6.6.11. It is the following
interpolation theorem

∥u∥Lq(∂Ω) ≤ C(q,Ω) ∥u∥
1
q

W 1,q(∂Ω) ∥u∥
1− 1

q

Lq(Ω) (6.60)
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which holds for any q ∈ [1,∞). We use the structure of the proof of Theorem 6.6.11 and only change inequality (6.58).
For notational simplicity we skip the index r and reduce everything to the case when Tr is the identity.∫

∆

|u(x′, a(x′))|q dx′ ≤

∣∣∣∣∣
∫
∆

∫ a(x′)+β

a(x′)

∂

∂s
|u(x′, s)|q ds dx′

∣∣∣∣∣
≤ q

∫
∆

∫ a(x′)+β

a(x′)

|∇u(x′, s)| |u(x′, s)|q−1
ds dx′

= q

∫
V +

|∇u(x)| |u(x)|q−1
dx ≤ q ∥∇u∥Lq(V +;Rd) ∥u∥

q−1
Lq(V +) .

We get the required inequality for Ω by applying Steps 1 and 2 from the proof of the Theorem on traces (Theo-
rem 6.6.11).

Let now A ⊂ W 1,p(Ω) be an arbitrary bounded set. Our goal is to show that T (A) is a totally bounded set in
suitable spaces Lq(∂Ω). Denote C∗ := supu∈A ∥u∥1,p. Due to the Theorem on continuous embedding (Theorem 6.5.1)
we can find C∗∗ < ∞ such that for any u ∈ A and any q ∈ [1, p⋆] it holds ∥u∥q ≤ C∗∗. We can now come to the
construction of the ε-net. Let ε > 0 be fixed. Due to the Theorem on compact embedding (Theorem 6.5.20) we know
that for arbitrary δ > 0 we can find a δ-net {ui}ki=1 ⊂ A in the space Lp(Ω) which covers A. Let us choose now

δ := ε
p

p−1 (C(p,Ω)(2C∗)
1
p )−

p
p−1 .

Let u ∈ A be an arbitrary element and let ui be such that ∥u− ui∥p ≤ δ. Applying inequality (6.60) we get

∥u− ui∥Lp(∂Ω) ≤ C(p,Ω) ∥u− ui∥
1
p

W 1,p(Ω) ∥u− ui∥
1− 1

p

Lp(Ω)

≤ C(p,Ω)(2C∗)
1
p δ1−

1
p = ε

and thus {Tui}ki=1 forms the ε-net in Lp(∂Ω); thus the proof is finished for q = p. The validity of the theorem for
q ∈ [1, p) is then a consequence of the continuous embedding Lp(∂Ω) ↪→ Lq(∂Ω).

Let us now consider the case q ∈ (p, p♯). Similarly as inequality (A.3.15) we can show the interpolation inequality

∥u∥Lq(∂Ω) ≤ ∥u∥αLp(∂Ω) ∥u∥
1−α

Lp♯ (∂Ω)
, where

1

q
=
α

p
+

1− α

p♯
;

we leave its proof as an exercise to the kind reader. Combining this inequality and (6.60) we get

∥u− ui∥Lq(∂Ω) ≤
(
C(p,Ω) ∥u− ui∥

1
p

W 1,p(Ω) ∥u− ui∥
1− 1

p

Lp(Ω)

)α

∥u− ui∥1−α

Lp♯ (Ω)

≤
(
C(p,Ω)(2C∗)

1
p δ1−

1
p

)α
(2C∗∗)1−α.

Clearly, by a suitable choice of δ in dependence on ε we may construct the ε-net in Lq(∂Ω) which finishes the proof
for p ̸= d. Nonetheless, for p = d we can proceed similarly, only instead of Theorem 6.6.11 we use Theorem 6.6.13. ■

We saw in the section devoted to continuous and compact embeddings that we may hope for weakening the
assumptions on the regularity of the boundary of Ω, from Lipschitz to (Hölder) continuous, for the price to get "non-
optimal" results. The following example shows that any weakening of assumptions on the regularity of the boundary
leads to problems with the definition of the traces.

Example 6.6.15. Let us consider a domain Ω ⊂ R2 such that part of its boundary is formed by the curve (cf.
Example 6.5.10)

|y| = xµ, x ∈ [0, 1], µ > 1.

We showed in Example 6.5.10 that if the rest of the boundary is smooth, then the function u(x, y) = x−a belongs to
W 1,2(Ω) if a < 1+µ−2

2 = µ−1
2 .

If we compute the integral over the boundary, we get14

a < 1 ⇐⇒
∫
∂Ω

|u| dS <∞.

Therefore, for µ > 3, there exist functions from W 1,2(Ω) which do not belong to any Lq(∂Ω) for arbitrary q ≥ 1. It
illustrates that the condition Ω ∈ C0,1 cannot be weaken.

14If we consider the parametric description of the boundary x = t, y = tµ, t ∈ [0, 1], we thus compute∫ 1

0
t−a
√

1 + (µtµ−1)2 dt

which leads to the result presented above.
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A question appears, whether Lp♯

(∂Ω) is the range of the trace operator from W 1,p(Ω) (if p ∈ [1, d)). This question
is important in connection to the boundary value problems for partial differential equations. The answer is negative.
It only holds that the range of the corresponding trace operator is dense in Lp♯

(∂Ω). The precise characterization
requires to build the theory for spaces with fractional derivative. In fact, the range of the trace operator is the space
W 1− 1

p ,p(∂Ω), 1 < p ≤ ∞. For p = 1 the range of the trace operator is L1(∂Ω), but the situation is rather complex
here. More precise information about these spaces will be given in Subsection 6.8.1.

6.6.3 Characterization of W 1,p
0 (Ω) and integration by parts

The theorem on traces has many important corollaries. It not only allows us to speak about boundary values for
Sobolev functions at the boundary ∂Ω, but it also makes possible to generalize the classical theorem on integration
by parts for Sobolev functions and to characterize precisely the space W 1,p

0 (Ω). Let us start with the integration by
parts. It is usually formulated for smooth Ω (piecewise smooth Ω) and functions with continuous derivatives up to
the boundary. We saw in Theorem 6.1.22 that the assumption on smoothness up to the boundary can be weaken,
provided we consider functions from W 1,p

0 (Ω). We now generalize this result for Lipschitz domains and Sobolev
functions (generally nonzero on the boundary).

Theorem 6.6.16 — On integration by parts II. Let Ω ∈ C0,1. Then the outer normal ννν exists almost
everywhere on ∂Ω. Let further p, q ∈ [1,∞) be such that one of the possibilities holds:

1. p ∈ [1, d) and q ∈ [1, d) such that 1
p + 1

q ≤ d+1
d

2. p = d and q > 1 (or q = d and p > 1, respectively)

3. p > d and q ≥ 1 (or q > d and p ≥ 1, respectively).

Then it holds for any u ∈W 1,p(Ω) and v ∈W 1,q(Ω) (ννν is the unit outer normal vector to ∂Ω)∫
Ω

u
∂v

∂xi
dx =

∫
∂Ω

uvνi dS −
∫
Ω

∂u

∂xi
v dx. (6.61)

Proof. The existence of the normal almost everywhere at ∂Ω is left for a kind reader (it can be found, e.g., in Nečas
(1967)).

Let us now deal with the second part of the theorem. We perform the proof slightly formally, we skip the partition
of unity. The formula of the Green Theorem (6.61) holds, if ∂Ω is a C1 domain and u, v ∈ C∞(Ω). Since every
Lipschitz domain can be approximated from inside by smooth domains (see Nečas (1962)), it is possible to verify that
(6.61) holds true also in the case of Ω ∈ C0,1, u, v ∈ C∞(Ω).

Let u and v be Sobolev functions, as in the formulation of the theorem. Then there exist sequences of smooth
functions {un}∞n=1, {vn}

∞
n=1 ∈ C∞(Ω) which approximate functions u and v in the ∥·∥W 1,p(Ω)- or in the ∥ · ∥W 1,q(Ω)-

norm, respectively. Evidently, it holds∫
Ω

un
∂vn
∂xi

dx =

∫
∂Ω

unvnνi dS −
∫
Ω

∂un
∂xi

vn dx (6.62)

and it suffices to verify that under our assumptions we can pass to the limit n→ ∞ in the given equality. Let us first
look at the first set of conditions, i.e., p ∈ [1, d), q ∈ [1, d), the verification of the remaining two sets is left as a useful
exercise to the kind reader.

We first consider the integral on the left-hand side of equality (6.62). It converges for n → ∞ to
∫
Ω
u ∂v
∂xi

dx,
provided

d− p

dp
+

1

q
≤ 1

which can be easily transformed to 1
p + 1

q ≤ d+1
d due to the assumptions of the theorem.

Similarly, we can proceed for the volume integral on the right-hand side of (6.62). Let us now consider the surface
integral. Here we require (compare with Theorem 6.6.11)

d− p

dp− p
+

d− q

dq − q
≤ 1

which can be transformed to the form d
(

1
p + 1

q

)
≤ d + 1; due to the previous condition 1

p + 1
q ≤ d+1

d is the other
condition fulfilled automatically. ■

Another important consequence of the theorem on traces is the following characterization of the space W 1,p
0 (Ω).
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Theorem 6.6.17 — Characterization of W 1,p
0 (Ω). Let Ω ∈ C0,1. Then

W 1,p
0 (Ω) =

{
u ∈W 1,p(Ω) |Tu = 0 almost everywhere on ∂Ω

}
.

Proof. We first show the inclusion "⊂". Let u ∈ W 1,p
0 (Ω) be arbitrary. The definition of the space W 1,p

0 (Ω) yields
a sequence {un}∞n=1 ⊂ C∞

0 (Ω) such that un → u in W 1,p(Ω). Clearly Tun = 0 and from the continuity of the trace
operator it also follows Tu = 0 and thus W 1,p

0 (Ω) ⊂
{
u ∈W 1,p(Ω); Tu = 0 almost everywhere on ∂Ω

}
.

In the second part we concentrate on the more difficult inclusion "⊃", i.e., for a given function u ∈ W 1,p
0 (Ω) we

have to find a sequence {un}∞n=1 ⊂ C∞
0 (Ω) such that ∥un − u∥1,p → 0 for n → ∞. We first use the partition of

unity {ϕr}M+1
r=1 and see that it is enough to consider only functions of the type ur := uϕr. For uM+1 the situation is

clear and it is enough to apply the standard convolution mollification. Let us deal with the case r = 1, . . . ,M . For
simplicity we skip the indeces r and, moreover, we shall not consider the mapping between the local and the global
coordinate system (we assume, it is just identity). Recall the notation from Definition 6.2.11

V + =
{
x ∈ Rd| |xi| < α, i = 1, . . . , d− 1, a(x′) < xd < a(x′) + β

}
.

Thus, it is enough to show that if u ∈ W 1,p(V +) satisfying Tu = 0 on Λ and suppu ∩ {∂V + \ Λ} = ∅, then there
exists a sequence such that {un}∞n=1 ⊂ C∞

0 (V +) and un → u in W 1,p(V +).
We first extend the function u by zero outside of V +, i.e., we define

ũ(x′, xd) =

{
u(x′, xd) (x′, xd) ∈ V +

0 (x′, xd) ∈ V −.

We show below that this function belongs to W 1,p(V ) and its weak derivative is

∇ũ(x′, xd) =

{
∇u(x′, xd) (x′, xd) ∈ V +

0 (x′, xd) ∈ V −.

To prove this claim we apply the Theorem on integration by parts II (Theorem 6.6.16). We have for arbitrary
φ ∈ C∞

0 (V ) that ∫
V

ũ
∂φ

∂xi
dx =

∫
V +

u
∂φ

∂xi
dx = −

∫
V +

∂u

∂xi
φ dx+

∫
Λ

uφνi dS

= −
∫
V +

∂u

∂xi
φ dx = −

∫
V

∂ũ

∂xi
φ dx,

where we used the assumption u = 0 on ∂V +.
We now mollify this extended function. We proceed as in the proof of Theorem 6.2.15, only instead of sliding this

function u "outside" of Ω, we slide it "inside". We define ũn(x′, xd) := ũ(x′, xd − 1
n ). The function ũn belongs for

a sufficiently large n to W 1,p(V +) and, moreover, supp ũn ⊂ V +. Further limn→∞ ∥ũn − u∥W 1,p(V +) = 0. It is now
enough to define un = ηhn ⋆ ũ

n, where ηhn is the mollifier and hn is a suitably chosen number less than 1
n so that

un ∈ C∞
0 (V +). Due to the properties of the mollifier (Theorem A.3.33) it is not difficult to verify that un → u in

W 1,p(V +). The proof is complete. ■

6.7 Poincaré inequalities and equivalent norms
We show in this section that in some cases it is possible to replace the standard norm on the space W k,p(Ω) by
different functionals which define there equivalent norms. These equivalent norms play an important role in the theory
of partial differential equations, for example if we prescribe the boundary value on the full boundary or its parts, or
if we consider functions with prescribed mean value. We start with one general lemma.

Lemma 6.7.1 Let Ω ∈ C0, k ∈ N and p ∈ [1,∞). Denote by Pk polynomials of the degree at most k. Let {fi}li=1

be continuous bounded functionals (not necessarily linear) on W k,p(Ω) which fulfil for any u ∈ Pk−1

l∑
i=1

|fi(u)| = 0 ⇐⇒ u = 0 almost everywhere in Ω.

Let it further hold for any u ∈W k,p(Ω), λ ∈ R and i = 1, . . . , l

|fi(λu)| ≤ |λ| |fi(u)| .



6.7. Poincaré inequalities and equivalent norms 157

Then there exist positive constants c1 and c2 such that we have for any u ∈W k,p(Ω)

c1 ∥u∥Wk,p(Ω) ≤

∑
|α|=k

∥Dαu∥pLp(Ω) +

l∑
i=1

|fi(u)|p
 1

p

≤ c2 ∥u∥Wk,p(Ω) . (6.63)

Proof. The second inequality in (6.63) is trivial, let us therefore consider only the first one.
For contradiction, let us assume that there exists a sequence of functions {ũn}∞n=1 ⊂W k,p(Ω) such that it holds∑

|α|=k

∥Dαũn∥pLp(Ω) +

l∑
i=1

|fi(ũn)|p
 1

p

<
∥ũn∥Wk,p(Ω)

n
.

Evidently ũn ̸= 0, therefore un := ũn/ ∥ũn∥Wk,p(Ω) is well defined. Dividing the above stated inequality by ∥ũn∥Wk,p(Ω)

and using the assumptions on fi we get∑
|α|=k

∥Dαun∥pLp(Ω) +

l∑
i=1

|fi(un)|p
 1

p

<
1

n
(6.64)

as well as ∥un∥Wk,p(Ω) = 1. Since the sequence {un}∞n=1 is bounded in W k,p(Ω), due to the compact embedding
W k,p(Ω) ↪→↪→W k−1,p(Ω) (Theorem 6.5.22 or 6.5.25) we may choose subsequence (relabeled) and find u ∈W k−1,p(Ω)
such that un → u in W k−1,p(Ω). Furthermore, it follows immediately from (6.64) that for |α| = k we have Dαun → 0
in Lp(Ω). This implies that un → u in W k,p(Ω), too.

The strong convergence implies for the limit function u that ∥u∥Wk,p(Ω) = 1 and Dαu = 0 for any |α| = k. Applying
Lemma 6.2.3 and a simple induction it is not difficult to see that u ∈ Pk−1. Since the functionals fi are continuous,
we see that

∑l
i=1 |fi(u)|

p
= 0 and since u ∈ Pk−1, we also get u = 0 which contradicts to ∥u∥Wk,p(Ω) = 1. ■

Remark 6.7.2. Functionals satisfying assumptions of Lemma 6.7.1 always exist, it is enough to take

fα(u) =

∫
Ω⋆

xαu(x) dx, for all |α| ≤ k − 1,

or
f̃α =

∫
Ω⋆

Dαu(x) dx, for all |α| ≤ k − 1,

where Ω⋆ is an arbitrary non-empty subdomain of Ω.

Lemma 6.7.1 has a number of applications. Let us present the most important ones.

Theorem 6.7.3 — On equivalent norms in W 1,p(Ω). Let Ω ∈ C0,1. Let Ω⋆ ⊂ Ω be such that |Ω⋆|d > 0
and Γ ⊂ ∂Ω such that |Γ|d−1 > 0. Let further p ∈ [1,∞) and αi, i = 1, . . . , 4, be non-negative numbers such that∑4

i=1 αi > 0. Then there exist positive constants c1 a c2 such that it holds for any u ∈W 1,p(Ω)

c1 ∥u∥W 1,p(Ω) ≤
(
∥∇u∥pLp(Ω) + α1

∫
Γ

|u|p dS + α2

∣∣∣∣∫
Γ

u dS

∣∣∣∣p + α3

∫
Ω⋆

|u|p dx+ α4

∣∣∣∣∫
Ω⋆

u dx

∣∣∣∣p)
1
p

≤ c2 ∥u∥W 1,p(Ω) .

Proof. Denote f1(u) =
(∫

Γ
|u|p dS

) 1
p , f2(u) =

∣∣∫
Γ
u dS

∣∣, f3(u) =
(∫

Ω⋆ |u|p dx
) 1

p and f4(u) =
∣∣∫

Ω⋆ u dx
∣∣. All four

functionals are clearly positive homogeneous (in the sense as presented in Lemma 6.7.1), bounded and continuous on
W 1,p(Ω) (here we use the Theorem on traces, i.e., Theorem 6.6.11 or 6.6.13 and the assumption Ω ∈ C0,1). We finally
use Lemma 6.7.1 and it is enough to verify that if u = const almost everywhere in Ω, then for arbitrary i ∈ {1, . . . , 4}

fi(u) = 0 ⇐⇒ u = 0.

This equivalence is, however, evident. ■

Note that unlike in Lemma 6.7.1, we consider in Theorem 6.7.3 domains with Lipschitz boundary. This is connected
with the fact that we speak about values of u on the boundary and use the Theorem on traces (Theorem 6.6.11). If
we do not consider integral over (a part of) the boundary, it would be enough to consider domains with continuous
boundaries only.

Some inequalities (equivalent norms) have traditional names. Below we present their short list.

Remark 6.7.4 (Important inequalities). Let Ω ∈ C0,1. Using Theorem 6.7.3 we can easily obtain the following inequal-
ities.
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1) Inequality c1 ∥u∥W 1,p(Ω) ≤
(
∥∇u∥pLp(Ω) +

∫
Γ
|u|p dS

) 1
p

is called Poincaré–Friedrichs inequality. Evidently, we

can replace
∫
Γ
|u|p dS by

(∫
Γ
|u|q dS

) p
q , where q ∈ [1, dp−p

d−p ] for p ∈ [1, d) and q ∈ [1,∞) for p ≥ d.

2) Inequality c1 ∥u∥W 1,p(Ω) ≤
(
∥∇u∥pLp(Ω) +

∣∣∫
Ω
u dx

∣∣p) 1
p

is called Poincaré inequality. Its generalization for the

space W k,p(Ω) can be found below.

3) It is possible to replace
∫
Ω⋆ |u|p dx by

(∫
Ω⋆ |u|q dx

) p
q , where q ∈ [1, dp

d−p ] for p ∈ [1, d) and q ∈ [1,∞) for p ≥ d.

Let us finally mention several important inequalities for Sobolev spaces of higher order.

Theorem 6.7.5 — On equivalent norms on W k,p(Ω). Let Ω ∈ C0, Ω⋆ ⊂ Ω be such that |Ω⋆|d > 0, p ∈ [1,∞)
and k ∈ N. Let α1 and α2 be non-negative numbers satisfying α1 + α2 > 0. Then there exist positive numbers c1
and c2 such that it holds for any u ∈W k,p(Ω)

c1 ∥u∥Wk,p(Ω) ≤

∑
|α|=k

∥Dαu∥pLp(Ω) + α1

(∫
Ω⋆

|u| dx
)p

+ α2

∑
|α|≤k−1

∣∣∣∣∫
Ω

Dαu dx

∣∣∣∣p
 1

p

≤ c2 ∥u∥Wk,p(Ω) .

Proof. The proof is left for a kind reader as a useful exercise. ■

We did not consider integrals over boundary in the theorem above. There were two reasons for it. The above presented
result holds for domains with only smooth boundary, since it is based on compact embedding and we do not need
the Theorems on traces and the Lipschitz boundary. Second reason is that unlike Theorem 6.7.3, it is not enough
to consider for Sobolev spaces of higher order only integrals over the boundary; we need also certain qualitative
assumptions on a part of the boundary. We shall illustrate it on the case of W 2,p(Ω) and leave the general situation
for a kind reader.

Theorem 6.7.6 Let Ω ∈ C0,1 and p ∈ [1,∞). Let Γ ⊂ ∂Ω be such that Γ is not a hyperplane and satisfies
|Γ|d−1 > 0. Then there exist positive numbers c1 and c2 such that it holds for any u ∈W 2,p(Ω)

c1 ∥u∥W 2,p(Ω) ≤

∑
|α|=2

∥Dαu∥pLp(Ω) +

∫
Γ

|u|p dS

 1
p

≤ c2 ∥u∥W 2,p(Ω) .

Since ∂Ω cannot be a hyperplane, the above presented inequality holds always for Γ = ∂Ω.

Proof. Due to Lemma 6.7.1 it is enough to check that if u ∈ P1 and
∫
Γ
|u|p dS = 0, then u = 0. Let u be a linear

function and u = 0 almost everywhere on Γ. This, however, may happen only in the case when Γ is a hyperplane. By
our assumptions, this case is excluded. ■

We considered up to now only the questions concerning equivalent norms. We have seen that it is important to
exclude the possibility that the function u is a non-zero polynomial of the (k − 1)–th order. These functions cannot
always be excluded, as for example in the weak formulation for the Poisson equation with the Neumann boundary
condition. We therefore introduce subspaces of Sobolev functions which are equivalent up to polynomials of a certain
order.

Definition 6.7.7 — Factor space W k,p(Ω)/P . Let Ω ⊂ Rd, k ∈ N and p ∈ [1,∞]. Let P ⊂ Pk−1 be a subspace
of polynomials of the (k − 1)–th order. Denote by W k,p(Ω)/P the factor space, i.e., we say that it holds u1 ∼ u2
for u1, u2 ∈W k,p(Ω), if u1 − u2 ∈ P . We endow this space by the norm

∥u∥Wk,p(Ω)/P := inf
ũ∈Wk,p(Ω): ũ∼u

∥ũ∥Wk,p(Ω) .

This space is evidently a Banach space which is for p ∈ [1,∞) separable and for p ∈ (1,∞) reflexive. The proof, as
well as the proof of the following theorem, is left as an easy exercise for a kind reader.

Theorem 6.7.8 — Poincaré inequality for factor spaces. Let Ω ∈ C0 and k ∈ N. Then there exist positive
constants c1 and c2 such that it holds for any u ∈W k,p(Ω)

c1∥u∥Wk,p(Ω)/Pk−1
≤

∑
|α|=k

∥Dαu∥pLp(Ω)

 1
p

≤ c2∥u∥Wk,p(Ω)/Pk−1
.
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6.8 Several further properties of functions from Sobolev spaces

6.8.1 Spaces with fractional derivative, the range of the trace operator and inverse
trace theorem

As an analogy of Hölder continuous functions which lie between the space space of continuous and continuously
differentiable functions we introduce the space of functions with fractional derivative.

We first consider Ω ⊊ Rd.

Definition 6.8.1 — Sobolev spaces with fractional derivative. Let s ∈ R+, p ∈ [1,∞). Let [s] be the integer
part of s. Then W s,p(Ω) is the space of all functions from W [s],p(Ω) (W 0,p(Ω) = Lp(Ω)) which satisfy

∀α, |α| = [s] : Iα(u) :=

∫
Ω

∫
Ω

|Dαu(x)−Dαu(y)|p

|x− y|d+p(s−[s])
dx dy <∞.

Denote further

∥u∥W s,p(Ω) =

∥u∥p
W [s],p(Ω)

+
∑

|α|=[s]

Iα(u)

 1
p

.

Then it holds

Theorem 6.8.2 — Sobolev spaces with fractional derivative – basic properties. The space W s,p(Ω) is a
Banach space with the norm ∥ · ∥W s,p(Ω). This space is separable for p ∈ [1,∞) and reflexive for p ∈ (1,∞).

Proof. The proof can be found, e.g., in Kufner et al. (1977). ■

Remark 6.8.3. Let p ∈ [1,∞) and 0 < s < β ≤ 1, |Ω|d <∞. Then

C0,β(Ω) ↪→W s,p(Ω),

since ∫
Ω

∫
Ω

|u(x)− u(y)|p

|x− y|d+ps
dx dy ≤ (H0,β(u))

p
∫
Ω

∫
Ω

1

|x− y|d+(s−β)p
dx dy ≤ K (H0,β(u))

p
.

Another properties of these function spaces can be found in specialized monographs, see also Di Nezza et al. (2012).
Note, however, that

lim
s→0+

s

∫
Rd

∫
Rd

|u(x)− u(y)|p

|x− y|d+ps
dx dy = C

∫
Rd

|u|p dx

for any u ∈ ∩s∈(0,1)W
s,p(Rd), where C = C(p, d). Similarly, for u ∈W 1,p(Ω)

lim
s→1−

(1− s)

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x− y|d+ps
dx dy = C

∫
Rd

|∇u|p dx,

where again C = C(d, p).
We are rather interested in the analogous spaces on ∂Ω.

Definition 6.8.4 — Spaces W s,p(∂Ω). Let s ∈ R+, p ∈ [1,∞), Ω ∈ C[s],1. Denote for r = 1, . . . ,M functions
vr(x

′
r) = ur ◦ Tr(x′r, ar(x′r)). Then W s,p(∂Ω) is the subspace of all functions from Lp(∂Ω) which satisfy

∀r ∈ {1, . . . ,M} : vr ∈W s,p(∆r).

Denote furthera

∥u∥W s,p(∂Ω) =

(
M∑
r=1

∥vr∥pW s,p(∆r)

) 1
p

.

aRecall that ∆r ⊂ Rd−1.

Similarly as above, it holds (for the proof see, e.g., Kufner et al. (1977))

Theorem 6.8.5 — Sobolev spaces with fractional derivative on the boundary – basic properties. The
space W s,p(∂Ω) is a Banach space with the norm ∥ · ∥W s,p(∂Ω). This space is separable for p ∈ [1,∞) and reflexive
for p ∈ (1,∞).

It appears that spaces W 1− 1
p ,p(∂Ω), p ∈ (1,∞) are exactly the spaces which characterize the range of the trace

operator. It holds
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Theorem 6.8.6 — Inverse trace theorem. Let Ω ∈ C0,1, p ∈ (1,∞). Then there exists uniquely defined
continuous linear operator

T : W 1,p(Ω) →W 1− 1
p ,p(∂Ω)

such that
∀u ∈ C∞(Ω) : Tu = u|∂Ω.

Let Ω ∈ C0,1, p ∈ (1,∞). Then there exists a continuous linear operator

P : W 1− 1
p ,p(∂Ω) →W 1,p(Ω),

such that for v = Pu it holds u = Tv.

Proof. The proof is rather technical and can be found in all details in Kufner et al. (1977) or in Nečas (1967). ■

Note that the proof of the first part of the above stated theorem is based on the Hardy inequality which is also
important in applications in partial differential equations. Let us present here its several formulations. More details
can be found in the book Kufner and Opic (1990).

Theorem 6.8.7 — Hardy inequalities. Let a, b ∈ Rd, a < b, u ∈ Lp((a, b)), p ∈ (1,∞). Then it holds∫ b

a

(
1

x− a

∫ x

a

|u(y)|dy
)p

dx≤
(

p

p− 1

)p ∫ b

a

|u(x)|p dx,∫ b

a

(
1

b− x

∫ b

x

|u(y)|dy

)p

dx≤
(

p

p− 1

)p ∫ b

a

|u(x)|p dx,

and ∫ ∞

0

|u(t)|ptε−p dt ≤
(

p

|ε− p+ 1|

)p ∫ ∞

0

|u(t)|ptε dt,

where the inequality holds for ε > p− 1 for u(∞) = 0 and ε < p− 1 for u(0) = 0.
Let u ∈W 1,p

0 (Ω), p ∈ (1,∞) and denote d(x) = dist(x, ∂Ω). Then∫
Ω

∣∣∣u
d

∣∣∣p dx ≤ C

∫
Ω

|∇u|p dx. (6.65)

The following example due to Hadamard is interesting for the theory of weak solutions to partial differential
equations as it shows that there might be some problems to define a weak solution for an elliptic problem in the
situation when the classical solution exists.

Example 6.8.8 (Hadamard). Let d = 2 and Ω = B1(0). We define

u(x, y) =

∞∑
n=1

2−nρ2
2n

cos(22nφ) in B1(0) \ {(0, 0)}

u(0, 0) = 0,

where (ρ, φ) are the standard polar coordinates (i.e., ρ ∈ (0, 1], φ ∈ [0, 2π)). Then the series converges uniformly in
B1(0) and thus u ∈ C(B1(0)). Moreover, evidently u ∈ C∞(B1(0)) as the series including all formally taken derivatives
converges locally uniformly in B1(0). In particular u ∈ C(∂B1(0)), but by direct computation it can be shown that
u ̸∈ W 1,2(B1(0)). Moreover, it can be shown that u ̸∈ W

1
2 ,2(∂B1(0)) and thus there is no u ∈ W 1,2(B1(0)) such that

it trace would be given by u|∂B1(0). Therefore there does not exist a weak solution u ∈ W 1,2(B1(0)) of the problem
∆v = 0 in B1(0) with the boundary condition v = u|∂B1(0) ∈ C(∂B1(0)).

6.8.2 Sobolev spaces and Fourier transform
In this part we look at another possibility how to introduce the Sobolev spaces, via the Fourier transform. This
approach is, however, limited to the case p = 2 (i.e., the Hilbert space case).

Theorem 6.8.9 — Equivalent definition of W k,2(Rd). Let k ∈ N. Then

1. A function u ∈ L2(Rd) belongs to W k,2(Rd), if and only if(
1 + |ξ|k

)
F(u)(ξ) ∈ L2(Rd),

where F(u) denotes the Fourier transforma of the function u ∈ L2(Rd).
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2. There exist positive constants c1 a c2 such that

∀u ∈W k,2(Rd) : c1 ∥u∥Wk,2(Rd) ≤
∥∥(1 + |ξ|k

)
F(u)

∥∥
L2(Rd)

≤ c2 ∥u∥Wk,2(Rd) .

aWe use the definition
F(u)(ξ) =

∫
Rd

u(x)e−i2π(x,ξ) dx

for functions from L1(Rd); (x, ξ) =
∑d

i=1 xiξi.

Proof. Step 1: Proof of the first implication in 1. and the second inequality in 2.
Let u ∈W k,2(Rd), i.e., ∀|α| ≤ k: Dαu ∈ L2(Rd). In particular, for u ∈ C∞

0 (Rd) it holds F(Dαu)(ξ) = (i2πξ)αF(u)(ξ).
As C∞

0 (Rd) is dense in W k,2(Rd), it is not difficult to see that it holds for u ∈W k,2(Rd)

F(Dαu)(ξ) = (i2πξ)αF(u)(ξ) almost everywhere in Rd.

But then (ξ)αF(u)(ξ) ∈ L2(Rd) and choosing α = (0, . . . , k, . . . , 0) (k is on the i-th position) we get∫
Rd

|ξ|2k|F(u)(ξ)|2 dξ ≤ C

∫
Rd

|∇ku|2 dx;

this implies (∫
Rd

(
1 + |ξ|k

)2 |F(u)(ξ)|2 dξ
) 1

2

≤ C ∥u∥Wk,2(Rd)

which is the second inequality in 2.
Step 2: Proof of the second implication in 1. and the first inequality in 2.

On the other hand, let
(
1 + |ξ|k

)
|F(u)| ∈ L2(Rd). Let |α| ≤ k. Evidently

∥(i2πξ)αF(u)(ξ)∥2L2(Rd) ≤ C
∥∥(1 + |ξ|k

)
F(u)(ξ)

∥∥2
L2(Rd)

.

Denote
uα(x) = F−1 [(i2πξ)αF(u)(ξ)] (x)

where F−1 denotes the inverse Fourier transform. Let φ ∈ C∞
0 (Rd). Then the Parseval equality implies (we consider

real functions)∫
Rd

Dαφu dx =

∫
Rd

Dαφu dx =

∫
Rd

F(Dαφ)F(u) dξ =

∫
Rd

(i2πξ)αF(φ)(ξ)F(u)(ξ) dξ

= (−1)|α|
∫

Rd

F(φ)(ξ)(−i2πξ)αF(u)(ξ) dξ = (−1)|α|
∫

Rd

φuα dx,

i.e., uα = Dαu (in the weak sense). Moreover Dαu ∈ L2(Rd) and thus u ∈W k,2(Rd). Clearly

∥Dαu∥L2(Rd) = ∥uα∥L2(Rd) = ∥(i2πξ)αF(u)(ξ)∥L2(Rd) ≤ c
∥∥(1 + |ξ|k

)
F(u)(ξ)

∥∥
L2(Rd)

.

■

Using the Fourier transform we may also define Sobolev spaces with fractional derivative (again, only in the Hilbert
case).

Definition 6.8.10 — Definition of Hs(Rd). Let s ∈ (0,∞) and u ∈ L2(Rd). We say that the function u ∈ Hs(Rd)
if

(1 + |ξ|s)F(u)(ξ) ∈ L2(Rd).

For s real positive we define
∥u∥Hs(Rd) = ∥(1 + |ξ|s)F(u)(ξ)∥L2(Rd) .

It is possible to show that Hs(Rd) = W s,2(Rd) for 0 < s < 1, where W s,2(Rd) denotes the Sobolev–Slobodetskii
space defined in 6.8.1. The norms ∥ · ∥Hs(Rd) and ∥ · ∥W s,2(Rd) are equivalent, see (Di Nezza et al., 2012, Proposition
3.4).

6.9 Dual spaces
Let k ∈ N and p ∈ (1,∞). Denote (

W k,p′

0 (Ω)
)∗

=W−k,p(Ω),

where 1
p + 1

p′ = 1.
The restriction F ∈ W−k,p(Ω), k ∈ N onto C∞

0 (Ω) clearly defines a distribution. In what follows, we shall
characterize these distributions more precisely.
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Theorem 6.9.1 — Equivalent characterization of dual spaces to W k,p′

0 (Ω) I. Let p ∈ (1,∞), k ∈ N. Then
F ∈W−k,p(Ω), if and only if there exist functions {fα}|α|≤k ⊂ Lp(Ω) such that

F =
∑
|α|≤k

(−1)αDαfα,

where Dαfα denotes the distributional derivatives, i.e., it holds for u ∈W k,p′

0 (Ω)

⟨F, u⟩
Wk,p′

0 (Ω)
=
∑
|α|≤k

∫
Ω

fαD
αu dx. (6.66)

Moreover,

∥F∥W−k,p(Ω) = inf

∑
|α|≤k

∥fα∥pLp(Ω)

 1
p

,

where the infimum is taken over all sets of functions {fα}|α|≤k which fulfil (6.66).

Proof. For the general case, see, e.g., (Kufner et al., 1977, Theorem 5.9.2), the special case k = 1 and p = 2 can be
found, e.g., in (Evans, 1998, Section 5.9 Theorem 1). ■

Another possible characterization is as follows.

Theorem 6.9.2 — Equivalent characterization of dual spaces to W k,p′

0 (Ω) II. Let p ∈ (1,∞), k ∈ N and
Ω ∈ Ck,0(Ω). Then for any g ∈W k,p′

0 (Ω) the formula

⟨ϕg, f⟩Wk,p
0 (Ω) =

∑
|α|≤k

∫
Ω

DαgDαf dx, f ∈W k,p
0 (Ω)

defines a continuous linear functional on W k,p
0 (Ω).

On the contrary, for any ϕ ∈
(
W k,p

0 (Ω)
)∗

there exists exactly one g ∈W k,p′

0 (Ω) such that

∀f ∈W k,p
0 (Ω) : ⟨ϕ, f⟩Wk,p

0 (Ω) =
∑
|α|≤k

∫
Ω

DαgDαf dx.

Furthermore, there exists a positive constant K = K(d, k, p,Ω) such that

K ∥g∥Wk,p′ (Ω) ≤ ∥ϕ∥(Wk,p
0 (Ω))

∗ ≤ ∥g∥Wk,p′ (Ω) .

Proof. The proof can be found in Simader (1972). ■

6.10 Equivalent definition of Sobolev spaces. Beppo Levi spaces
Next spaces which are in fact identical with the Sobolev spaces are the Beppo Levi spaces. Their introduction is
slightly more complex, but it is then easier to prove their properties and thus also properties of spaces defined by the
standard Definition 6.1.6.

Let us denote P a,b :=
{
x = ta+ (1− t)b | t ∈ R, a,b ∈ Rd

}
. Let Ω ⊂ Rd be a domain. Then there exists a sequence

of open intervals Ji (finite or infinite) such that

1. ∀i ̸= j : Ji
⋂
Jj = ∅

2. Ω
⋂
P a,b =

⋃
j

{x = ta+ (1− t)b| t ∈ Jj}.

Let u be a function defined almost everywhere in Ω. We set for t ∈ ∪jJj

φ(t) = u(ta+ (1− t)b).

Definition 6.10.1 — Set AC(Ω). We say that a function u is absolutely continuous on the line P a,b, if it is
absolutely continuous on all compact subintervals Jj .

Let i ∈ N, i = 1, . . . , d. We denote ACi(Ω) the set of all functions defined on Ω which satisfy the following.
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If M is a set of points (x1, . . . , xi−1, xi+1, . . . , xd) ⊂ Rd−1 such that for all parallel lines with the axes xi, i.e., for

P(x1,...,xi−1,xi+1,...,xd) := {(x1, . . . , xi−1, ξ, xi+1, . . . , xd) | ξ ∈ R}

it holds
Ω
⋂
P(x1,...,xi−1,xi+1,...,xd) ̸= ∅

and u is not absolutely continuous on this line P(x1,...,xi−1,xi+1,...,xd), then |M |d−1 = 0.

We denote AC(Ω) =
d⋂

i=1

ACi(Ω).

Definition 6.10.2 — Beppo Levi space. Let p ∈ [1,∞] and Ω ⊂ Rd be a domain. Then BLp(Ω) – the Beppo
Levi space – is the set of all functions u ∈ Lp(Ω) for which there exists ũ ∈ AC(Ω) such that it holds

1. ũ = u almost everywhere in Ω

2. ∀i = 1, . . . , d :
[

∂ũ
∂xi

]
∈ Lp(Ω), where

[
∂ũ
∂xi

]
denotes the classicala partial derivative of the function ũ.

aDue to the absolute continuity of ũ on almost every parallel lines to the axis xi, i = 1, 2, . . . , d the derivative
[

∂ũ
∂xi

]
exists almost

everywhere on almost every parallel line to the axes xi, i = 1, 2, . . . , d.

In other words, u ∈ BLp(Ω), if after a change of the function u on a set of measure zero we get a function ũ which
is absolutely continuous on almost all parallel lines to all axes and additionally, u and its all classical derivatives

[
∂ũ
∂xi

]
belong to Lp(Ω).

Exercise 6.10.3. Show that

∥u∥BLp(Ω) = ∥u∥Lp(Ω) +

(
d∑

i=1

∥∥∥∥[ ∂ũ∂xi
]∥∥∥∥p

Lp(Ω)

) 1
p

defines a norm on the vector space BLp(Ω).

Theorem 6.10.4 — Equivalence of Beppo Levi and Sobolev spaces. Let p ∈ [1,∞]. Then it holds
BLp(Ω) =W 1,p(Ω) (i.e., the Beppo Levi spaces are isometrically isomorphic to the corresponding Sobolev spaces).

The proof follows from the following two lemmata.

Lemma 6.10.5 Let u ∈ L1
loc(Ω)

⋂
ACi(Ω). If

[
∂u
∂xi

]
∈ L1

loc(Ω), then
[

∂u
∂xi

]
coincides with the weak derivative, i.e.,[

∂u

∂xi

]
= Dxi

u

almost everywhere in Ω.

Proof. Take arbitrary φ ∈ C∞
0 (Ω) and extend u and φ by zero outside of Ω. Then∫

Ω

u
∂φ

∂xi
dx =

∫
Rd−1

(∫
P(x1,...,xi−1,xi+1,...,xd)

u
∂φ

∂xi
dxi

)
dx1 . . . dxi−1 dxi+1 . . . dxd

= −
∫

Rd−1

(∫
P(x1,...,xi−1,xi+1,...,xd)

[
∂u

∂xi

]
φ

)
dx1 . . . dxi−1 dxi+1 . . . dxd

= −
∫
Ω

[
∂u

∂xi

]
φ dx,

where we used twice the Fubini theorem and properties of absolutely continuous functions. ■

Lemma 6.10.6 Let u, Dxi
u ∈ L1

loc(Ω). Then there exists ũ ∈ ACi(Ω) such that u = ũ almost everywhere in Ω
and, moreover, [

∂ũ

∂xi

]
= Dxi

u

almost everywhere in Ω.
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Proof. Let {Kn}∞n=1 be a sequence of compact sets such that Kn ⊂ Kn+1 a
∞⋃

n=1
Kn = Ω. Let φn ∈ C∞

0 (Ω) be such

that φn = 1 in Kn and φn = 0 outside of Kn+1. We set

un = uφn, wn = Dxiun.

Clearly, wn = Dxi
uφn + u∂φn

∂xi
and un, wn ∈ L1(Ω). Further un = u and wn = Dxi

u in Kn. We define

u⋆n(x) = u⋆n(x1, . . . , xi−1, xi, xi+1, . . . , xd) :=

∫ xi

−∞
wn(x1, . . . , xi−1, y, xi+1, . . . , xd) dy.

The function u⋆n is defined for such (x1, . . . , xi−1, xi+1, . . . , xd) ∈ Rd−1 that∫ +∞

−∞
wn(x1, . . . , xi−1, y, xi+1, . . . , xd) dy <∞

which is the case for almost every (x1, . . . , xi−1, xi+1, . . . , xd) ∈ Rd−1 (in the sense of the (d−1)-dimensional Lebesgue
measure). Evidently, u⋆n ∈ ACi(Ω).

If we succeed to show that
u⋆n = un almost everywhere in Ω, (6.67)

we may set for x ∈ Kn

ũ(x) = u⋆n(x), n = 1, 2, . . . .

Then ũ(x) ∈ ACi(Ω) and it follows from previous Lemma 6.10.5 that[
∂ũ

∂xi

]
= Dxiu almost everywhere in Ω

which we wanted to show.
Let us return to (6.67). Since un has compact support in Ω, there exists a sequence

{
ukn
}∞
k=1

⊂ C∞
0 (Ω) such that15

lim
k→∞

∥∥ukn − un
∥∥
Lp(Ω)

= 0

lim
k→∞

∥∥∥∥∂ukn∂xi
− wn

∥∥∥∥
Lp(Ω)

= 0.

We therefore have
lim
k→∞

∥un − u⋆n∥L1(Ω) ≤ lim
k→∞

∥∥un − ukn
∥∥
L1(Ω)

+ lim
k→∞

∥∥ukn − u⋆n
∥∥
L1(Ω)

= lim
k→∞

∥∥ukn − u⋆n
∥∥
L1(Ω)

and ∥∥ukn − u⋆n
∥∥
L1(Ω)

=

∫
Ω

|ukn − u⋆n| dx =

∫
Ω

∣∣∣∣ukn −
∫ xi

−∞
wn(x1, . . . , xi−1, y, xi+1, . . . , xd) dy

∣∣∣∣ dx
=

∫
Ω

∣∣∣∣∫ xi

−∞

(
∂ukn
∂xi

− wn

)
dy

∣∣∣∣ dx
≤
∫
Ω

∫
Kn+2

⋂
P(x1,...,xi−1,xi+1,...,xd)

∣∣∣∣∂ukn∂xi
− wn

∣∣∣∣ dy dx
≤ 2 diam(Kn+2)

∥∥∥∥∂ukn∂xi
− wn

∥∥∥∥
L1(Ω)

→ 0,

since suppwn ⊂ Kn+1 and for a suitable choice of ukn we may achieve that suppukn ⊂ Kn+2. Thus u⋆n = un almost
everywhere in Ω and the proof is complete. ■

Due to Theorem 6.10.4 we easily prove the following properties of the spaces W 1,p(Ω).

Corollary 6.10.7 (Several properties of Sobolev spaces). It holds.

1. Let Ω = I = (a, b), a, b ∈ R and u ∈ W 1,p(Ω), p ∈ [1,∞]. Then there exists a representative u⋆ = u almost
everywhere in (a, b) such that u⋆ ∈ C([a, b]).

2. Let u ∈W 1,p(Ω), p ∈ [1,∞] and let ∇u = 0 almost everywhere in Ω. Then u = const almost everywhere in Ω.
15Here we in fact use Theorem 6.2.1 which was shown independently of the results from this section. It is not difficult to see that we

may take uk
n = η 1

k
⋆ un, where η 1

k
is a mollifier, see Definition A.3.28.
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3. Denote u+ = max(0, u) and u− = max(0,−u). If u ∈W 1,p(Ω), p ∈ [1,∞] then also u+, u− and |u| ∈W 1,p(Ω).

Proof. Claim 1. follows directly from the definition of BLp(Ω).
Claim 2. follows from the fact that if ũ ∈ AC(Ω) and

[
∂ũ
∂xi

]
= 0 for i = 1, . . . , d, then necessarily ũ = const.

