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Preface

Linear regression is a basic statistical modelling technique. Its principles, related mathematical the-
ory and its applications are covered by a variety of textbooks or monographs. This text follows quite
closely the course “NMSA407 Linear Regression” at Faculty of Mathematics and Physics (MatFyz)
of Charles University which makes a part of the curriculum of the Master’s programs “Probability,
Mathematical Statistics and Econometrics” and “Financial and Insurance Mathematics”. In current
form, this course is being taught since fall 2013 when also development of this text started. During
several decades before, a similar course, entitled just Regression was taught at MatFyz by Karel
Zvara. Linear regression occupied indeed majority of the Regression course and complementary
textbook Regrese (Zvéra, 2008) also served as a primary source and inspiration for several chapters
of this text, especially those devoted to a classical least squares theory in a (normal) linear model.

As complementary literature to this course, the following textbooks and monographs can be rec-
ommended, in English: Khuri (2010); Seber and Lee (2003); Draper and Smith (1998); Shao (2003);
Weisberg (2005), in Czech: Zvara (2008); Andél (2007); Cipra (2008); Zvéara (1989). For practical
analyzes, the R software (R Core Team, 2020) is perhaps the best choice. R is also used during the
exercise classes to the Linear Regression course.



Notation and general
conventions

General conventions

e Vectors are understood as column vectors (matrices with one column).

e Statements concerning equalities between two random quantities are understood as equalities
almost surely even if “almost surely” is not explicitely stated.

* Measurability is understood with respect to the Borel o-algebra on the Euclidean space.

General notation

Y ~ (,u, 02) means that the random variable Y follows a distribution satisfying
E(Y) = U, var(Y) =02
e Y ~ (p,, Z) means that the random vector Y follows a distribution satisfying

IE(Y) = u, var(Y) =3.

Notation related to the linear model

* Generic response random variable, covariate random vector (length p), regressor random
vector (length k, elements indexed from 0):

Y, Z=(Z,.... %), X=(Xo, ..., Xp1)

* Response vector (length n): Y = (Yl, cee Y”)T.

e Covariates (p covariates):

- Zi:(Zi717"‘7Zi,p)T (zzl,,n)

vector of covariates for observation %;

; T,
- Z'=(Zvj, ..., Zng) (G=1,....p)
values of the jth covariate for n observations.
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Xi

e Covariate matrix (dimension n X p):

Zi1 ... Ziy z!
Z=1 : : =
Znt oo Znp zZ)

* Regressors (k regressors indexed from 0):

T,
- Xz: (XZ"(), ...,Xi7k_1) (Zzl, ...,n):
vector of regressors for observation i;

- XI = (X4, o, Xng) (=0, ..., k—1):

values of the jth regressor for n observations.

¢ Model matrix (dimension n x k):

X0 ... Xigp X/
X=1: : : =| :
Xpo -0 Xnko1 X,

) n

e Rank of the model: » = rank(X) (< k < n) (almost
e Error terms: € = (51, ey en)T = (Y1 — XITB,

* Regression space: M(X) (linear span of columns of

e vector dimension r (almost surely);

¢ orthonormal basis Q,,«, = (ql, e qr).

* Residual space: /\/l(X)l
e vector dimension n — r (almost surely);

¢ orthonormal basis N,,y, = (nl, ceey nn,r).
e Hat matrix: H = QQ" =X (XTX)_ XT.
e Residual projection matrix: M = NN =T, — H.
e Fitted values: ¥ = (?1, e ,l?n)—r = HY.

e Residuals: U = (Uy,...,U,) =MY =Y - Y.

surely).
Y, - X8 =y -x8.
X)

* Residual sum of squares: SS, = HUH2 = HY — IA’HQ

* Residual degrees of freedom: v, = n —r.

e Residual mean square: MS. = SS./(n — r).

* Sum of squares: SS: R¥ — R, SS(8) = ||Y — X3

}2, 8 € RF.




Chapter

Linear Model

1.1 Regression analysis

Linear regression' is a basic method of so called regression analysis’> which covers a variety of

methods to model on how distribution of one variable depends on one or more other variables.
A principal tool of linear regression is then so called linear model® which will be the main topic of
this lecture.

IMlustrations
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1.1. REGRESSION ANALYSIS

Hlustrations
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Hlustrations
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Hlustrations
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1.1. REGRESSION ANALYSIS 5

1.1.1 Data

Basic methods of regression analysis assume that data can be represented by n independent and
identically distributed (i.i.d.) random vectors (Yi, z/! )T, i =1,...,n, being distributed as a generic
random vector (Y, ZT)T. That is,

Yi\iid (Y .
~ , 1=1,....,n,
Z; Z

where Z = (Zl, e Zp)T. This will also be a basic assumption used for majority of the lecture.

Terminology (Response, covariates).

* Y is called response® or dependent variable’.

* The components of Z are called cowariates®, explanatory variables’, predictors®, or independent
variables®.

e The sample space'” of the covariates will be denoted as Z. That is, Z C R?, and among the
other things, P(Z € Z) = 1.

Notation and terminology (Response vector, covariate matrix).
Further, let

17 Zv1 oo Ziy z]
Y=|:|, z=|: =+ =+ |=|:|[=(2".. 2.
Y, Zn1 oo Znp zZ)

)

Vector Y is called the response vector".