Claim 3. is a consequence of the following. If u is an absolutely continuous function, then also u+, u− and |u| are
absolutely continuous. We may use the equality of the spaces BLp(Ω) and W 1,p(Ω). Moreover, clearly

Dxi
u+ =

{
Dxi

u almost everywhere in u > 0

0 almost everywhere in u ≤ 0

Dxi
u− =

{
−Dxiu almost everywhere in u < 0

0 almost everywhere in u ≥ 0

Dxi
|u| =


Dxi

u almost everywhere in u > 0

−Dxi
u almost everywhere in u < 0

0 almost everywhere in u = 0.

■



Chapter 7

Nonlinear elliptic equations and
introduction to calculus of variations

In this chapter we shall present several techniques which can be used to solve nonlinear problems. First, we show a
slight generalization of the Lax–Milgram Lemma which will allow us to treat a class of nonlinear problems, however,
with only sublinear growth. Next, we extend the class of operators under the assumption of monotonicity of the
operator. Further, we consider problems in which we directly apply the compactness of the embeddings and trace
theorems. Another techniques will be connected with different kinds of fixed-point theorems. Finally, we introduce
the basics techniques connected with calculus of variations and connections of existence of minimizers and solvability
of the corresponding Euler–Lagrange equations, in particular for functionals convex in the gradient of the unknown
function.

7.1 Nonlinear version of the Lax–Milgram theorem
Let us consider a more general second order differential equation with the right-hand side f : Ω → R

−
d∑

i=1

∂

∂xi
(ai(x, u(x),∇u(x))) + a0(x, u(x),∇u(x)) = f(x) in Ω

u = u0 on ∂Ω.

(7.1)

Such an equation describes, e.g., the thermal equilibrium, when the velocity of the continuum is zero. We have

−div q + r = 0, (7.2)

where q = (q1, . . . , qd) represents the heat flux and r is the source of the heat. We assume a general dependence of qi
and r on the position x ∈ Ω ⊂ Rd, the temperature u and its gradient, i.e.,

qi(x) = ai(x, u(x),∇u(x)), i = 1, 2, . . . , d,

r(x) = a0(x, u(x),∇u(x)).

Plugging these constitutive relations into (7.2) we get (7.1) with the right-hand side f = 0. Let us assume:

for i = 0, 1, . . . , d the functions ai : Ω× R × Rd → R

are Carathéodory functions, i.e.,

• for all z ∈ R and p ∈ Rd the functions ai(·, z,p) are measurable in Ω,

• for almost every x ∈ Ω the functions ai(x, ·, ·) are continuous in R × Rd

(A1)

and

there exist Ci > 0, i = 0, 1, . . . , d, such that for almost every x ∈ Ω

and for all z ∈ R,p ∈ Rd it holds |ai(x, z,p)| ≤ Ci(1 + |z|+ |p|).
(A2)

While the assumption (A1) is quite general, assumption (A2) significantly limited the considered class of nonlinearities:
they all have sublinear growth in u as well as in ∇u. Assumption (A2) thus includes nonlinear functions, they have,
however, at most the same growth as operators studied in the chapter devoted to linear elliptic problems. The reader
can easily construct nonlinearities with polynomial, logarithmic or exponential growths.

166
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Definition 7.1.1 — Weak solution to problem (7.1). We say that u ∈W 1,2(Ω) is a weak solution to problem
(7.1), if

• u− U0 ∈W 1,2
0 (Ω)

•
∫
Ω

(
d∑

i=1

ai(·, u,∇u)
∂φ

∂xi
+ a0(·, u,∇u)φ

)
dx = ⟨f, φ⟩W 1,2

0 (Ω) ∀φ ∈W 1,2
0 (Ω),

(7.3)

where U0 ∈ W 1,2(Ω) is such that TU0 = u0 on ∂Ω. We assume that (A1) and (A2) hold and f ∈ W−1,2(Ω) =
(W 1,2

0 (Ω))∗.

Exercise 7.1.2. Show that under the assumptions (A1) and (A2) we have∫
Ω

[
d∑

i=1

ai(·, u,∇u)
∂φ

∂xi
+ a0(·, u,∇u)φ

]
dx <∞ for u, φ ∈W 1,2(Ω).

It is now natural to introduce (nonlinear!) T̃ : W 1,2
0 (Ω) → (W 1,2

0 (Ω))∗ by the formula (we assume for a moment
that U0 = 0; the general case of possibly nonzero boundary condition will be considered later)

⟨T̃ (u), φ⟩W 1,2
0 (Ω) :=

∫
Ω

[ d∑
i=1

ai(·, u,∇u)
∂φ

∂xi
+ a0(·, u,∇u)φ

]
dx. (7.4)

Exercise 7.1.2 yields that T̃ :W 1,2
0 (Ω) →

(
W 1,2

0 (Ω
)∗

is bounded.
Before we formulate a nonlinear version of the Lax–Milgram theorem, we recall the Banach fixed point Theorem

which is the main tool of the proof below.

Theorem 7.1.3 — Banach fixed point Theorem. Let T : X → X, where X is a Banach space, such that

∥T (u1)− T (u2)∥X ≤ α∥u1 − u2∥X ,

where α ∈ [0, 1). Then there exists a unique fixed point u0 of T in X.

Theorem 7.1.4 — Nonlinear version of Lax–Milgram theorem. Let X be a real Hilbert space and T :
X → X be Lipschitz continuous, i.e.,

(∃M > 0)(∀u, v ∈ X) ∥T (u)− T (v)∥X ≤M ∥u− v∥X , (7.5)

and strongly monotone, i.e.,

(∃m > 0)(∀u, v ∈ X) (T (u)− T (v), u− v)X ≥ m ∥u− v∥2X . (7.6)

Then for any F ∈ X there exists unique u ∈ X such that

T (u) = F. (7.7)

Proof. Let us first note that

m ∥u− v∥2X ≤ (T (u)− T (v), u− v)X ≤ ∥T (u)− T (v)∥X ∥u− v∥X ≤M ∥u− v∥2X
and thus m ≤ M . We may assume without loss of generality that m < M , otherwise we can increase M . For ε > 0
and F ∈ X arbitrary we define the operator A: X → X by the formula

A(u) := u− ε(T (u)− F ). (7.8)

Let us first show that for a suitable choice of ε the operator A is a contraction in X, then the proof follows by the
Banach fixed point theorem, as u = A(u) = u− ε(T (u)− F ), i.e., T (u) = F . We have for every u, v ∈ X that

∥Au−Av∥2X =(u− v − ε(T (u)− T (v)), u− v − ε(T (u)− T (v)))X

=(u− v, u− v)X − 2ε(u− v, T (u)− T (v))X

+ ε2(T (u)− T (v), T (u)− T (v))X

= ∥u− v∥2X − 2ε(T (u)− T (v), u− v)X + ε2 ∥T (u)− T (v)∥2X .

Using the Lipschitz continuity and the strong monotonicity of T , we get

∥A(u)−A(v)∥2X ≤ (1− 2εm+ ε2M2) ∥u− v∥2X .



168 Chapter 7. Nonlinear elliptic equations and introduction to calculus of variations

The function g(ε) := 1− 2εm+ ε2M2 attains its minimum for ε = m
M2 and g

(
m
M2

)
= 1− m2

M2 < 1. The mapping A is
hence contractive and the claim of Theorem 7.1.4 is proved. ■

Let us return to our problem (7.1). Theorem 7.1.4 is not possible to apply directly on the operator T̃ , since it does

not mapW 1,2
0 (Ω) onto itself. We may, however, use the Riesz representation Theorem and assign to T̃ (u) ∈

(
W 1,2

0 (Ω)
)∗

the function T (u) ∈W 1,2
0 (Ω) so that

⟨T̃ (u), φ⟩W 1,2
0 (Ω) = (T (u), φ)W 1,2

0 (Ω), (7.9)

and

∥T (u)∥1,2 = ∥T̃ (u)∥(W 1,2
0 (Ω))∗ . (7.10)

To verify that T : W 1,2
0 (Ω) → W 1,2

0 (Ω) is Lipschitz continuous and strongly monotone, it is enough to show that
T̃ :W 1,2

0 (Ω) → (W 1,2
0 (Ω))∗ is Lipschitz continuous and strongly monotone, i.e.,

(∃M̃ > 0)(∀u, v ∈W 1,2
0 (Ω))

∥∥∥T̃ (u)− T̃ (v)
∥∥∥
(W 1,2

0 (Ω))∗
≤ M̃ ∥u− v∥W 1,2(Ω) (7.11)

and

(∃m̃ > 0)(∀u, v ∈W 1,2
0 (Ω)) ⟨T̃ (u)− T̃ (v,u− v⟩W 1,2

0 (Ω) ≥ m̃ ∥u− v∥2W 1,2(Ω) . (7.12)

The following lemma contains sufficient conditions, when (7.11) and (7.12) hold true.

Lemma 7.1.5 1. If

∂ai
∂z

and
∂ai
∂pj

are bounded in Ω× R × Rd for i = 0, 1, . . . , d, j = 1, 2, . . . , d, (A3)

then T̃ is Lipschitz continuous.

2. If there exists α > 0 such that for almost every x ∈ Ω and all ξ⃗ = (ξ0, . . . , ξd) ∈ Rd+1 it holds

d∑
i=0
j=1

(
∂ai
∂pj

ξiξj +
∂ai
∂z

ξiξ0

)
≥ α|ξ⃗|2, (A4)

then T̃ is strongly monotone.

Proof. The proof is based on the following identity

⟨T̃ (u)− T̃ (v), φ⟩W 1,2
0 (Ω) =

∫
Ω

[ d∑
i=1

(
ai(·, u,∇u)− ai(·, v,∇v)

) ∂φ
∂xi

+
(
a0(·, u,∇u)− a0(·, v,∇v)

)
φ
]
dx

=

∫
Ω

[
d∑

i=1

∫ 1

0

d
ds
ai(·, v + s(u− v),∇v + s∇(u− v)) ds

∂φ

∂xi

+

∫ 1

0

d
ds
a0(·, v + s(u− v),∇v + s∇(u− v)) ds φ

]
dx

=

∫
Ω

[
d∑

i=1

∫ 1

0

∂ai
∂z

(·, v + s(u− v),∇v + s∇(u− v))(u− v)ds
∂φ

∂xi

+

d∑
i,j=1

∫ 1

0

∂ai
∂pj

(·, v + s(u− v),∇v + s∇(u− v))
∂(u− v)

∂xj
ds

∂φ

∂xi

]
dx

+

∫
Ω

φ

∫ 1

0

[∂a0
∂z

(·, v + s(u− v),∇v + s∇(u− v))(u− v)

+

d∑
j=1

∂a0
∂pj

(·, v + s(u− v),∇v + s∇(u− v))
∂(u− v)

∂xj

]
ds dx.

The rest of the proof of this lemma is rather straightforward and is thus left to the kind reader as a useful exercise. ■
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Theorem 7.1.6 — Existence, uniqueness and continuous dependence on the data. Let f ∈ (W 1,2
0 (Ω))∗

and let the extension U0 of the boundary value u0 fulfil

U0 ∈W 1,2(Ω) and the trace of U0 at ∂Ω equals to u0.

Let the coefficients ai: Ω×R×Rd → R satisfy (A1)–(A4). Then there exists unique solution u ∈W 1,2(Ω) of problem
(7.1) in the sense of Definition 7.1.1. Moreover, there exists C > 0 such that

∥u∥W 1,2(Ω) ≤ C
[
∥f∥(W 1,2

0 (Ω))∗ + ∥U0∥W 1,2(Ω) + 1
]
. (7.13)

Proof. Let us first introduce the operator T̃ : W 1,2(Ω) → (W 1,2
0 (Ω))∗ by formula (7.4). The aim is to show existence

of u ∈W 1,2(Ω) such that

u− U0 ∈W 1,2
0 (Ω)

⟨T̃ (u), φ⟩W 1,2
0 (Ω) = ⟨f, φ⟩W 1,2

0 (Ω) ∀φ ∈W 1,2
0 (Ω).

(7.14)

Let us search u in the form u = U0 + w, where w ∈ W 1,2
0 (Ω). We define an operator S̃: W 1,2

0 (Ω) → (W 1,2
0 (Ω))∗ by

the formula
S̃(w) = T̃ (U0 + w).

We now identify the operator S̃ with the operator S: W 1,2
0 (Ω) → W 1,2

0 (Ω) and f ∈ (W 1,2(Ω))∗ with g ∈ W 1,2
0 (Ω)

by virtue of the Riesz representation Theorem (see (7.9)–(7.10)) and apply Lemma 7.1.5 and Theorem 7.1.4. We get
existence and uniqueness of the solution to the problem

S(w) = g in W 1,2(Ω)

which gives the existence part of the first claim. To get the uniqueness, assume we have two different solution for the
same data, i.e. u1 = w1 + U1

0 and u2 = w2 + U2
0 , where U1

0 − U2
0 ∈ W 1,2

0 (Ω). Due to the monotonicity property of S
which is inherited by the properties of T̃ we get

0 = ⟨T̃ (w1 + U1
0 )− T̃ (w2 + U2

0 ), w
1 + U1

0 − (w1 + U2
0 )⟩W 1,2

0 (Ω) ≥ ∥w1 + U1
0 − (w1 + U2

0 )∥2W 1,2(Ω)

which yields the uniqueness part.
To show (7.13), we first use in (7.14) the function φ = u−U0 and then add to this equality −⟨T̃ (U0), u−U0⟩W 1,2

0 (Ω).
We get

⟨T̃ (u)− T̃ (U0), u− U0⟩W 1,2
0 (Ω) = ⟨f, u− U0⟩W 1,2

0 (Ω) − ⟨T̃ (U0), u− U0⟩W 1,2
0 (Ω).

Using the strong monotonicity of T̃ and the linear growth of ai, i = 0, . . . , d, we get

∥u− U0∥2W 1,2(Ω) ≤ C
[
∥f∥(W 1,2

0 (Ω))⋆ + ∥U0∥W 1,2(Ω) + 1
]
∥u− U0∥W 1,2(Ω) .

Since u = u− U0 + U0, estimate (7.13) is proved. ■

Example 7.1.7. Let us consider the problem

−∆u+ (arctg u+ π)u = f in Ω,

u = 0 on ∂Ω.
(7.15)

We show that for any f ∈W−1,2(Ω) there exists unique weak solution to problem (7.15).

Solution. The function a0(x, z,p) := (arctg z + π)z has clearly linear growth, it is therefore sufficient to verify
assumption of Lemma 7.1.5. Further we have ai(x, z,p) := pi. Then the conditions from the first part of the lemma
are fulfilled and it is enough to verify that ∂a0

∂z ≥ α0 > 0. Let us compute

∂a0(x, z,p)

∂z
= arctg z + π +

z

z2 + 1
≥ π

2
− 1

2
> 1.

Hence all necessary assumptions are fulfilled and problem (7.15) possesses for arbitrary right-hand side f ∈ (W 1,2(Ω))∗

a unique weak solution. Easily, we could also consider the inhomogeneous Dirichlet boundary condition. □
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7.2 Application of the theory of monotone operators
We consider a similar problem as in the previous section, hence we look for a function u: Ω → R solving the problem

−
d∑

i=1

∂

∂xi
ai(x, u(x),∇u(x)) + a0(x, u(x),∇u(x)) = f(x) in Ω,

u = u0 on ∂Ω,

(7.16)

where Ω ⊂ Rd, functions ai: Ω×R×Rd → R are Carathéodory, similarly as in the previous section, thus for any z ∈ R
and p ∈ Rd are the functions ai(·, z,p) measurable on Ω and for a.e. x ∈ Ω the functions ai(x, ·, ·) are continuous in
R × Rd, i = 0, 1, . . . , d, and

|ai(x, z,p)| ≤ Ci(|z|r−1 + |p|r−1) + hi(x), i = 0, 1, . . . , d, (7.17)

where hi ∈ L
r

r−1 (Ω), 1 < r <∞.
Recall that due to Theorem A.3.42 we know that the mappings

u 7→ ai(·, u,∇u), i = 0, 1, . . . , d

are continuous from W 1,r(Ω) to L
r

r−1 (Ω), 1 < r < ∞. We further assume that the following two conditions are
fulfilled. First, let the coercivity condition hold,

d∑
i=1

ai(x, z,p)pi + a0(x, z,p)z ≥ C1|p|r + C2(x)|z|r − C3(x), (7.18)

where C1 > 0, C2(x) ≥ 0 almost everywhere in Ω and C3 ∈ L1(Ω). Next, let the monotonicity condition hold,
d∑

i=1

(
ai(x, z

1,p1)− ai(x, z
2,p2)

)(
p1i − p2i

)
+
(
a0(x, z

1,p1)− a0(x, z
2,p2)

)
(z1 − z2) ≥ 0 (7.19)

for arbitrary z1, z2 ∈ R and arbitrary p1, p2 ∈ Rd; the latter will be in some situations replaced by the strict
monotonicity condition

d∑
i=1

(
ai(x, z

1,p1)− ai(x, z
2,p2)

)(
p1i − p2i

)
+
(
a0(x, z

1,p1)− a0(x, z
2,p2)

)
(z1 − z2) > 0 (7.20)

for all z1, z2 ∈ R and all p1, p2 ∈ Rd such that (z1,p1) ̸= (z2,p2).
The definition of a weak weak solution is similar to the case of the nonlinear version of the Lax–Milgram

lemma

Definition 7.2.1 — Weak solution for problems with a monotone operator. A function u ∈ W 1,r(Ω) is
called a weak solution to (7.16), if u−U0 ∈W 1,r

0 (Ω), U0 ∈W 1,r(Ω), the trace of U0 is u0 on ∂Ω, and the following
identity holds ∫

Ω

( d∑
i=1

ai(·, u,∇u)
∂φ

∂xi
+ a0(·, u,∇u)φ

)
dx = ⟨f, φ⟩W 1,r

0 (Ω) (7.21)

for any φ ∈W 1,r
0 (Ω).

Note that all integrals in the weak formulation of (7.21) are due to our assumptions finite. We look for the solution
in the form u = v + U0. We define the operator T : W 1,r

0 (Ω) → (W 1,r
0 (Ω))∗ =:W−1,r′(Ω) as follows:

⟨T (v), φ⟩W 1,r
0 (Ω) :=

∫
Ω

( d∑
i=1

ai(·, v + U0,∇v +∇U0)
∂φ

∂xi
+ a0(·, v + U0,∇v +∇U0)φ

)
dx. (7.22)

Then the weak formulation can be rewritten as operator equation

T (v) = f in W−1,r′(Ω). (7.23)

Assumptions formulated on ai ensure the following properties of T .

Lemma 7.2.2 Let (7.17)–(7.19) or (7.20) hold. Then

1. the operator T is continuous from W 1,r
0 (Ω) to W−1,r′(Ω)

2. the operator T is coercive, i.e.,

lim
∥v∥W1,r(Ω)→∞

⟨T (v), v⟩W 1,r
0 (Ω)

∥v∥W 1,r(Ω)
= ∞
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3. the operator T is monotone, i.e., for v1, v2 ∈W 1,r
0 (Ω)

⟨T (v1)− T (v2), v1 − v2⟩W 1,r
0 (Ω) ≥ 0

or strictly monotone, i.e., for v1, v2 ∈W 1,r
0 (Ω), v1 ̸= v2

⟨T (v1)− T (v2), v1 − v2⟩W 1,r
0 (Ω) > 0.

Proof. Step 1: Continuity of T
The continuity follows from the Theorem on Nemytskii operator (Theorem A.3.42), due to which the mappings
u 7→ ai(·, u,∇u) are continuous from W 1,r(Ω) to L

r
r−1 (Ω).

Step 2: Coercivity of T
Let us compute

⟨T (v), v⟩W 1,r
0 (Ω) =

∫
Ω

( d∑
i=1

ai(·, v + U0,∇v +∇U0)
∂(v + U0)

∂xi

+ a0(·, v + U0,∇v +∇U0)(v + U0)
)
dx

−
∫
Ω

( d∑
i=1

ai(·, v + U0,∇v +∇U0)
∂U0

∂xi

+ a0(·, v + U0,∇v +∇U0)U0

)
dx

≥ C1∥∇(v + U0)∥rLr(Ω) − C2∥v + U0∥r−1
W 1,r(Ω)∥U0∥W 1,r(Ω) − C3

≥ C∥∇(v + U0)∥rLr(Ω) − C4,

which yields Claim 2.
Step 3: Monotonicity
Finally, due to the fact that v1−v2 = (v1+U0)− (v2+U0), the monotonicity (the strict monotonicity) follows directly
from property (7.18). ■

We will also need one corollary of the Brouwer fixed point Theorem proved later:

Theorem 7.2.3 — Brouwer fixed point Theorem. Let u⃗: BR(0) → BR(0) ⊂ RN be a continuous mapping,
N ≥ 1. Then there exists at least one fixed point of the mapping u⃗ in BR(0), i.e., there exists x⃗ ∈ BR(0) such that
u⃗(x⃗) = x⃗.

The proof will be given later, in Section 4.5.
We in fact need its corollary

Corollary 7.2.4 (Variant of the Brouwer theorem). Let g⃗: RN → RN be continuous. Assume there exists R > 0 such
that

(g⃗(v⃗), v⃗)RN ≥ 0

for all v⃗ ∈ RN , |v⃗| = R. Then there exists at least one z⃗ ∈ BR(0) such that g⃗(z⃗) = 0⃗.

Proof. Assume that such z⃗ does not exist, hence

g⃗(x⃗) ̸= 0⃗ ∀x⃗ ∈ BR(0).

Due to the continuity, min
x⃗∈BR(0)

|⃗g(x⃗)| > 0. Denote

F⃗ (x⃗) = −R g⃗(x⃗)

|⃗g(x⃗)|
.

Then F⃗ is a continuous mapping which maps BR(0) into itself. Due to the Brouwer fixed point theorem (Theorem
7.2.3) there exists x⃗1 ∈ BR(0), a fixed point of the mapping F⃗ . Then

x⃗1 = −R g⃗(x⃗1)

|⃗g(x⃗1)|
.

Hence |x⃗1| = R and

0 ≤ (g⃗(x⃗1), x⃗1)RN =
(
g⃗(x⃗1),−R

g⃗(x⃗1)

|⃗g(x⃗1)|

)
RN

= −R|⃗g(x⃗1)| < 0

which yields a contradiction. ■

We can now formulate and prove the main result from this section.
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Theorem 7.2.5 — Existence result for the problem with monotone operator. Assume that the Carathéo-
dory functions {ai}di=0 fulfil (7.17)–(7.19), where 1 < r < ∞. Let f ∈ W−1,r′(Ω), U0 ∈ W 1,r(Ω), where the trace
U0 = u0 on ∂Ω. Then there exists a weak solution to (7.16) in the sense of Definition 7.2.1. If the condition of strict
monotonicity (7.20) holds, the solution is unique.

Proof. Let the operator T be as above. We look for a solution to the problem

T (v) = f in W−1,r′(Ω).

Let {hi}, i ∈ N be a countable dense subset of W 1,r
0 (Ω) and we denote by Vn the linear hull of the first n such functions.

We define

A : (a1, a2, . . . , an) ∈ Rn 7→
n∑

i=1

aihi =: va⃗ ∈ Vn.

We also define g: Rn → Rn by
g⃗(⃗a) =

{
⟨T (Aa⃗)− f, hi⟩W 1,r

0 (Ω)

}n
i=1

.

As the operator T is continuous (a weaker notion of continuity would be enough at this moment), the mapping g⃗ is
also continuous. Moreover, the mapping T is coercive, therefore

(g⃗(⃗a), a⃗)Rn = ⟨T (va⃗), va⃗⟩W 1,r
0 (Ω) − ⟨f, va⃗⟩W 1,r

0 (Ω)

≥
( ⟨T (va⃗), va⃗⟩W 1,r

0 (Ω)

∥va⃗∥W 1,r(Ω)
− ∥f∥W−1,r′ (Ω)

)
∥va⃗∥W 1,r(Ω) ≥ 0,

if ∥va⃗∥W 1,r(Ω) ≥ R for a sufficiently large R (independent of n!). Therefore due to Corollary 7.2.4 for any n ∈ N there
exists at least one a⃗n ∈ Rn such that

g⃗(⃗an) = 0⃗,

hence
⟨T (Aa⃗n)− f, h⟩W 1,r

0 (Ω) = 0, h ∈ Lin {hi}ni=1

and moreover, for vn :=
∑n

i=1 a
n
i hi the estimate ∥vn∥W 1,r(Ω) ≤ R holds for R independent of n.

Therefore due to Theorem B.2.7 we know that there exists v ∈W 1,r
0 (Ω) (note in particular that the limit function

has also zero trace) and a subsequence {vnk}k∈N ⊂ {vn}n∈N such that

vnk ⇀ v in W 1,r(Ω).

Moreover, as T (vn) is a bounded sequence in W−1,r′(Ω) (recall that T : W 1,r
0 (Ω) →W−1,r′(Ω) is bounded) and {hi}i∈N

is a dense subset of W 1,r(Ω), we also have
T (vnk)

∗
⇀ f

in W−1,r′(Ω) (and due to the reflexivity the sequence converges also weakly). Furthermore,

lim
k→∞

⟨T (vnk), vnk⟩W 1,r
0 (Ω) = lim

k→∞
⟨f, vnk⟩W 1,r

0 (Ω) = ⟨f, v⟩W 1,r
0 (Ω). (7.24)

Using the monotonicity of T , we have for arbitrary φ ∈W 1,r
0 (Ω)

⟨T (vnk)− T (φ), vnk − φ⟩W 1,r
0 (Ω) ≥ 0. (7.25)

By virtue of (7.24) and letting k → ∞ in (7.25) we get

⟨f − T (φ), v − φ⟩W 1,r
0 (Ω) ≥ 0 for any φ ∈W 1,r

0 (Ω). (7.26)

We now perform Minty’s trick. We set φ := v − λw in inequality (7.26), where w ∈ W 1,r
0 (Ω) is arbitrary and λ > 0.

This yields
⟨f − T (v − λw), λw⟩W 1,r

0 (Ω) ≥ 0 for any w ∈W 1,r
0 (Ω). (7.27)

Dividing (7.27) by λ, we have

⟨f − T (v − λw), w⟩W 1,r
0 (Ω) ≥ 0 for any w ∈W 1,r

0 (Ω). (7.28)

Due to the continuity of T , letting λ→ 0+, we have

⟨f − T (v), w⟩W 1,r
0 (Ω) ≥ 0 for any w ∈W 1,r

0 (Ω). (7.29)

Finally, it is enough to recall that (7.29) holds for arbitrary w ∈W 1,r
0 (Ω) (and thus also for −w). We get equality

⟨f − T (v), w⟩W 1,r
0 (Ω) = 0 for any w ∈W 1,r

0 (Ω) (7.30)
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and thus u := v + U0 is a weak solution to our problem.
Assuming additionally the strict monotonicity condition (7.20) (hence the operator T is strictly monotone, see

Lemma (7.2.2), item (iii)), we can show the uniqueness of solutions. Assume that u1 and u2 are two distinct solutions
to our problem with the same data. As u1 − u2 ∈W 1,r

0 (Ω), we have

0 < ⟨T (u1)− T (u2), u1 − u2⟩W 1,r
0 (Ω) = ⟨f − f, u1 − u2⟩W 1,r

0 (Ω) = 0

which yields a contradiction. Therefore u1 = u2. ■

Example 7.2.6. Consider problem (7.16), where

ai(x, u,∇u) = |∇u|r−2 ∂u

∂xi
, i = 1, 2, . . . d,

a0(x, u,∇u) = |u|r−2u.

The coercivity condition (7.18) and the growth condition (7.17) are indeed fulfilled. Let us verify that the strict
monotonicity condition (7.20) holds. We compute(

|∇u1|r−2∇u1 − |∇u2|r−2∇u2
)
· (∇u1 −∇u2) +

(
|u1|r−2u1 − |u2|r−2u2

)
(u1 − u2)

=

∫ 1

0

d

dt

(
|∇(u2 + t(u1 − u2))|r−2∇(u2 + t(u1 − u2))

)
dt · ∇(u1 − u2)

+

∫ 1

0

d

dt

(
|u2 + t(u1 − u2)|r−2(u2 + t(u1 − u2))

)
dt(u1 − u2)

= (r − 1)

∫ 1

0

∇(u2 + t(u1 − u2))|r−2 dt|∇(u1 − u2)|2

+ (r − 1)

∫ 1

0

|u2 + t(u1 − u2)|r−2 dt|u1 − u2|2 ≥ 0

and even, for u1 ̸= u2, the inequality is sharp. Therefore, the strict monotonicity condition (7.20) holds and thus for
any f ∈W−1,r′(Ω) and any u0 ∈W 1− 1

r ,r(Ω) there exists a unique weak solution to

−
d∑

i=1

∂

∂xi

(
|∇u|r−2 ∂u

∂xi

)
+ |u|r−2u = f in Ω

u = u0 on ∂Ω

(7.31)

in the sense of Definition 7.2.1.

Note that the previous example is a particular situation of a more general case. Assume that there exists

U : Ω× R × Rd → R

which is Carathéodory and satisfies the following. We assume the growth condition

U(x, z,p| ≥ C(|z|r + |p|r)− h1(x),

where h1 ∈ Lr(Ω), we have∣∣∣ d∑
i=1

∂U(x, z,p)

∂pi

∣∣∣+ ∣∣∣∂U(x, z,p)

∂z

∣∣∣ ≤ C(1 + |z|r−1 + |p|r−1) + h2(x),

where h2 ∈ L
r

r−1 (Ω) and we have the monotonicity condition

d∑
i,j=1

∂2U(x, z,p)

∂pi∂pj

)
ξiξj +

d∑
i=1

∂2U(x, z,p)

∂pi∂z
ξiξ0 +

∂2U(x, z,p)

∂z2
ξ20 ≥ C(x, z,p)|ξ⃗|2

for any ξ⃗ ∈ Rd+1, C(x, z,p) ≥ 0 with the r − 2th growth. We set

ai(x, z,p) =
∂U(x, z,p)

∂pi
, i = 1, 2, . . . , d

a0(x, z,p) =
∂U(x, z,p)

∂z
.

Then all assumptions of Theorem 7.2.5 are satisfied and the corresponding problem possesses at least one weak solution.

Exercise 7.2.7. Show the claim above in more details.



174 Chapter 7. Nonlinear elliptic equations and introduction to calculus of variations

7.3 Compact perturbations

The aim of this section is to show that some nonlinear problems can be solved using the compact embedding theorems
together with the compactness of the trace operator. We will demonstrate this on the following example. We consider

−
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+ f(u) = F in Ω

∂u

∂nA
+ g(u) = G on Γ1

u = 0 on Γ2,

(7.32)

where Ω ⊂ Rd, Ω ∈ C0,1, ∂u
∂nA

=
∑d

i,j=1 aij
∂u
∂xi

νi is the derivative with respect to the conormal, ννν is the unit outer
normal vector to ∂Ω, and ∂Ω = Γ1 ∪ Γ2 ∪M , where |M |d−1 = 0 and Γ1, Γ2 are open subsets of ∂Ω.

We will assume the following

aij ∈ L∞(Ω), i, j = 1, 2, . . . , d

d∑
i,j=1

aij(x)ξiξj ≥ C1|ξ|2, almost everywhere in Ω, C1 > 0, ξξξ ∈ Rd, arbitrary∫
Ω

f(v)v dx+

∫
Γ1

g(v)v dS ≥ 0, ∀v ∈ V = {u ∈W 1,2(Ω) |Tu = 0 on Γ2}

f : R → R is continuous, |f(v)| ≤ C(1 + |v|p), 0 ≤ p ≤ d+ 2

d− 2
(p <∞ if d = 2)

g : R → R is continuous, |g(v)| ≤ C(1 + |v|q), 0 ≤ q ≤ d

d− 2
(q <∞ if d = 2)

F ∈ V ∗, G ∈W− 1
2 ,2(Γ1) =

(
W

1
2 ,2(Γ1)

)∗
.

(7.33)

We aim at proving the following result.

Theorem 7.3.1 Under the assumptions (7.33) there exists a weak solution to (7.32), i.e., there exists a function
u ∈ V such that ∫

Ω

( d∑
i,j=1

aij
∂u

∂xj

∂φ

∂xi
+ f(u)φ

)
dx+

∫
Γ1

g(u)φdS = ⟨F,φ⟩V + ⟨G,φ⟩
W

1
2
,2(Γ1)

for all φ ∈ V .

Proof. Before starting, note that all terms in the weak formulation in Theorem 7.3.1 are finite. We proceed very
similarly as in the proof of the main result from the previous section, i.e., for the monotone operator case. We only
modify the arguments in order to pass to the limit from the Galerkin approximation to the continuous one.

Step 1: Approximation
We take {wi}∞i=1 a dense subset of V . Note that we may take in particular such functions that wi ∈ C∞(Ω) and wi = 0
on Γ2 for all i ∈ N. Another possibility is to work with the basis formed by eigenfunctions of the Laplace equation
with the homogeneous Neumann condition on Γ1 and homogeneous Dirichlet condition on Γ2. Let us fix n ∈ N and
look for

un(x) :=

n∑
i=1

cni wi(x)

such that ∫
Ω

( d∑
i,j=1

aij
∂un

∂xj

∂wk

∂xi
+ f(un)wk

)
dx+

∫
Γ1

g(un)wk dS = ⟨F,wk⟩V + ⟨G,wk⟩
W

1
2
,2(Γ1)

, (7.34)

k = 1, 2, . . . , n.
Step 2: Existence of a solution for the approximation

We use as before Corollary 7.2.4 (corollary of the Brouwer fixed point theorem). We consider the mapping Φ⃗:

{di}ni=1 7→
{∫

Ω

( d∑
i,j=1

aij
∂(
∑n

l=1 dlwl)

∂xj

∂wk

∂xi
+ f

( n∑
l=1

dlwl

)
wk

)
dx

+

∫
Γ1

g
( n∑

l=1

dlwl

)
wk dS − ⟨F,wk⟩V − ⟨G,wk⟩

W
1
2
,2(Γ1)

}n

k=1
.
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Indeed, the mapping Φ⃗: Rn → Rn is continuous. Moreover (we multiply the k-th equation by dk and sum up, for k = 1
to n) ∫

Ω

( d∑
i,j=1

aij
∂
(∑n

l=1 dlwl

)
∂xj

∂
(∑n

l=1 dlwl

)
∂xi

+ f
( n∑

l=1

dlwl

) n∑
l=1

dlwl

)
dx

+

∫
Γ1

g
( n∑

l=1

dlwl

) n∑
l=1

dlwl dS −
〈
F,

n∑
l=1

dlwl

〉
V
−
〈
G,

n∑
l=1

dlwl

〉
W

1
2
,2(Γ1)

≥ C1

∫
Ω

∣∣∣∇(

n∑
l=1

dlwl)
∣∣∣2 dx−

〈
F,

n∑
l=1

dlwl

〉
V
−
〈
G,

n∑
l=1

dlwl

〉
W

1
2
,2(Γ1)

≥ 0

provided ∥
∑n

l=1 ∇(dlwl)∥L2(Ω) ≥ R̃, where R̃ depends on C1, F , G, Ω, but in particular, is independent of n. Due to
the Poincaré–Friedrichs inequality there exists R > 0 such that if

∥∥∥ n∑
l=1

dlwl

∥∥∥
W 1,2(Ω)

≥ R =⇒
(
Φ⃗(d⃗), d⃗

)
Rn ≥ 0.

Hence using the corollary of the Brouwer fixed point theorem (Corollary 7.2.4) there exists {cni }ni=1 such that

Φ⃗(c⃗n) = 0⃗.

Moreover, for un :=
∑n

i=1 c
n
i wi we have

∥un∥W 1,2(Ω) ≤ R,

where R is independent of n.
Step 3: Limit passage

We consider the limit n→ ∞. As W 1,2(Ω) is a Hilbert space, there exists {unk}∞k=1 ⊂ {un}∞n=1 such that

unk ⇀ u in W 1,2(Ω),

where the limit function u ∈ V . Moreover, for another subsequence (however, we do not relabel it)

unk → u in Lp̃(Ω), 1 ≤ p̃ <
2d

d− 2
(compact embedding),

unk → u in Lq̃(∂Ω), 1 ≤ q̃ <
2d− 2

d− 2
(compactness of the trace operator).

We now easily have for k → ∞ (the weak convergence suffices here)

∫
Ω

d∑
i,j=1

aij
∂unk

∂xj

∂wl

∂xi
dx→

∫
Ω

d∑
i,j=1

aij
∂u

∂xj

∂wl

∂xi
dx

for any l ∈ N. Next, we want to show that as k → ∞,∫
Ω

f(unk)wl dx→
∫
Ω

f(u)wl dx

for any l ∈ N. To this aim, we apply the Vitali’s convergence theorem. Recall that for a suitable subsequence (we do
not relabel it) we have

unk → u almost everywhere in Ω,

hence
f(unk) → f(u) almost everywhere in Ω

due to the continuity of f . As the functions wl are bounded for any l ∈ N and the growth of f is subcritical, we know
that due to the Hölder inequality ∣∣∣ ∫

E

f(unk)wl dx
∣∣∣

are uniformly small provided the measure of E is sufficiently small. The argument for wl ∈ V only is slightly more
involved, we need to use the approximation of functions from V by smooth functions.

More or less similarly we may show that for k → ∞∫
Γ1

g(unk)wl dS →
∫
Γ1

g(u)wl dS
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for any l ∈ N. Hence we have∫
Ω

( d∑
i,j=1

aij
∂u

∂xj

∂wl

∂xi
+ f(u)wl

)
dx+

∫
Γ1

g(u)wl dS = ⟨F,wl⟩V + ⟨G,wl⟩
W

1
2
,2(Γ1)

(7.35)

for any l ∈ N and therefore, for any test function φ from the linear hull of {wi}∞i=1.
Step 4: General test function

Using that for arbitrary v ∈ V there exists vn → v in W 1,2(Ω), where vn belongs to the linear hull of {wi}∞i=1, we
easily verify that the weak formulation (7.35) holds for any test function v ∈ V . Theorem 7.3.1 is proved. ■

Remark 7.3.2. (i) It is not difficult to see that if we relax condition on the test function in the weak formulation, i.e.
we require that the test functions are continuously differentiable functions in Ω which are equal to zero on Γ2, then
we may relax the conditions on f and g in (7.33). More precisely, we may assume that

f : R → R is continuous, |f(v)| ≤ C(1 + |v|p), 0 ≤ p <
2d

d− 2
(p <∞ if d = 2)

g : R → R is continuous, |g(v)| ≤ C(1 + |v|q), 0 ≤ q <
2d− 2

d− 2
(q <∞ if d = 2).

(ii) Assumptions (7.33) for f and g are fulfilled e.g. if f(v) = f̃(v)v, where f̃ ≥ 0 satisfies the growth condition above
for p ≤ 4

d−2 and g(v) = g̃(v)v, where g̃ ≥ 0 satisfies the growth condition above for q ≤ 2
d−2 . As in part (i), this

condition can be further relaxed if we work with smooth test functions only.
(iii) If we assume that

f(v)v ≥ C|v|p − C1, C1 ∈ R

g(v)v ≥ C|v|q − C2, C2 ∈ R,

then we can get the existence of a solution for arbitrary p, q finite, provided we consider (assume that p, q ≥ 1)

V = {u ∈W 1,2(Ω) ∩ Lp(Ω) ∩ Lq(∂Ω) |Tu = 0 on Γ2}.

The details are left as an exercise.

7.4 Methods based on fixed point theorems
We list several fixed point theorems used in the analysis of partial differential equations. All Banach spaces are
assumed real. While the Banach fixed point Theorem can be found in most Textbooks on Analysis (see, e.g., (Černý
and Pokorný, 2021, Theorem 11.8.2)), the other theorems will be proved in the following text.

Theorem 7.4.1 — Banach fixed point Theorem. Let T : X → X, where X is a complete (metric or normed)
space, such that

ϱ(T (u1), T (u2))X ≤ αϱ(u1, u2)X

for the metric space, or
∥T (u1)− T (u2)∥X ≤ α∥u1 − u2∥X

for the Banach space, where α ∈ [0, 1). Then there exists a unique fixed point u0 of T in X.

Theorem 7.4.2 — Brouwer fixed point Theorem. Let T : B ⊂ RN → B be continuous, where B is a convex,
closed and bounded set. Then there exists a (generally non-unique) fixed point of T in B.

Theorem 7.4.3 — Schauder fixed point Theorem. Let T : K ⊂ X → K be continuous, where K is compact
and convex and X is a Banach space. Then there exists a fixed point of T in K.

The following version of the Schauder fixed point theorem is more suitable for direct applications in the analysis
of PDEs.

Theorem 7.4.4 — Schaeffer or a version of the Schauder fixed point Theorem. Let T : X → X be
continuous and compact, X Banach space and let the set

{u ∈ X |u = λT (u) for some 0 ≤ λ ≤ 1}

be bounded. Then there exists a fixed point of T in X.

We start with an application of Theorem 7.4.1.
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7.4.1 Application of the Banach fixed point Theorem
We have already used this theorem in the proof of the nonlinear version of the Lax–Milgram theorem (see Theorem
7.1.4). Another typical application are local existence theorems for nonlinear problems (local in time existence of
nonlinear problems or global in time existence for small data as well as existence of solutions to nonlinear elliptic
problems for data closed to a known solution, typically a zero one). We will consider the latter.

We consider the following problem

−∆u+ f(u,∇u) = g in Ω

u = 0 on ∂Ω,
(7.36)

where Ω ⊂ R3 is a C1,1 domain and g ∈ L2(Ω) is a given function such that ∥g∥L2(Ω) ≪ 1. Moreover, we assume that
f is a Lipschitz function in R × R3 such that

|f(v, z⃗)| ≤ C(|z⃗|q + 1)|v|r

|f(v1, z⃗)− f(v2, z⃗)| ≤ C|v1 − v2|(|z⃗|q + 1)(|v1|r−1 + |v2|r−1)

|f(v, z⃗1)− f(v, z⃗2)| ≤ C|z⃗1 − z⃗2||v|r(|z⃗1|q−1 + |z⃗2|q−1),

(7.37)

1 ≤ q ≤ 3, 1 < r <∞, for any v, v1 and v2 ∈ R and z⃗, z⃗1 and z⃗2 ∈ R3.
We aim at showing the following

Theorem 7.4.5 There exists a δ0 > 0 such that if ∥g∥L2(Ω) ≤ δ0, then there exists a unique solution (weak and
strong) of (7.36) in the ball

Bδ = {u ∈W 2,2(Ω) ∩W 1,2
0 (Ω) | ∥u∥W 2,2(Ω) ≤ δ}

for a suitable δ > 0.

Proof. Take v ∈W 2,2(Ω)∩W 1,2
0 (Ω), ∥u∥W 2,2(Ω) ≤ δ, where δ < 1 will be fixed later. Assume δ0 > 0 sufficiently small

(will be fixed later) and consider a mapping

T : W 2,2(Ω) ∩W 1,2
0 (Ω) →W 2,2(Ω) ∩W 1,2

0 (Ω)

such that T (v) = u, where
−∆u = g − f(v,∇v) in Ω

u = 0 on ∂Ω.

Since due to our assumptions g − f(v,∇v) ∈ L2(Ω), there exists unique u ∈ W 2,2(Ω) ∩W 1,2
0 (Ω) (cf. Theorem 3.7.8),

a solution to (7.36), and

∥u∥W 2,2(Ω) ≤ C(∥g∥L2(Ω) + ∥f(v,∇v∥L2(Ω)) ≤ C(∥g∥L2(Ω) + ∥v∥αW 2,2(Ω))

for some α > 1 (here we used that δ < 1). Therefore, in order to justify that T maps Bδ into itself, we need to verify
that

C(δ0 + δα) < δ.

Indeed, taking δ sufficiently small so that Cδα < δ
2 and then δ0 small so that Cδ0 < δ

2 we verify our required property
of T . Note that there exists sufficiently small δ such that for any δ ≤ δ, and for δ0 ≤ δ

2C the inequality above holds.
Furthermore, for v1, v2 ∈ Bδ we have

−∆(u1 − u2) = f(v2,∇v2)− f(v1,∇v1)
= f(v2,∇v2)− f(v2,∇v1) + f(v2,∇v1)− f(v1,∇v1) in Ω

u1 − u2 = 0 on ∂Ω.

Using our assumptions we have

∥u1 − u2∥W 2,2(Ω) ≤ C∥(v1 − v2)(|∇v1|q + 1)(|v1|r−1 + |v2|r−1)∥L2(Ω)

+ C∥|∇v1 −∇v2||v2|r(|∇v1|q−1 + |∇v2|q−1)∥L2(Ω)

≤ Cδβ∥v1 − v2∥W 2,2(Ω)

for some β > 0. Choosing δ sufficiently small (possibly smaller than in the previous considerations) we may conclude
that Cδβ < 1, hence T is a contraction in Bδ. The theorem is proved. ■

Example 7.4.6. We may take, e.g., f(u,∇u) := |∇u|2|u|r for some r > 1 (even r = 1 is enough) so that assumptions
(7.37) are verified (for r = 1 a slight modification is needed).

Exercise 7.4.7. A following generalization of the Banach fixed point Theorem holds:
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Theorem 7.4.8 Let X, Y be Banach spaces, X is reflexive and X ↪→ Y . Let H be a non-empty, closed, convex
and bounded subset of X and let T : H → H be a mapping such that

∥T (u)− T (v)∥Y ≤ κ∥u− v∥Y

for any u, v ∈ H and 0 ≤ κ < 1. Then T possesses a unique fixed point in H.

Prove it!

7.4.2 Proof of the Schauder fixed point Theorem. Its applications
First, using the Brouwer fixed point Theorem 7.4.2 we show the Schauder fixed point Theorem 7.4.3.