The n x p matrix Z is called the covariate matrix*.

e The vector Z; = (Zi’l, e Z@p)T (1t =1, ..., n) represents the covariate values for the ith
observation.
e The vector Z7 = (ZLj’ e anj)T (j =1, ..., p) represent the values of the jth covariate

for the n observations in a sample.

Notation. Letter Y (or y) will always denote a response related quantity. Letters Z (or z) and
later also X (or x) will always denote a quantity related to the covariates.

This lecture:
e Response Y is continuous.
¢ Interest in modelling dependence of only the expected value (the mean) of Y on the covariates.

¢ Covariates can be of any type (numeric, categorical).

4 5 7

vysvétlujici proménné ° prediktory
® nezdvisle proménné ' vybérovy prostor " vektor odezvy 2 matice vysvétlujicich proménnjch

odezva zdvisle proménnd  ® Nepreklddd se. Viraz ,kovaridty nepouzivat!



1.1. REGRESSION ANALYSIS 6

1.1.2 Probabilistic model for the data

Any statistical analysis is based on specifying a stochastic mechanism which is assumed to generate

the data. In our situation, with i.i.d. data (Yi, Z;r) ,i=1,...,n, the data generating mechanism

corresponds to a joint distribution of a generic random vector (Y, Z T)—r which can be given by
a joint density
friz(y,2), yeR zeZ

(with respect to some o-finite product measure Ay X Az). For the purpose of this lecture, \y will
always be a Lebesgue measure on (]R, B).

It is known from basic lectures on probability that any joint density can be decomposed into
a product of a conditional and a marginal density as

fyz(y, z) = fyiz(y|2) fz(2), yeER, z€Z.

With the regression analysis, and with the linear regression in particular, the interest lies in re-
vealing certain features of the conditional distribution Y ‘ Z (given by the density fy|z) while
considering the marginal distribution of the covariates Z (given by the density fz) as nuisance.
It will be shown during the lecture that a valid statistical inference is possible for suitable char-
acteristics of the conditional distribution of the response given the covariates while leaving the
covariates distribution fz practically unspecified. Moreover, to infer on certain characteristics of
the conditional distribution Y’ | Z, e.g., on the conditional mean E(Y ‘ Z ), even the density fy|z
might be left practically unspecified for many tasks.

1.1.3 Regressors

In the reminder of the lecture, we will mainly attempt to model the conditional mean E(Y } Z )
When doing so, transformations of the original covariates are usually considered. The response
(conditional) expectation is then assumed to be a function of the transformed covariates.

In the following, let t : Z — X C R* be a measurable function, ¢t = (to, e tk,l)T (for
reasons which become clear in a while, we start indexing of the elements of this transformation by
zero). Further, let

T

X = (Xo, -, Xe1) | = (to(2), ..., tr1(2))

(Z),
Xi=(Xipo, .-, Xz',kq)T !

t
= (t0(Zy), ..., th-1(Z;)) =1t(Z;), i=1,...,n.
Subsequently, we will assume that

E(Y|Z)=m(t(Z)) =m(X)
for some measurable function m : X — R.

Terminology (Regressors, regression function).

e The vectors X, X;, i = 1,...,n, are called the regressor vectors® for a particular unit in
a sample.

¢ Function m which relates the response expectation to the regressors is called the regression
function'.

e The vector X/ := (Xl,ja cee Xn,j)—r (=0, ..., k—1)is called the jth regressor vector.®

1 15

3 vektory regresorii ™ regresni funkce vektor jtého regresoru
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All theoretical considerations in this lecture will assume that the transformation ¢ which relates the
regressor vector X to the covariate vector Z is given and known. If the original data (Yg, ZZT) ,

i=1,...,n are iid. having the distribution of the generic response-covariate vector (Y, Z T)T,
the (transformed) data (Yi, X ZT )T, i =1,...,n are again ii.d., now having the distribution of the
generic response-regressor vector (Y, X T)—r which is obtained from the distribution of (Y, Z T)—r

by the transformation theorem. The joint density of (Y, X T)T can again be decomposed into
a product of the conditional and the marginal density as

frx(, ®) = fyix (v| @) fx(®), yeR zelX. L
Furthermore, it will overall be assumed that for almost all z € Z
EY|Z=2)=E(Y|X =1t(z)). L2)

Consequently, to model the conditional expectation E(Y ‘ VA ), it is sufficient to model the con-
ditional expectation E(Y ‘ X ) using the data (Yg, X ZT )T, i =1,...,n and then to use (1.2) to
get E(Y ‘ Z). In the reminder of the lecture, if it is not necessary to mention the transforma-
tion ¢ which relates the original covariates to the regressors, we will say that the data are directly
composed of the response and the regressors.
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1.2 Linear model: Basics

1.2.1 Linear model with i.i.d. data

Definition 1.1 Linear model with i.i.d. data.
The data (Y}, XZT)—r i (Y, XT)T, i =1,...,n, satisfy a linear model if

EY|X)=X"8, var(Y|X) =07

where 3 = (Bo, e Bk,l)T € R¥ and 0 < 02 < oo are unknown parameters.

Terminology (Regression coefficients, residual variance and standard deviation).

T, . . .
e 3= (BO, ce ﬁk_l) is called the vector of regression coefficients'® or regression parameters."”

2 18

o o- is called the residual variance.

e 0 = o2 is called the residual standard deviation."