Proof. (of Theorem 7.4.3.) Step 1: Construction of an operator in a finite dimensional space
Choose ε > 0 and {ui}Nε

i=1 ⊂ K such that
Nε⋃
i=1

Bε(ui) ⊃ K.

This follows due to the fact that K is compact. Denote by Kε the convex hull of points {ui}Nε
i=1, i.e.,

Kε :=
{ Nε∑

i=1

λiui | 0 ≤ λi ≤ 1, i = 1, 2, . . . , Nε,

Nε∑
i=1

λi = 1
}
.

Since K is convex, we know that Kε ⊂ K. Define Pε: K → Kε as

Pε(u) :=

∑Nε

i=1 dist
(
u,K \Bε(ui)

)
ui∑Nε

i=1 dist
(
u,K \Bε(ui)

) .

As K is covered by the union of the balls, the denominator is non zero for any u ∈ K. Clearly, Pε is continuous, and
for any u ∈ K

∥Pε(u)− u∥X ≤
∑Nε

i=1 dist
(
u,K \Bε(ui)

)
∥ui − u∥X∑Nε

i=1 dist
(
u,K \Bε(ui)

) ≤ ε.

(Recall that either ∥ui − u∥X ≤ ε or dist
(
u,K \Bε(ui)

)
= 0.)

Step 2: Application of the Brouwer fixed point Theorem
Consider Tε := Pε(T (u)), u ∈ Kε. Now Kε is finite dimensional and homeomorphic to RM , M ≤ Nε. Then the
Brouwer fixed point Theorem (Theorem 7.4.2) yields existence of at least one uε ∈ Kε such that

Tε(uε) = uε ∀ε > 0.

Step 3: Fixed point of T
Since K is compact, there exists a sequence εj → 0+ and u ∈ K such that uεj → u in X. Let us show that u is a
fixed point of T in K. We have

∥uεj − T (uεj )∥X = ∥Tεj (uεj )− T (uεj )∥X = ∥Pεj (T (uεj ))− T (uεj )∥X ≤ εj .

As T is continuous, ∥uεj − T (uεj )∥X → ∥u − T (u)∥X which is due to the computation above equal to zero. The
theorem is proved. ■

Next, we show Theorem 7.4.4.

Proof. (of Theorem 7.4.4.) Step 1: Candidate for the fixed point
Choose M > 0 such that if u = λT (u) for some 0 ≤ λ ≤ 1, then ∥u∥X < M . Define

T̃ (u) :=

 T (u) if ∥T (u)∥X ≤M
MT (u)

∥T (u)∥X
if ∥T (u)∥X > M.

Now, T̃ : BM (0) → BM (0). Define K as convex hull of T̃ (BM (0)). As T is compact, then also T̃ is compact. Hence,
as K is a convex, compact subset of X and T̃ maps K into K, T̃ possesses a fixed point u ∈ K.
Step 2: Fixed point of T
Let us now show that u is in fact also a fixed point of T . If not, then necessarily, ∥T (u)∥X > M and u = λT (u) for
λ = M

∥T (u)∥X
∈ [0, 1). Then ∥u∥X = ∥T̃ (u)∥X =M which contradicts to the choice of M . ■

Exercise 7.4.9. Prove the following variant of the Schaeffer fixed point Theorem; the proof follows the same idea as
the proof of the Schaeffer fixed point Theorem.
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Corollary 7.4.10. Let K ⊂ X be convex, 0 ∈ K and T : K → K be continuous, compact such that

{u ∈ K |u = λT (u), 0 ≤ λ ≤ 1}

is bounded. Then T has a fixed point in K.

Next we consider the following example

−∆u+ F (∇u) + µu = f in Ω

u = 0 on ∂Ω,
(7.38)

where Ω ⊂ Rd is of class C1,1, F : Rd → R is continuous with linear growth

|F (p)| ≤ C(1 + |p|) ∀p ∈ Rd, C > 0. (7.39)

We aim at proving the following result

Theorem 7.4.11 Let f ∈ L2(Ω) and µ > 0 be sufficiently large. Then under the assumptions on Ω and F above,
there exists a strong (and weak) solution to (7.38) such that u ∈ W 2,2(Ω) ∩W 1,2

0 (Ω). If F is additionally globally
Lipschitz continuous, the solution is unique.

Proof. Step 1: Operator T
We recall that for a given u ∈W 1,2

0 (Ω)
f − F (∇u) ∈ L2(Ω).

Next we denote by w ∈W 1,2
0 (Ω) the unique weak solution to

−∆w + µw = f − F (∇u) in Ω

w = 0 on ∂Ω.

Moreover, we know that w ∈W 2,2(Ω) and

∥w∥2,2 ≤ C∥f − F (∇u)∥2 ≤ C(1 + ∥f∥2 + ∥∇u∥2).

Hence we define the operator
T :W 1,2

0 (Ω) →W 1,2
0 (Ω)

so that T (u) = w. We have
∥T (u)∥2,2 ≤ C(1 + ∥f∥2 + ∥u∥1,2).

Step 2: Continuity and compactness of T
We show that T : W 1,2

0 (Ω) →W 1,2
0 (Ω) is continuous and compact. Let uk → u in W 1,2

0 (Ω). Then

sup
k∈N

∥wk∥2,2 < +∞,

where wk = T (uk). Thus there exists a subsequence {wkj
}∞j=1 ⊂ {wk}∞k=1 and w ∈W 2,2(Ω) ∩W 1,2

0 (Ω) such that

wkj
→ w in W 1,2

0 (Ω)

(and wkj
⇀ w in W 2,2(Ω)). As ∫

Ω

(
∇wkj

· ∇v + µwkj
v
)
dx =

∫
Ω

(f − F (∇ukj
))v dx,

we get letting j → ∞ ∫
Ω

(∇w · ∇v + µwv) dx =

∫
Ω

(f − F (∇u))v dx

for all v ∈W 1,2
0 (Ω). To pass to the limit in the nonlinear term we use again the continuity of F , its linear growth and

the Vitali convergence theorem. Hence w = T (u). Due to the uniqueness of the solution in fact the whole sequence
T (uk) → T (u) in W 1,2(Ω) and T is continuous.

The compactness is immediate. As we have that supk∈N ∥uk∥1,2 < +∞, it follows that supk∈N ∥T (uk)∥2,2 < +∞
and the compact embedding W 2,2(Ω) ↪→↪→ W 1,2(Ω) yields that a bounded sequence in W 1,2(Ω) provides a strongly
convergent subsequence of T (uk) in the same space.
Step 3: Bounds for possible fixed points
We have to verify that the set of possible fixed points

{u ∈W 1,2
0 (Ω) |u = λT (u) for some 0 ≤ λ ≤ 1}
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is bounded provided µ is sufficiently large. Since the case λ = 0 is trivial, let

u = λT (u), 0 < λ ≤ 1,

i.e., u
λ = T (u). Therefore,

−∆u+ µu = λ(f − F (∇u)).

Multiplying the equality by u and integrating it over Ω we obtain

∥∇u∥22 + µ∥u∥22 ≤ λC

∫
Ω

(|f |+ |∇u|+ 1)|u| dx ≤ 1

2
∥∇u∥22 +

µ

2
∥u∥22 + C(µ)∥f∥22 +

C2

2
∥u∥22.

Assuming C2 ≤ µ we get
∥u∥1,2 ≤ C,

where the constant depends only on the data of the problem.
Step 4: Fixed point
Schaeffer’s fixed point Theorem 7.4.4 implies the existence of a fixed point of T , i.e., existence of a solution to (7.38)
which belongs to W 2,2(Ω) ∩W 1,2

0 (Ω).
Step 5: Uniqueness
Let w1 and w2 be two distinct solutions. We now employ the Lipschitz continuity of F . Denoting W = w1 − w2, we

have
−∆W + µW = F (∇w2)− F (∇w1) in Ω

W = 0 on ∂Ω.

Multiplying the equation by W we get using the Lipschitz continuity of F

∥∇W∥2L2(Ω;Rd) + µ∥W∥2L2(Ω) ≤ C∥∇W∥L2(Ω;Rd)∥W∥L2(Ω)

≤ 1

2
∥∇W∥2L2(Ω;Rd) + C1∥W∥2L2(Ω).

The uniqueness follows provided C1 ≤ µ. ■

7.5 Introduction to the calculus of variations

7.5.1 Basic ideas
We consider the problem

A(u) = 0 (7.40)

for a special class of operators A, namely such that A is a "gradient" of a potential, i.e.,

A(u) = I ′[u] = 0. (7.41)

It means (at least formally) that a solution to (7.40) is a critical point of the functional I. Under additional assumptions
on I we even show that the critical point is a point of (local) minimum of I. The advantage is that to prove existence
of a minimum for certain class of functionals is easier than to prove existence of a solution to a nonlinear equation.

Definition 7.5.1 Let L: Rd × R × Ω → R. Then we call L the Lagrangian and we define

I[u] :=

∫
Ω

L(∇u, u, ·) dx.

We also use the following notation:

L(p, z, x) := L(p1, p2, . . . , pd, z, x1, x2, . . . , xd)

∇pL :=
( ∂L
∂p1

,
∂L

∂p2
, . . . ,

∂L

∂pd

)
∇zL :=

∂L

∂z

∇xL :=
( ∂L
∂x1

,
∂L

∂x2
, . . . ,

∂L

∂xd

)
.

We consider the following problem. We look for

u := argmin
{w∈X |w=g on ∂Ω}

I[w],
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where X is a certain function space (typically a Sobolev space). The fact that we fix possibly an inhomogeneous
boundary condition leads to the problem that the set {w ∈ X |w = g on ∂Ω} does not have a linear structure. We
resolve this problem as usually, we look for the solution in the form u = w0 +U , where w0 is a fixed function with the
given boundary condition and U has zero boundary condition, i.e., we look for U from a linear space. We show that
if the function L is smooth and u is sufficiently smooth, then u is a (classical) solution to a certain partial differential
equation.

We set i(τ) := I[u+ τv], where τ ∈ R, u = g on ∂Ω and v ∈ C∞
0 (Ω). Then u+ τv = g on ∂Ω. Assume that u is a

minimizer of I. Then i(τ) has a minimum at τ = 0. Since the function i is according to our assumptions smooth, we
have

i′(0) = 0.

(This derivative is in the context of the functional analysis called the Gateaux derivative or differential of the functional
I, however, we need to work with u in the form presented above.) Formally, we get

i′(τ) =

∫
Ω

(
∇pL(∇(u+ τv), u+ τv, ·) · ∇v +∇zL(∇(u+ τv), u+ τv, ·)v

)
dx.

Therefore
0 = i′(0) =

∫
Ω

(
∇pL(∇u, u, ·) · ∇v +∇zL(∇u, u, ·)v

)
dx

for all v ∈ C∞
0 (Ω). This equality is in fact a weak formulation of the problem below. We "integrate by parts" and get

0 =

∫
Ω

(
−

d∑
i=1

∂

∂xi

( ∂L
∂pi

(∇u, u, ·)
)
+
∂L

∂z
(∇u, u, ·)

)
v dx

for all v ∈ C∞
0 (Ω). The Fundamental Lemma of calculus of variations yields finally

−
d∑

i=1

∂

∂xi

( ∂L
∂pi

(∇u(x), u(x), x)
)
+
∂L

∂z
(∇u(x), u(x), x) = 0 in Ω,

u = g on ∂Ω.

The equation above is called the Euler–Lagrange equation corresponding to the functional I.

Example 7.5.2. a) Let

L(p, z, x) =
1

2

d∑
i,j=1

aij(x)pipj − zf(x),

where aij = aji for i, j = 1, . . . , d in Ω. Then

I[w] =

∫
Ω

(1
2

d∑
i,j=1

aij(x)
∂w

∂xj

∂w

∂xi
− wf

)
dx.

The corresponding Euler–Lagrange equation is then

−
d∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
= f.

b) Let

L(p, z, x) =
1

2
|p|2 − F (z),

where F ′(z) = f(z). Then

I[w] =

∫
Ω

(1
2
|∇w|2 − F (w)

)
dx,

and the Euler–Lagrange equation is
−∆u = f(u).

c) Let

L(p, z, x) =
(
1 + |p|2

) 1
2

(minimal surface problem). Then

I[w] =

∫
Ω

(
1 + |∇w|2

) 1
2 dx,
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and the Euler–Lagrange equation is
d∑

i=1

∂

∂xi

( ∂u
∂xi√

1 + |∇u|2
)
= 0

in Ω. Adding the boundary condition u = g on ∂Ω we get a problem whose solution solves the following problem. Let
Ω ⊂ Rd be given. We look for a graph of function u = u(x) defined in Ω with fixed value u = g on ∂Ω such that the
area of the surface (x, u(x)), x ∈ Ω, is minimal.

We next consider the second derivative of our function i(τ). Recall that under the smoothness assumption the
necessary condition for having a minimum of i at τ = 0 is i′′(0) ≥ 0. We compute

i′′(τ) =

∫
Ω

[ d∑
i,j=1

∂2L

∂pi∂pj
(∇u+ τ∇v, u+ τv, ·) ∂v

∂xi

∂v

∂xj

+ 2

d∑
i=1

∂2L

∂pi∂z
(∇u+ τ∇v, u+ τv, ·)v ∂v

∂xi
+
∂2L

∂z2
(∇u+ τ∇v, u+ τv, ·)v2

]
dx.

Hence

i′′(0) =

∫
Ω

[ d∑
i,j=1

∂2L

∂pi∂pj
(∇u, u, ·) ∂v

∂xi

∂v

∂xj
+ 2

d∑
i=1

∂2L

∂pi∂z
(∇u, u, ·)v ∂v

∂xi
+
∂2L

∂z2
(∇u, u, ·)v2

]
dx (7.42)

for all v ∈ C∞
0 (Ω). By approximation, we can in fact use functions which are only Lipschitz continuous, however, still

compactly supported in Ω. We now aim at proving the necessary condition for the minimum. We fix ξξξ ∈ Rd, take
ε > 0 and a function η ∈ C∞

0 (Ω) and define

v(x) := εϱ
(x · ξξξ

ε

)
η(x),

where the function
ϱ(z) =

{
z 0 ≤ z ≤ 1

2
1− z 1

2 < z ≤ 1

and extend the function as 1-periodic to R, i.e., ϱ(z) = ϱ(z + 1) for all z ∈ R. Therefore |ϱ′(z)| = 1 a.e. in R, and

∂v

∂xi
(x) = ϱ′

(x · ξξξ
ε

)
ξi(x)η(x) +O(ε) for ε→ 0+.

Using this function in (7.42) and passing with ε→ 0+ we get due to the fact that i′′(0) ≥ 0

0 ≤
∫
Ω

d∑
i,j=1

∂2L

∂pi∂pj
(∇u, u, ·)ξiξjη2 dx.

As this inequality holds for arbitrary η ∈ C∞
0 (Ω), we get

d∑
i,j=1

∂2L

∂pi∂pj
(∇u(x), u(x), x)ξiξj ≥ 0

for all ξξξ ∈ Rd and all x ∈ Ω. This indicates (but does not prove!) that the existence of a minimum for our class of
functionals is connected with the convexity of L in the first variable.

7.5.2 Systems
We now assume that the Lagrangian depends on vector-valued function, i.e., its gradient is a tensor (matrix); hence

L : RN×d × Rd × Ω → R.

We use the notation
L = L(P⃗, z⃗, x),

where

P⃗ =


p11 . . . p1d
· ·
· ·
pN1 . . . pNd


and define

I[w⃗] =

∫
Ω

L(∇w⃗, w⃗, ·) dx,
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where w⃗: Ω → RN ,

∇w⃗ =


∂w1

∂x1
. . . ∂w1

∂xd

· ·
· ·
∂wN

∂x1
. . . ∂wN

∂xd


and we fix again the boundary condition w⃗ = g⃗. We now deduce the Euler–Lagrange equations (or rather the system
of Euler–Lagrange equations) for the minimizer of I. We set i(τ) = I[u⃗ + τ v⃗], where v⃗ ∈ C∞

0 (Ω;RN ) and compute
i′(0) which we set to be equal to 0. We get

0 = i′(0) =

∫
Ω

( d∑
i=1

N∑
k=1

∂L

∂pki
(∇u⃗, u⃗, ·)∂v

k

∂xi
+

N∑
k=1

∂L

∂zk
(∇u⃗, u⃗, ·)vk

)
dx,

i.e.,

−
d∑

i=1

∂

∂xi

( ∂L
∂pki

(∇u⃗(x), u⃗(x), x)
)
+
∂L

∂zk
(∇u⃗(x), u⃗(x), x) = 0 (7.43)

in Ω, k = 1, 2, . . . , N , and u⃗ = g⃗ on ∂Ω.

7.5.3 Null Lagrangians. Proof of Brouwer fixed point Theorem
There exist special Lagrangians such that any smooth function is a solution to the corresponding Euler–Lagrange
equations.

Definition 7.5.3 The function L: RN×d × Rd × R → R is called a null Lagrangian, if the corresponding Euler–
Lagrange equations

−
d∑

i=1

∂

∂xk

( ∂L
∂pki

(∇u⃗(x), u⃗(x), x)
)
+
∂L

∂zk
(∇u⃗(x), u⃗(x), x) = 0,

k = 1, 2, . . . , d, are fulfilled by any smooth function u⃗: Ω → RN .

In the scalar case (N = 1) only the linear functions in P⃗ (with constant coefficients) are null Lagrangians. A more
interesting situation is in the vectoriel case, especially if d = N , as we shall see later.

We start with one special property of the null Lagrangians which says that the corresponding energy depends only
on the boundary conditions of the functions.

Theorem 7.5.4 — Properties of null Lagrangians. Let L be a null Lagrangian. Let u⃗1 and u⃗2 be two
functions from C2(Ω;RN ) such that

u⃗1 = u⃗2 on ∂Ω.

Then
I[u⃗1] = I[u⃗2].

Proof. Define
i(τ) = I(τ u⃗1 + (1− τ)u⃗2], 0 ≤ τ ≤ 1.

Then

i′(τ) =

∫
Ω

[ d∑
i=1

N∑
k=1

∂L

∂pki
(τ∇u⃗1 + (1− τ)∇u⃗2, τ u⃗1 + (1− τ)u⃗2, ·)

(∂uk1
∂xi

− ∂uk2
∂xi

)
+

d∑
k=1

∂L

∂zk
(τ∇u⃗1 + (1− τ)∇u⃗2, τ u⃗1 + (1− τ)u⃗2, ·)(uk1 − uk2)

]
dx

=

N∑
k=1

∫
Ω

[
−

d∑
i=1

∂

∂xi

( ∂L
∂pki

(τ∇u⃗1 + (1− τ)∇u⃗2, τ u⃗1 + (1− τ)u⃗2, ·)
)

+
∂L

∂zk
(τ∇u⃗1 + (1− τ)∇u⃗2, τ u⃗1 + (1− τ)u⃗2, ·)(uk1 − uk2)

]
dx = 0,

where we used in the application of the Gauss theorem that u⃗1 − u⃗2 = 0⃗ on ∂Ω as well as the fact that L is a null
Lagrangian. ■

Definition 7.5.5 Let A be a d× d matrix. Then we define cof A as a matrix, whose (k, i) entries are as follows:

(cof A)ki = (−1)k+idet (Ak
i ),
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where the matrix (Ak
i ) is a matrix obtained from the matrix A by deleting the k-th row and the i-th column.

Lemma 7.5.6 Let u: Rd → Rd be a smooth function. Then

d∑
i=1

∂

∂xi

(
cof(∇u)

)k
i
= 0, k = 1, 2, . . . , d.

Proof. Step 1: Derivative of the determinant
We recall the following linear algebra identity

(detP)I = PT cof P

which holds for any P, matrix of the type d× d. We may rewrite the identity above component-wise

(detP)δij =
d∑

k=1

pki (cof P)kj , (7.44)

i, j = 1, 2, . . . , d. Therefore
∂(detP)
∂pkm

= (cof P)km

for k,m = 1, 2, . . . , d (recall that (cof P)km does not contain the entry pkm).
Step 2: Identity for the derivative of the cofactor
Take P = ∇u in (7.44), differentiate the identity with respect to xj and sum the identity over j. It yields

d∑
j=1

δij
∂

∂xj
detP =

d∑
j,k

δij(cof(∇u))km
∂2uk

∂xm∂xj
=

d∑
j,k,m=1

( ∂2uk

∂xi∂xj
(cof(∇u))kj +

∂uk

∂xi

∂

∂xj
(cof(∇u))kj

)
.

Hence, it follows from the last equality

d∑
k=1

∂uk(x)

∂xi

( d∑
j=1

∂

∂xj
(cof

(
∇u(x))

)k
j

)
= 0. (7.45)

Step 3: Identity for the cofactor
If det(∇u)(x0) ̸= 0, then

d∑
j=1

∂

∂xj
(cof∇u(x0))

k
j = 0, k = 1, 2, . . . , d,

where we used that the non-zero determinant implies unique solvability (the trivial one) of (7.45). If the determinant
is zero, we choose ε > 0, sufficiently small, such that det(∇(u)(x0) + εI) ̸= 0 and repeat Steps 1–3 for ũε := u(x) + εx
and finally let ε→ 0+. ■

The previous result allows us to present a non-trivial example of a null Lagrangian.

Lemma 7.5.7 — Determinant function as null Lagrangian. Let d = N . Then the determinant function is
a null Lagrangian.

Proof. We have to show that

d∑
i=1

∂

∂xi

(∂(det(∇u(x))
)

∂pki

)
= 0, k = 1, 2, . . . , d.

Recall that
∂
(
det(∇u)

)
∂pki

= (cof(∇u⃗))ki .

Then, due to Lemma 7.5.6

d∑
i=1

∂

∂xi

(∂(det(∇u))

∂pki

)
=

d∑
i=1

∂

∂xi
(cof (∇u))ki = 0, k = 1, 2, . . . , d.

■

Using this result we may now prove the Brouwer fixed point Theorem
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Theorem 7.5.8 — Brouwer fixed point Theorem. Let u⃗: B1(0) → B1(0) ⊂ RN be continuous. Then u⃗
possesses at least one fixed point in B1(0), i.e., there exists at least one x⃗0 ∈ B1(0) ⊂ RN such that

u⃗(x⃗0) = x⃗0.

Proof. Step 1: Non-existence of a smooth function with given boundary values
We first claim that there does not exist a smooth function

w⃗ : B := B1(0) → ∂B

such that
w⃗(x⃗) = x⃗ on ∂B. (7.46)

Suppose that such a function exists. Let I⃗ denote the identity mapping, i.e. I⃗(x⃗) = x⃗ for all x⃗ ∈ B. Due to our
assumption, w⃗ = I⃗ on ∂B. As the determinant is a null Lagrangian, Theorem 7.5.4 implies∫

B

det (∇w⃗) dx =

∫
B

det (∇I⃗) dx = |B| ̸= 0. (7.47)

On the other hand, as w⃗: B → ∂B, we have |w⃗| = 1. Therefore ( ∂
∂xi

|w⃗|2 = 0, i = 1, 2, . . . , N)

(∇w⃗)T w⃗ = 0⃗.

As |w⃗| = 1, the equality says that 0 is an eigenvalue of (∇w⃗)T for all x⃗ ∈ B, whence det(∇w⃗) ≡ 0 in B which
contradicts to (7.47) and thus the smooth function considered in Step 1 cannot exist.
Step 2: The function from Step 1 does not exist even if it is only continuous
Let us show that even no such merely continuous function may exist. Let w⃗ be such a continuous function. We extend
it by the identity function (w⃗(x⃗) := x⃗) for x⃗ ∈ RN \B. Observe that w⃗(x⃗) ̸= 0⃗ for x⃗ ∈ RN . Fix ε > 0 and mollify the
function, i.e., w⃗ε := ηε ⋆ w⃗. Then also w⃗ε ̸= 0⃗ in RN . As ηε is a radially symmetric function, we also have w⃗ε(x⃗) = x⃗
for x ∈ RN \B2(0) if ε < 1 (recall that

∫
RN (x⃗− y⃗)ηε(y⃗) dy⃗ = x⃗).

Then ˜⃗w :=
2w⃗ε

|w⃗ε|

would be a smooth function fulfilling assumptions from Step 1 (with B = B2(0)). Hence such a function cannot exist.
Step 3: Fixed point by contradiction
Let u⃗: B → B be continuous such that u⃗ does not possess any fixed point in B. Define w⃗: B → ∂B so that w⃗(x⃗) = y⃗,
where y⃗ is the point at which the ray starting at u⃗(x⃗) and going through x⃗ hits ∂B. Since u⃗(x⃗) ̸= x⃗ and u⃗ is continuous,
the mapping w⃗ is well defined and continuous on B such that w⃗ maps B to ∂B and w⃗(x⃗) = x⃗ on ∂B. This contradicts
to Step 2. ■

7.6 Existence of minimizers for some problems of calculus of variations.
Convexity

Let us start with the following abstract problem. We look for a function u (provided it exists) such that the functional
I[·]: X → R, where X is a Banach space and A ⊂ X, has its minimum over A at u, i.e.,

u = argminw∈AI[w], i.e., I[u] = min
w∈A

I[w].

Let un ∈ A be a minimizing sequence, i.e., limn→∞ I[un] = infw∈A I[w]. We would like to extract at least a weakly
convergent subsequence. To this aim, we assume that
(1) A is non-empty
(2) I is bounded from below on A (infw∈A I[w] > −∞)
(3) I is coercive on A, i.e., lim∥w∥X→∞ I[w] = +∞.
Then the minimizing sequence {un}n∈N is bounded. Further
(4) X is a reflexive Banach space
(5) the set A is closed and convex (hence weakly closed, see Theorem B.2.15).
Then the sequence contains a weakly convergent subsequence whose limit belongs to A. However, we can hardly expect
that I[unk

] → I[u] for k → ∞, such a condition would restrict the class of functionals considerably. We therefore
assume a weaker condition, namely that
(6) I is weakly lower semicontinuous, i.e., I[u] ≤ lim infk→∞ I[uk] whenever uk ⇀ u in X.
Then we get that

I[u] ≤ lim inf
k→∞

I[unk
] = lim

k→∞
I[unk

] = inf
w∈A

I[w].

Since u ∈ A, then u is the minimizer. We proved
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Theorem 7.6.1 — Main Theorem of the calculus of variations. Let X be a reflexive Banach space, A ⊂ X
non-empty, closed and convex. Let I: A → R be coercive, bounded from below and weakly lower semicontinuous
on X. Then there exists u ∈ A such that I[u] = minw∈A I[w].

We restrict ourselves on functionals which can be represented by means of Lagrangians, i.e.,

I[w] :=

∫
Ω

L(∇u, u, ·) dx, u ∈ A (7.48)

and we aim at formulating suitable conditions on L and A so that we will be able to apply Theorem 7.6.1. We deal
separately with the case when u is a scalar-valued and a vector-valued function.

7.6.1 Scalar case (one Euler–Lagrange equation)
In order to verify that the functional is coercive, we assume that there exist α > 0, q ∈ (1,∞) and b ∈ L1(Ω) such
that

L(p, z, x) ≥ α|p|q − b(x), (7.49)

for any p ∈ Rd, z ∈ R, x ∈ Ω. Then

I[w] =

∫
Ω

L(∇w,w, ·) dx ≥
∫
Ω

(α|∇w|q − b) dx = α∥∇w∥q
Lq(Ω;Rd)

− γ.

Therefore I[w] → +∞ as ∥∇w∥Lq(Ω;Rd) → +∞. Additionally, if we assume

A =
{
w ∈W 1,q(Ω) |w = g on ∂Ω

}
with Ω ∈ C0,1

and fix g ∈W 1− 1
q ,q(∂Ω), then even

I[w] → +∞ as ∥w∥1,q → +∞,

as ∥∇w∥Lq(Ω);Rd) + ∥g∥Lq(Ω) is a norm equivalent to the W 1,q-norm on A. Note also that A is weakly closed.
The only condition which remains to verify is the weak lower semicontinuity of I on W 1,q(Ω). We already know

that a necessary condition for a function u to be a minimizer of a smooth Lagrangian is

d∑
i,j=1

∂2L

∂pi∂pj
(∇u(x), u(x), x)ξiξj ≥ 0

for all ξξξ ∈ Rd and almost every x ∈ Ω.
We will show that the convexity is indeed the right condition. We will assume (for simplicity) that L(·, ·, ·) is a

continuous function on Rd × R for almost every x ∈ Ω and measurable on Ω on Rd × R. Further, we also assume that
it is one continuously differentiable with respect to p. We have the following result (for more general situation, see
Theorem A.3.43 from the Appendix)

Lemma 7.6.2 Let L be as above, additionally bounded from below and let the mapping

p 7→ L(p, z, x)

be convex ∀z ∈ R and x ∈ Ω on Rd. Let Ω ∈ C0. Then

I[w] :=

∫
Ω

L(∇w,w, ·) dx

is weakly lower semicontinuous on W 1,q(Ω), 1 < q <∞.

Proof. Step 1: Formulation
Let {uk}k∈N ⊂W 1,q(Ω) be such that uk ⇀ u (weakly) in W 1,q(Ω). Let

ℓ := lim inf
k→∞

I[uk].

We aim at showing that I[u] ≤ ℓ.
Note that we may choose a subsequence (we do not relabel it) such ℓ = limk→∞ I[uk] and uk → u in Lq(Ω).

Moreover, supk∈N ∥uk∥W 1,q(Ω) < +∞.
Step 2: Application of Egorov Theorem
We fix ε > 0. Then there exists Eε ⊂ Ω, |Ω \ Eε| < ε such that uk ⇒ u in Eε. We set

Fε =
{
x ∈ Ω | |u(x)|+ |∇u(x)| ≤ 1

ε

}
.



7.6. Existence of minimizers and convexity 187

Recall that |Ω \ Fε| → 0 as ε→ 0. Finally, we set

Gε = Fε

⋂
Eε

(note that |Ω \Gε| → 0 as ε→ 0).
Step 3: Application of convexity
By adding a suitable integrable function we may without loss of generality assume that L(∇uk(x), uk(x), x) is non-
negative in Ω. Then, by convexity of L

I[uk] =

∫
Ω

L(∇uk, uk, ·) dx ≥
∫
Gε

L(∇uk, uk, ·) dx

≥
∫
Gε

L(∇u, uk, ·) dx+

∫
Gε

d∑
i=1

∂L

∂pi
(∇u, uk, ·)

(∂uk
∂xi

− ∂u

∂xi

)
dx.

Now it is easy to verify, due to the definition of Gε,∫
Gε

L(∇u, uk, ·) dx→
∫
Gε

L(∇u, u, ·) dx

and due to the weak convergence of ∇uk ⇀ ∇u in Lq(Ω;Rd)∫
Gε

d∑
i=1

∂L

∂pi
(∇u, uk, ·)

(∂uk
∂xi

− ∂u

∂xi

)
dx→ 0,

both for k → ∞. Whence
ℓ ≥

∫
Gε

L(∇u, u, ·) dx

for any ε > 0. Passing with ε→ 0 and using the Lebesgue monotone convergence Theorem A.3.2 we conclude

ℓ ≥
∫
Ω

L(∇u, u, ·) dx = I[u]

which finishes the proof. ■

Therefore we have

Theorem 7.6.3 — Existence of minimizers for convex Lagrangians. Let A = {u ∈W 1,q(Ω) |u = g on ∂Ω}
with g ∈W 1− 1

q ,q(∂Ω), Ω ∈ C0,1. Let L fulfil the coercivity condition (7.49) and let L be convex in the first variable.
Let L be differentiable in the first variable, L and ∇pL be continuous in the second variable for almost every x in
Ω and measurable in Ω for all (p, z) ∈ Rd × R.

Then there exists at least one u ∈ A such that

I[u] = min
w∈A

I[w].

Proof. As A is non-empty, closed and convex, L is coercive and weakly lower semicontinuous, we may apply Theorem
7.6.1. ■

In order to ensure the uniqueness of the minimizer, we have to require more. One possibility is to assume that

L = L(p, x) (L does not depend on z), (7.50)

∃θ > 0:

d∑
i,j=1

∂2L

∂pi∂pj
(p, x)ξiξj ≥ θ|ξξξ|2 ∀ξξξ ∈ Rd and almost everywhere in Ω (uniform convexity). (7.51)

Then

Theorem 7.6.4 — Uniqueness of minimizers. Under assumptions (7.50)–(7.51), for L twice differentiable in
the first variable for almost every x ∈ Ω and measurable in x for all p ∈ Rd, Ω ∈ C0,1, the minimizer of I[·] over A
(defined above) is unique, provided it exists.

Proof. Assume that u1, u2 are two different minimizers. As A is convex, we have that u1+u2

2 ∈ A. We show that

I
[u1 + u2

2

]
≤ 1

2
I[u1] +

1

2
I[u2]
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with strict inequality provided u1 ̸= u2. Note that

L(p, x) ≥ L(q, x) +

d∑
i=1

∂

∂pi
L(q, x)(pi − qi) +

θ

2
|p− q|2.

Taking p = ∇u1, q = 1
2 (∇u1 +∇u2) we get

I
[u1 + u2

2

]
+

1

2

∫
Ω

d∑
i=1

∂

∂pi
L
(∇u1 +∇u2

2
, ·
)(∂u1

∂xi
− ∂u2
∂xi

)
dx+

θ

8

∫
Ω

|∇u1 −∇u2|2 dx ≤ I[u1] (7.52)

and for p = ∇u2, q = 1
2 (∇u1 +∇u2) we get

I
[u1 + u2

2

]
+

1

2

∫
Ω

d∑
i=1

∂

∂pi
L
(∇u1 +∇u2

2
, ·
)(∂u2

∂xi
− ∂u1
∂xi

)
dx+

θ

8

∫
Ω

|∇u1 −∇u2|2 dx ≤ I[u2]. (7.53)

Summing up (7.53) with (7.52) and multiplying the resulted inequality by 1
2 we obtain

I
[u1 + u2

2

]
+
θ

8

∫
Ω

|∇u1 −∇u2|2 dx ≤ I[u1] + I[u2]

2
.

Evidently, if I[u1] = I[u2] and u1 and u2 are minimizers, then ∇u1 = ∇u2 a.e. in Ω. But since u1 = u2 a.e. on ∂Ω,
then u1 = u2 a.e. in Ω which finishes the proof. ■

Next, under certain growth conditions on L, we verify that the minimizer solves the corresponding Euler–Lagrange
equation. We assume

|L(p, z, x)| ≤ C(|p|q + |z|q + 1), (7.54)

and
|∇pL(p, z, x)|+ |∇zL(p, z, x)| ≤ C(|p|q−1 + |z|q−1 + 1) (7.55)

for some 1 < q <∞.

Theorem 7.6.5 — Minimizer solves Euler–Lagrange equation. Assume conditions (7.54)–(7.55), where L
is measurable in x for all (p, z) ∈ Rd ×R and differentiable in p and z for almost every x ∈ Ω. Let u be a minimizer
of I over A = {u ∈ W 1,q(Ω) |u = g on ∂Ω}, Ω ∈ C0,1 with q as in (7.54)–(7.55). Then u is a weak solution to the
corresponding Euler–Lagrange equations, i.e.∫

Ω

( d∑
i=1

∂L

∂pi
(∇u, u, ·) ∂v

∂xi
+
∂L

∂z
(∇u, u, ·)v

)
dx = 0

for all v ∈W 1,q
0 (Ω).

Proof. We performed the formal proof at the beginning of Section 7.5. We now present a rigorous proof, based on the
verification that we may differentiate the function (i.e., an integral) with respect to a parameter.

We set i(τ) := I[u + τv], where v ∈ W 1,q(Ω). Due to (7.54), i(τ) is finite. We study for τ ̸= 0 the difference
quotients

i(τ)− i(0)

τ
=

∫
Ω

L(∇u+ τ∇v, u+ τv, ·)− L(∇u, u, ·)
τ

dx =:

∫
Ω

Lτ (·) dx

and aim at computing the limit when τ → 0+. We see that due to our assumptions

lim
τ→0

Lτ (x) =

d∑
i=1

∂L

∂pi
(∇u(x), u(x), x) ∂v

∂xi
+
∂L

∂z
(∇u(x), u(x), x)v(x)

almost everywhere in Ω. Using the Theorem on integrals dependent on a parameter (consequence of the Lebesgue
dominated convergence Theorem) we get the desired equality since estimate (7.55) provides an integrable majorant.
Since u is a minimizer of I[·], we know that i′(0) = 0. ■

Remark 7.6.6. If L is convex in p and z and differentiable in both variables almost everywhere in Ω, then each weak
solution is a minimizer. In this case namely

L(p, z, x) +

d∑
i=1

∂L

∂pi
(p, z, x)(qi − pi) +

∂L

∂z
(p, z, x)(r − z) ≤ L(q, r, x).
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Taking p = ∇u, q = ∇w, z = u, r = w, integrating over Ω yields

I[u] +

∫
Ω

( d∑
i=1

∂L

∂pi
(∇u, u, ·)( ∂w

∂xi
− ∂u

∂xi
) +

∂L

∂z
(∇u, u, ·)(w − u)

)
dx ≤ I[w]. (7.56)

Hence
I[u] ≤ I[w]

for all w ∈ A due to the fact that u − w = 0 on Ω and u is a weak solution to the corresponding Euler–Lagrange
equation. Then the integral on the left-hand side of (7.56) vanishes.

7.6.2 Vector case (system of equations)
Since the Fundamental Theorem of calculus of variations 7.6.1 holds also in this case, we can modify the previous
conditions to get existence of a minimizer, its uniqueness and connection to the solution of (now system of) the Euler–
Lagrange equations under basically the same assumptions as above. As before, we assume that L is measurable in x
and sufficiently regular in the first two variables (this will be specified for each result separately). Furthermore, let

|L(P⃗, z⃗, x)| ≥ C1|P⃗|q − b(x), coercivity, where b ∈ L1(Ω) (7.57)

L is convex in the variable P⃗, (7.58)

and
A =

{
u⃗ ∈W 1,q(Ω;RN ) | u⃗ = g⃗ on ∂Ω

}
is non-empty, Ω ∈ C0,1 (7.59)

(i.e., g⃗ ∈W 1− 1
q ,q(∂Ω;RN )). Then

Theorem 7.6.7 — Weak lower semicontinuity for convex Lagrangian. Under assumptions (7.57)–(7.59),
let L be measurable in x for all (P⃗, z⃗) ∈ RN×d × RN , differentiable in the first variable for all z⃗ ∈ Rd and almost
every x ∈ Ω and continuous in the second variable fo r all P⃗ ∈ RN×d and almost every x ∈ Ω. Then there exists a
minimizer of I[w⃗] =

∫
Ω
L(∇w⃗, w⃗, ·) dx over the set A, i.e. a function u⃗ ∈ A such that

I[u⃗] ≤ I[w⃗] ∀w⃗ ∈ A.

If we assume further that

L = L(P⃗, x),

d∑
i,j=1

N∑
k,l=1

∂2L

∂pki ∂p
l
j

(P⃗, x)ξki ξ
l
j ≥ θ|⃗ξξξ|2 (7.60)

for all ξ⃗ξξ ∈ RN×d and some θ > 0 (for all P⃗ ∈ RN×d and almost every x ∈ Ω), then

Theorem 7.6.8 — Uniqueness of minimizers. Under the assumptions (7.60) and (7.59), the minimizer of
I[w] (provided it exists), is unique.

Finally, let
L(P⃗, z, x)| ≤ C(|P⃗|q + |z|q + 1), (7.61)

and
|∇P⃗L(P⃗, z, x)|+ |∇zL(P⃗, z, x)| ≤ C(|P⃗|q−1 + |z|q−1 + 1) (7.62)

for some 1 < q <∞. Then

Theorem 7.6.9 — Minimizers fulfil the Euler–Lagrange equations. Let L, continuously differentiable in
the first two variables for almost every x ∈ Ω and measurable in x for all (P⃗, z⃗) ∈ RN×d × RN satisfy (7.61) and
(7.62). Let u⃗ be a minimizer of I[·] over the set A from (7.59). Then u⃗ is a solution to the corresponding system of
the Euler–Lagrange equations, i.e., u⃗ ∈ A and

N∑
k=1

∫
Ω

( d∑
i=1

∂L

∂pki
(∇u⃗, u⃗, ·)∂v

k

∂xi
+
∂L

∂zk
(∇u⃗, u⃗, ·)vk

)
dx = 0

for any v⃗ ∈W 1,q
0 (Ω;RN ).

In applications (e.g., in the elasticity theory), the convexity of the Lagrangian in P (here naturally d = N)
contradicts physical principles. However, we may replace the convexity by so-called polyconvexity, namely that for
d = N the Lagrangian is a convex function of P and of the determinant of P, see below. The fact that the theory
works perfectly in this case is based on the following partially counterintuitive result which has close connection to
problems of compensated compactness.
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Lemma 7.6.10 — Weak compactness of the determinant function. Let d < q <∞ and let

uk ⇀ u (weakly) in W 1,q(Ω;Rd),

where Ω ⊂ Rd is at least of class C0,1. Then

det∇uk ⇀ det∇u (weakly) in L
q
d (Ω).

Proof. Recall that we have (detP)I = P(cof P)T (see Lemma 7.5.6). Hence

detP =

d∑
j=1

pij(cof P)ij , i = 1, 2, . . . , d.

Step 1: First integration by parts
Let w ∈ C∞(Ω;Rd). Then

det (∇w) =

d∑
j=1

∂wi

∂xj
(cof∇w)ij , i = 1, 2, . . . , d.

Due to Lemma 7.5.6
d∑

j=1

∂

∂xj

[(
cof∇w

)i
j

]
= 0, i = 1, 2, . . . , d.

Therefore

det (∇w) =

d∑
j=1

∂

∂xj

(
wi
(
cof∇w)ij

)
, i = 1, 2, . . . , d.

Hence for arbitrary v ∈ C∞
0 (Ω)∫
Ω

vdet (∇w) dx = −
d∑

j=1

∫
Ω

wi
(
cof∇w

)i
j

∂v

∂xj
dx, i = 1, 2, . . . , d.

Step 2: Induction in the integration by parts
Due to the last inequality∫

Ω

vdet (∇uk) dx = −
d∑

j=1

∫
Ω

uik

(
cof∇uk

)i
j

∂v

∂xj
dx, i = 1, 2, . . . , d, k ∈ N.

As W 1,q(Ω) ↪→↪→ C(Ω), the sequence uk → u in C(Ω;Rd). (In fact, the compact embedding ensures this only for a
subsequence, but as uk ⇀ u⃗ in W 1,q(Ω;Rd), the convergence holds for the whole sequence). Assume for a moment
that we know ∫

Ω

ψ
(
cof∇uk)

i
j dx→

∫
Ω

ψ
(
cof∇u

)i
j
dx, i, j = 1, 2, . . . , d

for any ψ ∈ C∞
0 (Ω). Then we have the desired weak convergence∫

Ω

vdet (∇uk) dx = −
d∑

j=1

∫
Ω

uik

(
cof∇uk

)i
j

∂v

∂xj
dx

→ −
d∑

j=1

∫
Ω

ui
(
cof∇u)ij

∂v

∂xj
dx =

∫
Ω

vdet (∇u) dx.

However, (cof∇uk) is a matrix whose entries are determinants of matrices of the type (d−1)× (d−1). Therefore they
can be analyzed as above and they can be rewritten as above after integration by parts to a product of a determinant
of order (d − 2) × (d − 2) of derivatives of the function and the function itself. After finitely many steps we end up
with a product of a derivative and the function; the function converges strongly even in the C(Ω) and the derivative
converges weakly in Lq(Ω).
Step 3: Weak convergence of the determinant
As ∫

Ω

vdet (∇uk) dx→
∫
Ω

vdet (∇u) dx

for any v ∈ C∞
0 (Ω) and the sequence det (∇uk) is bounded in L

q
d (Ω), by density argument we conclude the weak

convergence in the same space. ■
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Assume now that N = d and let
L(P, z, x) = F (P,detP, z, x).

Finally, let
∀z ∈ Rd, almost every x ∈ Ω the mapping

(P, r) 7→ F (P, r, z, x)
(7.63)

be convex. Additionally, the function F is measurable in x for all (P, r, z) ∈ Rd×d ×R×Rd, continuously differentiable
in the first two variables for all z ∈ R and almost all x ∈ Ω and continuous in the third variable for all (P, r) ∈ Rd×d×R
and almost all x ∈ Ω. We call such Lagrangians polyconvex.

Lemma 7.6.11 — Polyconvexity implies weak lower semicontinuity. Let d < q <∞, L be bounded from
below, smooth as stated above and polyconvex, Ω ∈ C0,1. Then the functional

I[w] =

∫
Ω

L(∇w,w, ·) dx =

∫
Ω

L(∇w, det (∇w),w, ·) dx

is weakly lower semicontinuous on W 1,q(Ω;Rd).

Proof. We proceed similarly as in the proof of Lemma 7.6.2. Let uk ⇀ u in W 1,q(Ω;Rd). Then due to Lemma
7.6.11 det (∇uk)⇀ det (∇u) in L

q
d (Ω). We define the set Gε similarly as in Lemma 7.6.2 and assume without loss of

generality that I ≥ 0. Then

I[uk] =

∫
Ω

L(∇uk,uk, ·) dx ≥
∫
Gε

L(∇uk,uk, ·) dx

=

∫
Gε

F (∇uk, det (∇uk),uk, ·) dx ≥
∫
Gε

F (∇u,det (∇u),uk, ·) dx

+

∫
Gε

d∑
i,j=1

∂F

∂pij
(∇u, det (∇u),uk, ·)

(∂uik
∂xj

− ∂ui
∂xj

)
dx

+

∫
Gε

∂F

∂r
(∇u, det (∇u),uk, ·)

(
det (∇uk)− det (∇u)

)
dx.