The linear model as specified by Definition 1.1 deals with specifying only the first two moments of
the conditional distribution Y | X. For the rest, both the density fy|x and the density fx from
(1.I) can be arbitrary. The regression function of the linear model is

-
m(x) = x'B=Ppyxo+ -+ Br_1 Th_1, xr = (:co, e xk,l) cX.

The term “linear” points to the fact that the regression function is linear with respect to the
regression coefficients vector 3. Note that the regressors X might be (and often are) linked to the
original covariates Z (the transformation ¢) in an arbitrary, i.e., also in a non-linear way.
Notation and terminology (Linear model with intercept).

Often, the regressor X is constantly equal to one (tg(z) = 1 for any z € Z). That is, the regressor
vector X is X = (1, X, ..., X k,l)T and the regression function becomes

-
m(z)=a B =P+ Bz + + Bro1Th-1, x= (1,21, ..., 24-1) EX.

t20

The related linear model is then called the linear model with intercept=®. The regression coefficient

B is called the intercept term?' of the model.

1.2.2 Interpretation of regression coefficients

The regression parameters express influence of the regressors on the response expectation. Let for
a chosen j € {0, 1, ...,k—l}

a::(:co,...,atj ...,xk_l)TEX, and z/(tD) .= (a:o,...,a:j—i—l...,a:k_l)TeX.

% regresni koeficienty 7 regresni parametry ** rezidudlni rozptyl * rezidudlni smérodatnd odchylka *° linedrni

21

model s absolutnim clenem absolutni ¢élen
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We then have
E(Y|X=2/) - E(Y | X =)
=E(Y|Xo=20, ..., Xj=a;+1, ..., X1 = 2p_1)
— E(Y|Xo==0,..., Xj =aj, ..., Xp—1 = p_1)
=Poxo+ -+ B (i + 1)+ + Br—1 Tk
— (Bowo+---+Bjaj+ -+ Pr-12r1)
= B;.

That is, the regression coefficient /3; expresses a change of the response expectation corresponding
to a unity change of the jth regressor while keeping the remaining regressors unchanged. Further,

let for a fixed 6 € R .
27 (H0) .— (2o, ..chzj+0 ..., »Tk—l)T €4,

we then have
E(Y|X =2/")) - E(Y|X =2)
=E(Y |Xo=w0, ..., Xj=a;+6, ..., Xp—1 = Tp—1)
- E(Y|Xo==w0, ..., Xj=aj, ..., X1 = Tp_1)
= B 6.

That is, if for a particular dataset a linear model is assumed, we assume, among the other things
the following:

(i) The change of the response expectation corresponding to a constant change § of the jth
regressor does not depend on the value z; of that regressor which is changed by 0.

(ii) The change of the response expectation corresponding to a constant change § of the jth
regressor does not depend on the values of the remaining regressors.

Terminology (Effect of the regressor).

The regression coefficient j3; is also called the effect of the jth regressor.

Linear model with intercept

In a model with intercept where X is almost surely equal to one, it does not make sense to
consider a change of this regressor by any fixed value. The intercept By has then the following
interpretation. If
T T
($0,1‘1,...,:Ek_1) :(1,0,...,0) e X,

that is, if the non-intercept regressors may all attain zero values, we have

Bo=E(Y|X1=0,..., X3_1=0).
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1.2.3 Linear model with general data

Notation and terminology (Model matrix).

Let
X10 oo Xipoa bl

X=| : & i =] =& LX)
XmO Xn,kfl )(—r

n

The n x k matrix X is called the model matrix** or the regression matrix*.

In the linear model with intercept, the model matrix becomes

1 Xl,l X17k_1
X=1: : = (1., X', ..., XM,

1 Xpa1 oo Xpko
Its first column, the vector 1,, is called the intercept column of the model matrix.

The response random vector Y = (Yl, e Yn)T, as well as the model matrix X are random
quantities (in case of the model with intercept, the elements of the first column of the model
matrix can be viewed as random variables with a Dirac distribution concentrated at the value of
one). The joint distribution of the “long” random vector (Y3, ..., Y, X{, ..., X Z)T = (Y, X)
has in general a density fy x (with respect to some o-finite product measure Ay x Ax) which can
again be decomposed into a product of a conditional and marginal density as

frx(y, x) = fyx(y]x) fx(x). (13)

In case of ii.d. data, this can be further written as

fyx(y, x) = {f[lfmx(yi | iBz‘)} {Zﬁlfx(wi)} : (14)

fY|X(y ‘ X) fx(x)

The linear model, if assumed for the ii.d. data, implies statements concerning the (vector) expec-
tation and the covariance matrix of the conditional distribution of the response random vector Y
given the model matrix X, i.e., concerning the properties of the first part of the product (1.3).

Lemma 1.1 Conditional mean and covariance matrix of the response vector.
Let the data (Yi, XzT)T i (Y, XT)T, i =1,...,n satisfy a linear model. Then

E(Y |X)=X8, var(Y|X)=0"L,. (1.5)

2 matice modelu ® regresni matice
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Proof. Trivial consequence of the definition of the linear model with the i.i.d. data.

3

Property (1.5) is implied from assuming (Yg, X;l—)T it (Y, XT)T, i =1,...,n, where IE(Y } X) =

X Tﬁ, var(Y ‘ X ) = ¢2. To derive many results shown later in this lecture, it is sufficient to as-
sume that the full data (= (Y, X)) satisfy just the weaker condition (1.5) without requesting that

the random vectors (Yg, X iT)T, i = 1,...,n, which represent the individual observations, are
independent or identically distributed. To allow to distinguish when it is necessary to assume the
iid. situation and when it is sufficient to assume just the weaker condition (1.5), we shall introduce
the following definition.