We finish the proof as in Lemma 7.6.2. ■

We can therefore prove, exactly as above

Theorem 7.6.12 — Existence of a minimizer for polyconvex Lagrangians. Let d < q <∞, let L be as in
Lemma 7.6.11 and fulfil (7.57) and (7.63). Let A be non-empty. Then there exists u ∈ A such that

I[u] = min
w∈A

I[w].



Chapter 8

A more detailed guide to Lebesgue–Bochner
and Sobolev–Bochner spaces

In this chapter, we introduce in more details the necessary function spaces and tools needed for the correct formulation
of the evolutionary partial differential equations in the weak setting. We present proofs for almost all results, even
though part of the text will rather remind a textbook in functional analysis or measure theory; therein, however,
such results are not always carefully studied due to the fact that most of the applications of such results are directly
connected with the theory of partial differential equations.

We aim at studying mappings
f : I ⊂ R → X,

where X is a Banach space. Most of the results in this section remain true even if we replace the one-dimensional
interval by a measurable subset of Rd, however, since we do not need this level of generality, we remain in R. Moreover,
instead of the Lebesgue measure on R we may as well consider a more general measure µ. The space X is always
a Banach space; sometimes, however, we will require more properties (separability, reflexivity etc.). For simplicity,
we always assume in this chapter that I ⊂ R is open and bounded, even though most of the results remain true for
arbitrary interval in R; however, the proofs must be slightly modified in this case. The presentation below follows in
the first part nicely written thesis Kreuter (2015), the second part is then based on Boyer and Fabrie (2006) or more
precisely, on Pokorný (2022).

8.1 Bochner integral
First, we construct a new type of integral, in order to be able to integrate functions with values in general Banach
spaces.

Definition 8.1.1 — Simple function. A function s: I → X is called a simple function, if we can write

s(t) =

n∑
i=1

xiχEi
(t), (8.1)

where xi ∈ X, Ei are pairwise disjoint, measurable, and
∑n

i=1 λ1(Ei) < +∞.

Remark 8.1.2. Assuming xi ̸= xj for i ̸= j and ∪n
i=1Ei = I (it also means that we define s to be the zero element on

the set of one dimensional Lebesgue measure zero, where the function is possibly not defined), then the representation
of the function s in the form (8.1) is unique.

Definition 8.1.3 — Strong and weak measurability. 1. A function f : I → X is (strongly) measurable, if
there exists a sequence of simple functions {sn}n∈N such that

lim
n→∞

∥sn(t)− f(t)∥X = 0

for almost all t ∈ I.

2. A function f : I → X is weakly measurable, if
⟨x′, f⟩X

is measurable for all x′ ∈ X∗, where X∗ denotes the dual space to X.

192
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Definition 8.1.4 — Almost separably valued function. A function f : I → X is called almost separably
valued, if there exists a set N ⊂ I, λ1(N) = 0 such that f(I \N) is separable. If N is empty, then we say that the
function f is separably valued.

We have the following important result

Theorem 8.1.5 — Pettis. A function f : I → X is measurable, if and only if f is weakly measurable and almost
separably valued.

Proof. Step 1: "=⇒"
If f is measurable, then there exists {sn}n∈N a sequence of simple functions such that sn → f almost everywhere in
I (in the norm of X). Then ⟨x′, sn⟩X → ⟨x′, f⟩X pointwise almost everywhere in I which implies that f is weakly
measurable. Moreover, up to a set of measure zero, f takes values in the closure of values taken by {sn}n∈N, therefore
f is almost separably valued.

Step 2: "⇐="
Let f be weakly measurable and almost separably valued. Let N ⊂ I be a null set such that f(I \ N) is separable.
Let {xn}n∈N be dense in f(I \ N). Due to the Hahn–Banach Theorem there exists a sequence {x′n}n∈N ⊂ X∗ such
that ∥x′n∥X∗ = 1 and ⟨x′n, xn⟩ = ∥xn∥X . Let t ∈ I \N and let xnk

→ f(t). Then for every ε > 0 there exists k ∈ N
(sufficiently large) such that

⟨x′nk
, f(t)⟩X ≤ ∥f(t)∥X ≤ ∥xnk

∥X + ε = ⟨x′nk
, xnk

⟩X + ε

= ⟨x′nk
, xnk

− f(t)⟩X + ⟨x′nk
, f(t)⟩X + ε ≤ ⟨x′nk

, f(t)⟩X + 2ε.

Letting ε→ 0+ and recalling that ∥x′nk
∥X∗ = 1 we get

∥f(t)∥X = sup
k∈N

⟨x′nk
, f(t)⟩X ,

therefore, as ∥f(t)∥X is a pointwise supremum of countably many measurable functions, it is measurable.
Define

fn(t) := ∥f(t)− xn∥X ,

then as above, fn is measurable. Let ε > 0 and En = {t ∈ I | fn(t) ≤ ε}. Then En is measurable. Define g: I → X as
follows

g(t) :=

{
xn if t ∈ En \

⋃
m<nEm

0 otherwise.

Then ∥f − g∥X ≤ ε almost everywhere (as {xn}n∈N is dense in f(I \N)). Let εm = 2−m, m ∈ N. We thus construct a
sequence gm =

∑∞
n=1 xn,mχEn,m

, where xn,m ∈ X and ∪i∈NEn,m = I, of countably valued functions which converge
to f almost everywhere. For each m ∈ N, let Fm = ∪km

n=1En,m, where km is chosen so large that λ1(I \ Fm) < 2−m.
Let sm := gmχFm . Then {sm}m∈N are simple functions, sm → f almost everywhere in I. To see this, let

t ∈ ∩∞
m=kFm for some k ∈ N. Then for all m > k we have sm(t) = gm(t), thus ∥f(t)− sm(t)∥X < 2−m and therefore

sm(t) → f(t) for all t ∈ ∪∞
k=1 ∩∞

m=k Fm. But for each k ∈ N we have

λ1(I \
∞⋂

m=k

Fm) ≤
∞∑

m=k

λ1(I \ Fm) < 2−k+1,

whence I \ ∪∞
k=1 ∩∞

m=k Fm is a null set. Thus sm → f outside a null set. ■

We have the following corollaries

Corollary 8.1.6. Let f : I → X be continuous. Then f is measurable.

Proof. As f is continuous, then f is separably valued (recall that rational numbers from I are dense in I). Moreover,
for any x′ ∈ X∗, the duality ⟨x′, f⟩X is continuous and thus measurable. We may therefore use the Pettis Theorem
8.1.5. ■

Corollary 8.1.7. Let {fn}n∈N be a sequence of measurable functions from I to X such that fn(t) ⇀ f(t) in X for
almost every t ∈ I. Then f is measurable.

Proof. For any x′ ∈ X∗ and t outside a null set N ⊂ I we have ⟨x′, fn(t)⟩X → ⟨x′, f(t)⟩X . Thus ⟨x′, f⟩X as a pointwise
almost everywhere limit of measurable functions is measurable. Let us show that f is almost separably valued. For
each n ∈ N choose En, a null set such that fn(I \ En) lies in a separable subspace Xn. Let E = ∪n∈NEn ∪N . Then
λ1(E) = 0 and f |I\E takes values in the weak closure of the span of ∪n∈NXn. As this set is convex, then this set is
also closed by the corollary of the Mazur theorem B.2.15 and thus f |I\E is separable. We may therefore use Theorem
8.1.5. ■
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We are now ready to define the Bochner integral. For a simple function s, we may evidently set∫
I

s dλ1 :=

n∑
i=1

xiλ1(Ei),

where s =
∑n

i=1 xiχEi
. It can be easily shown, similarly as for the Lebesgue integral, that this definition is independent

of the representative of s and that ∥∥∥∫
I

s dλ1

∥∥∥
X

≤
∫
I

∥s∥X dt.

We now extend the definition to measurable functions.

Definition 8.1.8 — Bochner integral. A measurable function f : I → X is Bochner integrable, if there exists
a sequence {sn}n∈N of simple functions converging to f almost everywhere such that

lim
n→∞

∫
I

∥f − sn∥X dt = 0.

Then for such a function f we define ∫
I

f dλ1 := lim
n→∞

∫
I

sn dλ1.

Note that the definition is correct in the sense that∥∥∥∫
I

sn dλ1 −
∫
I

sm dλ1

∥∥∥
X

≤
∫
I

∥sn − sm∥X dt ≤
∫
I

∥sn − f∥X dt

+

∫
I

∥sm − f∥X dt→ 0 as n,m→ ∞.

Hence
∫
I
sn dλ1 is a Cauchy sequence and due to the completeness of X it is convergent. If {s̃n}n∈N is another sequence

of simple functions approximating f in X almost everywhere together with limn→∞
∫
I
∥f − s̃n∥X dt = 0, it is easy to

see that the limits of sequences
{∫

I
sn dλ1

}
n∈N

and
{∫

I
s̃n dλ1

}
n∈N

are the same which shows that the definition
of the integral is independent of the approximating sequence of the simple functions. The linearity of the Bochner
integral is a consequence of the linearity of the integral for simple functions.

The following fundamental theorem yields the correspondence between the Bochner and Lebesgue integrals.

Theorem 8.1.9 — Bochner. Let f : I → X be a measurable function. Then f is Bochner integrable over I, if
and only if ∥f∥X is Lebesgue integrable over I. Moreover,∥∥∥∫

I

f dλ1

∥∥∥
X

≤
∫
I

∥f∥X dt. (8.2)

Proof. Step 1: "=⇒"
Let f be Bochner integrable, {sn}n∈N be the corresponding sequence of simple functions. As

∣∣∣∥f∥X − ∥sn∥X
∣∣∣ ≤

∥f − sn∥X , we see that ∥f∥X is the almost everywhere limit of {∥sn∥X}n∈N and thus ∥f∥X is Lebesgue measurable.
Moreover, we have ∫

I

∥f∥X dt ≤
∫
I

∥f − sn∥X dt+

∫
I

∥sn∥X dt.

The second integral on the right-hand side is finite due to the properties of the simple functions, while the first integral
is finite due to the definition of the Bochner integral, at least for n sufficiently large. Therefore ∥f∥X is Lebesgue
integrable over I. Furthermore,∥∥∥∫

I

f dλ1

∥∥∥
X

= lim
n→∞

∥∥∥∫
I

sn dλ1

∥∥∥
X

≤ lim inf
n→∞

∫
I

∥sn∥X dt,

as
∫
I
sn dλ1 →

∫
I
f dλ1 in X. Since

∫
I
∥f − sn∥X dt→ 0 and∫

I

∥sn∥X dt ≤
∫
I

∥f − sn∥X dt+

∫
I

∥f∥X dt,

we have that
lim sup
n→∞

∫
I

∥sn∥X dt ≤
∫
I

∥f∥X dt.

which proves the second claim of the theorem as limn→∞
∫
I
∥sn∥X dt =

∫
I
∥f∥X dt.
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Step 2: "⇐="
Let ∥f∥X be measurable and

∫
I
∥f∥X dt <∞. Let {sn}n∈N be a sequence of simple functions converging to f almost

everywhere. We define new simple functions

s̃n(t) :=

{
sn(t) if ∥sn(t)∥X ≤ 2∥f(t)∥X ,

0 otherwise.

Then ∥s̃n − f∥X → 0 almost everywhere as well as ∥s̃n − f∥X are measurable for any n ∈ N. Thus

∥(s̃n − f)(t)∥X ≤ ∥s̃n(t)∥X + ∥f(t)∥X ≤ 3∥f(t)∥X .

As ∥f∥X is integrable, the Lebesgue dominated convergence Theorem A.3.4 yields∫
I

∥s̃n − f∥X dt→ 0.

Therefore f is Bochner integrable. ■

Corollary 8.1.10 (Dominated convergence Theorem). Let {fn}n∈N be a sequence of Bochner integrable functions and
let f be such that fn → f almost everywhere in I. Let g ∈ L1(I;R) be such that ∥fn∥X ≤ g for all n ∈ N almost
everywhere in I. Then f is Bochner integrable and∫

I

f dλ1 = lim
n→∞

∫
I

fn dλ1.

Proof. By the Lebesgue dominated convergence Theorem A.3.4 we know that ∥f∥X is integrable, by Corollary 8.1.7
f is measurable and thus f is Bochner integrable. Now

∥f − fn∥X ≤ ∥f∥X + ∥fn∥X ≤ ∥f∥X + g,

hence we may apply again the Lebesgue dominated convergence Theorem to compute∥∥∥∫
I

fn dλ1 −
∫
I

f dλ1

∥∥∥
X

≤
∫
I

∥fn − f∥X dt→ 0,

i.e.,
∫
I
fn dλ1 →

∫
I
f dλ1. ■

Corollary 8.1.11. Let f be Bochner integrable. Then the sequence sn of simple functions converging to f can be
chosen so that ∥sn(t)∥X ≤ 2∥f(t)∥X holds for almost every t ∈ I.

Proof. We can use the construction from Theorem 8.1.9. ■

Corollary 8.1.12. Let x′ ∈ X∗ and let f be Bochner integrable over I. Then∫
I

⟨x′, f⟩X dt =
〈
x′,

∫
I

f dt
〉
X
.

Proof. By definition, for every simple function s and every x′ ∈ X∗,∫
I

⟨x′, s⟩X dt =
〈
x′,

∫
I

s dλ1

〉
X
.

Let {sn}n∈N be a sequence of simple function from the definition of the Bochner integral of f , possibly modified by
Corollary 8.1.11, i.e., ∥sn(t)∥X ≤ 2∥f(t)∥X almost everywhere in I. Then ⟨x′, sn⟩X → ⟨x′, f⟩X almost everywhere in I
and |⟨x′, sn(t)⟩X | ≤ 2∥x′∥X∗∥f(t)∥X almost everywhere in I. Thus by the Lebesgue dominated convergence Theorem
A.3.4 ∫

I

⟨x′, f⟩X dt = lim
n→∞

∫
I

⟨x′, sn⟩X dt = lim
n→∞

〈
x′,

∫
I

sn dλ1

〉
X

=
〈
x′,

∫
I

f dλ1

〉
X
,

where the last equality follows from the continuity of x′ and the definition of the Bochner integral. ■

Corollary 8.1.13. Let f be Bochner integrable over I. Then

lim
λ1(J)→0+,J⊂I

∫
J

f dλ1 = 0 ∈ X.

Proof. As ∥f∥X is Lebesgue integrable by the Bochner Theorem 8.1.9, we have∥∥∥∫
J

f dλ1

∥∥∥
X

≤
∫
J

∥f∥X dt→ 0

as J ⊂ I, λ1(J) → 0, hence
∫
J
f dλ1 → 0 ∈ X. ■

We finish by a generalization of the Fubini theorem for the Bochner integral.
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Theorem 8.1.14 — Fubini. Let J = I1×I2 be a product measure space with respect to the measure λ1⊗λ1 = λ2
and let f : J → X be measurable. Assume that the integral∫

I1

(∫
I2

∥f(t1, t2)∥X dt2

)
dt1 (8.3)

exists and is finite. Then f is Bochner integrable over I1 × I2 and we have∫
I1×I2

f dλ2 =

∫
I1

(∫
I2

f(t1, t2) dλ1(t2)
)
dλ1(t1) =

∫
I2

(∫
I1

f(t1, t2) dλ1(t1)
)
dλ1(t2). (8.4)

Conversely, if f is Bochner integrable over I1 × I2, then the integrals above exist and the equalities in (8.4) hold.

Proof. If integral (8.3) exists, then the Fubini–Tonelli Theorem for the scalar case (real valued functions) implies
that ∥f∥X is integrable and therefore also f is integrable over J by virtue of the Bochner Theorem 8.1.9. Further,
the integrals

∫
Ii
∥f(t1, t2)∥X dti, i = 1, 2 also exist almost everywhere on Ij , i · j = 2, and the same is true for∫

Ii
f(t1, t2) dλ1(ti), i = 1, 2. Since f is almost separably valued, then the functions tj 7→

∫
Ii
f(t1, t2) dλ1(ti) are

almost separably valued as well. For arbitrary x′ ∈ X∗ the duality pairing ⟨x′, f⟩X is measurable and integrable as
|⟨x′, f⟩X | ≤ ∥x′∥X∗∥f∥X .

By virtue of the scalar version of the Fubini Theorem the functions

tj 7→
∫
Ii

⟨x′, f(t1, t2)⟩ dti,

i · j = 2, are measurable and integrable. By Corollary 8.1.12, these functions are equal to〈
x′,

∫
Ii

f(t1, t2) dλ1(ti)
〉
X
.

The Pettis Theorem 8.1.5 yields that tj 7→
∫
Ii
f(t1, t2) dti, i · j = 2 are measurable and thus by the Bochner Theorem

8.1.9 integrable. For x′ ∈ X∗ the Fubini Theorem for scalar functions yields that∫
I1×I2

⟨x′, f(t1, t2)⟩X dt1 dt2 =

∫
I1

(∫
I2

⟨x′, f(t1, t2)⟩X dt2

)
dt1 =

∫
I2

(∫
I1

⟨x′, f(t1, t2)⟩X dt1

)
dt2.

Therefore we may interchange the integration and the duality pairing with x′ in the line above and the claim holds.
Conversely, if f is Bochner integrable, then ∥f∥X is integrable due to the Bochner Theorem. The Fubini–Tonelli

Theorem for the scalar case yields that∫
I1×I2

∥f(t1, t2)∥X dt1 dt2 =

∫
I1

(∫
I2

∥f(t1, t2)∥X dt2

)
dt1 =

∫
I2

(∫
I1

∥f(t1, t2)∥X dt1

)
dt2

exists and we may use the first part of the proof. ■

8.2 The spaces Lp(I;X) (Lebesgue–Bochner spaces)
We now introduce an analogue of the Lebesgue spaces.

Definition 8.2.1 — Lebesgue–Bochner spaces. A measurable function f ∈ Lp(I;X), 1 ≤ p ≤ ∞, if for
1 ≤ p <∞ ∫

I

∥f∥pX dt <∞,

and for p = ∞
ess sup

I
∥f∥X <∞.

Remark 8.2.2. Note that a function from Lp(I;X) is (recall that I is bounded) Bochner integrable. In case we would
accept the possibility that I is unbounded, then the function is at least locally Bochner integrable over I. We also
introduce the notation

∥f∥Lp(I;X) :=


(∫

I
∥f∥pX dt

) 1
p

if 1 ≤ p <∞
ess supI ∥f∥X if p = ∞.

We now prove several results which are more or less similar to the standard results for Lebesgue spaces and which
will finally lead to the result that the spaces defined above (often called Lebesgue–Bochner spaces) are complete
normed spaces.
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Lemma 8.2.3 Let 1 ≤ p ≤ ∞, f ∈ Lp(I;X) and g ∈ Lp′
(I;R), 1

p + 1
p′ = 1. Then f · g ∈ L1(I;X) and∥∥∥ ∫

I

fg dλ1

∥∥∥
X

≤
∫
I

∥f∥X |g|dt ≤ ∥f∥Lp(I;X)∥g∥Lp′ (I).

Proof. Evidently, fg is measurable as both functions are limits of simple functions. Using now the Hölder inequality,∫
I

∥fg∥X dt =

∫
I

∥f∥X |g| dt ≤ ∥f∥Lp(I;X)∥g∥Lp′ (I).

By virtue of the Bochner Theorem 8.1.9 we conclude fg ∈ L1(I;X) and the second part of the estimate holds. The
first part is trivial. ■

Lemma 8.2.4 Let 1 ≤ p ≤ ∞, f ∈ Lp(I;X) and g ∈ Lp′
(I;X∗), 1

p +
1
p′ = 1 and X∗ is the dual space to X. Then

⟨g, f⟩X ∈ L1(I;R) and ∣∣∣ ∫
I

⟨g, f⟩X dt
∣∣∣ ≤ ∥f∥Lp(I;X)∥g∥Lp′ (I;X∗).

Proof. The proof is similar to Lemma 8.2.3 as ⟨g, f⟩X is measurable due to the fact that it is a limit of ⟨s′n, sn⟩X
which is a sequence of simple functions with values in R. The estimate follows then by virtue of the standard Hölder
inequality. ■

Corollary 8.2.5. We have for 1 ≤ p ≤ q ≤ ∞ that Lq(I;X) ↪→ Lp(I;X) and

∥f∥Lp(I;X) ≤ λ1(I)
1
p−

1
q ∥f∥Lq(I;X).

In general, for I possibly unbounded, we have at least that any f ∈ Lq(I;X) is locally integrable over I and belongs
to L1

loc(I;X).

Proof. The proof is a trivial consequence of the results above. ■

Lemma 8.2.6 Let 1 ≤ p ≤ ∞ and let fn → f in Lp(I;X). Then there exists a subsequence {fnk
}k∈N which

converges to f almost everywhere in I (in the norm of X).

Proof. The sequence ∥fn − f∥X converges to zero in Lp(I;R), hence there exists a subsequence {fnk
}k∈N such that

∥fnk
− f∥X converges to zero pointwise almost everywhere in I. Therefore fnk

→ f pointwise almost everywhere in I
(in the norm of X). ■

As in the scalar case we therefore have

Theorem 8.2.7 — Properties of Lebesgue–Bochner spaces. The spaces Lp(I;X) are Banach spaces with
respect to the norms ∥f∥Lp(I;X) introduced above, where we consider two functions identical, f1 = f2, provided
f1(t) = f2(t) for almost every t ∈ I (in the sense of equality in X).

If p = 2 and X is a Hilbert space, then L2(I;X) is a Hilbert space with respect to the scalar product

(f, g)L2(I;X) :=

∫
I

(f, g)X dt.

Proof. The proof is similar to the scalar case X = R. ■

We now study the question of the density for different classes of functions in the spaces Lp(I;X) and the related
question of the separability of these function spaces. We denote (recall, I is a bounded, open interval in R)

C(I;X) = {f : I → X | continuous in I with values in X}
Ck(I;X) = {f : I → X | f, f ′, . . . , f (k) ∈ C(I;X)}
C(I;X) = {f : I → X | continuous in I with values in X up to the endpoints}
Ck(I;X) = {f : I → X | f, f ′, . . . , f (k) ∈ C(I;X)}
C0(I;X) = {f : I → X | f ∈ C(I;X), f is compactly supported in I},

C∞(I;X) =
⋂
k∈N

Ck(I;X)

C∞
0 (I;X) = C∞(I;X)

⋂
C0(I;X).
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Theorem 8.2.8 — Dense subsets of Lebesgue–Bochner spaces. Let 1 ≤ p <∞. Then

1. simple functions are dense in Lp(I;X)

2. functions of the form s(t) =
∑n

j=1 φj(t)xj , φj ∈ C∞
0 (I;R), xj ∈ X, are dense in Lp(I;X)

3. if the set Y is dense in X, then C∞
0 (I;Y ) is dense in Lp(I;X)

4. let ηε be the regularizing kernel in R and suppose f is extended by zero outside I; then f ⋆ ηε → f in Lp(I;X)
for ε→ 0+.

Proof. Step 1: Claim 1.
Let f ∈ Lp(I;X) be given. Then there exists a sequence of simple functions {s̃n}n∈N such that s̃n → f almost
everywhere in I. Define

sn(t) :=

{
s̃n(t) if ∥s̃n(t)∥X ≤ 1 + ∥f(t)∥X

0 otherwise.

Then sn(t) → f(t) for almost every t ∈ I, but also ∥sn(t)∥X ≤ 1 + ∥f(t)∥X for all t ∈ I. Hence

∥sn − f∥pX ≤ (1 + 2∥f∥X)p ∈ L1(I).

We may therefore use the Lebesgue dominated convergence Theorem A.3.4 to conclude.
Step 2: Claim 2.

We know that functions of the type
n∑

j=1

χEj
(t)xj , xj ∈ X

are dense in Lp(I;X). We may approximate the characteristic functions of a measurable set in R (in the norm of
Lp(I;R)) by smooth compactly supported functions in I exactly as for the standard theory of the Lebesgue spaces,
which yields the result.
Step 3: Claim 3.
Functions

sn(t) =

n∑
j=1

φj(t)xj , φj ∈ C∞
0 (I;R), xj ∈ X

can be approximated in Lp(I;X) by

s̃n(t) =

n∑
j=1

φj(t)yj , φj ∈ C∞
0 (I;R), yj ∈ Y

which yields the result.
Step 4: Claim 4.
Let δ > 0. We find v ∈ C∞

0 (I;X) such that ∥f − v∥Lp(I;X) < δ. Then we write

f − ηε ⋆ f = f − v + v − ηε ⋆ v + ηε ⋆ v − ηε ⋆ f.

Since
ηε ⋆ v − v ⇒ 0 in I

by standard argument for the mollification, we have for ε sufficiently small using the triangle and Young inequalities

∥f − ηε ⋆ f∥Lp(I;X) ≤ ∥f − v∥Lp(I;X) + ∥v − ηε ⋆ v∥Lp(I;X)

+ ∥ηε∥L1(I;R)∥f − v∥Lp(I;X) < 3δ

which finishes the proof. ■

Corollary 8.2.9. Let X be a separable Banach space, then Lp(I;X) is separable for 1 ≤ p <∞.

Proof. It is a consequence of Theorem 8.2.8, Claim 3., combined with the standard approach based on density of
polynomials with rational coefficients in C(I). ■

Theorem 8.2.10 — Lebesgue points. Let f ∈ L1
loc(I;X). Then

1

2h

∫ h

−h

∥f(t+ s)− f(t)∥X ds→ 0
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for h→ 0+ for almost every t ∈ I. In particular,

f(t) = lim
h→0+

1

2h

∫ h

−h

f(t+ s) dλ1(s)

almost everywhere in I.

Proof. As f is measurable, then f is almost separably valued and therefore we may without loss of generality assume
that X is separable. Let {xn}n∈N be a countable dense subset of X and consider functions ∥f−xn∥X . By the Theorem
on Lebesgue points for scalar-valued functions A.3.20 we know that

∥f − xn∥X = lim
h→0+

1

2h

∫ h

−h

∥f(t+ s)− xn∥X ds

for all t ∈ I \Nn, where λ1(Nn) = 0. Let N = ∪n∈NNn. Then λ1(N) = 0. Let ε > 0, t ∈ I \N and let n ∈ N be such
that ∥f(t)− xn∥X < ε

2 . Then

0 ≤ lim sup
h→0+

1

2h

∫ h

−h

∥f(t+ s)− f(t)∥X ds ≤ lim sup
h→0+

1

2h

∫ h

−h

(
∥f(t+ s)− xn∥X + ∥f(t)− xn∥X

)
ds

≤ 2∥f(t)− xn∥X < ε.

The second claim follows immediately from (8.2) from the Bochner Theorem 8.1.9. ■

Finally, we have

Lemma 8.2.11 Let fn be a sequence of functions from Lp(I;X), 1 ≤ p ≤ ∞ such that ∥fn∥Lp(I;X) ≤ C < +∞
for all n ∈ N. Let there exist f : I → X such that for almost every t ∈ I

fn(t)⇀ f(t) in X.

Then f ∈ Lp(I;X) and ∥f∥Lp(I;X) ≤ C.

Proof. By Corollary 8.1.7 the function f is measurable. For t ∈ I we choose x′(t) ∈ X∗ such that ∥x′(t)∥X∗ = 1 and
⟨x′(t), f(t)⟩X = ∥f(t)∥X . By Fatou Lemma for 1 ≤ p <∞

∥f∥pLp(I;X) =

∫
I

∥f∥pX dt =

∫
I

|⟨x′, f⟩X |p dt =
∫
I

lim
n→∞

|⟨x′, fn⟩X |p dt

≤ lim inf
n→∞

∫
I

|⟨x′, fn⟩X | dt ≤ lim inf
n→∞

∫
I

∥fn∥pX dt ≤ Cp,

hence f ∈ Lp(I;X). For p = ∞ we first proceed for p <∞ as above and then pass with p→ ∞. ■

8.2.1 The Radon–Nikodym property and the dual space to Lp(I;X)

We might expect that the dual space to Lp(I;X) for p < ∞ is Lp′
(I;X∗). However, this is in general not true for

arbitrary Banach space and we have to add some properties of X. On the other hand, using Lemma 8.2.4, we at least
know that for arbitrary Banach space X we have

Lp′
(I;X∗) ↪→

(
Lp(I;X)

)∗
.

Moreover, for any g ∈ Lp′
(I;X∗) we also have

∥g∥(Lp(I;X))∗ ≤ ∥g∥Lp′ (I;X). (8.5)

In fact, we can prove:
Proposition 8.2.12. For 1 ≤ p < ∞ the inclusion mapping I: Lp′

(I;X∗) →
(
Lp(I;X)

)∗ is an isometry, i.e., equality
in (8.5) holds.

Proof. First, let g =
∑∞

i=1 x
′
iχEi

(t) ∈ Lp′
(I;X∗), where x′i ∈ X∗, Ei, i ∈ N are pairwise disjoint and ∪∞

i=1Ei = I.
Then ∥g∥X∗ ∈ Lp′

(I;R) and there exists a non-negative function h ∈ Lp(I;R) such that ∥h∥Lp(I;R) = 1 and

∥g∥Lp′ (I;X∗) = ∥ ∥g∥X∗ ∥Lp′ (I) ≤
∫
I

h∥g∥X∗ dt+
ε

2
.

Choose xi ∈ X, ∥xi∥X = 1 such that
∥x′i∥X∗ ≤ ⟨x′i, xi⟩X +

ε

2∥h∥L1(I;R)
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and define f :=
∑∞

i=1 xihχEi(t). Then

∥f∥pLp(I;X) =

∞∑
i=1

∫
Ei

∥xi∥pXh
p dt =

∫
I

hp dt = ∥h∥pLp(I;R) = 1

and for this f∫
I

⟨g, f⟩X dλ1 =

∫
I

〈
g,

∞∑
i=1

h(t)xiχEi(t)
〉
X
dt =

∫
I

h(t)

∞∑
i=1

〈
x′i, xi

〉
X
χEi(t) dt

≥
∫
I

h(t)

∞∑
i=1

(
∥x′i∥X∗ − ε

2∥h∥L1(I;R)

)
χEi

(t) dt =

∫
I

h∥g∥X∗ dt− ε

2
≥ ∥g∥Lp′ (I;X∗) − ε.

Therefore, as we may obtain this inequality for arbitrary ε > 0,

∥g∥(Lp(I;X))∗ ≥ ∥g∥Lp′ (I;X∗)

and the equality holds.
If g ∈ Lp′

(I;X∗) is arbitrary, then there exists a sequence {gn}n∈N such that gn are countably valued, gn → g in
Lp′

(I;X∗). As ∥gn − g∥(Lp(I;X))∗ ≤ ∥gn − g∥Lp′ (I;X∗), the convergence holds also in
(
Lp(I;X)

)∗ and thus

∥g∥(Lp(I;X))∗ = lim
n→∞

∥gn∥(Lp(I;X))∗ = lim
n→∞

∥gn∥Lp′ (I;X∗) = ∥g∥Lp′ (I;X∗).

Note that we used that I is bounded. The proof can be extended to unbounded interval by approximation of the
unbounded interval by a sequence of bounded intervals. ■

We have the following abstract result the proof of which can be found in (Benyamini and Lindenstrauss, 2000,
Theorem 5.21).

Theorem 8.2.13 — Radon–Nikodym–Rademacher property. Let X be a Banach space and I ⊂ R an
interval. Then the following two assertions are equivalent.

1. For any vector measure ν: Σ → X with bounded variations, where Σ denotes the σ-algebra of measurable
subsets of I with respect to the Lebesgue measure λ1 that is absolutely continuous with respect to λ1, there
exists f ∈ L1(I;X) such that

ν(A) =

∫
A

f dλ1

for any A ∈ Σ.

2. Every Lipschitz continuous function f : I → X is differentiable almost everywhere in I.

The first property is called the Radon–Nikodym property, the second one the Rademacher property.
We will now present one class of spaces that possesses Property 2.

Proposition 8.2.14 (Modified Dunford–Pettis Theorem). Let X be a separable reflexive (real) Banach space. Then X
has the Rademacher property.

Proof. We will show that for X separable reflexive Banach space Claim 2. from Theorem 8.2.13 holds true. Let F :
I → X be a Lipschitz continuous function with Lipschitz constant L. Let a ∈ I. We may assume without loss of
generality that F (a) = 0 and L = 1 (we may consider G(t) := F (t)−F (a)

L ). Therefore for any y ∈ X∗ the function
⟨y, F (·)⟩X is Lipschitz continuous with the Lipschitz constant bounded by ∥y∥X∗ .

By the scalar version of the Rademacher Theorem A.2.16 there exists gy, unique up to sets of measure zero, such
that ∥gy∥L∞(I;R) ≤ ∥y∥X∗ , and

⟨y, F (t)⟩X =

∫ t

a

gy ds almost everywhere in I.

As X is separable and reflexive, then X∗ is also separable. Let D ⊂ X∗ be a countable dense subset and consider
y =

∑n
i=1 αiyi for some n ∈ N, yi ∈ D and αi ∈ Q. Then

⟨y, F (t)⟩X =
〈 n∑

i=1

αiyi, F (t)
〉
X

=

n∑
i=1

αi

〈
yi, F (t)

〉
X

=

n∑
i=1

αi

∫ t

a

gyi
(s) ds =

∫ t

a

n∑
i=1

αigyi
(s) ds,

hence

gy =

n∑
i=1

αigyi .
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Therefore ∣∣∣ n∑
i=1

αigyi
(s)
∣∣∣ = |gy(s)| ≤ ∥gy∥L∞(I;R) ≤ ∥y∥X∗ =

∥∥∥ n∑
i=1

αiyi

∥∥∥
X∗

(8.6)

for almost every t ∈ I. Thus there exists a null set E ⊂ I such that (8.6) holds for every t ∈ I \ E and all choices
{n ∈ N | {αi}ni=1 ⊂ (Q)n; {yi}ni=1 ⊂ D}. As Q is dense in R, the estimate holds for all choices {n ∈ N | {αi}ni=1 ⊂
Rn; {yi}ni=1 ⊂ D}. Thus y 7→ gy(t) is a linear mapping from the span of D to R with a norm bounded by 1. By density
of D it can be uniquely extended to X∗. We obtain an element f(t) ∈ X∗∗, ∥f(t)∥X∗∗ ≤ 1. We identify this element,
via the canonical mapping, with an element from X (we use the same notation) and ∥f(t)∥X = 1. Therefore we have
for all y ∈ D and almost every s ∈ I that

gy(s) = ⟨y, f(s)⟩X
which is measurable and bounded. Let y ∈ X∗ and {yn}n∈N ⊂ D such that yn → y in X∗. Then gyn

(s) = ⟨yn, f(·)⟩X
are measurable and bounded by ∥yn∥X∗ . Therefore ⟨y, f(·)⟩X is measurable and

⟨y, F (t)⟩X = lim
n→∞

⟨yn, F (t)⟩X = lim
n→∞

∫ t

a

gyn
ds

= lim
n→∞

∫ t

a

⟨yn, f(s)⟩X ds =

∫ t

a

⟨y, f(s)⟩X ds.

Now, as f is measurable due to the Pettis Theorem 8.1.5 (it is weakly measurable and X is separable) and bounded,
it is Bochner integrable and

⟨y, F (t)⟩X =

∫ t

a

〈
y, f(s)

〉
X
ds =

〈
y,

∫ t

a

f(s) dλ1(s)
〉
X

for all y ∈ X∗. Hence

F (t) =

∫ t

a

f(s) dλ1(s)

and by the Theorem on Lebesgue points 8.2.10 the function F is almost everywhere differentiable on I. Whence X
has the Rademacher property and by means of Theorem 8.2.13 also the Radon–Nikodym property. ■

Remark 8.2.15. In fact, the previous proposition holds also under less restrictive assumptions. It is enough if either
X is reflexive or X = Y ∗ and X is separable. While X = Y ∗ with X separable follows due to the same proof as the
proposition above, the case X solely reflexive is slightly more complex.

If f : I → X is continuous, then f(I) is separable and we may therefore reduce our considerations to the smallest
closed subset of X containing f(I). But any closed subset of reflexive space is reflexive. Hence we may proceed exactly
as in the proof of the proposition above, replacing X by the smallest closed subset of X containing f(I).

The previous proposition has the following connection to the characterization of the dual space to Lp(I;X).

Theorem 8.2.16 — Duality for Lebesgue–Bochner spaces. Let X be a Banach space such that X∗ has the
Radon–Nikodym property. Then

(
Lp(I;X)

)∗ is isometrically isomorphic to the space Lp′
(I;X∗) for 1 ≤ p <∞.

Proof. We use the Radon–Nikodym characterization. Let Σ denote all measurable subsets of I. Recall that I is
bounded. We define for l ∈

(
Lp(I;X)

)∗ a vector measure ν: Σ → X∗ as

⟨ν(E), x⟩X = ⟨l, xχE⟩Lp(I;X)

for any E ∈ Σ, x ∈ X. Then∣∣⟨l, xχE⟩Lp(I;X)

∣∣ ≤ ∥l∥(Lp(I;X))∗∥xχE∥Lp(I;X) = ∥l∥(Lp(I;X))∗∥x∥X(λ1(E))
1
p .

Therefore ν(E) ∈ X∗ and ∥ν(E)∥X∗ ≤ ∥l∥(Lp(I;X))∗(λ1(E))
1
p . Let {En}n∈N be pairwise disjoint and measurable. Let

x ∈ X. Then〈
ν
(
∪∞
n=1 En

)
, x
〉
X

= ⟨l, xχ∪∞
n=1En

⟩Lp(I;X) =
〈
l,

∞∑
n=1

xχEn

〉
Lp(I;X)

=

∞∑
n=1

⟨l, xχEn
⟩Lp(I;X) =

∞∑
n=1

⟨ν(En), x⟩X .

Note that all series converge as ⟨l, xχ∪∞
n=1En

⟩Lp(I;X) converge. Finally, let us show that ν has bounded variation. We
have for Ei

∥ν(Ei)∥X∗ = sup
∥xi∥X=1

⟨ν(Ei), xi⟩X = sup
∥xi∥X=1

⟨l, xiχEi
⟩Lp(I;X).

Therefore for any partition π of I∑
Ei∈π

∥ν(Ei)∥X∗ =
∑
Ei∈π

sup
∥xi∥X=1

⟨l, xiχEi
⟩Lp(I;X) = sup

∥xi∥X=1

∑
Ei∈π

⟨l, xiχEi
⟩Lp(I;X).
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As ∑
Ei∈π

〈
l, xiχEi

〉
Lp(I;X)

=
〈
l,
∑
Ei∈π

xiχEi

〉
Lp(I;X)

≤ ∥l∥(Lp(I;X))∗

∥∥∥ ∑
Ei∈π

xiχEi

∥∥∥
Lp(I;X)

≤ ∥l∥(Lp(I;X))∗

( ∑
Ei∈π

∥xi∥pXλ1(Ei)
) 1

p ≤ ∥l∥(Lp(I;X))∗

(
λ1(I)

) 1
p

,

we have

|ν|(I) ≤ ∥l∥(Lp(I;X))∗

(
λ1(I)

) 1
p

<∞,

and ν is of bounded variation. Recall X∗ has the Radon–Nikodym property, hence there exists g ∈ L1(I;X∗) such
that

ν(E) =

∫
E

g dλ1, E ∈ Σ.

Let s =
∑n

i=1 xiχEi(t) be a simple function. Then

⟨l, s⟩Lp(I;X) =

n∑
i=1

⟨l, xiχEi⟩Lp(I;X) =

n∑
i=1

⟨ν(Ei), xi⟩Lp(I;X) =

n∑
i=1

〈∫
Ei

g dλ1, xi

〉
X

=

n∑
i=1

∫
Ei

⟨g, xi⟩X dt =

n∑
i=1

∫
I

⟨g, xiχEi⟩X dt =

∫
I

⟨g, s⟩X dt.

We need to extend the formula for an arbitrary Lp-function. We define the set En := {t ∈ I; ∥g(t)∥X∗ ≤ n}. Recall
that ∪∞

n=1En = I \ E, where λ1(E) = 0. For a fixed n we have gχEn ∈ L∞(I;X∗) ⊂ Lp′
(I;X∗) and thus

f 7→
∫
En

⟨g, f⟩X dt

is a bounded functional in
(
Lp(I;X)

)∗ which is equal to ⟨l, f⟩Lp(I;X) if f is a simple function supported in En. For
any f ∈ Lp(I;X) there exists a sequence {sk}k∈N supported in En which converge to fχEn

almost everywhere in I
and in the Lp(I;X) norm. Thus

⟨l, fχEn
⟩Lp(I;X) = lim

k→∞
⟨l, sk⟩Lp(I;X) = lim

k→∞

∫
En

⟨g, sk⟩X dt =

∫
En

⟨g, f⟩X dt,

where the last equality is a consequence of gχEn
∈ Lp′

(I;X∗) ⊂
(
Lp(I;X)

)∗. Then we can compute

∥gχEn
∥Lp′ (I;X∗) = ∥gχEn

∥(Lp(I;X))∗ = sup
∥f∥Lp(I;X)≤1

∫
I

⟨gχEn
, f⟩X dt

= sup
∥f∥Lp(I;X)≤1

∫
En

⟨g, f⟩X dt = sup
∥f∥Lp(I;X)≤1

⟨l, fχEn
⟩Lp(I;X) ≤ ∥l∥(Lp(I;X))∗ .

We have that ∥gχn∥X∗ → ∥g∥X∗ for n → ∞ for almost every t ∈ I and the convergence is monotonically increasing.
By virtue of the Lebesgue monotone convergence Theorem A.3.4 then g ∈ Lp′

(I;X∗), ∥g∥Lp′ (I;X∗) ≤ ∥l∥(Lp(I;X))∗ .
We now have

⟨l, f⟩Lp(I;X) = lim
n→∞

⟨l, fχEn
⟩Lp(I;X) = lim

n→∞

∫
En

⟨g, f⟩X dt = lim
n→∞

∫
I

⟨gχEn
, f⟩X dt =

∫
I

⟨g, f⟩X dt

for all f ∈ Lp(I;X). Thus
(
Lp(I;X)

)∗
= Lp′

(I;X∗) in the sense that the identity mapping conserves the norm and is
bijective. For unbounded intervals we may proceed by means of an approximation of the interval by bounded ones. ■

Remark 8.2.17. Using the remark before this theorem we see that for 1 < p < ∞ we can identify
(
Lp(I;X)

)∗ with
Lp′

(I;X∗) if either X is reflexive or if X∗ is separable.

Corollary 8.2.18. If X is reflexive and 1 < p <∞, then Lp(I;X) is reflexive.

Proof. We know that
(
Lp(I;X)

)∗∗ ∼= Lp(I;X∗∗) ∼= Lp(I;X). To show the reflexivity, we proceed similarly as in the
case of the standard Lp-spaces. ■
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8.3 Spaces W 1,p(I;X) (Sobolev–Bochner spaces)

Definition 8.3.1 — Weak time derivative. Let u ∈ L1
loc(I;X) and g ∈ L1

loc(I;X). We say that g is the weak
derivative of u with respect to t, i.e., g = u′, if∫

I

u(t)φ′(t) dλ1(t) = −
∫
I

g(t)φ(t) dλ1(t)

holds for all φ ∈ C∞
0 (I;R).

We have (we extend f by zero outside of I if f is defined only in I).

Proposition 8.3.2. Let 1 ≤ p <∞, f ∈ Lp(R;X). Define for any h > 0

Mh(f)(t) :=
1

h

∫ t+h

t

f(s) dλ1(s). (8.7)

Then Mh(f) ∈ Lp(R;X) ∩ C(R;X) and
lim

h→0+
Mh(f) = f

in Lp(R;X) and almost everywhere in R (in the sense of convergence in X).

Proof. Let tn → t+. Then

∥Mh(f)(tn)−Mh(f)(t)∥X ≤ 1

h

∥∥∥∫ tn

t

f(s) dλ1(s)
∥∥∥
X
+

1

h

∥∥∥∫ tn+h

t+h

f(s) dλ1(s)
∥∥∥
X

→ 0

as f ∈ L1
loc(R;X). Similarly we proceed for tn → t−. Thus

Mh(f)(tn) →Mh(f)(t),

and Mh(f) is continuous. By Hölder’s inequality

∥Mh(f)(t)∥X ≤ 1

h

∫ t+h

t

∥f∥X ds ≤ h
1
p′ −1

(∫ t+h

t

∥f∥pX ds
) 1

p

,

thus

∥Mh(f)(t)∥pX ≤ 1

h

∫ t+h

t

∥f∥pX ds.

By the standard Fubini–Tonelli Theorem

∥Mh(f)∥pLp(R;X) ≤
1

h

∫
R

(∫ t+h

t

∥f∥pX ds
)
dt =

1

h

∫
R

(∫ h

0

∥f(t+ ·)∥pX ds
)
dt

=
1

h

∫ h

0

(∫
R
∥f(t+ ·)∥pX ds

)
dt = ∥f∥pLp(R;X),

thus Mh(f) ∈ Lp(R;X) and Mh ∈ L(Lp(R;X)) with ∥Mh∥L(Lp(R;X)) ≤ 1.
We already know (see the Theorem on Lebesgue points 8.2.10) that for h → 0+ we have Mh(f) → f almost

everywhere. To show the convergence in the Lp(R;X) norm, we compute

∥f −Mh(f)∥Lp(R;X) ≤ ∥f − φn∥Lp(R;X) + ∥Mh(f − φn)∥Lp(R;X) + ∥φn −Mhφn∥Lp(R;X),

where {φn}n∈N ⊂ C∞
0 (R;X) is such that φn → f in Lp(R;X). Then

∥f −Mh(f)∥Lp(R;X) ≤ 2∥f − φn∥Lp(R;X) + ∥φn −Mhφn∥Lp(R;X)

and as ∥φn −Mhφn∥X converges to zero uniformly in R and both functions have bounded support, we proved that

∥f −Mh(f)∥Lp(R;X) → 0

for h→ 0+. ■

The previous proposition yields
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Corollary 8.3.3. Let g ∈ L1
loc(I;X), t0 ∈ I and let I be an open interval. Let

f(t) :=

∫ t

t0

g(s) dλ1(s).