Definition 1.2 Linear model with general data.
The data (Y, X), satisfy a linear model if

E(Y |X)=X8, var(Y|X) =01,

where 3 = (Bo, ce Bk,l)T € R¥ and 0 < 0% < oo are unknown parameters.

Notation.

(i) The linear model with iid. data, that is, the assumption (Yi, X;r )T ixd. (Y, X T)T,
i=1,...,n, E(Y ‘ X) = XTﬁ, var(Y X) = o2 will be briefly stated as

v, X)) (v, x) L i=1,...,n,  Y|X~ (X8, 0.

(ii) The linear model with general data, that is, the assumption E(Y ‘ X) = X0, var(Y ‘ X) =
021, will be indicated by
Y | X ~ (X8, 0°L,).

Note. IfY ‘ X ~ (XB, O'QIn) is assumed, we require that in (1.3)
* neither fy |x is of a product type;
* nor fx is of a product type

as indicated in (1.4).

1.2.4 Rank of the model

The k-dimensional regressor vectors X1, ..., X, (the n x k model matrix X) are in general jointly
generated by some (n - k)-dimensional joint distribution with a density fx(z1,...,2,) = fx(x)
(with respect to some o-finite measure Ax). In the whole lecture, we will assume n > k. Next to
it, we will additionally assume in the whole lecture that for a fixed r < k,

P(rank(X) =r) = 1. (1.6)
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That is, we will assume that the (column) rank of the model matrix is fixed rather than being
random. It should gradually become clear throughout the lecture that this assumption is not really
restrictive for most of the practical applications of a linear model.

Convention. In the reminder of the lecture, we will only write rank(X) = r which will mean
that P(rank(X) = r) = 1 if randomness of the covariates should be taken into account.

Definition 1.3 Full-rank linear model.

124

A full-rank linear model** is such a linear model where r = k.

Note. In a full-rank linear model, columns of the model matrix X are linearly independent vectors
in R™ (almost surely).

1.2.5 Error terms

Notation and terminology (Error terms).

The random variables
si::Yi—X;rﬂ, i=1,...,n,

will be called the error terms (random errors, disturbances)®® of the model. The random vector
€= (51, e En)T =Y - X3

will be called the error term vector.

Lemma 1.2 Moments of the error terms.
LetY ‘ X~ (X,B, o? In). Then

Proof. E(e|X)=E(Y —X8|X) =E(Y |X) - X8 =X8-Xg8 =0,.
var(e | X) = var(Y — X8| X) = var(Y |X) = ¢°L,.

E() = B{E(|X) } = E(0,) = 0.
var(e) = E{var(s | X)} + var{E(s | X)} = E(02 I,) +var(0,) = o’ 1,.

25

' linedrni model o plné hodnosti chybové cleny, ndhodné chyby
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Note. 1f (V;, XZT)T itd (Y, XT)T, i=1,...,n, then indeed

iid
g ~Nei=1,...,n e~ (0,0%).

1.2.6 Distributional assumptions

To derive some of the results, it is necessary not only to assume a certain form of the conditional
expectations of the response given the regressors but to specify more closely the whole conditional
distribution of the response given the regressors. For example, with iid. data (Y;, x! )T itd

(Y, XT)T, i=1,...,n, many results can be derived (see Chapter 6) if it is assumed

YV|X~N(XTB, 0%).

1.2.7 Fixed or random covariates

In certain application areas (e.g., designed experiments), the covariates (and regressors) can all (or
some of them) be fixed rather than random variables. This means that the covariate values are
determined/set by the analyst rather than being observed on (randomly selected) subjects. For
majority of the theory presented throughout this course, it does not really matter whether the
covariates are considered as random or as fixed quantities. The proofs (majority that appear in this
lecture) very often work with conditional statements given the covariate/regressor values and hence
proceed in exactly the same way in both situations. Nevertheless, especially when dealing with
asymptotic properties of the estimators used in the context of a linear model (see Chapter 16), care
must be taken on whether the covariates are considered as random or as fixed.

1.2.8 Limitations of a linear model

“Essentially, all models are wrong, but some are useful. The practical question is how
wrong do they have to be to not be useful.”

George E. P. Box (1919 - 2013)

Linear model is indeed only one possibility (out of infinitely many) on how to model dependence of
the response on the covariates. The linear model as defined by Definition 1.1 is (possibly seriously)
wrong if, for example,

* The expected value IE(Y ’ X = :B), x € X, cannot be expressed as a linear function of .
= Incorrect regression function.

¢ The conditional variance var(Y } X = m), x € X, is not constant. It may depend on x as
well, it may depend on other factors.
= Heteroscedasticity.

* Response random variables are not conditionally uncorrelated/independent (the error terms
are not uncorrelated/independent). This is often the case if response is measured repeatedly
(e.g., over time) on n subjects included in the study.
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Mustrations
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Additionally, the linear model deals with modelling of only the first two (conditional) moments of
the response. In many application areas, other characteristics of the conditional distribution Y’ } X

are of (primary) interest.



Chapter

Least Squares Estimation

This chapter is not complete in the notes.