Then f ∈ C(I;X) and
f ′ = g

in the weak sense and almost everywhere in I.

Proof. In what follows we consider sufficiently small h so that for t ∈ I we have t + h and t ∈ I. We know that
Mh(g) =

f(t+h)−f(t)
h , hence the continuity of f and differentiability almost everywhere follows from Proposition 8.3.2.

We prove the weak differentiability. Let φ ∈ C∞
0 (I;R). Then

−
∫
I

fφ′ dλ1(t) = −
∫
I

f(t) lim
h→0+

φ(t+ h)− φ(t)

h
dλ1(t) = − lim

h→0+

∫
I

f(t)
φ(t+ h)− φ(t)

h
dλ1(t)

= lim
h→0+

∫
I

f(t− h)− f(t)

−h
φ(t) dλ1(t) = lim

h→0+

∫
I

M−h(g)(t)φ(t) dλ1(t).

By a direct modification of Proposition 8.3.2 we know that M−hg → g almost everywhere and in L1
loc(I;X) which

implies that the last limit equals to
∫
I
gφdλ1(t). ■

We further have
Corollary 8.3.4. Let f ∈ L1

loc(I;X) be such that f ′ = 0 almost everywhere in I. Then there exists x0 ∈ X such that
f = x0 almost everywhere in I.

Proof. Let ϑ ∈ C∞
0 (I;R) be such that

∫
I
ϑ ds = 1. Define

x0 :=

∫
I

fϑdλ1.

Let suppϑ ⊂ [a, b], t0 < a. Then for any φ ∈ C∞
0 (I;R) we set

ψ(t) :=

∫ t

t0

(
φ(s)− ϑ(s)

∫
I

φ(τ) dτ
)
ds.

Hence ψ ∈ C∞
0 (I;R), and

0 =

∫
I

fψ′ dλ1 =

∫
I

f(t)
(
φ(t)− ϑ(t)

∫
I

φ(τ) dτ
)
dλ1(t) =

∫
I

fφdλ1 − x0

∫
I

φ dt =

∫
I

(f − x0)φ dλ1.

Therefore f = x0 almost everywhere in I. ■

Definition 8.3.5 — Sobolev–Bochner spaces. Let 1 ≤ p ≤ ∞ and u ∈ Lp(I;X) be such that u′ ∈ Lp(I;X).
Then we say that u belongs to the Sobolev–Bochner space W 1,p(I;X) and we define

∥u∥W 1,p(I;X) := ∥u∥Lp(I;X) + ∥u′∥Lp(I;X).

Proposition 8.3.6. If 1 ≤ p ≤ ∞, then W 1,p(I;X) is with respect to the norm above a Banach space. If X is a Hilbert
space, then W 1,2(I;X) is a Hilbert space with respect to the scalar product

(u, v)W 1,2(I;X) :=

∫
I

(u, v)X dλ1 +

∫
I

(u′, v′)X dλ1

for any u, v ∈W 1,2(I;X). The associated norm is an equivalent norm on W 1,2(I;X).

Proof. Let un be a Cauchy sequence in W 1,p(I;X). Then there exist u, v ∈ Lp(I;X) such that un → u in Lp(I;X)
and u′n → v in Lp(I;X). Since evidently ∫

I

unφ
′ dλ1 →

∫
I

uφ′ dλ1,∫
I

u′nφ dλ1 →
∫
I

vφ dλ1

(in X), we have that u′ = v. Hence W 1,p(I;X) is complete. The fact that the above defined functional is a norm
follows from properties of the norm in Lp(I;X). The claim for the Hilbert spaces is trivial. ■

Proposition 8.3.7. If X is reflexive, then W 1,p(I;X) is for 1 < p <∞ reflexive. If 1 ≤ p <∞ and X is separable, then
W 1,p(I;X) is separable.
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Proof. We know that under the assumptions of the proposition, the space Lp(I;X) is separable or reflexive, respectively,
and so is Lp(I;X)× Lp(I;X). As W 1,p(I;X) is a closed subset of Lp(I;X)× Lp(I;X), the claim follows. ■

Proposition 8.3.8. Let 1 ≤ p ≤ ∞ and u ∈W 1,p(I;X). Then there exists t0 ∈ I such that for almost all t ∈ I

u(t) = u(t0) +

∫ t

t0

u′(s) dλ1(s).

Proof. Let t1 ∈ I and let g(t) :=
∫ t

t1
u′(s) dλ1(s). Let w(t) := u(t) − g(t). By virtue of Corollary 8.3.3 we see that

w′(t) = 0 almost everywhere in I, hence Corollary 8.3.4 yields that w(t) = x0 ∈ X almost everywhere in I. Thus
u(t) = x0 +

∫ t

t1
u′(s) dλ1(s) almost everywhere in I. We choose t0 ∈ I such that the previous equality holds, therefore

u(t)− u(t0) =

∫ t

t1

u′(s) dλ1(s)−
∫ t0

t1

u′(s) dλ1(s) =

∫ t

t0

u′(s) dλ1(s).

■

In fact, Proposition 8.3.8 yields existence of N ⊂ I, a null set, such that u(t) = u(t0) +
∫ t

t0
u′(s) dλ1(s) for all t,

t0 ∈ I\N . Let I = (a, b). If g ∈ L1(a, b;X) and f(t) =
∫ t

a
g(s) dλ1(s), then also ∥g∥X ∈ L1((a, b)) and f ∈ AC([a, b];X).

Recall that f : [a, b] → X is absolutely continuous on [a, b], if ∀ε > 0 ∃δ > 0:
∑n

i=1 ∥f(bi) − f(ai)∥X < ε for all
{[ai, bi]}ni=1, disjoint collection of subintervals of I with the total length less than δ. Therefore, if u ∈ W 1,p(a, b;X),
then there exists a representative of u, a function ũ ∈ AC([a, b];X) such that ũ is differentiable almost everywhere,
ũ′ = u′ and ũ = u almost everywhere in [a, b]. Unless stated differently, we shall always assume that we work directly
with this representative.

We further have

Proposition 8.3.9. Let 1 ≤ p ≤ ∞. Then W 1,p(I;X) ↪→ C(I;X), i.e., working with the representative from above, we
have

∥u∥C(I;X) ≤ C∥u∥W 1,p(I;X).

Proof. Due to Proposition 8.3.8

u(t) = u(t0) +

∫ t

t0

u′(s) dλ1(s)

holds for the continuous representative for any t0, t ∈ I. Therefore

max
t∈I

∥u(t)∥X ≤ ∥u(t0)∥X +

∫
I

∥u′∥X dt.

Furthermore,

λ1(I)∥u(t0)∥X ≤
∫
I

∥u∥X dt+ λ1(I)

∫
I

∥u′∥X dt.

Combining the last two inequalities we get the claim of the proposition. ■

The previous results are summarized in the following theorem.

Theorem 8.3.10 — Properties of weak derivative. Let u ∈ Lp(I;X), 1 ≤ p ≤ ∞. Then the following
assertions are equivalent:

1. u ∈W 1,p(I;X)

2. u is absolutely continuous on I and u′ ∈ Lp(I;X)

3. there exists a function v ∈ Lp(I;X) such that for all x′ ∈ X∗ the function ψ(t) := ⟨x′, u⟩X is absolutely
continuous on I and ψ′(t) = ⟨x′, v(t)⟩X almost everywhere in I.

Proof. Step 1: "(i) =⇒ (ii)"
It follows from Proposition 8.3.8 and the remark below it, and from Corollary 8.3.3.
Step 2: "(ii) =⇒ (iii)"
It follows from the linearity of x′ and from Corollary 8.1.12.
Step 3: "(iii) =⇒ (i)"
This part is more demanding. We define

g(t) := u(t0) +

∫ t

t0

v(s) dλ1(s), t0 ∈ I.
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Then g ∈W 1,p(I;X) by Corollary 8.3.3. For any x′ ∈ X∗ the function ψ defined above is absolutely continuous on I,
therefore by the standard properties of absolutely continuous functions

⟨x′, u(t)⟩X = ψ(t) = ψ(t0) +

∫ t

t0

ψ′(s) ds = ⟨x′, u(t0)⟩X +

∫ t

t0

⟨x′, v⟩X ds.

Thus by Corollary 8.1.12
⟨x′, g(t)⟩X = ⟨x′, u(t)⟩X

which yields that

u(t) = u(t0) +

∫ t

t0

v(s) dλ1(s),

hence u′ = v and u ∈W 1,p(I;X). ■

Furthermore, we have

Theorem 8.3.11 — Density of smooth functions in time. Let 1 ≤ p < ∞. Then C∞(I;X) is dense in
W 1,p(I;X).

Proof. Let u ∈W 1,p(I;X). Then u′ ∈ Lp(I;X) and thus there exists a sequence {φn}n∈N of functions from C∞
0 (I;X)

such that φn → u′ in Lp(I;X). By Proposition 8.3.8 there exists t0 such that u(t) = u(t0) +
∫ t

t0
u′(s) dλ1(s) almost

everywhere in I. Define

un(t) := u(t0) +

∫ t

t0

φn(s) dλ1(s).

Then un ∈ C∞(I;X), u′n = φn in I. It remains to show that un → u in Lp(I;X). We have (recall that 1
p′ = 0 for

p = 1)

∥un − u∥X =
∥∥∥∫ t

t0

(φn − u′)(s) dλ1(s)
∥∥∥
X

≤ |t− t0|
1
p′
(∫ t

t0

∥φn − u′∥pX ds
) 1

p

.

Therefore

∥un − u∥pLp(I;X) ≤
∫
I

|t− t0|
p
p′

∫ t

t0

∥φn − u′∥pX ds dt ≤ (λ1(I))
p
p′ +1∥φn − u′∥pLp(I;X) → 0

as n→ ∞. ■

8.4 Gelfand triple and properties of corresponding Bochner spaces
We next consider a more general setting, where the time derivative in general belongs to a different space than the
function itself.

Definition 8.4.1 — Gelfand triple. Let X be a separable reflexive Banach space such that there exists a Hilbert
space H, where X ↪→ H densely. Then we call the triple X, H ∼= H∗ and X∗ the Gelfand triple.

In what follows we shall prove that
X ↪→ H ∼= H∗ ↪→ X∗,

where both embeddings are dense. The identification of H and H∗ is through the Riesz representation Theorem. Let
x ∈ X and Ix ∈ H, where I: X → H represents the embedding. Let Φ: H∗ → H be the mapping which represents
the Riesz representation Theorem. Then we may define i: X → X∗ as follows

⟨ix0, x⟩X := (Ix0, Ix)H = ⟨Φ−1Ix0, Ix⟩H ,

where x, x0 ∈ X. The mapping i: X → X∗ is injective and i(X) is dense in X∗ (due to the fact that both embeddings
are dense).

Example 8.4.2. Let X = W 1,2
0 (Ω) and H = L2(Ω). As W 1,2

0 (Ω) is densely embedded into L2(Ω), the spaces
W 1,2

0 (Ω), L2(Ω) and W−1,2(Ω) =
(
W 1,2

0 (Ω)
)∗ form the Gelfand triple. By the Riesz representation Theorem, for any

f ∈W−1,2(Ω) there exists unique uf ∈W 1,2
0 (Ω) such that

⟨f, v⟩W 1,2
0 (Ω) = ((uf , v))W 1,2

0 (Ω) :=

∫
Ω

∇u · ∇v dx,

where the scalar product is equivalent to the standard scalar product on W 1,2(Ω). Now, if u ∈ C∞
0 (Ω) (which is dense

in W 1,2
0 (Ω)), then

((u, v))W 1,2
0 (Ω) =

∫
Ω

∇u · ∇v dx = −
∫
Ω

∆uv dx
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for any v ∈W 1,2
0 (Ω). Hence for any f ∈W−1,2(Ω) there exists {un}n∈N such that un → uf in W 1,2

0 (Ω), thus

⟨f, v⟩W 1,2
0 (Ω) = lim

n→∞

∫
Ω

−∆unv dx = lim
n→∞

(−∆un, v)L2(Ω)

= lim
n→∞

⟨i(−∆un), v⟩W 1,2(Ω) =: lim
n→∞

⟨i(fn), v⟩W 1,2
0 (Ω),

where fn ∈ C∞
0 (Ω). Clearly, i is injective by definition and i(W 1,2

0 (Ω)) is dense in L2(Ω). Moreover, if f ∈ L2(Ω),
then −∆un → f in L2(Ω) and we have that

⟨f, v⟩W 1,2
0 (Ω) =

∫
Ω

fv dx

for any v ∈W 1,2
0 (Ω).

In this setting, we can generalize the definition of the time derivative. From now on, we use dt instead of
dλ1.

Definition 8.4.3 — Generalized weak time derivative. Let u ∈ Lp(I;X), where X, H and X∗ form the
Gelfand triple. Then we say that v ∈ Lq(I;X∗) is the time derivative of u, if∫

I

⟨v, w⟩Xψ dt = −
∫
I

(u,w)Hψ
′ dt

holds for all w ∈ X, ψ ∈ C∞
0 (I;R). We denote u′ := v.

We have the following important result.

Theorem 8.4.4 — Continuous representative for Gelfand triple. Let X, H, X∗ form the Gelfand triple,
and let u ∈ Lp(I;X) with u′ ∈ Lp′

(I;X∗), 1 < p < ∞. Then u = ũ almost everywhere in I, where ũ ∈ C(I;H).
Moreover, t 7→ ∥u(t)∥2H is weakly differentiable, and

d

dt
∥u(t)∥2H = 2⟨u′(t), u(t)⟩X

almost everywhere in I. In particular,

∥ũ(t2)∥2H = ∥ũ(t1)∥2H +

∫ t2

t1

2⟨u′(s), u(s)⟩X ds.

Remark 8.4.5. Similarly as in Theorem 8.4.4 we may also show that if u, v ∈ Lp(I;X), u′, v′ ∈ Lp′
(I;X∗), then for

ψ ∈ C∞
0 (I;R) ∫

I

(
⟨u′, v⟩X + ⟨v′, u⟩X

)
ψ dt = −

∫
I

(u, v)Hψ
′ dt

as well as ∫ t2

t1

(
⟨u′, v⟩X + ⟨v′, u⟩X

)
ψ dt = (u(t2), v(t2))Hψ(t2)− (u(t1), v(t1))Hψ(t1)−

∫ t2

t1

(u, v)Hψ
′ dt

for any ψ ∈ C∞(I;R) and any t1, t2 ∈ I.

Before proving the theorem we need several auxiliary results.

Lemma 8.4.6 Let u ∈ Lp(I;X) and u′ ∈ Lq(I;Y ), 1 ≤ p, q <∞, where X, Y are Banach spaces, X ↪→ Y . Then
there exists a sequence {un}n∈N ⊂ C∞(I;X) such that {u′n}n∈N ⊂ C∞(I;Y ), and

un → u in Lp(I;X) and u′n → u′ in Lq(I;Y ).

Proof. Let without loss of generality I = (0, T ). We define

v(t) :=

 u(−t) t ∈ (−T, 0)
u(t) t ∈ (0, T )

u(2T − t) t ∈ (T, 2T ),

and

µ(t) :=

 1 t ∈ (−T
4 ,

5
4T )

0 t < −T
2 or t > 3

2T
∈ [0, 1] otherwise
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such that µ ∈ C∞
0 ((−T, 2T )). Denote I = (−T

4 ,
5
4T ). Then vµ ∈ Lp(I;X) and (µv)′ ∈ Lq(I;Y ) (recall that

v ∈ C(I;Y )). Define
un := (vµ) ⋆ η 1

n
,

where η 1
n

is the standard mollifier. Using Theorem 8.2.8, Claim 4. we finish the proof, as u′n = (vµ)′ ⋆ η 1
n

in I. ■

Lemma 8.4.7 Let X be a reflexive Banach space, Y a Banach space and X ↪→ Y densely. Then Y ∗ ↪→ X∗

densely.

Proof. Denote I: X → Y the continuous injective mapping (the identity) which represents the embedding of X to Y .
We know that I(X) is dense in Y . We define I∗: Y ∗ → X∗ as

⟨I∗(y′), x⟩X := ⟨y′, I(x)⟩Y .

We show that I∗ is the (identity) mapping from Y ∗ to X∗ which is injective, continuous and I∗(Y ∗) is dense in X∗.
Let I∗(y′) = 0, i.e., ⟨I∗(y′), x⟩X = 0 for all x ∈ X. Then ⟨y′, I(x)⟩Y = 0 for all x ∈ X, i.e., y′ = 0 as I(x) is dense

in Y . Thus I∗ is injective. Clearly, from the definition it follows that I∗ is bounded. Let us show the density of the
embedding.

Recall that X is reflexive and assume that Y ∗ ̸= X∗. Then there exists x′′ ∈ X∗∗ such that for all y′ ∈ Y ∗ we have
⟨x′′, I∗(y′)⟩X∗ = 0, but x′′ ̸= 0. Hence there exists x ∈ X, x ̸= 0, such that x′′ = J (x) (canonical mapping) such that

⟨I∗(y′), x⟩X = 0 ∀y′ ∈ Y ∗ =⇒ ⟨y′, I(x)⟩Y = 0 ∀y′ ∈ Y ∗,

thus I(x) = 0, i.e., x = 0 which leads to the contradiction. Hence Y ∗ = X∗. ■

Definition 8.4.8 — Weak continuity. Let X be a Banach space. We say that u: I → X is continuous in the
weak topology of X (weakly continuous in X), u ∈ C(I;Xw), if the mapping

t 7→ ⟨x′, u(t)⟩X

is continuous in I for all x′ ∈ X∗.

Clearly, if u ∈ C(I;X), then u ∈ C(I;Xw), the other implication is generally true only if X is finite dimen-
sional.

Lemma 8.4.9 Let X, Y be two Banach spaces, X reflexive, X ↪→ Y densely, I ⊂ R be bounded, open. Let
φ ∈ L∞(I;X) and φ ∈ C(I;Yw). Then φ ∈ C(I;Xw).

Proof. Due to Lemma 8.4.7 we know that Y ∗ ↪→ X∗ densely. Further, the mapping

t 7→ ⟨η, I(φ)(t)⟩Y

is continuous in I for all η ∈ Y ∗, where I: X → Y represents the embedding of X to Y . We aim at showing that

t 7→ ⟨µ, φ(t)⟩X

is continuous for all µ ∈ X∗. We first show that φ(t) ∈ X is well defined for all values t ∈ I. We extend the function
to the whole R (by reflection so that we keep the weak continuity in Y ) and fix t0 ∈ I. We set (η is the standard
regularization kernel)

φn(t) := (η 1
n
⋆ φ)(t) ∈ X.

We have
∥φn(t0)∥X = ∥(η 1

n
⋆ φ)(t0)∥X ≤ ∥φ∥L∞(I;X).

Since X is reflexive, there exists a subsequence φnk
(t0) which converges weakly to an element of x ∈ X. Since for any

µ ∈ Y ∗ we have
⟨µ, (η 1

n
⋆ φ)(t0)− φ(t0)⟩Y = (η 1

n
⟨µ, φ⟩Y )(t0)− ⟨µ, φ⟩Y (t0) → 0

for n→ ∞ by continuity of ⟨µ, φ⟩Y , by uniqueness of the weak limit it follows that x = φ(t0) and

∥φ(t)∥X ≤ ∥φ∥L∞(I;X) for all t ∈ I.

Now, as Y ∗ is dense in X∗, for any µ ∈ X∗ and arbitrary ε > 0, there exists µε ∈ Y ∗ such that

∥I∗(µε)− µ∥X∗ < ε.

Let us fix ε > 0. Then we write

⟨µ, φ(t)− φ(t0)⟩X = ⟨µ− I∗µε, φ(t)− φ(t0)⟩X + ⟨I∗µε, φ(t)− φ(t0)⟩X .
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By the choice of µε it holds

|⟨µ− I∗(µε), φ(t)− φ(t0)⟩X | ≤ ∥µ− I∗(µε)∥X∗∥φ(t)− φ(t0)∥X ≤ 2ε∥φ∥L∞(I;X),

and
|⟨I∗(µε), φ(t)− φ(t0)⟩X | = |⟨µε, I(φ)(t)− I(φ)(t0)⟩Y |.

Taking t sufficiently close to t0, for fixed µε, we can, due to the continuity of ⟨µε, I(φ)(t)⟩, also the second term make
smaller than ε. The lemma is proved. ■

We are now prepared to prove Theorem 8.4.4.

Proof. (of Theorem 8.4.4). Using Lemma 8.4.6 we know that there exists {um}m∈N ⊂ C∞(I;X) such that um → u
in Lp(I;X) and u′m → u′ in Lp′

(I;X∗) as m → ∞. Since X ↪→ H and H∗ ↪→ X∗, both embeddings being dense, we
have

d

dt
∥um∥2H = 2(u′m, um)H = 2⟨u′m, um⟩X

(see Example 8.4.2) and integrating the identity we also see that ∥um∥H is bounded in I. Moreover, we easily get that
the sequence ∥um∥2H is a Cauchy sequence in C(I;R) and as {um}m∈N converges in Lp(I;H) to u, the limit is ∥u∥2H .
Therefore we have

∥u(t2)∥2H − ∥u(t1)∥2H = 2

∫ t2

t1

⟨u′, u⟩X dt,

as well as
−
∫
I

∥u∥2Hψ′ dt = 2

∫
I

⟨u′, u⟩Xψ dt

for arbitrary ψ ∈ C∞
0 (I;R).

As u ∈ C(I;X∗), due to Theorem 8.3.10, we have u ∈ C(I;X∗
w) and hence by Lemma 8.4.9 u ∈ C(I;Hw); note that

computations above imply the required property that u ∈ L∞(I;H).
Let t0 ∈ I be arbitrary. As limt→t0(u(t), φ)H = (u(t0), φ)H and limt→t0 ∥u(t)∥2H = ∥u(t0)∥2H , we see that

lim
t→t0

∥u(t)− u(t0)∥2H = 0

which yields u ∈ C(I;H). ■

In what follows, if no confusion may arise, we stop using the notation I, i, I∗, i∗ or Φ for the corresponding
operators.

8.5 Compact embedding of spaces with time derivative
We close this chapter by showing a result which will replace for the evolutionary equations the result on compact
embedding of Sobolev spaces and thus will allow to solve certain class of nonlinear problems. We consider for X0 and
X1 Banach spaces

W =Wα0,α1

X0,X1
= {v ∈ Lα0(I;X0) | v′ ∈ Lα1(I;X1)},

where I ⊂ R is an open bounded interval. We define

∥u∥W := ∥u∥Lα0 (I;X0) + ∥u′∥Lα1 (I;X1).

First we have

Lemma 8.5.1 — Ehrling. Let X0, X1 and X be Banach spaces such that X0 ↪→↪→ X ↪→ X1. Then for any
η > 0 there exists Cη > 0 such that for all v ∈ X0

∥v∥X ≤ η∥v∥X0
+ Cη∥v∥X1

. (8.8)

Proof. We proceed by contradiction. Let (8.8) be not true, i.e., there exists η > 0 such that for any m ∈ N there exists
wm ∈ X0, for which

∥wm∥X > η∥wm∥X0 +m∥wm∥X1 .

We set vm := wm

∥wm∥X0
, i.e.,

∥vm∥X > η +m∥vm∥X1
.

As ∥vm∥X0 = 1, then vm is bounded in X and thus ∥vm∥X1 → 0. Furthermore, since X0 ↪→↪→ X, there exists
{vmk

}k∈N such that vmk
→ v in X. However, necessarily, v = 0, but on the other hand,

∥vmk
∥X > η

which leads to the contradiction. ■

The main result is
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Theorem 8.5.2 — Aubin–Lions. Let X0, X1 and X be Banach spaces such that X0 ↪→↪→ X ↪→ X1. Let X0,
X1 be reflexive, 1 < α0, α1 <∞ and let I be open, bounded. Then W ↪→↪→ Lα0(I;X).

Proof. Step 1: Weak convergences
Let {um}m∈N be a bounded sequence in W . We aim at showing that there exists {umk

}k∈N a subsequence such that
umk

→ u in Lα0(I;X) as k → ∞. As X0, X1 are reflexive, there exists u ∈W such that umk
⇀ u in W , i.e.

umk
⇀ u in Lα0(I;X0),

u′mk
⇀ u′ in Lα1(I;X1).

We need to show that vmk
:= umk

− u→ 0 (strongly) in Lα0(I;X).
Step 2: Replacing X by X1

In fact, it is enough to verify that vmk
→ 0 in Lα0(I;X1). Under this assumption, by virtue of Lemma 8.5.1, we have

∥vmk
∥Lα0 (I;X) ≤ η∥vmk

∥Lα0 (I;X0) + Cη∥vmk
∥Lα0 (I;X1).

As ∥vmk
∥Lα0 (I;X0) is bounded, we have

∥vmk
∥Lα0 (I;X) ≤ Cη + Cη∥vmk

∥Lα0 (I;X1).

Let us fix ε > 0. Then there exists η > 0 such that Cη < ε
2 and to this η there exists k0 ∈ N such that for k ≥ k0,

Cη∥vmk
∥Lα0 (I;X1) <

ε
2 . Hence vmk

→ 0 in Lα0(I;X).
Step 3: Continuous embedding

Repeating the proof from Proposition 8.3.9 we get that

W ↪→ C(I;X1),

i.e.,
max
t∈I

∥u(t)∥X1
≤ C∥u∥W .

Step 4: Pointwise convergence
As ∥vmk

(t)∥X1
≤ C for all t ∈ I, it is enough to show that vmk

(t) → 0 (strongly) in X1 for arbitrary t ∈ I. Let us
assume, without loss of generality, that 0 ∈ I and let us show that vmk

(0) → 0 in X1. We have

vmk
(0) = vmk

(t)−
∫ t

0

v′mk
(τ) dλ1(τ).

We integrate this inequality, from 0 to s. Then

vmk
(0) =

1

s

{∫ s

0

vmk
(t) dλ1(t)−

∫ s

0

(∫ t

0

v′mk
(τ) dλ1(τ)

)
dλ1(t)

}
=

1

s

∫ s

0

vmk
(t) dλ1(t)−

1

s

∫ s

0

(s− τ)v′mk
(τ) dλ1(τ) =: amk

+ bmk
,

where we used the Fubini Theorem 8.1.14. We choose ε > 0. Then

∥bmk
∥X1 ≤

∫ s

0

∥v′mk
∥X1 dt <

ε

2

provided s is sufficiently small (recall, α1 > 1). As we know that vmk
⇀ 0 in Lα0(I;X0), then ∥amk

∥X0 is bounded
and hence ∥amk

∥X1
→ 0 strongly for a fixed s > 0. Therefore, for s fixed from the estimate of bmk

, we choose k0
sufficiently large so that for any k ≥ k0, ∥amk

∥X1
< ε

2 . The theorem is proved. ■

Remark 8.5.3. The theorem above also holds for α1 = 1 (time derivative bounded only in L1 over time) which might
be in some situations important. However, this requires some changes in the proof and since we shall not use this
result, we do not present the proof in this situation.



Chapter 9

Semigroup theory. Nonlinear parabolic
equations

We first return to linear evolutionary partial differential equations and present another method how to construct
solutions. The method will be based on the semigroup theory. Next we consider two examples of nonlinear parabolic
equations and show two methods of construction of weak solutions.

9.1 Semigroup theory
We will now present another point of view to linear evolutionary PDEs: instead of studying a PDE in Rd+1 we
consider an ODE in a Banach space. This approach is closer to functional analysis. We restrict ourselves only on the
homogeneous equation, the situation with a nontrivial right-hand side will be only briefly mentioned at the end of the
section.

Recall that the ODE
du

dt
= au, u(0) = u0

has a unique solution
u(t) = u0e

at.

By analogy, considering
∂tu−∆u = 0, u(0) = u0

(together with some boundary conditions) we expect the solution in the form

u(t) = u0e
∆t

for suitably defined exponential of the Laplace operator. More generally, let A: X → X, where X is a Banach space.
(Note that in the energy method we considered the Laplace operator as an operator from W 1,2

0 to W−1,2, i.e., this
approach is not the same.) We consider the problem

du

dt
= Au, u(0) = u0

and hope to get the solution in the form
u(t) = u0e

At.

However, as A is generally an unbounded operator, it is not always true that the series
∞∑

n=0

tnAn

n!

converges, at least, not for arbitrary t ∈ R.
Before solving this problem, we slightly change our point of view. We consider the solution to our ODE in a Banach

space u: [0,∞) → X. We assume that X is a Banach space, A: X → X a linear operator with D(A) ⊊ X, a linear
subspace of X. The operator A is usually unbounded. We will consider such A that
(a) the ODE has a unique solution for arbitrary u(0) = u0 ∈ X
(b) the theory covers as many as possible interesting PDEs.
Assume for a moment that (a) and (b) hold true and we write

u(t) = S(t)u0, t > 0.

We expect the following properties:

211
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1. S(t): X → X is linear

2. S(0)u = u for all u ∈ X in the sense of the limit in X, i.e., limt→0+ S(t)u = u

3. S(t+ s)u = S(t)S(s)u = S(s)S(t)u ∀t, s ≥ 0 u ∈ X.

Definition 9.1.1 — Semigroup. A family {S(t)}t≥0 of bounded linear operators mapping X to X is called a
semigroup (a c0-semigroup) if 1.–3. hold. Moreover, if ∥S(t)∥L(X) ≤ 1 holds, we call the semigroup a contraction
semigroup.

Remark 9.1.2. A contraction semigroup satisfies ∥S(t)u∥X ≤ ∥u∥X for all t ≥ 0 and u ∈ X.

Lemma 9.1.3 Let S(t) be a c0-semigroup in X. Then the following holds.

1. There exist M ≥ 1, ω ≥ 0 such that

∥S(t)∥L(X) ≤Meωt ∀t ≥ 0.

2. The mapping t 7→ S(t)y is continuous from [0,∞) → X, for all u ∈ X.

Proof. Step 1: Claim 1.
We proceed by contradiction. We claim that there exists M ≥ 1 and δ > 0 such that ∥S(t)∥L(X) ≤M for all t ∈ [0, δ].
If not, then there exists tn → 0+ such that ∥S(tn)∥L(X) → ∞, but S(tn)u → u for all u ∈ X. Therefore ∥S(tn)u∥X
is bounded. This contradicts to the principle of uniform boundedness, as ∥S(tn)∥L(X) are bounded if and only if
∥S(tn)u∥X are bounded for all u ∈ X.

Now, let ω := 1
δ lnM , i.e., M = eωδ. Then for t ≥ 0 arbitrary, t = nδ + ε, ε ∈ [0, δ), we have

∥S(t)∥L(X) = ∥S(δ + δ + · · ·+ δ + ε)∥L(X) = ∥S(δ)S(δ) . . . S(δ)S(ε)∥L(X)

≤ ∥S(δ)∥nL(X)∥S(ε)∥L(X) ≤Mn ·M ≤Meωt.

Step 2: Claim 2.
The continuity at 0+ is Property 2. from the definition of the semigroup. Continuity from the right at t > 0 is a
consequence of the following property

S(t+ h)u = S(t)S(h)u→ S(t)u

for h → 0+ due to the continuity of S(t) in X and the fact that S(h)u → u in X for h → 0+. Similarly, we consider
the continuity from the left. Let 0 < h < t. Then

S(t− h)u− S(t)u = S(t− h)
(
u− S(h)u

)
.

As u− S(h)u→ 0 in X for h→ 0+ and ∥S(t− h)∥L(X) ≤Meωt independently of h, we have

∥S(t− h)u− S(t)u∥X ≤ ∥S(t− h)∥L(X)∥u− S(h)u∥X ≤Meωt∥u− S(h)u∥X → 0

for h→ 0+. ■

Definition 9.1.4 — Generator of a semigroup. An unbounded operator A: X → X with the domain D(A)
is called a generator of the semigroup {S(t)}t≥0, if

Au = lim
h→0+

S(h)u− u

h
,

where
D(A) =

{
u ∈ X | lim

h→0+

1

h
(S(h)u− u) exists in X

}
.

Remark 9.1.5. Note that the above defined operator is linear and D(A) ⊂ X is a linear subspace.

Theorem 9.1.6 — Properties of a c0-semigroup. Let A with its domain D(A) be the generator of a c0-
semigroup {S(t)}t≥0. Then

1. if u ∈ D(A), then S(t)u ∈ D(A) ∀t ≥ 0

2. if u ∈ D(A), then AS(t)u = S(t)Au = d
dt (S(t)u) for all t ≥ 0 (at t = 0, the derivative is only from the right)

3. if u ∈ X, t > 0, then
∫ t

0
S(s)udλ1(s) ∈ D(A) and A

( ∫ t

0
S(s)udλ1(s)

)
= S(t)u− u.
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Proof. Step 1: Claim 1.
Let u ∈ D(A) and t ≥ 0 be given. We ask whether 1

h

(
S(h)S(t)u− S(t)u

)
→ y in X for h → 0+, where y ∈ X. Then

S(t)u ∈ D(A) and A(S(t)u) = y. However,

1

h

(
S(h)S(t)u− S(t)u

)
= S(t)

( 1
h

(
S(h)u− u

))
→ S(t)Au

in X as h→ 0+, since S(t) is linear and bounded.
Step 2: Claim 2.
Let u ∈ D(A). Above in 1. we also proved that A(S(t)u) = S(t)(Au) and d

dt (S(t)u) = S(t)(Au) from the right for
t ≥ 0. We need to compute the derivative from the left, for t > 0. We have

S(t− h)u− S(t)u

−h
= S(t− h)

(u− S(h)u

−h

)
,

therefore
S(t− h)u− S(t)u

−h
− S(t)(Au) = S(t− h)

(u− S(h)u

−h

)
− S(t− h)S(h)(Au)

= S(t− h)
[u− S(h)u

−h
− S(h)(Au)

]
→ 0

for h→ 0+, as S(t− h) is bounded uniformly with respect to h and both terms in the bracket converge to Au.
Step 3: Claim 3.
Denote

y =

∫ t

0

S(s)udλ1(s), u ∈ X, t > 0

(as S(s) is bounded, the Bochner integral exists). Then due to the continuity of t 7→ S(t)u

1

h

(
S(h)y − y

)
=

1

h

(
S(h)

∫ t

0

S(s)udλ1(s)−
∫ t

0

S(s)udλ1(s)
)
=

1

h

(∫ t

0

S(h+ s)u dλ1(s)−
1

h

∫ t

0

S(s)udλ1(s)
)

=
1

h

(∫ t+h

h

S(s)udλ1(s)−
∫ t

0

S(s)udλ1(s)
)
=

1

h

∫ t+h

t

S(s)udλ1(s)−
1

h

∫ h

0

S(s)udλ1(s)

→ S(t)u− S(0)u = S(t)u− u.

Therefore y ∈ D(A) and Ay = S(t)u− u. ■

Remark 9.1.7. 1. Note that for u ∈ D(A)

S(t)u− u = S(t)u− S(0)u =

∫ t

0

d

ds
S(s)udλ1(s) =

∫ t

0

S(s)(Au) dλ1(s).

2. We proved that D(A) is invariant with respect to S(t), and S(t) and A commute in D(A). Moreover, t 7→ S(t)u0
is a classical solution to du

dt = Au, u(0) = u0, if u0 ∈ D(A). Thus also S(t)u ∈ C1((0,∞);X).
Recall that an (unbounded) operator A with its domain D(A) is closed, if for un ∈ D(A), un → u in X, Aun → v

in X we have u ∈ D(A) and Au = v. It follows that
A with its domain D(A) is closed ⇐⇒ D(A) is a Banach space (complete) with respect to the norm ∥u∥X + ∥Au∥X
(the graph norm).

Theorem 9.1.8 — Density of the domain and closedness of the generator. Let A with D(A) be a
generator of a c0-semigroup {S(t)}t≥0 in X. Then D(A) is dense in X and A with its domain D(A) is closed.

Proof. Step 1: Density
Let x ∈ X be given. Then x = limh→0+

1
h

∫ h

0
S(s)xdλ1(s), due to the continuity of S(s) and standard properties

of the Bochner integral. But due to Theorem 9.1.6 Claim 3. we know that
∫ h

0
S(s)xdλ1)s) ∈ D(A) and so is

1
h

∫ h

0
S(s)xdλ1)s) ∈ D(A) for any h > 0.

Step 2: Closedness
Let uk ∈ D(A) and suppose uk → u, Auk → v in X. We have to verify that u ∈ D(A) and v = Au. According to
Remark 9.1.7

S(t)uk − uk =

∫ t

0

S(s)(Auk) dλ1(s).

Letting k → ∞ (recall that ∥S(s)(Auk)− S(s)v∥X ≤ ∥S(s)∥L(X)∥Auk − v∥X → 0 uniformly with respect to s from a
bounded interval, see Lemma 9.1.3)

S(t)u− u =

∫ t

0

S(s)v dλ1(s).
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Therefore

lim
t→0+

S(t)u− u

t
= lim

t→0+

1

t

∫ t

0

S(s)v dλ1(s) = v.

Then u ∈ D(A) and v = Au. ■

We also need the following uniqueness result.

Lemma 9.1.9 Let {S(t)}t≥0, {S̃(t)}t≥0 be two c0-semigroups with the same generator. Then S(t) = S̃(t) for all
t ≥ 0.

Proof. Let u ∈ D(A). Define y(t) = S(T − t)S̃(t)u. We have

d

dt
y(t) = −AS(T − t)S̃(t)u+AS(T − t)S̃(t)u = 0,

hence d
dty(t) = 0 in (0, T ) and since y ∈ C([0, T ];X), we have S(T )u = y(0) = y(T ) = S̃(T )u for any u ∈ D(A) and

any T > 0. Finally, due to the density of D(A) in X and boundedness of S(t) and S̃(t) as operators from X to X we
get that S(t)u = S̃(t)u for any u ∈ X and t ≥ 0. ■

Definition 9.1.10 — Resolvent of unbounded operator. Let A with its domain D(A) be an unbounded
operator. We define

1. the resolvent set ϱ(A) := {λ ∈ R |λI −A : X → X is one to one} (can also be considered as a subset of C)

2. the resolvent Rλ(= Rλ(A)) = (λI −A)−1 : X → D(A), λ ∈ ϱ(A)

3. The spectrum σ(A) = {λ ∈ C |λI −A is not invertible} (generally, σ(A) = C \ ϱ(A)).

Remark 9.1.11. The operator A: D(A) → X is continuous, therefore the same holds for λI − A. Hence Rλ is by the
Open mappings Theorem continuous as an operator from X to D(A), see, e.g., (Edwards, 1995, Theorem 6.4.5).

Lemma 9.1.12 1. Let λ ∈ ϱ(A). Then ARλx = λRλx − x for all x ∈ X and RλAx = λRλx − x for all
x ∈ D(A).

2. Let λ, µ ∈ ϱ(A). Then Rλx−Rµx = (µ− λ)RλRµx for all x ∈ X; whence RλRµ = RµRλ.

3. Let A with its domain D(A) be a generator of a c0-semigroup. Let further ∥S(t)∥L(X) ≤Meωt. Then λ ∈ ϱ(A)
for all λ > ω and

Rλx =

∫ ∞

0

e−λtS(t)xdλ1(t)

for all x ∈ X; thus ∥Rλ∥L(X) ≤ M
λ−ω .

Proof. Step 1: Claim 1.
We have for any x ∈ X, due to the definition of Rλ

ARλx = (A− λI + λI)Rλx = −x+ λRλx.

Similarly for x ∈ D(A)
RλAx = Rλ(A− λI + λI)x = −x+Rλλx = λRλx− x.

Step 2: Claim 2.
We can directly compute

Rλ = Rλ(µI −A)Rµ = Rλ

(
(µ− λ)I + λI −A

)
Rµ = (µ− λ)RλRµ +Rµ

which gives directly the first formula.
As Rµ −Rλ = (λ− µ)RµRλ, we easily see that

RµRλ = RλRµ =
Rλ −Rµ

µ− λ
.

Step 3: Claim 3.
First note that we may assume, without loss of generality, that ω = 0. Indeed, if A with its domain D(A) generates
the c0-semigroup {S(t)}t≥0, then Ã = A− ωI with D(Ã) = D(A) generates the semigroup S̃(t) = e−ωtS(t). Indeed,
we have

Ãx = lim
t→0+

e−ωtS(t)x− x

t
= lim

t→0+

(S(t)x− x

t
e−ωt +

e−ωt − 1

t
x
)
= Ax− ωIx.
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Moreover, Rλ(Ã) = Rλ+µ(A). To see it, we compute

Rλ(Ã) = (λI − Ã)−1 =
(
(λ+ µ)I −A

)−1
= Rλ+µ(A).

Assume therefore that ∥S(t)∥L(X) ≤M and λ > 0. We show that λ ∈ ϱ(A). Denote

R̃x =

∫ ∞

0

e−λtS(t)xdλ1(t),

the Laplace transform of the semigroup {S(t)}t≥0. As

∥e−λtS(t)x∥X ≤ e−λtM∥x∥X ∈ L1((0,∞)),

we have
∥R̃x∥X ≤

∫ ∞

0

e−λtM∥x∥X dt =
M

λ
∥x∥X .

Thus R̃ ∈ L(X) and ∥R̃∥L(X) ≤ M
λ . Let us show that R̃x ∈ D(A). We compute for x ∈ X

1

h
(S(h)− I)R̃x =

1

h

∫ ∞

0

(
e−λtS(h)S(t)x− e−λtS(t)x

)
dλ1(t)

=
1

h

∫ ∞

0

e−λtS(t+ h)x dλ1(t)−
1

h

∫ ∞

0

e−λtS(t)xdλ1(t)

=
1

h

∫ ∞

h

e−λ(t−h)S(t)xdλ1(t)−
1

h

∫ ∞

0

e−λtS(t)xdλ1(t)

=
eλh − 1

h

∫ ∞

0

e−λtS(t)xdλ1(t)−
eλh

h

∫ h

0

e−λtS(t)xdλ1(t)

→ λR̃x− x as h→ 0+.

It means that R̃x ∈ D(A), AR̃x = λR̃x− x for all x ∈ X, i.e., (λI −A)R̃x = x. Then λI −A: D(A) → X is onto.
We now show that it is also injective. Let x ∈ D(A) be fixed. Then

AR̃x = A
(∫ ∞

0

e−λtS(t)xdλ1(t)
)
=

∫ ∞

0

A
(
e−λtS(t)x

)
dλ1(t)

=

∫ ∞

0

e−λtS(t)Axdλ1(t) = R̃Ax due to Theorem 9.1.6.

Thus AR̃ = R̃A in D(A) and therefore R̃(λI −A)x = λR̃x− R̃Ax = λR̃x− (λR̃x− x) = x. Hence (λI −A)x = 0 ⇒
x = R̃0 = 0, λI −A is injective, λ ∈ ϱ(A) and R̃ = (λI −A)−1 = Rλ(A). ■

We are now prepared to prove the main result of this subsection.

Theorem 9.1.13 — Hille–Yosida. Let A with its domain D(A) ⊂ X be an unbounded operator. Then A with
its domain D(A) is a generator of a contraction semigroup {S(t)}t≥0, if and only if A with its domain D(A) is
closed, D(A) is dense in X, (0,∞) ⊂ ϱ(A) and ∥Rλ∥L(X) ≤ 1

λ for λ > 0.

Proof. "=⇒" Density and closedness follow from Theorem 9.1.8. The fact that (0,∞) ⊂ ϱ(A) together with the
estimate of the resolvent follow from Lemma 9.1.12.

"⇐=" We use the Yosida approximation. We set An := nARn(A) and aim at showing that limn→∞ etAn = S(t).
We also recall that if Fn: X → X is linear, ∥Fn∥L(X) ≤ C and Fny → y for all y ∈ S, S is dense in X, then Fnx→ x
for all x ∈ X.
Step 1: Yosida approximation
We show that An = n2Rn(A)− nI. Then An ∈ L(X), nRn(A)x→ x for all x ∈ X, Anx→ Ax for all x ∈ D(A).

We have ARn(A) = A(nI −A)−1 = (A− nI)(nI −A)−1 + nI(nI −A)−1 = −I + nRn(A). Therefore nARn(A) =
n2Rn(A) − nI ∈ L(X), as Rn(A) ∈ L(X). Define Fn := nRn(A). Then ∥Fn∥L(X) ≤ 1 as ∥Rn(A)∥L(X) ≤ 1

n for all
n ∈ N, S := D(A) is dense in X. Thus we have for all y ∈ D(A) that

nRn(A)y = y +ARn(A)y = (due to Lemma 9.1.12) y +Rn(A)(Ay) → y

for n → ∞ as ∥Rn(A)Ay∥X ≤ 1
n∥Ay∥X → 0 for n → ∞. Therefore nRn(A)x → x for all x ∈ X and Anx =

nARn(A)x = nRn(A)Ax→ Ax as n→ ∞ for all x ∈ D(A).
Step 2: Approximation of the semigroup
We set Sn(t) := etAn =

∑∞
k=0

tkAk
n

k! ∈ L(X), as An ∈ L(X) due to Step 1. It also holds An = n2Rn(A)− nI, hence

etAn = etn
2Rn(A)−tnI = e−nten

2tRn(A).
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Now

∥en
2tRn(A)∥L(X) =

∥∥∥ ∞∑
k=0

(nt)k(nRn(A))
k

k!