In this chapter, we shall consider a set of n random vectors (YZ-, Xz-T)T, X; = (Xi,07 .. ,Xi,k—l) T,
i =1,...,n, which are not necessarily i.i.d. but satisfy a linear model. That is,

Y |X~ (X8, 0°L,),  rank(X,x;) =r <k<n, 2.1)

where Y = (Yl, e ,Yn)T, X is a matrix with vectors XlT, e ,XI in its rows and 3 = (60, e
Bk—l) € RF and 02 > 0 are unknown parameters. In this chapter, we introduce a method of least
squares' to estimate the unknown parameters of the linear model (2.1). All results in this chapter will
be derived from the assumption (2.1), i.e., without assuming i.i.d. data or even normally distributed
response. Certain results will be derived while additionally assuming the full-rank model (r = k).

' metoda nejmensich étvercii

17
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2.1 Sum of squares, least squares estimator and normal
equations

Definition 2.1 Sum of squares.
Consider a linear model Y | X ~ (X8, 02I,,). The function SS : R¥ —s R given as follows

n

SS(B) =Y (Yi—- X8 =Y -X8|° = (¥ -XB8) (Y -XB), BeR:

i=1

will be called the sum of squares’ of the model.

Lemma 2.1 Least squares estimator.

Assume a full-rank linear model Y ‘ X ~ (X,B, O'QIn), rank(X,, xx) = k. There exist a unique
minimizer to SS(3) given as
B=(xX'xX)"'xTY. 2.2)

Definition 2.2 Least squares estimator, normal equations.
Consider a linear model Y ‘ X ~ (X,@, UQIn), rank(Xp,xx) = k. The quantityf‘i = (XTX)_I XY

will be called the least squares estimator (LSE)® of the vector of regression coefficients 3. The linear
system X' X 3 = XY will be called the system of normal equations.”

Lemma 2.2 Moments of the least squares estimator.
LetY ‘ X~ (X,B, 02In), rank(X,,xx) = k. Then

E(8|X) =8, E(B) = B,

var(B ’ X) = o? (XTX)_I.

2 soucet ¢tvercti  ® odhad metodou nejmensich c¢tvercii (MNC) Y normadlni rovnice
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2.2 Fitted values, residuals, projections

Definition 2.3 Regression and residual space of a linear model.

Consider a linear model Y ‘ X ~ (X,B, aQIn), rank(X,xx) = r < k. The regression space’ of the
model is a vector space M (X) The residual space® of the model is the orthogonal complement of the

. . i
regression space, i.e., a vector space M (X) .

Definition 2.4 Fitted values, residuals.
Consider a full-rank linear model Y } X ~ (X,B, 02In), rank(X,, xx) = k. The vector

Y =xB8=x(X'x)"'x"Y
will be called the vector of fitted values’ of the model. The vector
U=Y-Y

will be called the vector of residuals® of the model.

Notation. H := X(X'X) 'XT, M:=1T, — H.

Lemma 2.3 Algebraic properties of fitted values, residuals and related projection
matrices.

i)Y =HY and U = MY are projections of Y into M (X) and M (X)L, respectively;
@Y L U;
(iii) H and M are projection matrices into M (X) and M (X)L, respectively;

(v HT =H, MT = M;

@ HH =H, MM = M;

) HX =X, MX = 0,,«%.

Terminology (Hat matrix, residual projection matrix).
For a linear model of (not necessarily full-rank) Y ’ X ~ (Xﬁ, 0'21”), rank(X, xx) =r < k.

5 6 7 8

regresni prostor rezidudlni prostor vyrovnané hodnoty rezidua
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e H=QQ' = X(XTX)_XT: hat matrix®,

where Q,,x, = (ql, R qr) is an orthonormal vector basis of the regression space M (X);
e M=NN'"=1I, — X(XTX)_XT: residual projection matrix",

where N,,», = (nl, e nn_T) is an orthonormal vector basis of the residual space M(X)J‘.

% regresni projekéni matice, lze viak uZivat té vjrazu ,hat matice ' rezidudlni projekcni matice
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2.3 Gauss-Markov theorem

Theorem 2.4 Gauss—Markov.
Assume a linear model Y}X ~ (XB, 0°1,), rank(X,xx) = 7 < k. Then the vector of fitted
values Y is, conditionally given X, the best linear unbiased estimator (BLUE)! of a vector parameter
o= IE(Y | X). Further,

var(Y | X) = 0?H = o’ X(X'X) "X .

Proof.

Linearity means that Y is a linear function of the response vector Y which is clear from the
expression Y = HY'.

Unbiasedness. Let us calculate E(i} ‘ X).
E(Y |X) = E(HY |X) = HE(Y |X) = HXS8 = X8 = p.
The pre-last equality holds due to the fact that HX is a projection of each column of X into
M(X) which is generated by those columns. That is HX = X.

Optimality. Let Y = a + BY be some other linear unbiased estimator of n=Xg.

e That is,
VBeRF E(Y|X)=Xg,
VBERF a + BE(Y‘X) = XB,
VB cRF a + BXB=Xg.
It follows from here, by using above equality with 3 = 0y, that a = 0,,.

e That is, from unbiasedness, we have that V3 € R* BX3 = X3. Take now 8 =
(0, U ,O)T while changing a position of one. From here, it follows that BX = X.

e We now have:
Y = a + BY unbiased estimator of u = a=0; & BX=X.

Trivially (but we will not need it here), also the opposite implication holds (if Y = BY
with BX = X then Y is the unbiased estimator of &t = X(3). In other words,

Y = a + BY is unbiased estimator of p <= a=0, & BX=X.
* Let us now explore what can be concluded from the equality BX = X.
BX = X, | (xXTx)TxT

BX (X'X) X" =X(X'X) X",

BH = H, 2.3)
H'B'=HT
HB' = H. 2.4)

Y nejlepsi linedrni nestranny odhad
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* Let us calculate var(Y | X):
var(Y | X) = var(HY |X) = Hvar(Y |X)H' = H (s%L,) H'
=o’HH' =o’H=c?X(X'X) X"
* Analogously, we calculate var(Y | X) for Y = BY', where BX = X:
var(Y | X) = var(BY | X) = Bvar(Y |X)B' =B (o%L,)B'
= ’BB' =o?(H+B—H)(H+B-H)"

= o {HHT + H(B-H)" + (B—H)H' +(B—H) (B-H)'}
H o o

—o’H + o> (B-H)(B-H)',

where H(B — IHI)—r =(B- IHI)IHIT = 0,, follow from (2.3) and (2.4) and from the fact that
H is symmetric and idempotent.
¢ Hence finally, N ~
var(Y |X) — var(Y |X) =o®(B-H) (B-H)',

which is a positive semidefinite matrix. That is, the estimator Y is not worse than the
estimator Y.

3

Note. Tt follows from the Gauss-Markov theorem that

Y |X~ (X8, 0*H).

Historical remarks

® The method of least squares was used in astronomy and geodesy already at the beginning of the
19th century.

* 1805: First documented publication of least squares.

Adrien-Marie Legendre. Appendix “Sur le méthode des moindres quarrés” (“On the method of least squares”)
in the book Nouvelles Méthodes Pour la Détermination des Orbites des Cométes (New Methods for the Deter-
mination of the Orbits of the Comets).

® 1809: Another (supposedly independent) publication of least squares.

Carl Friedrich Gauss. In Volume 2 of the book Theoria Motus Corporum Coelestium in Sectionibus Conicis
Solem Ambientium (The Theory of the Motion of Heavenly Bodies Moving Around the Sun in Conic Sections).

e C. F Gauss claimed he had been using the method of least squares since 1795 (which is
probably true).

* The Gauss-Markov theorem was first proved by C. F. Gauss in 1821 - 1823.

e In 1912, A. A. Markov provided another version of the proof.
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e In 1934, J. Neyman described the Markov's proof as being “elegant” and stated that Markov’s
contribution (written in Russian) had been overlooked in the West.

= The name Gauss-Markov theorem.

Theorem 2.5 Gauss—Markov for linear combinations.
Assume a full-rank linear model Y ‘ X ~ (Xﬂ, 02In), rank(X,, xx) = k. Then

(i) For a vectorl = (lo, e lk,l)T € R¥, 1+ 0, the statistic 6= ITB is the best linear unbiased
estimator (BLUE) of the parameter 6 = ITB with

var(]X) = o217 (X'X) 1> 0,

(ii) For a given matrix
L=|:|, LeR L#£0, j=1,....m, m<k

with linearly independent rows (rank(ILmX k) — m), the statistic 0 = IL,B is the best linear
unbiased estimator (BLUE) of the vector parameter @ = L3 with

var(8]X) = o?L(X'X) LT,

which is a positive definite matrix.
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2.4 Residuals, properties

Definition 2.5 Residual sum of squares.
Consider a linear model Y‘X ~ (X,@, 02In), rank(X,xx) = r < k. The quantity SS, =

HUH2 =St U =3, (Yi— }2)2 = |y - }A"H2 will be called the residual sum of squares'
of the model.

Lemma 2.6 Altenative expressions of residuals and residual sum of squares.
LetY ‘ X~ (X,@, 0'21”), rank(X,, xx) = r < k. The following then holds.

(i) U = Mg, wheree =Y — X3;
(i) SSe = Y'MY = ' Me.

Lemma 2.7 Moments of residuals and residual sum of squares.
LetY ‘ X ~ (X,B, O'QIn), rank(X, xx) = r < k. Then

O E(U|X) =0, var(U|X) = o?M;
(i) E(SS. | X) = E(SS.) = (n—r)o?

Definition 2.6 Residual mean square and residual degrees of freedom.
Consider a linear model Y | X~ (X8, 0%I,,), rank(X,xi) =r < k.

(i) The residual mean square' of the model is the quantity SS./(n — r) and will be denoted as
MS.. That is, s

n—r

MS, =

(i) The residual degrees of freedom™ of the model is the vector dimension of the residual space
M (X)J‘ and will be denotes as v.. That is,

Ve =N —T.

2 rezidudlIni soucet ctvercti  ® rezidudlni stredni ctverec ™ rezidudlni stupné volnosti
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2.5 Parameterizations of a linear model

For given response Y = (Yl, RN Yn)T and given set of covariates Z1, ..., Z,, many different
sets of regressors X1, ..., X, and related model matrices X can be proposed. In this section,
we define a notion of equivalent linear models which basically says when two (or more) different
sets of regressors, i.e., two (or more) different model matrices (derived from one set of covariates)
provide models that do not differ with respect to fundamental model properties.

Definition 2.7 Equivalent linear models.

Assume two linear models: My: Y}Xl ~ (Xlﬂ, azln), where X1 is an n X k matrix with
rank(Xl) =rand My:' Y ‘ Xg ~ (Xg’y, 0'21”), where Xo is an n X | matrix with rank(Xg) =r.
We say that models My and My are equivalent if their regression spaces are the same. That is, if

M(X;) = M(Xy).