∥∥∥
L(X)

≤
∞∑
k=0

(nt)k

k!
∥nRn(A)∥kL(X) ≤ ent.

Thus
∥Sn(t)∥L(X) ≤ 1

for all n ∈ N and Sn(t) are contractions.
Step 3: Limit of the approximative semigroups
We now study limn→∞ Sn(t)x for x ∈ X. First, let x ∈ D(A). Let t be fixed for a moment. We have

Sn(t)x− Sm(t)x = −[Sn(t− s)Sm(s)x]ts=0 = −
[
e(t−s)AnesAmx

]t
s=0

= −
∫ t

0

d

ds

[
e(t−s)AnesAmx

]
dλ1(s)

=

∫ t

0

[
Ane

(t−s)AnesAmx− e(t−s)AnAmesAmx
]
dλ1(s).

Recall that AnAm = AmAn (as Rn(A) and Rm(A) commute, see Lemma 9.1.12). Then

Sn(t)x− Sm(t)x =

∫ t

0

e(t−s)AnesAm(Anx−Amx) dλ1(s)

=

∫ t

0

Sn(t− s)Sm(s)(Anx−Amx) dλ1(s).

Hence
∥Sn(t)x− Sm(t)x∥X ≤ t∥Amx−Anx∥X .

As both Anx and Amx → Ax, then Anx − Amx → 0 as m, n → ∞ and {Sn(t)x}t≥0 satisfies the Bolzano–Cauchy
condition uniformly with respect to t ∈ [0, T ], T <∞, i.e., Sn(t)x⇒ S(t)x as n→ ∞, for all x ∈ D(A). Thus, due to
the convergence principle above

Sn(t)x⇒ S(t)x ∀x ∈ X,

where S(t) is a c0-semigroup of contractions.
Step 4: Generator of the semigroup
Let us show that S(t) is generated by A with the domain D(A). Let Ã with the domain D(Ã) be the generator of
S(t). Let x ∈ D(A). Then

Sn(t)x− x =

∫ t

0

d

ds
Sn(s)x dλ1(s) =

∫ t

0

AnSn(s)x dλ1(s)

=

∫ t

0

Sn(s)Anx dλ1(s) →
∫ t

0

S(s)Axdλ1(s) as n→ ∞,

due to the fact that Sn(t) ⇒ S(t) in L(X) and Anx→ Ax in X. Therefore

S(t)x− x =

∫ t

0

S(s)Axdλ1(s).

It implies
1

h
(S(h)x− x) =

1

h

∫ h

0

S(s)Axdλ1(s) → Ax,

as h → 0+. Hence x ∈ D(Ã), Ãx = Ax, i.e., D(A) ⊂ D(Ã), Ãx = Ax for all x ∈ D(A). Now, let λ > 0. As
∥S(t)∥L(X) ≤ 1, λ ∈ ϱ(A) (due to our assumptions) and λ ∈ ϱ(Ã) (due to Lemma 9.1.12), we have λI − Ã = λI −A in
D(A). Hence λI− Ã|D(A) is onto, injective. Then D(A) = D(Ã), A = Ã and A with its domain D(A) is the generator
of the semigroup {S(t)}t≥0. ■

Remark 9.1.14. A semigroup {S(t)}t≥0 is called ω-contractive, if ∥S(t)∥L(X) ≤ eωt.

Corollary 9.1.15. Let A with the domain D(A) ⊂ X be an unbounded operator. Then A with the domain D(A) is
a generator of an ω-contractive semigroup {S(t)}t≥0 if and only if A with its domain D(A) ⊂ X is closed, D(A) is
dense in X, (ω,∞) ⊂ ϱ(A) and ∥Rλ∥L(X) ≤ 1

λ−ω for λ > ω.

Proof. As S̃(t) := e−ωtS(t) is a contraction semigroup, we may proceed as in Theorem 9.1.13. Note that even the case
M > 1 can be treated similarly, however, we do not need it here. ■
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Remark 9.1.16. If u0 ∈ D(A), then S(t)u0 is a classical solution to

du

dt
= Au, u(0) = u0,

where S(t) is a c0-semigroup generated by A with its domain D(A). If u0 ∈ X merely, then we may take S(t)u0 :=
limn→∞ S(t)un, where {un}n∈N ⊂ D(A) and un → u0 in X.

Example 9.1.17. Consider the second order parabolic problem

∂tu+ Lu = 0 in (0, T )× Ω

u = 0 on (0, T )× ∂Ω

u(0) = g in Ω,

where

Lu = −
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+

d∑
i=1

ci
∂u

∂xi
+ bu

with smooth coefficients {aij}di,j=1, {ci}di=1 and b in the x-variable, independent of the time variable t. Moreover, let
Ω ∈ C1,1, g ∈ W 1,2

0 (Ω). We take X = L2(Ω), D(A) = W 2,2(Ω) ∩W 1,2
0 (Ω) and Au = −Lu. Then A is an unbounded

linear operator. Recall that C1∥u∥2W 1,2
0 (Ω)

≤ B[u, u] + γ∥u∥2L2(Ω) holds for C1 > 0, γ ≥ 0 and B[·, ·] is defined via Lu
as in Section 5.1.

Theorem 9.1.18 — Semigroup for parabolic problem. The operator A from Example 9.1.17 generates a
c0-semigroup {S(t)}t≥0 on L2(Ω) which is γ-contractive.

Proof. We need to verify assumptions of Corollary 9.1.15 with ω := γ.
Step 1: Density of D(A)
Clearly, D(A) =W 2,2(Ω) ∩W 1,2

0 (Ω) is dense in L2(Ω).
Step 2: Closedness of A
The operator A is closed. To this aim, let {uk}k∈N ⊂ D(A) be such that

uk → u in L2(Ω)

Auk → f in L2(Ω).

Let uk solve
Auk = Gk in Ω

uk = 0 on ∂Ω.
Then, as Auk + γuk = Gk + γuk, we have due to the result on the elliptic regularity

∥uk∥W 2,2(Ω) ≤ C(∥Gk∥L2(Ω) + ∥uk∥L2(Ω)) = C(∥Auk∥L2(Ω) + ∥uk∥L2(Ω)),

hence due to the linearity of the operator A we have

∥uk − ul∥W 2,2(Ω) ≤ C
(
∥Auk −Aul∥L2(Ω) + ∥uk − ul∥L2(Ω)

)
.

Whence uk → u in W 2,2(Ω), which implies Au = f (as Auk → Au in L2(Ω)).
Step 3: Spectrum
We know that for each λ ≥ γ the boundary value problem

Lu+ λu = f in Ω

u = 0 on ∂Ω

has unique solution u ∈ W 1,2
0 (Ω) and due to the elliptic regularity, further, u ∈ W 2,2(Ω). Thus u ∈ D(A). Therefore

we may write
λu−Au = f.

Thus λI −A: D(A) → X is one to one, onto, for λ ≥ γ. Hence ϱ(A) ⊂ (γ,∞).
Step 4: Spectral estimate
Therefore, using as test function u in the weak formulation,

(λ− γ)∥u∥2L2(Ω) ≤ ∥f∥L2(Ω)∥u∥L2(Ω).

As u = Rλf , we have

∥Rλf∥L2(Ω) ≤
1

λ− γ
∥f∥L2(Ω)

for any f ∈ L2(Ω). Whence

∥Rλ∥L(X) ≤
1

λ− γ
.

■
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To summarize the difference between the energy method and the semigroup approach for the parabolic problems,
by the semigroup theory we immediately get regular solution and the method is elegant, however, it requires more
restrictive assumptions on the coefficients of the problem and the regularity can anyway be proved by other methods.

Example 9.1.19. We now consider the hyperbolic problem

∂ttu+ Lu = 0 in (0, T )× Ω

u = 0 on (0, T )× ∂Ω

u(0) = g in Ω

∂tu(0) = h in Ω.

We first rewrite the system as a system of first order equations

∂tu = v in (0, T )× Ω

∂tv + Lu = 0 in (0, T )× Ω

u = 0 on (0, T )× ∂Ω

u(0) = g in Ω

v(0) = h in Ω.

We assume that

Lu = −
d∑

i,j=1

∂

∂xi

(
aij

∂u

∂xi

)
+ bu,

where b ≥ 0 and aij = aji, i, j = 1, 2, . . . , d are sufficiently smooth in x (and independent of time).
We denote X =W 1,2

0 (Ω)× L2(Ω) with the norm

∥(u, v)∥X :=
(
B[u, u] + ∥v∥2L2(Ω)

) 1
2

,

where

B[u, u] =

∫
Ω

d∑
i,j=1

aij
∂u

∂xi

∂u

∂xj
dx+

∫
Ω

bu2 dx.

We define
D(A) :=

(
W 2,2(Ω) ∩W 1,2

0 (Ω)
)
×W 1,2

0 (Ω)

and set
A(u, v) = (v,−Lu), u, v ∈ D(A).

We show that A with its domain D(A) fulfills the assumptions of the Hille–Yosida Theorem 9.1.13.

Theorem 9.1.20 — Semigroup for the hyperbolic problem. The operator A from Example 9.1.19 generates
a c0-contraction semigroup {S(t)}t≥0 on W 1,2

0 (Ω)× L2(Ω).

Proof. We have to verify the assumptions of the Hille–Yosida Theorem 9.1.13.
Step 1: Density of D(A)
Clearly,

(
W 2,2(Ω) ∩W 1,2

0 (Ω)
)
×W 1,2

0 (Ω) is dense in W 1,2
0 (Ω)× L2(Ω).

Step 2: Closedness of A
Let (uk, vk) ⊂ D(A) be such that (uk, vk) → (u, v) and A(uk, vk) → (F,G) in X. As A(uk, vk) = (vk,−Luk), we have
F = v and Luk → −G in L2(Ω). Using the same argument as in the previous theorem (here the situation is even
easier) we get

∥uk − ul∥W 2,2(Ω) ≤ ∥L(uk − ul)∥L2(Ω),

and we see that uk is a Cauchy sequence in W 2,2(Ω). Whence uk → u in W 2,2(Ω) and Lu = −G. Since vk ∈W 1,2
0 (Ω)

and vk → v in W 1,2
0 (Ω), we have that (u, v) ∈ D(A), A(u, v) = (v,−Lu) = (F,G).

Step 3: Spectrum
Let λ > 0, (F,G) ∈ X =W 1,2

0 (Ω)× L2(Ω) and consider

λ(u, v)−A(u, v) = (F,G). (9.1)

This is equivalent to
λu− v = F u ∈W 2,2(Ω) ∩W 1,2

0 (Ω),

λv + Lu = G v ∈W 1,2
0 (Ω).

(9.2)

Then λ2u+Lu = λF +G. As λ2 > 0, there exists unique solution u ∈W 2,2(Ω)∩W 1,2
0 (Ω) (due to the regularity of the

elliptic problem). Then v = λu−F ∈W 1,2
0 (Ω), hence (9.1) has a unique solution (u, v). Consequently, ϱ(A) ⊂ (0,∞).
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Step 4: Resolvent estimate
We write the solution to (9.1) as

(u, v) = Rλ(F,G).

From (9.2)2 we see that

λ∥v∥2L2(Ω) +B[u, v] =

∫
Ω

Gv dx.

Since v = λu− F , we have (here we need the symmetry of {aij}di,j=1)

λ
(
∥v∥2L2(Ω) +B[u, u]

)
= B[u, F ] +

∫
Ω

Gv dx

≤
(
∥G∥2L2(Ω) +B[F, F ]

) 1
2
(
∥v∥L2(Ω) +B[u, u]

) 1
2 .

Whence
∥(u, v)∥X ≤ 1

λ
∥(F,G)∥X

and
∥Rλ∥L(X) ≤

1

λ
, λ > 0.

■

Remark 9.1.21. For the problem
du

dt
= Au+ f(t)

u(0) = u0 ∈ X.
(9.3)

we can under suitable assumptions on f write

u(t) = S(t)u0 +

∫ t

0

S(t− s)f(s) dλ1(s) ∀t ∈ [0, T ],

where {S(t)}t≥0 is the semigroup generated by A with its domain D(A) and f is Bochner integrable. The obtained
solution depends significantly on the regularity of f .

9.2 Linear parabolic equation with a nonlinear compact perturbation
We now consider two examples of nonlinear equations of parabolic type which can be studied using combination of
methods presented above. First, we look at a nonlinear parabolic problem, where the nonlinearity can be overcome
by the application of the Aubin–Lions Theorem 8.5.2.

We consider a system of parabolic equations

∂tu+ u · ∇u+
1

2
udivu−∆u = f in (0, T )× Ω,

u(0, ·) = u0 in Ω,

u = 0 on (0, T )× ∂Ω,

(9.4)

where Ω ⊂ R3 is bounded, open, u = (u1, u2, u3) is the unknown (vector-valued) function and f = (f1, f2, f3) is the
given right-hand side. The system above can be viewed as a simplified model for the three-dimensional incompressible
Navier–Stokes equations.

Definition 9.2.1 The function u ∈ L2(0, T ;W 1,2
0 (Ω;R3)) ∩ L∞(0, T ;L2(Ω;R3)) such that its time derivative

∂tu ∈ Lq(0, T ;W−1,2(Ω;R3)) for some q > 1 is called a weak solution to (9.4), if

⟨∂tu,v⟩W 1,2
0 (Ω;R3) +

∫
Ω

(
(u · ∇u) · v +

1

2
u · vdivu+∇u : ∇v

)
dx = ⟨f ,v⟩W 1,2

0 (Ω;R3) (9.5)

holds for all v ∈W 1,2
0 (Ω;R3) and a.e. t ∈ (0, T ), as well as

u(0, ·) = u0.

Remark 9.2.2. 1. Note that for q < 2 (which will be our case), we cannot expect that u ∈ C([0, T ];L2(Ω;R3))
(recall that W 1,2

0 (Ω;R3), L2(Ω;R3) and W−1,2(Ω;R3) form the Gelfand triple), since q and 2 are not Hölder
conjugate exponents. Therefore we only have u ∈ C([0, T ];L2

w(Ω;R
3)) (see Lemma 8.4.9) and thus

lim
t→0+

∫
Ω

u(t, ·) · v dx =

∫
Ω

u0 · v dx
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for all v ∈ L2(Ω;R3). We will, however, construct a solution with slightly better properties.

2. Using formally as test function in (9.5) v := u (the solution) and assuming that we may perform all necessary
operations below, we end up with

1

2

d

dt
∥u∥2L2(Ω;R3) + ∥∇u∥2L2(Ω;R9) +

∫
Ω

(
(u · ∇u) · u+

1

2
|u|2divu

)
dx = ⟨f ,u⟩W 1,2

0 (Ω;R3).

For u sufficiently smooth we can further compute∫
Ω

(
(u · ∇u) · u+

1

2
|u|2divu

)
dx =

1

2

∫
Ω

(
u · |u|2 + divu|u|2

)
dx =

1

2

∫
Ω

(
− divu|u|2 + divu|u|2

)
dx = 0.

Thus
1

2
∥u(t, ·)∥2L2(Ω;R3) +

∫ t

0

∥∇u∥2L2(Ω;R9) ds =

∫ t

0

⟨f ,u⟩W 1,2
0 (Ω;R3) +

1

2
∥u0∥2L2(Ω;R3). (9.6)

We call this identity energy equality. In fact, we will be able to prove a weaker relation, so called energy inequality

1

2
∥u(t, ·)∥2L2(Ω;R3) +

∫ t

0

∥∇u∥2L2(Ω;R9) ds ≤
∫ t

0

⟨f ,u⟩W 1,2
0 (Ω;R3) ds+

1

2
∥u0∥2L2(Ω;R3). (9.7)

We show the following result

Theorem 9.2.3 Let u0 ∈ L2(Ω;R3), f ∈ L2(0, T ;W−1,2(Ω;R3)), T ∈ (0,∞). Then there exists a weak solution
to (9.4) in the sense of Definition 9.2.1. Moreover, the weak solution fulfills the energy inequality (9.7) for every
t ∈ (0, T ] and the initial condition is satisfied in the sense

lim
t→0+

∥u(t)− u0∥L2(Ω;R3) = 0.

Remark 9.2.4. Note, however, that u is generally not a continuous function with values in L2(Ω;R3), the continuity
holds only from the right at t = 0, otherwise the function is only continuous in the weak topology in L2(Ω;R3).
Moreover, no uniqueness is claimed.

Proof of Theorem 9.2.3. Step 1: Galerkin approximation
We follow the strategy developed in the proof of existence of a solution for the parabolic problems. We consider a
basis {wk}∞k=1 such that −∆wk

i = λkw
k
i , i = 1, 2, 3, k ∈ N with homogeneous Dirichlet boundary conditions. Then we

look for a solution in the form

un(t, x) :=

n∑
k=1

cnk (t)w
k(x), n ∈ N

such that∫
Ω

∂tu
n ·wl dx+

∫
Ω

(
un · ∇un +

1

2
divunun

)
·wl dx+

∫
Ω

∇un : ∇wl dx = ⟨f ,wl⟩W 1,2
0 (Ω;R3), l = 1, 2, . . . , n

un(0) = Pnu0 =

n∑
k=1

(∫
Ω

u0 ·wk dx
)
wk, n ∈ N.

(9.8)
We may rewrite the problem above as a system of first order ordinary differential equations

cnl
′(t) +

∫
Ω

[( n∑
k=1

cnk (t)w
k
)
· ∇
( n∑

m=1

cnm(t)wm
)
·wl +

1

2

( n∑
k=1

cnk (t)w
k
)
div
( n∑

m=1

cnm(t)wm
)
·wl

]
dx

+

∫
Ω

∇
( n∑

k=1

cnk (t)w
k
)
: ∇wl dx = ⟨f ,wl⟩W 1,2

0 (Ω;R3), l = 1, 2, . . . , n

cnl (0) =

∫
Ω

u0 ·wl dx.

(9.9)

Step 2: Existence of a solution for Galerkin approximation
We may use again the Carathéodory theory (even the classical one if we regularize the right-hand side in time) and get,
now only locally in time, existence of a unique solution to the Galerkin approximation such that cnl ∈ ACloc([0, T

∗)),
l = 1, 2, . . . , n for some 0 < T ∗ ≤ T . The question is whether T ∗ = T . If T ∗ < T , then due to the theory of ordinary
differential equations it holds lim supt→T∗−

∑n
l=1 |cnl (t)| = ∞. We exclude this possibility by proving suitable a priori

estimates below.
Step 3: A priori estimates
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We multiply each equation in (9.9) by cnl (t) and sum from 1 to n (i.e., we use as test function the solution u⃗n). We
get

(∂tu
n,un)L2(Ω;R3) +

∫
Ω

(
un · ∇un +

1

2
divunun

)
· un dx+

∫
Ω

|∇un|2 dx = ⟨f ,un⟩W 1,2
0 (Ω;R3).

We now repeat the computations from the formal proof of the energy inequality∫
Ω

(un · ∇un) · un dx =

∫
Ω

3∑
i,j=1

uni
∂unj
∂xi

unj dx =
1

2

∫
Ω

3∑
i,j=1

uni
∂(unj )

2

∂xi
dx

= −1

2

∫
Ω

3∑
i,j=1

∂uni
∂xi

(unj )
2 dx = −1

2

∫
Ω

|un|2divun dx.

Hence ∫
Ω

(
un · ∇un +

1

2
divunun

)
· un dx = 0.

Therefore we have
1

2

d

dt
∥un∥2L2(Ω;R3) +

∫
Ω

|∇un|2 dx = ⟨f ,un⟩W 1,2
0 (Ω;R3).

This yields
1

2
∥un(t, ·)∥2L2(Ω;R3) +

∫ t

0

∫
Ω

|∇un|2 dx ds =
∫ t

0

⟨f ,un⟩W 1,2
0 (Ω;R3) ds+

1

2
∥Pnu0∥2L2(Ω;R3) (9.10)

and consequently

max
t∈[0,τ ]

1

2
∥un(t, ·)∥2L2(Ω;R3) +

∫ τ

0

∫
Ω

|∇un|2 dx dt ≤ ∥f∥L2(0,τ ;W−1,2(Ω;R3))∥un∥L2(0,τ ;W 1,2
0 (Ω;R3)) +

1

2
∥Pnu0∥2L2(Ω;R3)

≤ 1

2

∫ τ

0

∫
Ω

|∇un|2 dx dt+ C

∫ τ

0

∥f∥2W−1,2(Ω;R3) dt+
1

2
∥Pnu0∥2L2(Ω;R3).

However
∥Pnu0∥L2(Ω;R3) ≤ ∥u0∥L2(Ω:R3)∫ τ

0

∥f∥2W−1,2(Ω;R3) dt ≤
∫ T

0

∥f∥2W−1,2(Ω;R3) dt,

and we have
max
t∈[0,τ ]

∥un(t, ·)∥2L2(Ω;R3) +

∫ τ

0

∫
Ω

|∇un|2 dx dt ≤ C,

where C is independent of τ < T ∗ (and also of n), depends linearly on ∥u0∥2L2(Ω:R3) and on ∥f∥2L2(0,T ;W−1,2(Ω;R3)).
Thus the solution remains bounded when τ → T ∗

− and hence T = T ∗. We proved

∥un∥L∞(0,T ;L2(Ω;R3)) + ∥un∥L2(0,T ;W 1,2
0 (Ω;R3)) ≤ C,

where C depends on the data of the problem, but is independent of n. Above, we use ∥v∥W 1,2
0 (Ω;R3) := ∥∇v∥L2(Ω;R9)

which is on W 1,2
0 (Ω;R3) an equivalent norm with the standard W 1,2(Ω;R3)-norm.

Next we need to estimate the time derivative of the approximate solutions. We have, exactly as in the linear
problem, that arbitrary v ∈ L2(Ω;R3) can be written as vn

1 + vn
2 , where vn

1 belongs to the linear hull of {wk}nk=1 and
vn
2 is perpendicular to it in L2(Ω;R3). Moreover,

∥vn
1 ∥L2(Ω;R3) ≤ ∥v∥L2(Ω;R3) and ∥vn

1 ∥W 1,2
0 (Ω;R3) ≤ ∥v∥W 1,2

0 (Ω;R3).

Furthermore,
⟨∂tun,v⟩W 1,2

0 (Ω;R3) = (∂tu
n,v)L2(Ω;R3) = (∂tu

n,vn
1 )L2(Ω;R3)

and we may for v ∈W 1,2
0 (Ω) use the Galerkin approximation to deduce

sup
v∈W

1,2
0 (Ω;R3)

∥v∥
W

1,2
0 (Ω;R3)≤1

⟨∂tun,v⟩W 1,2
0 (Ω;R3) = sup

v∈W
1,2
0 (Ω;R3)

∥v∥
W

1,2
0 (Ω;R3)≤1

(∂tu
n,vn

1 )L2(Ω;R3)

= sup
v∈W

1,2
0 (Ω;R3)

∥v∥
W

1,2
0 (Ω;R3)≤1

(
−
∫
Ω

[
(un · ∇un +

1

2
divunun) · vn

1 +∇un : ∇vn
1

]
dx+ ⟨f ,vn

1 ⟩W 1,2
0 (Ω;R3)

)

≤ C
(
∥un∥L3(Ω;R3)∥∇un∥L2(Ω;R9) + ∥∇un∥L2(Ω;R9) + ∥f∥W−1,2(Ω;R3)

)
.
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Hence

∥∂tun∥
L

4
3 (0,T ;W−1,2(Ω;R3))

≤
∥∥∥∥un∥L3(Ω;R3)∥∇un∥L2(Ω;R9) + ∥∇un∥L2(Ω;R9) + ∥f∥W−1,2(Ω;R3)

∥∥∥
L

4
3 (0,T )

≤ C
(
∥un∥

3
2

L2(0,T ;W 1,2
0 (Ω;R3))

∥un∥
1
2

L∞(0,T ;L2(Ω;R3)) + ∥un∥L2(0,T ;W 1,2
0 (Ω;R3)) + ∥f∥L2(0,T ;W−1,2(Ω;R3))

)
.

Above, we used that
∥un∥L3(Ω;R3) ≤ C∥un∥

1
2

L2(Ω;R3)∥u
n∥

1
2

W 1,2
0 (Ω;R3)

.

Therefore we proved
∥∂tun∥

L
4
3 (0,T ;W−1,2(Ω;R3))

≤ C(∥u0∥L2(Ω;R3), ∥f∥L2(0,T ;W−1,2(Ω;R3)))

(C depends on the data nonlinearly).
Step 4: Limit passage in Galerkin approximation
We know that there exists a subsequence {unk}k∈N such that it holds

unk ⇀ u in L2(0, T ;W 1,2
0 (Ω;R3))

unk ⇀∗ u in L∞(0, T ;L2(Ω;R3))

∂tu
nk ⇀ ∂tu in L

4
3 (0, T ;W−1,2(Ω;R3))

(9.11)

as k → ∞. This is not enough to pass to the limit in the nonlinear terms. We therefore apply the Aubin–Lions
Theorem 8.5.2, where we take X0 = W 1,2

0 (Ω;R3), X1 = W−1,2(Ω;R3) and X = L2(Ω;R3), α0 = 2, α1 = 4
3 . Then we

have, in addition to (9.11) (taking, if necessary, another subsequence which we relabel)

unk → u in L2(0, T ;L2(Ω;R3)). (9.12)

It further yields, when combined with the a priori estimates

unk → u in Lq(0, T ;L2(Ω;R3)), 1 ≤ q <∞
unk → u in L2(0, T ;Lr(Ω;R3)), 1 ≤ r < 6

unk → u in Ls((0, T )× Ω;R3), 1 ≤ s <
10

3
.

(9.13)

The last convergence follows from the interpolation inequality

∥unk∥
L

10
3 ((0,T )×Ω;R3)

≤ C∥unk∥
2
5

L∞(0,T ;L2(Ω;R3))∥u
nk∥

3
5

L2(0,T ;W 1,2(Ω;R3)).

We may now start to deal with the limit passage in the Galerkin approximation. As in the linear problem, we multiply
the Galerkin approximation by ψ ∈ C∞

0 ((0, T )) and integrate the resulted identities over (0, T ). We have∫ T

0

⟨∂tunk ,wl⟩W 1,2
0 (Ω;R3)ψ dt+

∫ T

0

∫
Ω

(
unk · ∇unk +

1

2
divunkunk

)
·wl dxψ dt

+

∫ T

0

∫
Ω

∇unk : ∇wl dxψ dt =

∫ T

0

⟨f ,wl⟩W 1,2
0 (Ω;R3)ψ dt ∀l = 1, 2, . . . , nk.

(9.14)

We consider each term separately. First∫ T

0

⟨∂tunk ,wl⟩W 1,2
0 (Ω)ψ dt→

∫ T

0

⟨∂tu,wl⟩W 1,2
0 (Ω)ψ dt.

Next ∫ T

0

∫
Ω

(unk · ∇unk) ·wl dxψ dt =

∫ T

0

∫
Ω

(unk − u) · ∇unk) ·wl dxψ dt

+

∫ T

0

∫
Ω

(u · ∇(unk − u)) ·wl dxψ dt+

∫ T

0

∫
Ω

(u · ∇u) ·wl dxψ dt.

The first term on the right-hand side can be estimated by∣∣∣ ∫ T

0

∫
Ω

(unk − u) · ∇unk) ·wl dxψ dt
∣∣∣ ≤ ∫ T

0

∥unk − u∥L3(Ω;R3)∥∇unk∥L2(Ω;R9)∥wl∥L6(Ω;R3)|ψ| dt

≤ C∥unk − u∥L2(0,T ;L3(Ω;R3))∥∇unk∥L2(0,T ;L2(Ω;R9)) → 0
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for k → ∞, while the second term goes to zero as ∇unk ⇀ ∇u in L2((0, T )× Ω;R9) and

∥uwl∥L2((0,T )×Ω;R9) ≤ ∥u∥L2(0,T ;L6(Ω;R3))∥wl∥L3(Ω;R3) < +∞.

Exactly in the same way we may treat the third term in (9.14) and get that for k → ∞

1

2

∫ T

0

∫
Ω

divunkunk ·wl dxψ dt→ 1

2

∫ T

0

∫
Ω

divuu ·wl dxψ dt.

Finally ∫ T

0

∫
Ω

∇unk · ∇wl dxψ dt→
∫ T

0

∫
Ω

∇u · ∇wl dxψ dt

due to the weak convergence of ∇unk in L2((0, T )× Ω;R9) and we end up with∫ T

0

⟨∂tu,wl⟩W 1,2
0 (Ω;R3)ψ dt+

∫ T

0

∫
Ω

[(
u · ∇u+

1

2
divuu

)
·wl +∇u : ∇wl

]
dxψ dt =

∫ T

0

⟨f ,wl⟩W 1,2
0 (Ω;R3)ψ dt

for all l ∈ N and all ψ ∈ C∞
0 ((0, T )). Now, as for the linear parabolic problem, it is an easy matter to verify that

⟨∂tu,v⟩W 1,2
0 (Ω;R3) +

∫
Ω

[(
u · ∇u+

1

2
divuu

)
· v +∇u : ∇v

]
dx = ⟨f ,v⟩W 1,2

0 (Ω;R3)

for all v ∈W 1,2
0 (Ω) and almost every t ∈ (0, T ).

Step 5: Initial condition
As in the linear parabolic problem we may show that u(0, ·) = u0 in the sense that

lim
t→0+

(u(t, ·),v)L2(Ω;R3) = (u0,v)L2(Ω;R3) ∀v ∈W 1,2
0 (Ω;R3).

Moreover, since u ∈ C([0, T ];L2
w(Ω;R

3)) (recall that u ∈ L∞(0, T ;L2(Ω;R3)) ∩ C([0, T ];W−1,2(Ω;R3))) we easily see
that the limit above holds even for all v ∈ L2(Ω;R3) as well as

lim
t→t0+

(u(t, ·),v)L2(Ω;R3) = (u(t0, ·),v)L2(Ω;R3) ∀v ∈ L2(Ω;R3) and t0 ∈ (0, T ].

Step 6: Energy inequality
We return back to (9.10), multiply it by a non-negative ψ ∈ C∞

0 ((0, T )) and integrate over (0, T ). We get∫ T

0

1

2
∥unk(t, ·)∥2L2(Ω;R3)ψ dt+

∫ T

0

(∫ t

0

∫
Ω

|∇unk |2 dx ds
)
ψ dt

=

∫ T

0

(∫ t

0

⟨f ,un⟩W 1,2
0 (Ω;R3) ds

)
ψ dt+

∫ T

0

ψ dt
1

2
∥Pnu0∥2L2(Ω;R3).

We now pass with k → ∞. Since

lim inf
k→∞

∫ t

0

∫
Ω

|∇unk |2 dx ds ≥
∫ t

0

∫
Ω

|∇u|2 dx ds,

due to the Fatou lemma we have

lim inf
k→∞

∫ T

0

(∫ t

0

∫
Ω

|∇unk |2 dx ds
)
ψ dt ≥

∫ T

0

(
lim inf
k→∞

∫ t

0

∫
Ω

|∇unk |2 dx ds
)
ψ dt ≥

∫ T

0

(∫ t

0

∫
Ω

|∇u|2 dx ds
)
ψ dt.

The limit passage in the other terms is trivial and we end up with∫ T

0

1

2
∥u(t)∥2L2(Ω;R3)ψ dt+

∫ T

0

(∫ t

0

∫
Ω

|∇u|2 dx ds
)
ψ dt ≤

∫ T

0

(∫ t

0

⟨f ,u⟩W 1,2
0 (Ω;R3) ds

)
ψ dt+

∫ T

0

ψ dt
1

2
∥u0∥2L2(Ω;R3),

hence
1

2
∥u(t, ·)∥2L2(Ω;R3) +

∫ t

0

∫
Ω

|∇u|2 dx ds ≤
∫ t

0

⟨f ,u⟩W 1,2
0 (Ω;R3) ds+

1

2
∥u0∥2L2(Ω;R3) (9.15)

almost everywhere in (0, T ). Due to the weak lower semicontinuity of the norm, as u(tn, ·) ⇀ u(t, ·) in L2(Ω;R3) for
tn → t (one-sided for t = 0 or t = T ), we get

lim inf
tn→t

∥u(tn, ·)∥L2(Ω;R3) ≥ ∥u(t, ·)∥L2(Ω;R3).

Moreover, as
∫ tn
0

∫
Ω
g dx ds→

∫ t

0
g dx ds for any g ∈ L1((0, T )×Ω), we see that (9.15) holds in fact for any t ∈ (0, T ].
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In particular, we have
lim inf
t→0+

∥u(t, ·)∥2L2(Ω;R3) ≥ ∥u0∥2L2(Ω;R3).

On the other hand, the energy inequality yields

lim sup
t→0+

∥u(t, ·)∥2L2(Ω;R3) ≤ ∥u0∥2L2(Ω;R3).

Hence
lim
t→0+

∥u(t, ·)∥2L2(Ω;R3) = ∥u0∥2L2(Ω;R3)

which together with the weak continuity implies

lim
t→0+

∥u(t, ·)− u0∥2L2(Ω;R3) = 0.

Here we used that if vn ⇀ v in a Hilbert space H and ∥vn∥H = (vn, vn)H → ∥v∥H for n→ ∞, then un → u in H. ■

9.3 Rothe’s method for parabolic monotone operator problem
Let us consider the following problem

∂tu− div a(x, u(x),∇u(x)) = f in (0, T )× Ω

u(0, ·) = u0 in Ω

u = 0 on (0, T )× ∂Ω,

(9.16)

where a: Ω× R × Rd → Rd is a given function.
We assume that for some p ∈ (1,∞), almost every x ∈ Ω and all v ∈ R, V ∈ Rd it holds

|⃗a(x, v,V)| ≤ C(1 + |v|p−1 + |V|p−1)

u0 ∈ L2(Ω), f ∈ Lp′
(0, T ;W−1,p′

(Ω)),
(9.17)

where W−1,p′
(Ω) = (W 1,p

0 (Ω))∗. Then

Definition 9.3.1 We say that u ∈ L∞(0, T ;L2(Ω))∩Lp(0, T ;W 1,p
0 (Ω)) with ∂tu ∈ Lp′

(0, T ;W−1,p′
(Ω)) is a weak

solution to (9.16), provided

⟨∂tu, v⟩W 1,p
0 (Ω) +

∫
Ω

a⃗(·, u,∇u) · ∇v dx = ⟨f, v⟩W 1,p
0 (Ω)

for all v ∈W 1,p
0 (Ω) and almost every t ∈ (0, T ). Futhermore, u(0, ·) = u0.

Remark 9.3.2. Note that u ∈ C([0, T ];L2(Ω)) (as W 1,p
0 (Ω)∩L2(Ω), L2(Ω), (W 1,p

0 (Ω)∩L2(Ω))∗ form a Gelfand triple).
Note also that the intersection with L2(Ω) is important only for small p’s, more precisely, for p < 2d

d+2 ; for larger p′s,
W 1,p(Ω) ↪→ L2(Ω).

In order to prove existence of a solution, we will need additional assumptions

{ai(·, ·, ·)}di=1 are Carathéodory functions

(⃗a(x, v,V)− a⃗(x, v,W)) · (V −W) ≥ 0 almost everywhere in Ω, ∀v ∈ R and V,W ∈ Rd

a⃗(x, v,V) ·V ≥ α|V|p − C, for some α > 0, almost every x ∈ Ω, all v ∈ R,V ∈ Rd.

(9.18)

Theorem 9.3.3 Under assumptions (9.17) and (9.18), there exists a weak solution to (9.16) in the sense of
Definition 9.3.1. Moreover, if a is independent of the second variable (i.e., a = a(x,∇u)), then the solution is
unique.

Proof. Step I: Uniqueness
Let u, w be two (possibly) different solutions corresponding to the same data. Then we have

⟨∂tu, v⟩W 1,p
0 (Ω) +

∫
Ω

a(·,∇u) · ∇v dx = ⟨f, v⟩W 1,p
0 (Ω)

⟨∂tw, v⟩W 1,p
0 (Ω) +

∫
Ω

a(·,∇w) · ∇v dx = ⟨f, v⟩W 1,p
0 (Ω)
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for all v ∈W 1,p
0 (Ω). Denote U = u− w, subtract the equalities above and use as test function v := u− w = U . Then

⟨∂tU,U⟩W 1,p
0 (Ω) +

∫
Ω

(
a(·,∇u)− a(·,∇w)

)
· ∇(u− w) dx = 0.

Due to property (9.18)2 we have
⟨∂tU,U⟩W 1,p

0 (Ω) ≤ 0,

i.e.
d

dt
∥U∥2L2(Ω) ≤ 0.

As U(0, ·) = 0, we have U(t, ·) = 0 for all t ≥ 0, i.e. u = w almost everywhere in (0, T )× Ω.
Step II: Existence of a solution
We present here another method how to construct solutions to evolutionary problems. The method uses as approximate
solution a variant of the corresponding steady problem and therefore we may take advantage that we already know
how to construct such solutions. On the other hand, the limit passage is slightly more difficult.

We divide the time interval (0, T ) into a finite number of subintervals of the length T
m , m ∈ N and on each

subinterval we consider a steady problem based on the fact that we replace the time derivative by the corresponding
differences. We may use Theorem 7.2.5 to construct approximate solutions on all subintervals. Then we pass with
m→ ∞ and show that the corresponding limit of the approximate solutions is our weak solution to the evolutionary
problem.
Step 1: Approximate solution um
Let us fix m ∈ N, denote τ = T

m , tk = kτ , k = 0, 1, . . . ,m− 1 and define

fk =
1

τ

∫ tk+1

tk

f dt ∈W−1,p′
(Ω) (Bochner integral mean).

We define um(t0) := u0 and look for functions constant on each interval (tk, tk+1]. We define ηk := um(tk) ∈
W 1,p

0 (Ω) ∩ L2(Ω) and look for ηk+1 as weak solution to∫
Ω

ηk+1 − ηk
τ

φ dx+

∫
Ω

a(·, ηk+1,∇ηk+1) · ∇φ dx = ⟨fk, φ⟩W 1,p
0 (Ω)

for all φ ∈W 1,p
0 (Ω)∩L2(Ω). Using the method from Theorem 7.2.5 together with Theorem 7.3.1 (for the lower order

part) we can prove existence of a solution ηk+1(x). Note that, using φ := ηk+1, we get the following a priori estimate

1

τ

∫
Ω

|ηk+1|2 dx+ α

∫
Ω

|ηk+1|p dx ≤ C|Ω|+ ⟨fk, ηk+1⟩W 1,p
0 (Ω) +

1

τ

∫
Ω

ηkηk+1 dx. (9.19)

Since the right-hand side can be easily bounded by the left-hand side and the data fk, ηk, we see that ηk+1 ∈
W 1,p

0 (Ω) ∩ L2(Ω). Repeating the construction for k = 0, 1, . . . ,m− 1 we obtain um. Note that generally, um may be
non-unique.
Step 2: A priori estimates
We take (9.19) for k = 0, 1, . . . ,M < m with φ := ηk+1 and sum it up. We get

∫
Ω

[ M∑
k=0

(ηk+1 − ηk)ηk+1 + τ

M∑
k=0

a(·, ηk+1,∇ηk+1) · ∇ηk+1

]
dx = τ

M∑
k=0

⟨fk, ηk+1⟩W 1,p
0 (Ω).

We use that

(ηk+1 − ηk)ηk+1 =
(ηk+1)

2

2
− (ηk)

2

2
+

(ηk+1 − ηk)
2

2
,

which yields∫
Ω

( (ηM+1)
2

2
+

M∑
k=0

(ηk+1 − ηk)
2

2
+ τ

M∑
k=0

a(·, ηk+1,∇ηk+1) · ∇ηk+1

)
dx =

∫
Ω

(η0)
2

2
dx+ τ

M∑
k=0

⟨fk, ηk+1⟩W 1,p
0 (Ω).

Note that ηk are constant on (tk, tk+1], um is defined as ηk on (tk, tk+1] and τ = tk+1 − tk. We have

∫
Ω

τ

M∑
k=0

a(·, ηk+1,∇ηk+1) · ∇ηk+1 dx =

M∑
k=0

∫ tk+1

tk

∫
Ω

a(·, ηk+1,∇ηk+1) · ∇ηk+1 dx dt

=

M∑
k=0

∫ tk+1

tk

∫
Ω

a(·, um,∇um) · ∇um dx dt =

∫ (M+1)τ

0

∫
Ω

a(·, um,∇um) · ∇um dx dt
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and

τ

M∑
k=0

⟨fk,ηk+1⟩W 1,p
0 (Ω) =

M∑
k=0

〈∫ tk+1

tk

f dt, ηk+1

〉
W 1,p

0 (Ω)

=

M∑
k=0

∫ tk+1

tk

⟨f, um⟩W 1,p
0 (Ω) dt =

∫ (M+1)τ

0

⟨f, um⟩W 1,p
0 (Ω) dt.

Therefore we have∫
Ω

((um(tM+1)
)2

2
+

M∑
k=0

(
um(tk+1)− um(tk)

)2
2

)
dx+ α

∫ (M+1)τ

0

∥∇um∥p
Lp(Ω;Rd)

dt

≤ C +
1

2
∥u0∥2L2(Ω) +

∫ (M+1)τ

0

∥f∥W−1,p′ (Ω)∥um∥W 1,p
0 (Ω) dt.

The Young inequality yields∫
Ω

((
um(tM+1)

)2
+

M∑
k=0

(
um(tk+1)− um(tk)

)2)
dx+ α

∫ (M+1)τ

0

∥∇um∥p
Lp(Ω;Rd)

dt

≤ C
(
1 + ∥u0∥2L2(Ω) +

∫ T

0

∥f∥p
′

W−1,p′ (Ω)
dt
)
≤ C(DATA).

Since M was arbitrary, we have
m−1∑
k=0

∥um(tk+1)− um(tk)∥2L2(Ω) dt ≤ C

∥um∥L∞(0,T ;L2(Ω)) ≤ C

∥um∥Lp(0,T ;W 1,p
0 (Ω)) ≤ C.

Moreover, we also have
∥a(·, um,∇um)∥Lp′ (0,T ;Lp′ (Ω;Rd)) ≤ C.

Thus we can extract subsequences such that

umk
⇀ u in Lp(0, T ;W 1,p

0 (Ω))

umk
⇀∗ u in L∞(0, T ;L2(Ω))

a(·, umk
,∇umk

)⇀ A in Lp′
(0, T ;Lp′

(Ω;Rd)).

In what follows, we write without loss of generality um instead of umk
(we relabel the sequence).

Step 3: Another sequence and its limit
We now modify um by redefining it on (tk, tk+1) to be linear. Hence

ũm(t) = um(tk) +
t− tk
τ

(
um(tk+1)− um(tk)

)
= ηk +

t− tk
τ

(ηk+1 − ηk)

for t ∈ (tk, tk+1). We easily see that

∥ũm∥L∞(0,T ;L2(Ω)) ≤ C, ∥ũm∥Lp(0,T ;W 1,p
0 (Ω)) ≤ C

and
∂tũm =

1

τ

(
um(tk+1)− um(tk)

)
, t ∈ (tk, tk+1).

We now compute an estimate of the time derivative. For t ∈ (tk, tk+1) it holds∫
Ω

∂tũmφ dx = −
∫
Ω

a(·, ηk+1,∇ηk+1) · ∇φ dx+ ⟨fk, φ⟩W 1,p
0 (Ω)

≤ C
(
(1 + ∥ηk+1∥p−1

W 1,p(Ω))∥∇φ∥Lp(Ω;Rd) + ∥fk∥W−1,p′ (Ω)∥φ∥W 1,p
0 (Ω)

)
.

Thus on the same time interval

∥∂tũm∥W−1,p′ (Ω) = sup
∥φ∥

W
1,p
0 (Ω)

≤1

⟨∂tũm, φ⟩W 1,p
0 (Ω) =: sup

∥φ∥
W

1,p
0 (Ω)

≤1

∫
Ω

∂tũmφ dx

≤ C
(
1 + ∥ηk+1∥p−1

W 1,p(Ω) + ∥fk∥W−1,p′ (Ω)

)
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which yields ∫ T

0

∥∂tũm∥p
′

W−1,p′ (Ω)
dt ≤ C

(
1 +

∫ T

0

∥∇um∥p
Lp(Ω;Rd)

dt+

m−1∑
k=0

∫ tk+1

tk

∥fk∥p
′

W−1,p′ (Ω)
dt
)
≤ C,

since
m−1∑
k=0

∫ tk+1

tk

∥fk∥p
′

W−1,p′ (Ω)
dt =

m−1∑
k=0

∫ tk+1

tk

∥∥∥1
τ

∫ tk+1

tk

f ds
∥∥∥p′

W−1,p′ (Ω)
dt

≤
m−1∑
k=0

∫ tk+1

tk

(1
τ

∫ tk+1

tk

∥f∥W−1,p′ (Ω) ds
)p′

dt

≤
m−1∑
k=0

∫ tk+1

tk

1

τ

∫ tk+1

tk

∥f∥p
′

W−1,p′ (Ω)
ds dt =

∫ T

0

∥f∥p
′

W−1,p′ (Ω)
dt ≤ C,

where we used the Hölder inequality. Thus

ũm ⇀ ũ in Lp(0, T ;W 1,p
0 (Ω))

∂tũm ⇀ ∂tũ in Lp′
(0, T ;W−1,p′

(Ω))

and due to the Aubin–Lions Theorem 8.5.2 applied on spaces W 1,p
0 (Ω) ↪→↪→ Lp(Ω) ↪→W−1,p′

(Ω) also

ũm → ũ in Lp(0, T ;Lp(Ω)).