Notes.
® The two equivalent models:

e have the same hat matrix H = X; (X] X;) X{ = X,(X]X3) X, and a vector of fitted
values Y = HY;

e have the same residual projection matrix M = I,, — H and a vector of residuals U = MY;

e have the same value of the residual sum of squares SS, = U ' U, residual degrees of freedom

ve = n — r and the residual mean square MS, = SS./(n — r).

* The two equivalent models provide two different parameterizations of one situation. Neverthe-
less, practical interpretation of the regression coefficients 3 € R* and « € R/ in the two models
might be different. In practice, both parameterizations might be useful and this is also the reason
why it often makes sense to deal with both parameterizations.
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2.6 Matrix algebra and a method of least squares

In principle, any linear model Y ’ X ~ (X8, 0%I,), rank(X,xx) = r < k, even if being of less
than full rank can be reparameterized such that the model matrix X has linearly independent
columns. For instance, the orthonormal vector basis Q of the regression space provides such
a model matrix. That is, for practical calculations, we can assume, without loss of generality that
rank(an k) = k. Remind now expressions of some quantities that must be calculated when
dealing with the least squares estimation of parameters of the full-rank linear model:

1 1

H=XX'X)"X", M=I-H=I,-XX'X) X'

)

Y =HY =X(X'X) XY, var(Y|X) =’H =0’ X(X'X) X,
U=MY =Y -V, var(U | X) = oM = o*{T, - X(X"x) "X},
Xy, var(B|X) = o (XTx) ",

The only non-trivial calculation involved in above expressions is calculation of the inverse (X X) -
Nevertheless, all above expressions (and many others needed in a context of the least squares
estimation) can be calculated without explicit evaluation of the matrix X' X. Some of above ex-

pressions can even be evaluated without knowing explicitely the form of the (XTX)_l matrix. To
this end, methods of matrix algebra can be used (and are used by all reasonable software routines
dealing with the least squares estimation). Two methods, known from the course Fundamentals of
Numerical Mathematics (NMNM201), that have direct usage in the context of least squares are:

* QR decomposition;
e Singular value decomposition (SVD)

applied to the model matrix X. Both of them can be used, among the other things, to find the
orthonormal vector basis of the regression space M(X) and to calculate expressions mentioned
above.

2.6.1 QR decomposition

QR decomposition of the model matrix is used, for example, by the R software (R Core Team, 2020)
to estimate a linear model by the method of least squares. If X, is a real matrix with rank(X) =
k < n then we know from the course Fundamentals of Numerical Mathematics (NMNM20I) that it
can be decomposed as

X=QR,

where
QnXk:(qh”qu)a qJGRk7]:173ka

qi,---,qy is an orthonormal basis of M (X) and Ry is upper triangular matrix. That is,
Q'Q=1, QQ'=H

We then have
X'X=R"Q'"QR=R'R. (2.5)
——

1
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That is, R" R is a Cholesky (square root) decomposition of the symmetric matrix X" X. Note that
this is a special case of an LU decomposition for symmetric matrices. Decomposition (2.5) can now
be used to get easily (i) matrix (XTX)_l, (i) a value of its determinant or a value of determinant
of XX, (iii) solution to normal equations.

() Matrix (XTX) "

1

X'X)'=(R'R'=R'R)'=R YR

That is, to invert the matrix XX, we only have to invert the upper triangular matrix R.

(i) Determinant of XX and (XTX)A.

Let 71, ..., 7 denote diagonal elements of the matrix R. We then have

det(XTX) = det(RTR) = {det(R)}* = (ﬁ rj)2,

det{ (X"x) "'} = {det(XTX)}_l.

(iii) Solution to normal equations B = (XTX)leTY.
We can obtain 3 by solving:

X'Xb=X"Y
R'"Rb=R'Q'Y
Rb=Q'Y. 2.6)

That is, to get @, it is only necessary to solve a linear system with the upper triangular
system matrix which can easily be done by backward substitution.

Further, the right-hand-side ¢ = (01, . .,ck)T := Q'Y of the linear system (2.6) additionally
serves to calculate the vector of fitted values. We have

k
Y =HY =QQ'Y =Qc = chqj.
j=1

That is, the vector ¢ provides coefficients of the linear combination of the orthonormal vector basis
of the regression space M (X) that provide the fitted values Y.

2.6.2 SVD decomposition

Use of the SVD decomposition for the least squares will not be explained in detail in this course.
It is covered by the Fundamentals of Numerical Mathematics (NMNMZ201) course.



Chapter

Basic Regression Diagnostics

We will now start from considering the original response-covariate data. That is, we assume that
data are represented by n random vectors (Yg, ZiT)T, Z;, = (Zi,h e Zm,)T € Z C Ry,
i = 1,...,n. We keep considering that the principal aim of the statistical analysis is to find
a suitable model to express the (conditional) response expectation IE(Yz } ZZ»), i=1,...,n, in
summary the response vector conditional expectation E(Y ‘ Z), where Z is a matrix with vectors
Zy, ..., Z, in its rows. Suppose that t : Z — X C R¥ is a transformation of the covariates
leading to the model matrix of regressors

X t'(Z1)
X=|: |=| i [=t2), rank(Xp)=r<k
XT tT(Zn)

28
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3.1 (Normal) linear model assumptions

Basis for statistical inference shown by now was derived while assuming a linear model for the data,
i.e., while assuming that E(Y ‘ Z) =t'(Z)B = XB for some B € R* and var(Y ’ Z) = o’1,.
For the data (Y}, x/! )T, i =1,...,n, where we directly work with the response-regressors pairs,
this means the following assumptions (: = 1,...,n):

(AD (Y | X, = a:) = wTﬁ for some 3 € R* and (almost all) z € X.