Let us show that ũ = u. We have∫ T

0

∥ũm − um∥2L2(Ω) dt =

m−1∑
k=0

∫ tk+1

tk

∥ũm − um∥2L2(Ω) dt =

m−1∑
k=0

∫ tk+1

tk

∥∥∥ηk+1 −
(
ηk +

t− tk
τ

(ηk+1 − ηk)
)∥∥∥2

L2(Ω)
dt

=

m−1∑
k=0

∫ tk+1

tk

∥ηk+1 − ηk∥2L2(Ω)

(
1− t− tk

τ

)2
dt ≤

m−1∑
k=0

∫ tk+1

tk

∥ηk+1 − ηk∥2L2(Ω) dt

= τ

m−1∑
k=0

∥ηk+1 − ηk∥2L2(Ω) ≤
CT

m
→ 0

for m → ∞. Therefore ũm − um → 0 in L2(0, T ;L2(Ω)). Since um ⇀ u in Lp(0, T ;W 1,p
0 (Ω)) and ũm ⇀ ũ in

Lp(0, T ;W 1,p
0 (Ω)), we easily see that u = ũ. Moreover, we also have um → u and ũm → u in Lq((0, T ) × Ω) for any

q < max{2, p}.
Step 4: Initial condition
First, since u ∈ Lp(0, T ;W 1,p

0 (Ω)∩L2(Ω)) and ∂tu ∈ Lp′
(0, T ; (W 1,p

0 (Ω)∩L2(Ω))∗) (the former follows from the a priori
estimates, the latter from the fact that (W 1,p

0 (Ω))∗ ↪→ (W 1,p
0 (Ω) ∩ L2(Ω))∗), we may use properties of the Gelfand

triple to verify that u ∈ C([0, T ];L2(Ω)). Let us show that u(0, ·) = u0 in this sense. We fix δ and h > 0 and define

Φ(t) =

 1 t ∈ [0, δ]
1− 1

h (t− δ) t ∈ (δ, δ + h]
0 t > δ + h

and multiply the weak formulation for um by Φ(t) and integrate over (0, T ). It yields

m−1∑
k=0

∫ tk+1

tk

⟨fk, φ⟩W 1,p
0 (Ω)Φdt =

∫ T

0

∫
Ω

∂tũmφΦdxdt+

∫ T

0

∫
Ω

a(·, um,∇um) · ∇φΦdx dt

= −
∫ T

0

∫
Ω

ũmφ∂tΦdxdt− Φ(0)

∫
Ω

um(0, ·)φdx+

∫ T

0

∫
Ω

a(·, um,∇um) · ∇φΦdx dt.

We now pass with m→ ∞

− 1

h

∫ δ+h

0

∫
Ω

uφ∂tΦdxdt− Φ(0)

∫
Ω

u0φ dx+

∫ δ+h

0

∫
Ω

A · ∇φΦdx dt =

∫ δ+h

0

⟨f, φ⟩W 1,p
0 (Ω)Φdt (9.20)

(recall that ũm ⇀ u in L2((0, T ) × Ω), um(0, ·) = u0, a(·, um,∇um) ⇀ A in Lp′
(0, T ;Lp′

(Ω;Rd)), the function
∇φΦ ∈ Lp(0, T ;Lp(Ω;Rd)) and finally

m−1∑
k=0

∫ tk+1

tk

〈1
τ

∫ tk+1

tk

f(s) ds, φ
〉
W 1,p

0 (Ω)
Φ(t) dt =

m−1∑
k=0

∫ tk+1

tk

(∫ tk+1

tk

⟨f(s), φ⟩W 1,p
0 (Ω) ds

)1
τ
Φ(t) dt

=

m−1∑
k=0

(1
τ

∫ tk+1

tk

⟨f(s), φ⟩W 1,p
0 (Ω) ds

1

τ

∫ tk+1

tk

Φ(t) dt(tk+1 − tk)
)
→
∫ T

0

⟨f(t), φ⟩W 1,p
0 (Ω)Φ(t) dt as m→ ∞.
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The last limit passage above uses the fact that Φ is uniformly continuous on [0, T ]. Passing with h→ 0+∫
Ω

u(δ, ·)φ dx−
∫
Ω

u0φ dx+

∫ δ

0

∫
Ω

A · ∇φ dx dt =

∫ δ

0

⟨f, φ⟩W 1,p
0 (Ω) dt.

Finally, passing with δ → 0+ (recall, u ∈ C([0, T ];L2(Ω)))∫
Ω

u(0, ·)φdx =

∫
Ω

u0φ dx

for all φ ∈ W 1,p
0 (Ω) ∩ L2(Ω); in particular for all φ ∈ C∞

0 (Ω) which due to the fact that u ∈ C([0, T ];L2(Ω)) implies
the equality also for all φ ∈ L2(Ω).
Step 5: Weak formulation
Let us multiply the weak formulation for um (m ∈ N) by ψ ∈ C∞

0 (0, T ). We get

∫ T

0

∫
Ω

∂tũmφψ dx dt+

∫ T

0

∫
Ω

a(·, um,∇um) · ∇φψ dx dt =

m−1∑
k=0

∫ tk+1

tk

⟨fk, φ⟩W 1,p
0 (Ω)ψ dt.

As above (the first term, which is different, can be treated easily) we get∫ T

0

∫
Ω

⟨∂tu, φ⟩W 1,p
0 (Ω)ψ dxdt+

∫ T

0

∫
Ω

A · ∇φψ dx dt =

∫ T

0

⟨f, φ⟩W 1,p
0 (Ω)ψ dt.

It remains to show that A = a(·, u,∇u). Let us first show that

um(t, ·)⇀ u(t, ·) in L2(Ω) (9.21)

for almost every t ∈ (0, T ). Recall that ũm → u in Lp((0, T )× Ω) and ũm − um → 0 in L2((0, T )× Ω). Thus

um → u in Lq((0, T )× Ω)

with q = max{2, p}. Therefore also
um(t, ·) → u(t, ·) in Lq(Ω) (9.22)

for almost every t ∈ (0, T ) (possibly for a subsequence which we relabel). However, for almost every t ∈ (0, T ) the
sequence {um(t)}t∈(0,T ) is bounded in L2(Ω) and thus it contains a weakly convergent subsequence in this space. If t
is such that (9.22) holds, then um(t)⇀ u(t) in L2(Ω). Since all this can be repeated for arbitrary subsequence, (9.21)
holds for all t’s such that (9.22) is valid, for the whole sequence.

Let us show that

lim sup
m→∞

∫ t

0

∫
Ω

a(·, um,∇um) · ∇um dx ds ≤
∫ t

0

∫
Ω

A · ∇udx ds

for almost every t ∈ (0, T ). Let us take t such that (9.21) holds. For fixed m ∈ N take k = k(m) such that
tmk < t ≤ tmk+1. Since tmk+1 − tmk → 0 for m→ ∞, we have

∫ t

0

∫
Ω

a(·, um,∇um) · ∇um dx ds =

∫ tmk+1

0

∫
Ω

(
a(·, um,∇um)− a(·, um,0)

)
· (∇um − 0) dxds

−
∫ tmk+1

t

∫
Ω

(
a(·, um,∇um)− a(·, um,0)

)
· (∇um − 0) dx ds+

∫ t

0

∫
Ω

a(·, um,0) · ∇um dx ds

≤
∫ tmk+1

0

∫
Ω

a(·, um,∇um) · ∇um dx ds−
∫ tmk+1

t

∫
Ω

a(·, um,0) · ∇um dx ds

≤
∫ tmk+1

0

∫
Ω

a(·, um,∇um) · ∇um dx ds+ o(1) as m→ ∞,

where we used the monotonicity of a in the last variable and

∣∣∣ ∫ tmk+1

t

∫
Ω

a(·, um,0) · ∇um dx ds
∣∣∣ ≤ C

∫ tmk+1

t

∫
Ω

(1 + |um|p−1)|∇um| dxds.

Note that ∇um is bounded in Lp((0, T )× Ω;Rd) while for um we can combine the Sobolev embedding of W 1,p(Ω) to
the corresponding Lebesgue space with the L∞(0, T ;L2(Ω)) estimate which yields the convergence to zero due to the
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fact that the time interval degenerates to zero. We now have (recall that um(t) is constant in (tmk , t
m
k+1])∫ tmk+1

0

∫
Ω

a(·, um,∇um) · ∇um dx ds =
1

2

∫
Ω

u20 dx+ τ

k∑
j=0

⟨fj , um⟩W 1,p
0 (Ω)

− 1

2

∫
Ω

u2m(tmk+1, ·) dx− 1

2

∫
Ω

k∑
j=0

(
um(tmj+1, ·)− um(tmj , ·)

)2
dx

≤ 1

2

(
∥u0∥2L2(Ω) − ∥um(tmk+1, ·)∥2L2(Ω)

)
+

∫ tmk+1

0

⟨f, um⟩W 1,p
0 (Ω) ds

≤ 1

2

(
∥u0∥2L2(Ω) − ∥um(t, ·)∥2L2(Ω)

)
+

∫ t

0

⟨f, um⟩W 1,p
0 (Ω) ds+ o(1)

(as m→ ∞). Hence, using the weak lower semicontinuity of the norm in L2(Ω) and our choice of t, we have

lim sup
m→∞

∫ t

0

∫
Ω

a(·, um,∇um) · ∇um dx ds ≤ 1

2

(
∥u0∥2L2(Ω) − ∥u(t, ·)∥2L2(Ω)

)
+

∫ t

0

⟨f, u⟩W 1,p
0 (Ω) ds

=
1

2

(
∥u0∥2L2(Ω) − ∥u(t, ·)∥2L2(Ω)

)
+

∫ t

0

⟨∂tu, u⟩W 1,p
0 (Ω) ds+

∫ t

0

∫
Ω

A · ∇u dx ds =
∫ t

0

∫
Ω

A · ∇udx ds,
(9.23)

where we used the properties of the Gelfand triple, in particular, that the function u ∈ C([0, T ];L2(Ω)).
We now finish the proof by employing Minty’s trick. We fix B ∈ Lp(0, T ;Lp(Ω;Rd)) and get

0 ≤ lim sup
m→∞

∫ t

0

∫
Ω

(
a(·, um,∇um)− a(·, um,B)

)
· (∇um −B) dxds

≤ lim sup
m→∞

∫ t

0

∫
Ω

a(·, um,∇um) · ∇um dx ds

− lim inf
m→∞

∫ t

0

∫
Ω

(
a(·, um,∇um) ·B+ a(·, um,B) · (∇um −B)

)
dx ds

≤
∫ t

0

∫
Ω

A · ∇u dx ds−
∫ t

0

∫
Ω

(
A ·B+ a(·, u,B) · (∇u−B)

)
dx ds

=

∫ t

0

∫
Ω

(
A− a(·, u,B)

)
(∇u−B) dx ds.

Note that we used (9.23) as well as a(·, um,B) → a(·, u,B) in Lp′
((0, T )×Ω;Rd) due to the continuity of the Nemytskii

operator, as um → u in Lp((0, T )× Ω) and |a(·, u,B)| ≤ C(1 + |v|p−1 +B|p−1).
We now set B := ∇u− λH, λ > 0 and H ∈ Lp(0, T ;Lp(Ω;Rd)), arbitrary. Then we have

0 ≤
∫ t

0

∫
Ω

(
A− a(·, u,∇u− λH)

)
·H dx ds.

We let λ→ 0+ and use the properties of Carathéodory functions (continuity of the Nemytskii operator) to conclude

0 ≤
∫ t

0

∫
Ω

(
A− a(·, u,∇u)

)
·H dx ds (9.24)

for all H ∈ Lp(0, T ;Lp(Ω;Rd)). Therefore, equality in (9.24) holds and, moreover, A = a(·, u,∇u). The proof is
finished. ■



Appendix A

Function spaces

A.1 Introduction and notation
The basic function spaces for solving the linear and nonlinear partial differential equations and their systems of elliptic
type are the Sobolev spaces W k,p(Ω), and for the evolutionary equations the Sobolev–Bochner spaces W k,p(0, T ;X)
or the Lebesgue–Bochner spaces Lp(0, T ;X), where X stands usually for the Lebesgue space Lq(Ω) or the Sobolev
space W l,q(Ω). The Sobolev, Lebesgue–Bochner and Sobolev–Bochner spaces are introduced in detail in Chapters 6
and 8, respectively. The starting point for their study are the continuous and continuously differentiable functions
studied in Section A.2 and the Lebesgue spaces studied in Section A.3. The reader should have met these spaces in the
basic courses on mathematical analysis and measure theory, however, for the sake of completeness and for the reader’s
comfort, we recall in this appendix the basic properties of these function spaces. They will be mostly presented without
proofs which can be found, e.g., in Kufner et al. (1977), Pick et al. (2013), Lukeš and Malý (1995) or also in Czech in
Černý and Pokorný (2023). More special results needed in these Lecture Notes are presented including their proofs.

Before we start to deal with the corresponding function spaces, we recall the standard notation of multiindeces
and a shorten description of partial derivatives.

Notation A.1.1 (Multiindex). The ordered d-tuple α = (α1, . . . , αd), αi ∈ N0, is called a multiindex. The length of
the multiindex is denoted by |α| and is defined as |α| = α1 + · · ·+ αd.

Notation A.1.2 (Partial derivative written by a multiindex). The symbol Dαϕ denotes the partial derivative of a
function ϕ

Dαϕ(x) :=
∂|α|ϕ(x)

∂xα1
1 . . . ∂xαd

d

.

A.2 Spaces of continuous, Hölder continuous and continuously differen-
tiable functions

We recall in this sections basic properties of spaces of continuous, Hölder continuous and continuously differentiable
functions. The theorems are mostly presented without proofs, the interested reader can find them, e.g., in mono-
graphs Kufner et al. (1977) or Pick et al. (2013).

Definition A.2.1 — Continuous and continuously differentiable functions. Let Ω ⊂ Rd be open.

1. The set of all continuous functions in Ω is denoted as C(Ω) or C0(Ω), respectively.

2. Let k ∈ N, then Ck(Ω) denotes the set of all functions u which have all (classical) partial derivatives up to the
order k in the set Ω and for any multiindex α such that |α| ≤ k it holds that Dαu ∈ C(Ω).

3. The space C∞(Ω) denotes the set of all infinitely times differentiable functions in Ω, i.e., C∞(Ω) =
⋂

k∈N Ck(Ω).

4. Denote suppu := {x ∈ Ω | u(x) ̸= 0} the support of u. Then for any k ∈ N0 ∪ {∞} we define the space
Ck
0 (Ω) :=

{
u ∈ Ck(Ω) | suppu ⊂ Ω , suppu is compact

}
.

5. The space C(Ω) or C0(Ω), respectively, contains all functions from C(Ω) which are bounded and uniformly
continuous in Ω.

6. Let k ∈ N, then we define the space Ck(Ω) :=
{
u ∈ Ck(Ω) | ∀α, |α| ≤ k : Dαu ∈ C(Ω)

}
.
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7. The space C∞(Ω) =
⋂

k∈N
Ck(Ω) contains all infinitely times differentiable functions in Ω such that all the

derivatives including the function itself belong to C(Ω).

Remark A.2.2. If Ω is a bounded set, then Point 5. in the definition above is equivalent with the fact that there exists
a (uniquely defined) continuous extension of the corresponding function to the set Ω. In what follows we therefore
assume that the function has already been extended.

Exercise A.2.3. Prove the claim of Remark A.2.2.

The basic properties of these function spaces are summarized in the following theorem.

Theorem A.2.4 — Properties of the space Ck(Ω). Let k ∈ N0. Denote for u ∈ Ck(Ω)

∥u∥Ck(Ω) :=
∑

{α | |α|≤k}

sup
x∈Ω

|Dαu(x)|. (A.1)

Then the following holds.

1. The functional ∥ · ∥Ck(Ω) is a norm on Ck(Ω).

2. The space Ck(Ω) is with respect to the above defined norm a Banach space.

3. If additionally Ω is bounded, then the space Ck(Ω) is separable.

4. The space Ck(Ω) is not reflexive.

Proof. The proof can be found in (Kufner et al., 1977, Sections 1.3–1.7) or (Pick et al., 2013, Sections 2.3–2.6). ■

Exercise A.2.5. Prove that the space C0(Ω) is with respect to the norm introduced in (A.1) for k = 0 a Banach
space which is separable if Ω is bounded.

Exercise A.2.6. Prove that the space CB(R) := {u ∈ C(R) |u is bounded on R} with the norm (A.1) for k = 0 is not
separable.

Let us now present the characterization of the dual space to C(Ω). This characterization will be useful to describe
properties of certain special Sobolev spaces.

Theorem A.2.7 — Representation of the dual space to C(Ω). Let Ω ⊂ Rd be an open set. Let ϕ be a
continuous linear functional on C(Ω). Then there exists exactly one finite regular Radon measure µ on Ω such that
it holds

∀u ∈ C(Ω): ϕ(u) := ⟨ϕ, u⟩ =
∫
Ω

u dµ. (A.2)

Moreover, ∥ϕ∥(C(Ω))
∗ = |µ|(Ω), where |µ|(Ω) is the total variation of the measure µ on Ω.

Proof. The proof can be found in (Dunford and Schwartz, 1988, Section 4.6.3, Theorem 2) or (Lukeš and Malý, 1995,
Theorem 16.5). ■

The following theorem gives an equivalent characterization of precompact sets in C(Ω).

Theorem A.2.8 — Arzelà–Ascoli. Let Ω ⊂ Rd be an open bounded set. Let A ⊂ C(Ω). The set A is totally
bounded, if and only if it is

1. uniformly bounded, i.e.,
∃C ∈ R+ : sup

f∈A
∥f∥C(Ω) = sup

f∈A
max
x∈Ω

|f(x)| ≤ C

2. equally uniformly continuous, i.e.,

∀ε > 0 ∃δ > 0 ∀f ∈ A ∀x1, x2 ∈ Ω: |x1 − x2| < δ =⇒ |f(x1)− f(x2)| < ε.

Proof. See (Kufner et al., 1977, Theorem 1.5.3) or (Pick et al., 2013, Theorem 2.5.3). ■

We now introduce the spaces of Hölder continuous functions which can be understood as intermediate spaces between
the continuous and continuously differentiable functions.

Definition A.2.9 — Hölder continuous functions. Let Ω ⊂ Rd be an open set, k ∈ N0 and u ∈ Ck(Ω). Let
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us denote for arbitrary λ ∈ (0, 1] and arbitrary multiindex α such that |α| ≤ k

Hα,λ(u) := sup
x,y∈Ω, x̸=y

|Dαu(x)−Dαu(y)|
|x− y|λ

. (A.3)

We then define Ck,λ(Ω) :=
{
u ∈ Ck(Ω) | ∀α, |α| = k, Hα,λ(u) <∞

}
.

The basic properties of the Hölder continuous functions are summarized in the following theorem.

Theorem A.2.10 — Properties of the space Ck,λ(Ω). Let Ω ⊂ Rd be an open set, k ∈ N0 and λ ∈ (0, 1]. We
denote for u ∈ Ck,λ(Ω)

∥u∥Ck,λ(Ω) := ∥u∥Ck(Ω) +
∑

{α | |α|=k}

Hα,λ(u). (A.4)

Then the following holds.

1. The functional ∥ · ∥Ck,λ(Ω) is a norm on the space Ck,λ(Ω).

2. The vector space Ck,λ(Ω) is with respect to the above defined norm a Banach space.

3. The space Ck,λ(Ω) is not separable.

Proof. The proof can be found in (Kufner et al., 1977, Sections 1.3–1.5) or (Pick et al., 2013, Sections 2.3–2.5). ■

Exercise A.2.11. Show that the space of Hölder continuous functions C0,λ(Ω), 0 < λ ≤ 1 introduced above is not
separable.

The space C0,1(Ω) has special properties. We therefore introduce

Notation A.2.12 (Lipschitz continuous functions). If α = (0, . . . , 0), we shall use instead of H(0,...,0),λ(u) the notation
H0,λ(u). Furthermore, if λ = 1, we call C0,1(Ω) the space of Lipschitz continuous functions. If λ = 0, we identify
C0,0(Ω) := C(Ω).

Similarly as in the case of continuous functions we may study subsets of Hölder continuous functions which are
precompact in the space of continuous functions. The following theorem claims that any bounded subset has already
this property.

Theorem A.2.13 — Compact embedding of C0,λ(Ω) into C(Ω). Let Ω be an open bounded set. Then it
holds for any λ ∈ (0, 1]

C0,λ(Ω) ↪→↪→ C(Ω).

Proof. The claim is a direct consequence of Arzelà–Ascoli Theorem A.2.8. ■

We have even a stronger result.

Theorem A.2.14 — Compact embedding of C0,β(Ω) into C0,α(Ω). Let Ω be an open bounded set. Then it
holds for any α, β ∈ [0, 1] such that 0 ≤ α < β ≤ 1

C0,β(Ω) ↪→↪→ C0,α(Ω).

Proof. The claim is an easy corollary of the interpolation inequality from the following exercise applied on the difference
un − um, where {un}∞n=1 is a Cauchy sequence in C(Ω). ■

Exercise A.2.15. Show that for any 0 ≤ λ1 ≤ λ2 ≤ 1 it holds

H0,λ1
(u) ≤

(
2∥u∥C(Ω)

)λ2−λ1
λ2

(H0,λ2
(u))

λ1
λ2 .

Theorem A.2.16 — Rademacher. Any function from C0,1(Ω) is differentiable (in the classical sense) almost
everywhere in Ω and |Dαu(x)| ≤ H0,1(u) holds for |α| = 1 almost everywhere in Ω.

Proof. The proof can be found in (Lukeš and Malý, 1995, Theorem 30.3). ■

Remark A.2.17. The notation "almost everywhere" corresponds to the d-dimensional Lebesgue measure.
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A.3 Lebesgue spaces
We expect that the reader is well acquainted with the basics of the Lebesgue measure and Lebesgue integral theory.
More detailed information can be found in the Lecture Notes Lukeš and Malý (1995) or also in Czech in Černý and
Pokorný (2023). Therein, most of the results given in this sections are proved. Another possible source of information
are the monographs Kufner et al. (1977) or Pick et al. (2013).

If not stated otherwise, Ω denotes in this section an arbitrary non-empty Lebesgue measurable set in Rd. Under
an integral we understand the Lebesgue integral and under a measure the Lebesgue measure.

A.3.1 Basic properties of measurable functions and Lebesgue integral
Let us first recall characterization of measurable functions.

Theorem A.3.1 — Luzin. Let f : Ω → R, f be almost everywhere finite. Then the following assertions are
equivalent.

1. The function f is measurable.

2. For any ε > 0 there exists an open set G ⊂ Ω such that |G| < ε and f |Ω\G is continuous.

Proof. The proof can be found in (Lukeš and Malý, 1995, Theorem 18.1) or (Černý and Pokorný, 2023, Theorem
15.5.9). ■

Next we formulate the basic results connected with properties of integral of a sequence (series) of measurable
functions and the limit passage through the integral.

Theorem A.3.2 — Lebesgue monotone convergence. Let {fn}∞n=1 be a sequence of measurable functions
such that for any n and almost every x ∈ Ω it holds fn(x) ≤ fn+1(x). Moreover, let∫

Ω

f1 dx > −∞.

Then there exists a measurable function f such that

lim
n→∞

fn(x) = f(x) for almost every x ∈ Ω and

lim
n→∞

∫
Ω

fn dx =

∫
Ω

f dx.

Proof. The proof can be found in (Lukeš and Malý, 1995, Theorem 8.11) or (Černý and Pokorný, 2023, Theorem
15.8.19). ■

Remark A.3.3. The theorem is also known under the name Levi Theorem.

Theorem A.3.4 — Lebesgue dominated convergence. Let {fn}∞n=1 be a sequence of measurable functions
and the function f be such that for almost every x ∈ Ω it holds

lim
n→∞

fn(x) = f(x).

Furthermore, assume that there exists a measurable function g such that for all n ∈ N and almost every x ∈ Ω it
holds

|fn(x)| ≤ g(x) and
∫
Ω

g dx <∞.

Then
lim
n→∞

∫
Ω

fn dx =

∫
Ω

f dx.

Proof. The proof can be found in (Lukeš and Malý, 1995, Theorem 8.13) or (Černý and Pokorný, 2023, Theorem
15.8.21). ■

Theorem A.3.5 — Vitali. Let Ω be a measurable set with finite measure, {fn}∞n=1 be a sequence of measurable
functions and the function f be such that for almost every x ∈ Ω it holds

lim
n→∞

fn(x) = f(x).
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Furthermore, let the sequence be equally uniformly integrable, i.e.,

∀ε > 0∃δ > 0∀n ∈ N∀H ⊂ Ω: |H| ≤ δ =⇒
∫
H

|fn| dx ≤ ε.

Then
lim
n→∞

∫
Ω

fn dx =

∫
Ω

f dx.

Proof. The proof can be found in (Černý and Pokorný, 2023, Theorem 15.14.4). ■

Theorem A.3.6 — Fatou Lemma. Let {fn}∞n=1 be a sequence of measurable non-negative functions. Then∫
Ω

lim inf
n→∞

fn dx ≤ lim inf
n→∞

∫
Ω

fn dx.

Proof. The proof can be found in (Lukeš and Malý, 1995, Theorem 8.15) or (Černý and Pokorný, 2023, Lemma
15.7.10). ■

Theorem A.3.7 — Egorov. Let Ω be a measurable set with finite measure. Let f and {fn}∞n=1 be measurable
functions which are finite almost everywhere in Ω. Then the following assertions are equivalent.

1. For almost every x ∈ Ω
lim
n→∞

fn(x) = f(x).

2. For any ε > 0 there exists an open set G ⊂ Ω such that |G| < ε and

fn ⇒ f uniformly in Ω \G.

Proof. The proof can be found in (Lukeš and Malý, 1995, Theorem 12.5) or (Černý and Pokorný, 2023, Theorem
15.5.8). ■

A.3.2 Basic properties of Lebesgue spaces. Hölder’s inequality and its consequences

We now define the basic functionals in the theory of Lebesgue spaces.

Definition A.3.8 — Lp classes. Let p ∈ [1,∞). We denote

Lp(Ω) :=

{
f measurable in Ω |

∫
Ω

|f |p dx <∞
}

∥f∥Lp = ∥f∥p :=

(∫
Ω

|f |p dx
) 1

p

. (A.5)

For p = ∞ we denote

L∞(Ω) :=
{
f measurable in Ω | ∃C ∈ R+, |f(x)| ≤ C a.e. in Ω

}
∥f∥L∞ = ∥f∥∞ := ess sup

x∈Ω
|f(x)| = inf

{E⊂Ω | |E|=0}
sup

x∈Ω\E
|f(x)| = inf

α∈R
{α | |f(x)| ≤ α a.e. in Ω} . (A.6)

The change of a function f on a set of zero measure does not change either whether f ∈ Lp(Ω), p ∈ [1,∞] or
the value of the functional ∥ · ∥Lp . For functions f ∈ Lp(Ω) the functional ∥ · ∥Lp is therefore not a norm. Hence we
consider instead of individual functions f the classes of equivalence [f ] defined as

f1 ∈ [f ] ⇐⇒ f1 = f a.e. in Ω.

Definition A.3.9 — Lebesgue spaces. Let p ∈ [1,∞]. Denote

Lp(Ω) := {[f ] | f ∈ Lp(Ω)} .

Then we call Lp(Ω) the Lebesgue space. For Ω open we further introduce

Lp
loc(Ω) := {[f ] | f is measurable in Ω | ∀K ⊂ Ω,K compact, f ∈ Lp(K)} .
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In what follows, we will speak about functions f instead of the classes of equivalence [f ]. Even though it is not
precise, in most cases it is sufficient. When it will be important to specify the representative f from the class of
equivalence, we will do so.

The functionals defined in (A.5) and (A.6) have the following important property.

Theorem A.3.10 — Minkowski inequality. Let p ∈ [1,∞] and let f, g ∈ Lp(Ω). Then it holds:

1. f + g ∈ Lp(Ω)

2. ∥f + g∥Lp(Ω) ≤ ∥f∥Lp(Ω) + ∥g∥Lp(Ω).

Proof. The proof can be found in (Lukeš and Malý, 1995, Theorem 10.4) or in (Černý and Pokorný, 2023, Theorem
16.2.6). ■

This inequality (in fact, the triangle inequality for the Lebesgue spaces) is one of the main tools to prove the following
basic result.

Theorem A.3.11 — Completeness of Lebesgue spaces. Let p ∈ [1,∞]. Then the functional ∥ · ∥Lp defined
in (A.5) and (A.6) is a norm in the space Lp(Ω) and the space Lp(Ω) is with respect to this norm a Banach space.
Moreover, for p = 2, the space L2(Ω) is a Hilbert space with the scalar product defined asa

(u, v)L2(Ω) :=

∫
Ω

uv dx.

aWe consider only real-valued function in these Lecture Notes. For complex-valued function we have to replace the function v in the
integral by its complex conjugate.

Proof. The proof can be found in (Lukeš and Malý, 1995, Theorem 10.6) or (Černý and Pokorný, 2023, Theorem
16.3.3). ■

The inequality below plays a fundamental role in the theory of partial differential equations. It in fact also implies
the Minkowski inequality.

Theorem A.3.12 — Hölder’s inequality. Let p ∈ [1,∞] and let f ∈ Lp(Ω), g ∈ Lp′
(Ω), where 1

p + 1
p′ = 1

(with the convention that p = 1 ⇒ p′ = ∞ and vice versa). Then it holds:

1. fg ∈ L1(Ω)

2. ∥fg∥L1(Ω) ≤ ∥f∥Lp(Ω) ∥g∥Lp′ (Ω).

Proof. The proof can be found in (Lukeš and Malý, 1995, Theorem 10.3) or in (Černý and Pokorný, 2023, Theorem
16.2.3). ■

Hölder’s inequality has several direct consequences.

Lemma A.3.13 — Hölder’s inequality for several functions. Let i = 1, . . . , k and let pi ∈ [1,∞] be such
that

∑k
i=1

1
pi

= 1 (with the convention that pi = ∞ ⇒ 1
pi

= 0). Further, let fi ∈ Lpi(Ω). Then it holds:

1.
∏k

i=1 fi ∈ L1(Ω)

2.
∥∥∥∏k

i=1 fi

∥∥∥
L1(Ω)

≤
∏k

i=1 ∥fi∥Lpi (Ω).

Proof. Compare with (Černý and Pokorný, 2023, Exercise 16.2.18). ■

Lemma A.3.14 — Trivial embeddings of Lp(Ω) spaces. Leta |Ω| < ∞, then it holds for all p1, p2 ∈ [1,∞],
p2 ≥ p1:

1. Lp2(Ω) ↪→ Lp1(Ω)

2. ∥f∥Lp1 (Ω) ≤ |Ω|
p2−p1
p1p2 ∥f∥Lp2 (Ω).

aThe symbol |Ω| denotes the d-dimensional Lebesgue measure of the set Ω ⊂ Rd.

Proof. It can be found in (Černý and Pokorný, 2023, Proposition 16.2.9). ■
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Lemma A.3.15 — Interpolation inequality in Lebesgue spaces. Let p1, p2 ∈ [1,∞], p2 > p1 and f ∈
Lp1(Ω) ∩ Lp2(Ω). Then it holds for all r ∈ [p1, p2]:

1. f ∈ Lr(Ω)

2. ∥f∥Lr(Ω) ≤ ∥f∥αLp1 (Ω) ∥g∥
1−α
Lp2 (Ω),

where α ∈ [0, 1] fulfils 1
r = α

p1
+ 1−α

p2
.

Proof. The proof can be found in (Černý and Pokorný, 2023, Proposition 16.2.12). ■

Exercise A.3.16. Applying Theorem A.3.12 prove Lemmata A.3.13–A.3.15.

Last we present a characterisation of the space L∞(Ω).

Theorem A.3.17 — Connection of norms in L∞(Ω) and Lp(Ω). Let |Ω| <∞. If f ∈ L∞(Ω), then it holds:

1. ∀p ∈ [1,∞) : f ∈ Lp(Ω)

2. limp→∞ ∥f∥Lp(Ω) = ∥f∥L∞(Ω).

If there exists a sequence {pi}∞i=1 such that limi→∞ pi = ∞ and a constant C ∈ R+ such that supi∈N ∥f∥Lpi (Ω) ≤ C,
then it holds:

1. f ∈ L∞(Ω)

2. ∥f∥L∞(Ω) ≤ C.

Proof. The proof is a simple exercise; it can also be found in (Kufner et al., 1977, Theorem 2.11.4–2.11.5) or in (Černý
and Pokorný, 2023, Proposition 16.2.11). ■

A.3.3 Density of continuous functions in the Lebesgue spaces
The construction of the Lebesgue integral provides us the density of simple functions in Lp(Ω), p ∈ [1,∞) (for more
details, see, e.g., (Černý and Pokorný, 2023, Theorem 16.4.4)). In the section devoted to mollifying of Lebesgue
functions we show the density of smooth functions in these spaces. The main tool is Theorem on Lebesgue points
A.3.20 proved below. Its proof, however, needs the density of continuous functions in L1(Ω). We first show this result.

Theorem A.3.18 — Density of continuous functions in L1(Ω). Let Ω ⊂ Rd be open. Then functions from
C(Ω) are dense in L1(Ω).

Proof. Choose u ∈ L1(Ω) and fix ε > 0. Using the Lebesgue dominated convergence Theorem A.3.4 it is easy to see
that there exists R > 0 sufficiently large such that ∥u − uχBR(0)∥1 < ε. It is therefore enough to approximate the
function u1 = uχBR(0) which is defined as 0 outside the domain of u. Due to the properties of the Lebesgue integral
there exists a simple function u2 ∈ L1(Rd) such that ∥u2−u1∥1 < ε. We may clearly assume that u2 = 0 in Rd \BR(0).
This function has only finite number of nonzero values and their counterimages are measurable subsets of BR(0). Due
to the interior regularity of the Lebesgue measure we may approximate any such set arbitrarily precisely by a compact
set.

We can therefore find a simple function u3 such that ∥u3 − u∥1 < 3ε and

u3 =

n∑
i=1

aiχKi ,

where n ∈ N, ai are real numbers and Ki ⊂ BR(0) are disjoint compact sets. Then

d := min
1≤i<j≤n

dist(Ki,Kj) > 0.

It is now enough to choose δ ∈ (0, d2 ) and set

u4(x) =

n∑
i=1

ai max
{
1− 1

δ
dist(x,Ki), 0

}
.

We constructed a continuous function which for δ sufficiently small fulfills ∥u3 − u4∥1 < ε. Indeed, the value of the
function u3 was changed only on sets, where 0 < dist(x,Ki) < δ for some i. The measure of these sets goes to zero if
δ → 0+ (continuity of the measure) and the value of the function was changed at most by maxi=1,...,n |ai|. Whence
∥u4 − u1∥1 < 4ε and the proof is finished. ■
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A.3.4 Lebesgue points
Let us recall the Luzin Theorem A.3.1 which implies that for Ω bounded we may choose a set G such that Ω \ G
is compact and u is continuous on Ω \ G (and thus also uniformly continuous). The measure of Ω \ G can be taken
arbitrarily small. For functions continuous in the whole Ω it is not difficult to verify that

∀x ∈ Ω: lim
r→0+

1

|Br(x)|

∫
Br(x)

u(y) dy = u(x).

Since the above mentioned property is fundamental to build the theory of weak solutions to partial differential equa-
tions, we want to know how big is the set for which the equality above holds true if u is only locally integrable. First,
we define the following notion.

Definition A.3.19 — Lebesgue point. Let u: Rd → R be a locally integrable function. We say that the point
x ∈ Rd is a Lebesgue point of the function u, if

lim
r→0+

1

|Br(x)|

∫
Br(x)

|u(y)− u(x)| dy = 0. (A.7)

The following theorem answers the question how big the set of Lebesgue points is.

Theorem A.3.20 — On Lebesgue points. Let u: Rd → R be a locally integrable function. Then almost every
points x ∈ Rd are Lebesgue points of the function u.

The proof of this claim is usually a part of the basic course on the Lebesgue integral. Even though it can be found in
(Lukeš and Malý, 1995, Theorem 23.9) or in (Černý and Pokorný, 2023, Theorem 16.5.14), for completeness, we also
include the proof here.

We first show two auxiliary results.

Theorem A.3.21 — Vitali covering Lemma. Let {Bri(xi)}ni=1 ⊂ Rd be a finite system of balls. Then there
exists its pairwise disjoint subsystem {Brj (xj)}j∈J , J ⊂ {1, . . . , n} such that⋃

i=1,...,n

Bri(xi) ⊂
⋃
j∈J

B3rj (xj). (A.8)

Proof. We may assume, without loss of generality, that the balls are ordered descending according to its size. The
subsystem {Brj (xj)}j∈J , J ⊂ {1, . . . , n} is constructed as follows. We first set j1 = 1 and remove all the balls which
have nonempty intersection with the largest ball Br1(x1). Let j2 > j1 be the order of the second largest remaining ball.
We now remove all the balls which have a nonempty intersection with the ball Brj2

(xj2) and in the next step we use the
third largest ball of the remaining ones. We continue by induction until we obtain a disjoint system. Property (A.8)
follows from the fact that if we remove a ball Bri(xi), there exists j ∈ {1, . . . , i − 1} such that the ball Brj (xj) is
among the chosen balls and Bri(xi) ∩Brj (xj) ̸= ∅. However, we also have rj ≥ ri, therefore Bri(xi) ⊂ B3rj (xj). ■

Next we introduce an operator which plays an important role in the harmonic analysis.

Definition A.3.22 — Hardy–Littlewood maximal operator. Hardy–Littlewood maximal operator assigns
to a locally integrable function u: Rd → R the function Mu defined by

Mu(x) := sup
{Br(z) | x∈Br(z)}

1

|Br(z)|

∫
Br(z)

|u(y)|dy.

Theorem A.3.23 — Hardy–Littlewood. Let u ∈ L1(Rd). Then for any t > 0 it holdsa

|{x ∈ Rd | (Mu)(x) > t}| ≤ 3d

t
∥u∥1.

aThis estimate is called "weak (1, 1)-estimate".

Proof. The set Gt := {x ∈ Rd | (Mu)(x) > t} is open, as follows from the continuous dependence of the integral on the
domain of integration (verify carefully!). We choose a compact set K ⊂ Gt. By virtue of the definition of the set K,
for any z ∈ K there exist xz ∈ Rd and rz > 0 such that∫

Brz (xz)

|u(y)|dy > t|Brz (xz)|.

The system {Brz (xz)}z∈K covers the set K ⊂ Rd and by virtue of the Lindelöf covering Theorem (see (Černý and Poko-
rný, 2021, Theorem 11.7.2)) there exists its countable subcovering. Since K is additionally compact, this subcovering
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contains due to the Borel covering Theorem (see (Černý and Pokorný, 2021, Theorem 11.7.3)) a finite subcovering.
By virtue of the Vitalli covering Lemma A.3.21 there exists a disjoint system {Bri(xi)}i=1,...,n such that {B3ri(xi)}ni=1

covers K. Thus

t|K| ≤ t

n∑
i=1

|B3ri(xi)| = 3dt

n∑
i=1

|Bri(xi)| ≤ 3d
n∑

i=1

∫
Bri

(xi)

|u(y)|dy ≤ 3d∥u∥1.

Due to the regularity from inside of the Lebesgue measure we may switch to the supremum over K ⊂ Gt on the
left-hand side of the previous inequality. The theorem is proved. ■

We are now ready to proof the Theorem on Lebesgue points.

Proof of Theorem A.3.20. For arbitrary, but fixed ε > 0 we define

Nε =
{
x ∈ Rd | lim sup

r→0+

1

|Br(x)|

∫
Br(x)

|u(y)− u(x)| dy > 3ε
}
.

Our goal is to show that |Nε| = 0 whenever ε > 0. We fix ε ∈ (0, 1) and further also δ ∈ (0, 1). Since the continuous
functions are dense in L1(Rd), we may find such a continuous v ∈ L1(Rd) that ∥u− v∥1 < δ. We further define

Nε,δ = {x ∈ Rd |M(u− v)(x) ≥ ε} ∪ {x ∈ Rd | |u(x)− v(x)| ≥ ε}.

We now take x /∈ Nε,δ. Due to the continuity of v we may find ϱ > 0 such that

|v(y)− v(x)| < ε pro |y − x| < ϱ.

For any r ∈ (0, ϱ) we have (recall that x /∈ Nε,δ)

1

|Br(x)|

∫
Br(x)

|u(y)− u(x)| dy ≤ 1

|Br(x)|

∫
Br(x)

(|v(y)− v(x)|+ |u(y)− v(y)|+ |v(x)− u(x)|) dy

≤ ε+M(u− v)(x) + ε ≤ 3ε,

and therefore Nε ⊂ Nε,δ.
By virtue of the Tschebyshev inequality (see (Černý and Pokorný, 2023, Remark 15.7.4)) and the Hardy–Littlewood

Theorem A.3.23 we have

|Nε,δ| ≤ |{x ∈ Rd |M(u− v)(x) ≥ ε}|+ |{x ∈ Rd | |u− v|(x) ≥ ε}| ≤ 3d

ε
∥u− v∥1 +

1

ε
∥u− v∥1 =

Cδ

ε
.

Altogether, |Nε| ≤ |Nε,δ| ≤ Cδ
ε and since δ > 0 was arbitrary, it must hold |Nε| = 0. ■

Exercise A.3.24. Show the following nontrivial extension of the Theorem on Lebesgue points. Let u ∈ Lp(Ω) and
p ∈ [1,∞). Then it holds for almost every x ∈ Ω

lim
r→0+

1

|Br(x)|

∫
Br(x)

|u(y)− u(x)|p dy = 0.

A.3.5 Mollifier, p-mean continuity, separability of the Lp(Ω) spaces

Definition A.3.25 — p-mean continuity. Let f ∈ Lp(Ω) and p ∈ [1,∞). We define f(x) = 0 for x ̸∈ Ω. We
say that the function f is p-mean continuous if

∀ε > 0 ∃δ > 0 ∀h ∈ Rd : |h| < δ =⇒
∫
Ω

|f(x+ h)− f(x)|p dx < εp. (A.9)

Theorem A.3.26 — On p-mean continuity. Let p ∈ [1,∞). Then any function from Lp(Ω) is p-mean
continuous.

Proof. For x ∈ Rd \Ω we have f(x) = 0. We fix arbitrary ε > 0. It is possible to choose R > 0 such that for the given
ε > 0 it is ∫

Rd\BR(0)

|f(x)|p dx ≤
(ε
6

)p
∫

Rd\BR+1(0)

|f(x+ h)|p dx ≤
(ε
6

)p
,

where we assumed without loss of generality that for δ from (A.9) we have δ ≤ 1. Due to the above presented
inequalities we may work in the ball BR+1(0).



A.3. Lebesgue spaces 239

Since any integrable function is uniformly integrable, we can choose η > 0 such that ∀E ⊂ BR+2(0), |E| < 2η, it
holds ∫

E

|f(x)|p dx <
(ε
6

)p
. (A.10)

The function f is measurable in BR+2(0) and by virtue of the Luzin Theorem A.3.1 there exists a compact set
FR
η ⊂ BR+2(0) such that f ∈ C(FR

η ) and |BR+2(0) \ FR
η | < η. Furthermore, there exists δ ∈ (0, 1) such that

∀x, y ∈ FR
η : |x− y| < δ ⇒ |f(x)− f(y)| < ε

3|BR+1(0)|
1
p

. (A.11)

Denote FR,h
η :=

{
x ∈ BR+2(0) |x+ h ∈ FR

η

}
and Fη := FR

η ∩ FR,h
η ∩BR+1(0). The set Fη is compact and it holds

|BR+1(0) \ Fη| = |
(
BR+1(0) \ FR

η

)
∪
(
BR+1(0) \ FR,h

η

)
| < 2η;

this follows due to the choice of η, since

|BR+1(0) \ FR
η | ≤ |BR+2(0) \ FR

η | < η

|BR+1(0) \ FR,h
η | = |BR+1(−h) \ FR

η | ≤ |BR+2(0) \ FR
η | < η,

where we used in the second estimate that |h| ≤ 1. Altogether, from (A.10) it follows

2p−1

∫
BR+1(0)\Fη

(
|f(x+ h)|p + |f(x)|p

)
dx <

(ε
3

)p
.

Next, from (A.11) we have for any h ∈ Bδ(0)∫
Fη

|f(x+ h)− f(x)|p dx <
(ε
3

)p
.

Finally, for |h| < δ it holds∫
Rd

|f(x+ h)− f(x)|p dx ≤ 2p−1

∫
Rd\BR+1(0)

(
|f(x+ h)|p + |f(x)|p

)
dx

+ 2p−1

∫
BR+1(0)\Fη

(
|f(x+ h)|p + |f(x)|p

)
dx

+

∫
Fη

|f(x+ h)− f(x)|p dx < εp

which we wanted to prove. ■

Exercise A.3.27. Modify the proof of the previous theorem and show the following. Let p ∈ [1,∞) and u ∈ Lp(Ω)
be arbitrary. Define for τ ∈ (0, 1] the function uτ (x) = u(τx). Then for any ε > 0 there exists 0 < δ < τ ≤ 1 such
that ∥u− uτ∥Lp(Ω) < ε.

The following mollifying operator defined as convolution with a suitable mollifying kernel plays an important role
in the theory of partial differential equations.

Definition A.3.28 — Mollifier. We say that the function η: Rd → R is a mollifier (a mollifying kernel), if the
following holds:

1. η ∈ C∞
0

(
Rd
)

2. supp η ⊂ B1 (0)

3. ∀x ∈ Rd: η(x) ≥ 0

4. ∀x, y ∈ Rd: |x| = |y| ⇒ η(x) = η(y)

5.
∫

Rd η(x) dx = 1.

Example A.3.29. A possible choice of the mollifying kernel is the function

η(x) =

{
Ce

1
|x|2−1 for |x| < 1
0 for |x| ≥ 1,

where the constant C is chosen so that the condition
∫

Rd η(x) dx = 1 is satisfied.

In what follows, for a fixed ε > 0 we denote ηε the function defined as

ηε(x) :=
1

εd
η
(x
ε

)
.
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Definition A.3.30 — Mollification of a function. Let Ω ⊂ Rd be open and u ∈ L1
loc(Ω). The function uε:

Ωε → R defined in Ωε := {x ∈ Ω | dist (x, ∂Ω) > ε} as

uε := ηε ⋆ u
(
i.e., uε(x) =

∫
Rd

ηε(x− y)u(y) dy =

∫
Bε(x)

ηε(x− y)u(y) dy
)

is called mollification of the function u.

Theorem A.3.31 — On convolution. Let p, q ∈ [1,∞] be such that 1
p + 1

q ≥ 1. Then for any f ∈ Lp(Rd) and
g ∈ Lq(Rd) it holds:

1. f ⋆ g ∈ Lr(Rd), where 1
r := 1

p + 1
q − 1

2. ∥f ⋆ g∥Lr(Rd) ≤ ∥f∥Lp(Rd) ∥g∥Lq(Rd).

Proof. The proof can be found in (Lukeš and Malý, 1995, Theorem 26.20). ■

Exercise A.3.32. By virtue of Hölder’s inequality prove Estimate 2. from the theorem above.

Theorem A.3.33 — On mollification. Let Ω ⊂ Rd be open and u ∈ L1
loc(Ω). Let uε be mollification of u.

Then it holds.

1. The function uε ∈ C∞ (Ωε).

2. For almost every x ∈ Ω we have lim
ε→0+

uε(x) = u(x).

3. If u ∈ C (Ω), then uε ⇒ u on every compact subset K ⊂ Ω.

4. If u ∈ Lp
loc(Ω) for p ∈ [1,∞), then uε → u in Lp

loc(Ω).

5. If u ∈ Lp(Rd), then ∥uε∥Lp(Rd) ≤ ∥u∥Lp(Rd) for p ∈ [1,∞] and uε → u in Lp(Rd) for p ∈ [1,∞).

Proof. Step 1: Proof of Claim 1.
We have from the definition of the convolution

uε(x) =

∫
Rd

ηε(x− y)u(y) dy,

where ηε ∈ C∞(Rd). It therefore suffices to apply the theorems on continuity of integral with respect to a parameter
and on derivative of integral with respect to a parameter and we immediately obtain the required uε ∈ C∞(Ωε).

Step 2: Proof of Claim 2.
We apply the Definition of mollification of a function A.3.30, use properties of the mollifier from the Definition of
mollifier A.3.28 and compute for arbitrary x ∈ Ωε

|u(x)− uε(x)| =
∣∣∣∣u(x)∫

Rd

ηε(x− y) dy −
∫

Rd

ηε(x− y)u(y) dy

∣∣∣∣
=

∣∣∣∣∣
∫
Bε(x)

ηε(x− y) (u(x)− u(y)) dy

∣∣∣∣∣
=

1

εd

∣∣∣∣∣
∫
Bε(x)

η

(
x− y

ε

)
(u(x)− u(y)) dy

∣∣∣∣∣
≤ C

εd

∫
Bε(x)

|u(x)− u(y)| dy.

Using the Theorem on Lebesgue points A.3.20 it holds for a.e. x that 1
εd

∫
Bε(x)

|u(x)− u(y)|dy → 0 for ε → 0+, and
the claim is proved.

Step 3: Proof of Claim 3.
We proceed as in the proof of Claim 2., only when estimating

C

εd

∫
Bε(x)

|u(x)− u(y)| dy

we apply the uniform continuity of u on a compact set.
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Step 4: Proof of Claim 4.
The claim is a consequence of the Theorem on p-mean continuity A.3.26 and properties of the mollifier (dist(K, ∂Ω) >
ε). Indeed, using a suitable change of variables, Hölder’s inequality and Fubini’s Theorem

∥uε − u∥pLp(K) =

∫
K

|uε(x)− u(x)|p dx

=

∫
K

∣∣∣∣∣
∫
Bε(x)

ηε(x− y)|u(y)− u(x)|dy

∣∣∣∣∣
p

dx

=

∫
K

∣∣∣∣∣
∫
B1(0)

η(z)|u(x− εz)− u(x)|dz

∣∣∣∣∣
p

dx

≤ C

∫
K

(∫
B1(0)

|u(x− εz)− u(x)|p dz

)
dx

= C

∫
B1(0)

(∫
K

|u(x− εz)− u(x)|p dx

)
dz.

The inner integral over K converges for ε→ 0+ to zero due to Theorem on p-mean continuity A.3.26 (uniformly with
respect to z ∈ B1(0)) and the claim is proved.

Step 5: Proof of Claim 5.
Due to the Theorem on convolution A.3.31 we have for arbitrary p ∈ [1,∞]

∥uε∥p ≤ ∥u∥p∥ηε∥1 = ∥u∥p.

Now let p ∈ [1,∞) and u ∈ Lp(Rd). Choose an arbitrary number ϱ > 0. Then there exists R > 0 such that∫
Rd\BR(0)

|u|p dx <
(ϱ
4

)p
.

By virtue of the Theorem on convolution A.3.31 applied on uε extended by zero to BR+1(0) we get for ε < 1∫
Rd\BR+1(0)

|uε|p dx <
(ϱ
4

)p
.

Finally, as in Claim 4., it is possible to show that there exists ε0 > 0 such that for any ε ∈ (0, ε0] it holds∫
BR+1(0)

|u− uε|p dx <
(ϱ
2

)p
.

Combining the inequalities above we achieve

∥u− uε∥p ≤ ∥u− uε∥Lp(Rd\BR+1(0)) + ∥u− uε∥Lp(BR+1(0))

≤ ∥u∥Lp(Rd\BR(0)) + ∥uε∥Lp(Rd\BR+1(0)) + ∥u− uε∥Lp(BR+1(0)) < ϱ.

■

The previous Theorem on mollification A.3.33 implies the following. If u ∈ Lp(Ω), p ∈ [1,∞), then uε → u in
Lp(Ω). It is enough to extend u by zero outside of Ω and apply Claim 5. from the theorem above.

Note that Claim 5. from Theorem A.3.33 cannot hold for p = ∞, since the convergence in the L∞(Ω)-norm is for
smooth functions the uniform convergence. A weaker claim holds true, namely that

uε
∗
⇀ u in L∞(Ω)

(i.e., ∀φ ∈ L1(Ω):
∫
Ω
uεφ dx →

∫
Ω
uφ dx, see Subsections A.3.6 and A.3.7 below devoted to representation of

continuous functionals and to different kinds of convergences).
By virtue of the Bernstein Theorem on approximations of continuous functions by polynomials in the C0(Ω)-norm

(and therefore by polynomials with rational coefficients in the Lp(Ω)-norm, p ∈ [1,∞)) we get as a consequence the
first part of the following theorem.

Theorem A.3.34 — Separability of Lp(Ω). The space Lp(Ω) is for p ∈ [1,∞) separable. The space L∞(Ω) is
not separable.

Proof. See also (Kufner et al., 1977, Theorem 2.6.1) or (Pick et al., 2013, Theorem 3.6.1 and 3.10.4). ■

Exercise A.3.35. Show, using the characteristic functions of intervals, that the space L∞(Ω) cannot be separable.
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A.3.6 Continuous linear functionals on Lp(Ω)

Theorem A.3.36 — Representation of continuous bounded functionals on Lp(Ω). Let Ω be a bounded
open set. Let ϕ be a continuous bounded functional on Lp(Ω), p ∈ [1,∞). Then there exists a unique function
g ∈ Lp′

(Ω), 1
p + 1

p′ = 1 (p′ = ∞ for p = 1) such that it holds

∀f ∈ Lp(Ω): ϕ(f) = ⟨ϕ, f⟩Lp(Ω) =

∫
Ω

fg dx. (A.12)

Furthermore ∥ϕ∥(Lp(Ω))∗ = ∥g∥Lp′ (Ω).

Proof. The proof can be found in (Kufner et al., 1977, Theorems 2.9.5 and 2.11.8) or (Pick et al., 2013, Theorems
3.8.3 and 3.10.11). ■

The following result is based on the previous theorem.

Theorem A.3.37 — Reflexivity of Lp(Ω). Let Ω be a bounded open set. Let p ∈ (1,∞). Then the space
Lp(Ω) is reflexive. The spaces L∞(Ω) and L1(Ω) are not reflexive.

Proof. The proofs can be found in (Kufner et al., 1977, Theorems 2.10.1, 2.11.10 and 2.11.11) or (Pick et al., 2013,
Theorems 3.9.1, 3.10.13 and 3.10.14). ■

A.3.7 Different types of convergences, relatively compact sets in Lp(Ω)

First, let us have a look at different possibilities in which sense a sequence of functions {fn}∞n=1 can converge to a
limit function f and what are the relations among the different types of convergences.

Definition A.3.38 — Types of convergences. Let {fn}∞n=1 be a sequence of measurable functions and f be
measurable in Ω. Let Ω be open.

1. We say that {fn}∞n=1 converges to f pointwisely in Ω, if for any x ∈ Ω we have limn→∞ fn(x) = f(x), i.e.,

∀x ∈ Ω∀ε > 0∃n0 ∈ N∀n ≥ n0 : |fn(x)− f(x)| ≤ ε.

2. We say that {fn}∞n=1 converges to f uniformly in Ω, if

∀ε > 0∃n0 ∈ N∀x ∈ Ω ∀n ≥ n0 : |fn(x)− f(x)| ≤ ε.

3. We say that {fn}∞n=1 converges to f locally uniformly in Ω, if ∀K ⊂ Ω, where K is compact, the sequence
{fn}∞n=1 converges uniformly to f in K.

4. We say that {fn}∞n=1 converges to f uniformly up to small sets in Ω, if

∀ε > 0 ∃M ⊂ Ω |M | < ε : {fn}∞n=1 converges to f uniformly in Ω \M.

5. We say that {fn}∞n=1 converges to f almost everywhere in Ω, if

∃M ⊂ Ω, |M | = 0: {fn}∞n=1 converges to f pointwisely in Ω \M.

6. We say that {fn}∞n=1 converges to f in measure in Ω, if

∀ε > 0: lim
n→∞

|{x ∈ Ω | |fn(x)− f(x)| ≥ ε}| = 0.

7. We say that {fn}∞n=1 converges to f in Lp(Ω), p ∈ [1,∞], if

lim
n→∞

∥fn − f∥Lp(Ω) = 0.

8. Let p ∈ [1,∞) and p′ = p
p−1 , i.e., 1

p + 1
p′ = 1 (with the standard convention p′ = ∞ for p = 1). We say that

{fn}∞n=1 converges to f weakly in Lp(Ω), we write fn ⇀ f , if

∀g ∈ Lp′
(Ω): lim

n→∞

∫
Ω

fng dx =

∫
Ω

fg dx.
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9. We say that {fn}∞n=1 converges to f weakly star (weakly∗) in L∞(Ω), we write fn
∗
⇀ f , if

∀g ∈ L1(Ω): lim
n→∞

∫
Ω

fng dx =

∫
Ω

fg dx.

Some of the relations among the convergences are depicted in Figure A.1. These relations can be easily shown from
the definitions, using also the theorems on limit passages presented at the beginning of this appendix.

uniform convergence
@@
@@

locally uniform convergence
@@
@@

pointwise convergence
@@
@@

convergence almost everywhere
@@
@@

convergence in measure

PPPPPP

PPPPPP

convergence in Lp

@@
@@
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converges almost everywhere

|Ω| <∞

Figure A.1: Some relations among the convergences.

Remark A.3.39. For p ∈ [1,∞) the above stated weak convergences coincide with the standard Definition of weak
convergence B.2.5 due to Theorem A.3.36. For p = ∞ Theorem A.3.36 says that (L1(Ω))∗ = L∞(Ω) and therefore
the weak star convergence defined above corresponds to Definition B.2.5. Even though it is also possible to introduce
the weak convergence in L∞(Ω), we do not present it, as Theorem A.3.36 does not say anything about the space1

(L∞(Ω))∗. On the other hand, we do not introduce the weak star convergence on L1(Ω), since there is no Banach
space X such that it holds X∗ = L1(Ω).

Furthermore, in Lp(Ω), p ∈ (1,∞), we have at our disposal both weak and weak star convergences, but for reflexive
spaces (which is the case for Lp(Ω) with p ∈ (1,∞) according to Theorem A.3.37) both convergences coincide, and
there is no reason to introduce the weak star convergence in this situation.

Let us finally have a look at the characterization of totally bounded sets in Lp(Ω), p ∈ [1,∞). It is an analogy
of the Arzelà–Ascoli Theorem A.2.8, the role of uniform continuity will be played by the p-mean continuity. Due to
Theorem B.2.10 the total boundedness for the Lp(Ω) spaces is equivalent with the relative compactness; therefore the
following theorem gives us a characterization of subsets of the Lp(Ω) spaces which have the property that any sequence
from these subsets contains a subsequence which converges in the Lp(Ω)-norm.

Theorem A.3.40 — Kolmogorov. Let p ∈ [1,∞). Denote rhf(x) := f(x+ h) (we extend f by zero outside of
the set Ω). The set A ⊂ Lp(Ω) is totally bounded if and only if:

1. it is bounded, i.e.,
sup
f∈A

∥f∥Lp(Ω) ≤ C <∞

2. it is equally p-mean continuous, i.e.,

∀ε > 0∃δ > 0∀f ∈ A : |h| < δ =⇒ ∥rhf − f∥Lp(Ω) < ε,

3. it equally uniformly decays at infinity, i.e.,

∀ε > 0 ∃R > 0 ∀f ∈ A : ∥f∥Lp(Ω\BR(0)) < ε.

Proof. Step 1: Proof of implication "⇒"
Step 1a: boundedness
This property directly follows from the total boundedness (perform the proof in more details!).

Step 1b: equal p-mean continuity
Let {fi}Ni=1 be the ε

3–net in A. Clearly, as the net contains finite number of functions, the set {fi}Ni=1 is equally p-mean
continuous (each function is p-mean continuous due to Theorem A.3.26). Then

∥rhf − f∥Lp(Ω) ≤ ∥rhf − rhfi∥Lp(Ω) + ∥rhfi − fi∥Lp(Ω) + ∥fi − f∥Lp(Ω) < ε

for suitably chosen i ∈ {1, . . . , N} from the property of the net (recall that we have ∥fi − f∥Lp(Ω) <
ε
3 as well

as ∥rhfi − rhf∥Lp(Ω) <
ε
3 ) and for a suitably chosen δ, |h| < δ (the equal p-mean continuity of the net implies

∥rhfi − fi∥Lp(Ω) <
ε
3 ).

1The space (L∞(Ω))∗ is well defined, however, its characterization goes far beyond the scope of these Lecture Notes.
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Step 1c: equal uniform decay at infinity
Again, let {fi}Ni=1 denote the ε

2–net in A . Since for each i we have fi ⊂ Lp(Ω) and the net contains finite number of
functions, it holds

∀ε > 0∃R > 0 ∀i ∈ {1, . . . , N} : ∥fi∥Lp(Ω\BR(0)) <
ε

2
;

this is a direct consequence of the Lebesgue dominated convergence Theorem A.3.4. Then for arbitrary ε > 0 there
exists i ∈ {1, . . . , N} and R > 0 such that

∥f∥Lp(Ω\BR(0)) ≤ ∥f − fi∥Lp(Ω\BR(0)) + ∥fi∥Lp(Ω\BR(0)) < ε.

Step 2: Proof of implication "⇐"
The proof is slightly longer, so we summarize the main ideas. We first show that it is enough to construct the net on
any open bounded set M ⊂ Rd (recall that outside of Ω, the functions are extended by zero). In particular, the set M
is compact.

We next mollify the functions from the subset A and obtain the set Ah of continuous functions in M . We verify that
this set satisfies the equivalent characterization of total boundedness in C(M) from the Arzelà–Ascoli Theorem A.2.8
and therefore there exists a finite ε-net of Ah in C(M).

The last step then contains the proof of the fact that the functions from A which after mollification form the finite
ε-net of Ah in C(M), form in fact the finite ε̃-net of A in Lp(Ω). Since the functions can be extended by zero outside
of Ω, we can always assume that Ω is open.

Step 2a: it suffices to consider bounded sets
Indeed, let {fi}Ni=1 be an ε

2 -net in Lp(Ω ∩BR(0)) for R chosen so that

∀f ∈ A : ∥f∥Lp(Ω\BR(0)) <
ε

4
.

This is indeed possible, since we assume the equal uniform decay at infinity. Now it is easy to verify that {fi}Ni=1 form
an ε-net in Lp(Ω), as we have for any f ∈ A

∥f − fi∥Lp(Ω) ≤ ∥f − fi∥Lp(Ω∩BR(0)) + ∥f∥Lp(Ω\BR(0)) + ∥fi∥Lp(Ω\BR(0)) < ε

for suitably chosen i ∈ {1, . . . , N}.
Therefore, in what follows, we can assume that Ω is a bounded open set.
Step 2b: mollification, application of the Arzelà–Ascoli Theorem A.2.8

Denote Ah = {fh | f ∈ A}, where fh = ηh ⋆ f is the mollification of f in Rd. Then we have that Ah ⊂ C(Ω). Moreover,
Ah is totally bounded in C(Ω), since the assumptions of Theorem A.2.8 are satisfied; in particular, the uniform
boundedness

|fh(x)| ≤
∣∣∣∣∫

Ω

ηh(x− y)f(y) dy

∣∣∣∣ ≤ C(h) ∥f∥Lp(Ω) ≤ C(h)

and the equal uniform continuity

|fh(x+ z)− fh(x)| ≤
∫
Ω

∣∣∣∣ 1

|h|d

(
η

(
x+ z− y

h

)
− η

(
x− y

h

))
f(y)

∣∣∣∣ dy
≤ ∥f∥Lp(Ω)

1

hd

(∫
Ω

∣∣∣∣(η(x+ z− y

h

)
− η

(
x− y

h

))∣∣∣∣p′

dy

) 1
p′

≤ C(h)|z| ∥f∥Lp(Ω) ≤ C(h)|z|.

To any ε > 0 there exists a finite ε

2|Ω|
1
p
-net of the set Ah in C(Ω). Denote (fi)h, i = 1, . . . , N , the elements of this

net. Hence, for arbitrary fh ∈ Ah there exists j ∈ {1, . . . , N} such that

∥fh − (fj)h∥C(Ω) <
ε

2|Ω|
1
p

. (A.13)

Step 2c: ε-net of the set A in Lp(Ω)

We show that {fi}Ni=1, where fi are the original functions corresponding to (fi)h from the net Ah in C(Ω), form the
ε–net of A in Lp(Ω).

Choose δ > 0 so that

∀f ∈ A ∀z ∈ Rd |z| < δ :

(∫
Ω

|f(x+ z)− f(x)|p dx

) 1
p

<
ε

4

1

C̃
, (A.14)

where C̃ is a constant specified below. The existence of δ > 0 ensuring that the inequality above holds true is evident
from the assumption on the equal uniform p-mean continuity of the set A.
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Then
∥fj − f∥Lp(Ω) ≤ ∥fj − (fj)h∥Lp(Ω) + ∥(fj)h − fh∥Lp(Ω) + ∥fh − f∥Lp(Ω) .

The first term on the right-hand side is smaller than ε
4 , as by virtue of Hölder’s inequality, Fubini Theorem and

properties of η we get

∥fj − (fj)h∥Lp(Ω) =

(∫
Ω

∣∣∣∣∣
∫
Bh(x)

(fj(x)− fj(y)) ηh(x− y) dy

∣∣∣∣∣
p

dx

) 1
p

=

(∫
Ω

∣∣∣∣∣
∫
B1(0)

(fj(x)− fj(x+ hz)) η(z) dz

∣∣∣∣∣
p

dx

) 1
p

≤ C(η)

(∫
B1(0)

∫
Ω

|fj(x+ hz)− fj(x)|p dx dz

) 1
p

<
ε

4
;

this follows from (A.14) with the choice C̃ = C(η)|B1(0)|
1
p . Similarly we also estimate the last term on the right-hand

side. Finally, the second term on the right-hand side is smaller than ε
2 which follows from (A.13). Altogether,

∥fj − f∥Lp(Ω) < ε,

and {fi}Ni=1 is therefore the ε-net of A in Lp(Ω). ■

A.3.8 Nemytskii operator and weak lower semicontinuity
This last subsection recalls two fundamental results which form basis to build the theory for nonlinear partial differental
equations. We presents these results with their proofs since they are not included in the standard courses on measure
theory and on theory of integral. We will be interested in behaviour of the composite function f(x, u(x)). If f and
u are only measurable functions of its variables, the composite function f(x, u(x)) may not be measurable. The next
definition contains a sufficient condition to ensure the measurability for such a mapping.

Definition A.3.41 — Carathéodory function. Let Ω ⊂ Rd be measurable and N ∈ N. We say that the
function f : Ω× RN → R is a Carathéodory function, if:

1. the function f(x, ·) : RN → R is continuous for almost every x ∈ Ω

2. the function f(·, v⃗) : Ω → R is measurable for all v⃗ ∈ RN .

We are now ready to introduce the basic tool needed in the theory of nonlinear partial differential equations.

Theorem A.3.42 — Nemytskii operator. Let Ω ⊂ Rd be measurable and f : Ω× RN → R be a Carathéodory
function. For u⃗ = (u1, . . . , uN ): Ω → RN we define the Nemytskii operator

[N (u⃗)](x) := f(x, u⃗(x)).

Then the function N (u⃗) is measurable provided the function u⃗ is measurable.
Moreover, let for any i = 1, . . . , N there exist pi ∈ [1,∞) and let there exist p ∈ [1,∞), g ∈ Lp(Ω) and a constant

C ≥ 0 such that for almost every x ∈ Ω and all v⃗ := (v1, . . . , vN ) ∈ RN it holds

|f(x, v⃗)| ≤ g(x) + C

N∑
i=1

|vi|
pi
p . (A.15)

Then N : u⃗ 7→ N (u⃗) is a continuous operator from Lp1(Ω)× · · · × LpN (Ω) to Lp(Ω).

Proof. Step 1: Measurability
Since u⃗ is measurable, there exists a sequence of simple functions {u⃗n}∞n=1 such that u⃗n → u⃗ almost everywhere
in Ω. We define functions fn(x) := f(x, u⃗n(x)). Then fn → N (u⃗) almost everywhere in Ω, due to Property 1. for
the Carathéodory function f . Moreover, fn are measurable which can be easily checked applying Property 2. from
Definition A.3.41 on the level set of the functions u⃗n. Consequently, the function N (u⃗) is measurable.

Step 2: Boundedness
If u⃗ ∈ Lp1(Ω) × · · · × LpN (Ω), then ∥N (u⃗)∥Lp(Ω) is finite due to the Minkowski inequality A.3.10 and the growth
assumption (A.15), since

∥N (u⃗)∥Lp(Ω) ≤

∥∥∥∥∥g + C

N∑
i=1

|ui|
pi
p

∥∥∥∥∥
Lp(Ω)

≤ ∥g∥Lp(Ω) + C

N∑
i=1

∥ui∥
pi
p

Lpi (Ω) <∞. (A.16)
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We also see that N maps bounded sets in Lp1(Ω)× · · · × LpN (Ω) to bounded sets in Lp(Ω).
Step 3: Continuity

It remains to show the continuity of N . Let u⃗n → u⃗ in Lp1(Ω) × · · · × LpN (Ω). Switching to subsequences we may
ensure that u⃗n → u⃗ almost everywhere in Ω and

∥uni − ui∥Lpi (Ω) ≤ 2−n for all n ∈ N and i ∈ {1, . . . , N}.

Then the functions

vi := |ui|+
∞∑

n=1

|uni − ui| i ∈ {1, . . . , N}

control the members of the sequence {u⃗n} in Lpi(Ω). Assumption (A.15) and estimate (A.16) yield that

g + C

N∑
i=1

|vi|
pi
p ∈ Lp(Ω)

controls the sequence {f(·, u⃗n)} from above. Further due to (A.16)

|f(x, u⃗n(x))− f(x, u⃗(x))|p ≤ 2p|f(x, u⃗n(x))|p + 2p|f(x, u⃗(x))|p

≤ 2p

(
g(x) + C

N∑
i=1

|vi(x)|
pi
p

)p

+ 2p|f(x, u⃗(x))|p ∈ L1(Ω);

in other words we constructed an integrable majorant. Since f(x, u⃗n(x)) → f(x, u⃗(x)) for almost every x ∈ Ω (it
follows due to the almost everywhere convergence u⃗n → u⃗ and the continuity of f in the second variable), we can use
the Lebesgue dominated convergence Theorem A.3.4 and get∫

Ω

|f(x, u⃗n(x))− f(x, u⃗(x))|p dx n→∞→ 0.

It is easy to see (by contradiction argument) that the result holds for the whole sequence. ■

We finally formulate the key property of the Carathéodory functions which are additionally convex in the last vari-
able.

Theorem A.3.43 — Weak lower semicontinuity. Let Ω ⊂ Rd be measurable, f : Ω × (RN × RM ) → R a
Carathéodory function. Moreover, assume that:

1. f is bounded from below by an integrable minorant, i.e., there exists g ∈ L1(Ω) such that for all (u⃗, v⃗) ∈
RN × RM and almost every x ∈ Ω it holds

f(x, u⃗, v⃗) ≥ −g

2. f is convex in the last variables, i.e, for each u⃗ ∈ RN , each v⃗1, v⃗2 ∈ RM , each α ∈ [0, 1] and almost every x ∈ Ω
it holds

f(x, u⃗, αv⃗1 + (1− α)v⃗2) ≤ αf(x, u⃗, v⃗1) + (1− α)f(x, u⃗, v⃗2).

Then for every sequence {u⃗n}∞n=1 = {un1 , . . . , unN}∞n=1 which fulfils for each i = 1, . . . , N

uni → ui strongly in L1(Ω) (A.17)

and every sequence {v⃗ n}∞n=1 = {vn1 , . . . , vnM}∞n=1 which fulfils for each i = 1, . . . ,M

vni ⇀ vi weakly in L1(Ω) (A.18)

it holds ∫
Ω

f(x, u⃗(x), v⃗(x)) dx ≤ lim inf
n→∞

∫
Ω

f(x, u⃗n(x), v⃗ n(x)) dx. (A.19)

Proof. Let (A.17)–(A.18) hold. We denote

L := lim inf
n→∞

∫
Ω

f(x, u⃗n(x), v⃗ n(x)) dx.

Switching to a subsequence if necessary, we may achieve that∫
Ω

f(x, u⃗n(x), v⃗ n(x)) dx→ L,

uni → ui in L1(Ω) ∀i = 1, . . . , N,

uni → ui a.e. in Ω ∀i = 1, . . . , N.
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In what follows we consider only this subsequence. Moreover, since g ∈ L1(Ω), switching to f(x, u⃗, v⃗) + g(x) we may
achieve that f is a non-negative Carathéodory function which is convex in the last variable. In what follows, we
additionally assume that f is non-negative.

Step 1: Main idea of the proof
Assume for a moment that f does not depend on the second variable, i.e., f(x, u⃗, v⃗) = f(x, v⃗). The main idea is
connected with application of the Mazur Theorem B.2.14. Due to it and due to (A.18) we can find subsequences
{w⃗ n}∞n=1 ⊂ L1(Ω), {kn}∞n=1, and numbers ank ∈ [0, 1] such that

kn ≥ n, w⃗ n :=

kn∑
k=n

ank v⃗
k,

kn∑
k=n

ank = 1,

and
∀i = 1, . . . ,M : wn

i → vi strongly in L1(Ω).

Finally, by virtue of the convexity of f in the last variable we obtain∫
Ω

f(x, w⃗ n(x)) dx ≤
kn∑
k=n

ank

∫
Ω

f(x, v⃗ k(x)) dx ≤ sup
k≥n

∫
Ω

f(x, v⃗ k(x)) dx.

Passing to the limit n→ ∞, where on the left-hand side we use the pointwise convergence (for a suitable subsequence),
non-negativity of f and the Fatou Lemma A.3.6 we get∫

Ω

f(x, v⃗(x)) dx ≤ lim inf
n→∞

∫
Ω

f(x, w⃗ n(x)) dx ≤ lim inf
n→∞

sup
k≥n

∫
Ω

f(x, v⃗ k(x)) dx

≤ lim sup
n→∞

∫
Ω

f(x, v⃗ n(x)) dx = L

which is precisely inequality (A.19). It remains to explore the case when f also depends on u⃗.
Step 2: "ε–perturbation due to the dependence on u⃗"

Let Ω̃ ⊂ Ω be an arbitrary bounded measurable set and ε > 0 be arbitrary. We define

Ω̃ε,n = {x ∈ Ω̃ | |f(x, u⃗n(x), v⃗ n(x))− f(x, u⃗(x), v⃗ n(x))| ≥ ε}.

We show that
|Ω̃ε,n|

n→∞→ 0. (A.20)

For contradiction, assume that (A.20) does not hold. Switching to a subsequence and making ε > 0 smaller, if
necessary, we get

|Ω̃ε,n| ≥ 4ε for all n ∈ N. (A.21)

Due to (A.18) there exists C1 > 0 such that ∥v⃗ n∥L1(Ω) ≤ C1. If we set Cε :=
C1

ε and define

Ω̃ v⃗
n := {x ∈ Ω̃ | |v⃗ n(x)| ≥ Cε},

we have for all n ∈ N the estimate
|Ω̃ v⃗

n | ≤
1

Cε

∫
Ω̃

|v⃗ n(x)| dx ≤ C1

Cε
= ε. (A.22)

By virtue of the Egorov Theorem A.3.7 we can find Ω̃ u⃗ such that u⃗ ∈ C(Ω \ Ω̃ u⃗) and

|Ω̃ u⃗| ≤ ε

u⃗n → u⃗ uniformly in Ω̃ \ Ω̃ u⃗.
(A.23)

Therefore there exists C2 > 0 such that for all n ∈ N, ∥u⃗n∥L∞(Ω̃\Ω̃ u⃗) ≤ C2. Finally, using the Luzin Theorem A.3.1

and the fact that f is a Carathéodory function, we can find Ω̃f such that

|Ω̃f | ≤ ε, f is uniformly continuous in (Ω̃ \ Ω̃f )×BC2(0)×BC1(0). (A.24)

Combining (A.21)–(A.24) it is not difficult to see that

|Ω̃ε,n \ (Ω̃f ∪ Ω̃ u⃗ ∩ Ω̃ v⃗
n )| ≥ ε for any n ∈ N. (A.25)

Finally, applying the uniform convergence (A.23) and the uniform continuity (A.24) we have

∥f(·, u⃗n, v⃗ n)− f(·, u⃗, v⃗ n)∥L∞(Ω̃\(Ω̃f∪Ω̃ u⃗∩Ω̃ v⃗
n ))

n→∞→ 0.
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By virtue of the definition of Ω̃ε,n we get a contradiction with (A.21). Hence, claim (A.20) is shown.
Step 3: Conclusion of the proof

Due to (A.20) we can choose a subsequence which we relabel and thus we may again assume that |Ω̃ε,n| < 2−nε. We
set Ω̃ε :=

⋃∞
n=1 Ω̃ε,n. Then |Ω̃ε| < ε and for any x ∈ Ω̃ \ Ωε and any n ∈ N it holds

|f(x, u⃗n(x), v⃗ n(x))− f(x, u⃗(x), v⃗ n(x))| < ε. (A.26)

We now proceed as in Step 1. We first repeat the procedure to find the sequence {w⃗ n}∞n=1 and applying the convexity
of f in the last variable we get the estimate

f(x, u⃗(x), w⃗ n(x)) ≤
kn∑
k=n

ankf(x, u⃗(x), v⃗
k(x))

≤
kn∑
k=n

ank |f(x, u⃗(x), v⃗ k(x))− f(x, u⃗k(x), v⃗ k(x))|

+

kn∑
k=n

ankf(x, u⃗
k(x), v⃗ k(x)).

Integrating over Ω̃ \ Ωε and using (A.26) together with
∑kn

k=n a
n
k = 1 we get

∫
Ω̃\Ωε

f(x, u⃗(x), w⃗ n(x)) dx ≤ ε|Ω̃ \ Ωε|+
∫
Ω̃\Ωε

kn∑
k=n

ankf(x, u⃗
k(x), v⃗ k(x)) dx

≤ ε|Ω̃|+ sup
k≥n

∫
Ω

f(x, u⃗ k(x), v⃗ k(x)) dx.

We may now, exactly as in Step 1, pass to the limit on the right-hand side and apply the Fatou Lemma A.3.6 on the
left-hand side to conclude ∫

Ω̃\Ωε

f(x, u⃗(x), v⃗(x)) dx ≤ ε|Ω̃|+ L.

We now pass with ε → 0+. We use the boundedness of Ω̃ on the right-hand side and the Lebesgue monotone
convergence Theorem A.3.2 on the right-hand side to show (recall that |Ω̃ε| ≤ ε)∫

Ω̃

f(x, u⃗(x), v⃗(x)) dx ≤ L.

Finally, let Ω̃n ⊂ Ω be a sequence of bounded sets such that Ω̃n ↗ Ω. Then passing to the limit in the inequality
above (by virtue of the Lebesgue monotone convergence Theorem A.3.2) we get (A.19). ■



Appendix B

Several basic results from functional analysis

The results presented below summarize only several most important results needed in these Lecture Notes. Further
details can be found e.g. in Edwards (1995), Yosida (1980), Dunford and Schwartz (1988) or in Czech in Lukeš (1998).

B.1 Banach and Hilbert spaces

Definition B.1.1 — Norm, normed space. A mapping x 7→ ∥x∥V , where x belongs to a certain real (or
complex) vector space V , is called a norm, if:

1. ∥x∥V ≥ 0 for all x ∈ V , where ∥x∥V = 0, if and only if x = 0

2. ∥λx∥V = |λ|∥x∥V for all λ ∈ R (λ ∈ C) and all x ∈ V

3. ∥x+ y∥V ≤ ∥x∥V + ∥y∥V for all x and y ∈ V .

A vector space V on which we define a norm is called a normed vector space.

Definition B.1.2 — Scalar product, unitary space. A mapping (x, y) 7→ (x, y)H , where x, y belong to a
certain real (or complex) vector space H, is called a scalar product, if:

1. (x, x)H ≥ 0 for all x ∈ H, where (x, x)H = 0, if and only if x = 0

2. (x, y)H = (y, x)H (or (x, y)H = (y, x)H) for all x, y ∈ H

3. (λx, y)H = λ(x, y)H for all x, y ∈ H, λ ∈ R (λ ∈ C).

A vector space with a scalar product is called a unitary space.

Remark B.1.3. Recall that the unitary space is also normed and the norm can be taken as ∥u∥H :=
√

(u, u)H . We
call this norm the associated norm to the scalar product.

Definition B.1.4 — Strong convergence (or convergence in norm). We say that a sequence {vn}n∈N of
elements of a normed vector space V converges strongly (i.e., converges in norm) to an element v ∈ V , if

lim
n→∞

∥vn − v∥V = 0.

Definition B.1.5 — Cauchy sequence. We say that a sequence {vn}n∈N of elements of a normed vector space
V is a Cauchy sequence, if for any ε > 0 there exists n0 ∈ N such that for any m, n ≥ n0 it holds

∥vn − vm∥V < ε.

While any strongly convergent sequence is a Cauchy sequence (which a kind reader can surely verify himself or
herself), the opposite implication is in general not true.

Definition B.1.6 — Complete spaces, Banach and Hilbert spaces. A normed vector space V which fulfils
that any Cauchy sequence of its elements has a strong limit in V is called complete. Complete normed spaces are
called Banach spaces, complete unitary spaces (with respect to the norm associated to the scalar product) are called
Hilbert spaces.
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Definition B.1.7 — Separable space. A normed vector space V is called separable, if it contains a countable
dense subset, i.e., a set M = {vn}n∈N ⊂ V such that for any ε > 0 and any v ∈ V there exists an element vk ∈ M
such that ∥vk − v∥V < ε.

B.2 Dual spaces, weak convergence

Definition B.2.1 — Dual space. The set of all continuous linear functionals on the Banach space X is called
a dual space and it is denoted as X∗.

The dual space is again a Banach space with respect to the norm

∥L∥X∗ = sup
v∈X;∥v∥X≤1

⟨L, v⟩X ,

see, e.g., (Lukeš, 1998, Theorem 2.4) or (Yosida, 1980, Section III.6). The dual space to Lp(Ω), 1 ≤ p < ∞, can be
identified with the space Lp′

(Ω), 1
p + 1

p′ = 1, the dual space to C(Ω) with the space of Radon measures Ω. For the
case of the complete normed space endowed with a scalar product it holds the following characterization of the dual
space.

Theorem B.2.2 — Riesz representation. Let L be a continuous linear functional on the Hilbert space H.
Then there exists a unique element v ∈ H such that

⟨L, u⟩H = (v, u)H .

Moreover, ∥L∥H∗ = ∥v∥H .

Proof. The proof can be found, e.g., in (Lukeš, 1998, Theorem 2.9) or (Yosida, 1980, Section III.6). ■

For a Banach space X it is possible to define a dual space X∗∗ to the space X∗ (the second dual space to X). We
can define the canonical mapping E: X → X∗∗ as

Eu = u∗∗, where ⟨u∗∗, L⟩X∗ = ⟨L, u⟩X for all L ∈ X∗.

Definition B.2.3 — Reflexive space. A Banach space X is called reflexive, if the canonical mapping satisfies
E(X) = X∗∗.

While any Hilbert space is reflexive, for example on the scale of the Lebesgue space it holds only for p ∈ (1,∞).
The following result is trivial.

Theorem B.2.4 — Properties of closed subspaces. Let X be a Banach space and Y its closed subspace.
Then it holds.

1. If X is separable, then Y is separable.

2. If X is reflexive, then Y is reflexive.

Definition B.2.5 — Weak and weak star convergence. We say that a sequence {vn}n∈N in the Banach space
X converges weakly to an element v ∈ X, we denote it vn ⇀ v, if

lim
n→∞

⟨L, vn⟩X = ⟨L, v⟩X

for any L ∈ X∗. We say that a sequence {Ln}n∈N ⊂ X∗ converges weakly ∗ (weakly star) to an element L ∈ X∗,
we denote it Ln

∗
⇀ L, if

lim
n→∞

⟨Ln, v⟩X = ⟨L, v⟩X

for any v ∈ X.

Theorem B.2.6 — Alaoglu–Bourbaki–Banach. Let X be a Banach space. If there exists a separable Y such
that Y ∗ = X, then from any bounded sequence in X it is possible to extract a weakly star convergent subsequence.

Proof. The proof can be found, e.g., in (Lukeš, 1998, Theorem 16.6). ■
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Theorem B.2.7 — Eberlein–Smulyan. Let X be a Banach space. Then the following two claims are equivalent.

1. From any bounded sequence {vn}n∈N ⊂ X it is possible to extract a weakly convergent subsequence.

2. The space X is reflexive.

Proof. The proof can found, e.g., in (Lukeš, 1998, Theorem 16.9) or in (Yosida, 1980, Section V.4). ■

Definition B.2.8 — ε-net. Let X be a Banach space. We say that a nonempty set A ⊂ X is an ε-net in X, if
the system of open balls {Bε(x) | x ∈ A} covers X.

Definition B.2.9 — Totally bounded set. We say that a non-empty set M ⊂ X, X Banach space, is totally
bounded, if for any ε > 0 there exists a finite ε-net, i.e.,

∀ε > 0∃N ∈ N∃ {mi}Ni=1 ⊂M so that
N⋃
i=1

mi forms an ε-net.

Theorem B.2.10 — Relation between relatively compact and totally bounded sets. Let X be a Banach
space. Then its subset Y is relatively compact (i.e., its closure is a compact set), if and only if the set Y is totally
bounded.

Proof. The proof can be found, e.g., in (Lukeš, 1998, Paragraph 24.4). ■

Definition B.2.11 — Continuous embedding. Let X,Y be Banach spaces. We say that X is continuously
embedded into Y (we denote it as X ↪→ Y ), if:

1. X ⊂ Y

2. the identity I, as a mapping I: X → Y , is a continuous mapping, i.e.,
∃C > 0 ∀x ∈ X : ∥x∥Y ≤ C ∥x∥X .

Definition B.2.12 — Compact operator. Let X,Y be Banach spaces. Let A: X → Y be an operator. This
operator is called compact, if it maps bounded sets to relatively compact sets.

Therefore a compact operator maps bounded sequences in X to relatively compact ones in Y . It is therefore
possible to choose from them in Y a convergent subsequence.

Definition B.2.13 — Compact embedding. LetX,Y be Banach spaces. We say thatX is compactly embedded
into Y (we denote it as X ↪→↪→ Y ), if:

1. X ↪→ Y

2. the identity I, as a mapping I: X → Y , is compact (each bounded subset B ⊂ X is relatively compact in Y ).

Theorem B.2.14 — Mazur. Let X be a Banach space and un ⇀ u in X. Then there exists a sequence {kn} ⊂ N,
kn ≥ n for all n ∈ N, and numbers akn ≥ 0, n ∈ N, k ∈ {n, . . . , kn} such that for all n ∈ N

kn∑
k=n

akn = 1 and vn :=

kn∑
k=n

aknuk → u strongly in X.

Proof. The proof can be found, e.g., in (Yosida, 1980, Section V.1) or in Brezis (1993). ■

The theorem directly implies the following characterization of weakly closed sets.

Theorem B.2.15 — Characterization of weakly closed sets. A convex set in a Banach space is weakly
closed, if and only if it is (strongly) closed.

B.3 Spectrum of operators in Hilbert spaces, Fredholm alternative
Let us consider a linear mapping (operator) A: H → H, where H is a real Hilbert space; so

A(λu+ µv) = λA(u) + µA(v)
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for any u, v ∈ D(A) (the domain of A) and arbitrary λ, µ ∈ R. Let us further assume that A is bounded (and thus
continuous), it means that there exists C > 0 such that

∥A(u)∥H ≤ C∥u∥H

for all u ∈ D(A).

Definition B.3.1 — Resolvent, spectrum. Let A: H → H be a bounded linear operator. Then the resolvent
of A, denoted by ρ(A), is the set of all η ∈ R such that A−ηI, where I: H → H is the identity mapping, is injective
and surjective. The spectrum of the operator A is the set σ(A) = R \ ρ(A).

Definition B.3.2 — Eigenvalue, eigenfunction, point spectrum. Let A: H → H be a bounded linear
operator. The number λ ∈ σ(A) is called an eigenvalue of the operator A, if the kernel of the operator A−λI is not
trivial (it means that there exists a nontrivial xλ ∈ H such that A(xλ) = λxλ). Such xλ is called an eigenfunction
of the operator A. The union of all eigenvalues of A is called the point spectrum of the operator A and we denote
it σp(A).

Definition B.3.3 — Adjoint operator. Let A: H → H be a linear operator. The adjoint operator A∗: H 7→ H
is the operator which for all u, v ∈ H fulfils

(Au, v)H = (u,A∗v)H .

Note that if the compact operator is additionally linear, it is also bounded (and thus continuous).

Theorem B.3.4 — Compactness of adjoint operator. Let the operator A: H → H be compact. Then also
its adjoint operator A∗: H → H is compact.

Proof. The proof can be found, e.g., in (Evans, 1998, Appendix D Theorem 4). ■

Definition B.3.5 — Selfadjoint operator. The operator A: H → H is called selfadjoint, if A = A∗ (including
the domains).

Theorem B.3.6 — Fredholm alternative. Let H be a Hilbert space and let K : H → H be a compact operator.
Then it holds:

1. N(I −K) is finite dimensional

2. R(I −K) is closed

3. R(I −K) = N(I −K∗)⊥

4. N(I −K) = {0} ⇐⇒ R(I −K) = H

5. dimN(I −K) = dimN(I −K∗)

6. The spectrum of K is at most countable and contains 0. If the spectrum is infinite, then 0 is the only
accumulation point.

Proof. The proof can be found, e.g., in (Evans, 1998, Appendix D Theorem 5). ■

Theorem B.3.7 — Spectrum of a compact operator. Let dimH = ∞, A: H → H be a linear compact
operator. Then:

1. 0 ∈ σ(A)

2. σ(A) \ {0} = σp(A) \ {0}

3. Either σ(A) \ {0} is a finite set or σ(A) \ {0} is a sequence with the limit 0.

Proof. The proof can be found, e.g., in (Evans, 1998, Appendix D Theorem 6). ■

Theorem B.3.8 — Estimate of the spectrum. Let A: H → H be a linear, bounded, selfadjoint operator.
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Denote
m = inf

{u∈H | ∥u∥H=1}
(Au, u)H , M = sup

{u∈H | ∥u∥H=1}
(Au, u)H .

Then σ(A) ⊂ [m,M ] and m, M ∈ σ(A).

Proof. The proof can be found, e.g., in (Evans, 1998, Appendix D Lemma in D6). ■

Theorem B.3.9 — Spectrum of a compact selfadjoint operator. Let A: H → H be a linear, compact,
selfadjoint operator and let H be a separable Hilbert space. Then there exists a countable orthonormal basis of H
formed by eigenfunctions of the operator A.

Proof. The proof can be found, e.g., in (Evans, 1998, Appendix D Theorem 7). ■
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