= Correct regression function m(z) = t'(2)3, z € Z, correct choice of transformation ¢ of the
original covariates leading to linearity of the (conditional) response expectation.

(A2) var(Y} ‘ X; = x) = o2 for some o2 irrespective of (almost all) values of x € X.

= The conditional response variance is constant (does not depend on the covariates or other factors)
=homoscedasticity' of the response.

(A3) cov(Yi7 Y, ‘ X = x) =0, i # [, for (almost all) x € X",

= The responses are conditionally uncorrelated.

Some of our results (especially those shown in Chapter 6) will be derived while additionally assum-
ing normality of the response, i.e., while assuming

(A4) Y;-\Xi:wrv]\/( 8,0 ) for (almost all) x € X.

= Normality of the response.

If we take the error terms of the linear model, i.e., the vector (51, el 5n)T =e=Y —-X3 =

(Y1 - X IB, e Y =X Z ,B)T, the above assumptions can also be stated as saying that there
exists 3 € R¥ for which the error terms satisfy the following.

(AD E(gi ‘ X; = a:) = 0 for (almost all) € X, and consequently also E(EZ) =0,i=1,...,n

= This again means that a structural part of the model stating that IEJ(Y | X) = X3 for some
B € R* is correctly specified, or in other words, that the regression function of the model is
correctly specified.

(A2) var(ai ‘ X; = a:) = o2 for some o2 which is constant irrespective of (almost all) values of
x € X. Consequently also var(ei) =0%i=1,...,n

= The error variance is constant = homoscedasticity of the errors.

(A3) cov(ei7 €l | X = X) =0, i # [, for (almost all) x € X™. Consequently also cov (si, 61) =0,
i # .

= The errors are uncorrelated.
Possible assumption of normality is transferred into the errors as

(A4) &; ‘ X, =z~ N(O, 02) for (almost all) * € X and consequently also &; ~ N(O, 02),
i1=1,...,n

= The errors are normally distributed and owing to previous assumptions, ¢1, . .., e, ~ N (0, 02).

Remember now that many important results, especially those already derived in Chapter 2, are valid
even without assuming normality of the response/errors. Moreover, we shall show in Chapter 16 that

U homoskedasticita
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also majority of inferential tools based on results of Chapters 6 and 8 are, under certain conditions,
asymptotically valid even if normality does not hold.

In general, if inferential tools based on a statistical model with certain properties (assumptions)
are to be used, we should verify, at least into some extent, validity of those assumptions with
a particular dataset. In a context of regression models, the tools to verify the model assumptions
are usually referred to as regression diagnostic> tools. In this chapter, we provide only the most
basic graphical methods. Additional, more advanced tools of the regression diagnostics will be
provided in Chapters 9 and 11.

As already mentioned above, the assumptions (Al)-(A4) are not equally important. Some of them
are not needed to justify usage of a particular inferential tool (estimator, statistical test, ...), see
assumptions and proofs of corresponding Theorems. This should be taken into account when
using the regression diagnostics. It is indeed not necessary to verify those assumptions that are not
needed for a specific task. It should finally be mentioned that with respect to the importance of the
assumptions (Al)-(A4), far the most important is assumption (Al) concerning a correct speciﬁcation
of the regression function. Remember that practically all Theorems in this lecture that are related
to the inference on the parameters of a linear model use in their proofs, in some sense, the
assumption ]E(Y ‘ X) eM (X) Hence if this is not satisfied, majority of the traditional statistical
inference is not correct. In other words, special attention in any data analysis should be devoted to
verifying the assumption (Al) related to a correct specification of the regression function.

As we shall show, the assumptions of the linear model are basically checked through exploration
of the properties of the residuals U of the model, where

U =MY, M=I, - X(X'X) X" = (my;)

il=1,...,n"

When doing so, it is exploited that each of assumptions (Al)-(A4) implies a certain property of
the residuals stated earlier in Lemma 2.7 (Moments of residuals and residual sum of squares)
and Theorem 6.2 (Properties of the LSE under the normality). It follows from those theorems (or
their proofs) the following:

L (A — E(U |X) =0,.
2. (AD & (A2) & (A3) = var(U | X) = ¢? M.
3. (Al & (A2) & (A3) & (A4) = U | X ~ N, (0,,, 0 M).

Usually, the right-hand side of the implication is verified and if it is found not to be satisfied, we
know that also the left-hand side of the implication (a particular assumption or a set of assumptions)
is not fulfilled. Clearly, if we conclude that the right-hand side of the implication is fulfilled, we
still do not know whether the left-hand side (a model assumption) is valid. Nevertheless, it is
common to most of the statistical diagnostic tools that they are only able to reveal unsatisfied
model assumptions but are never able to confirm their validity.

An uncomfortable property of the residuals of the linear model is the fact that even if the errors
(¢) are homoscedastic (var(ei) = ¢? for all i = 1,...,n), the residuals U are, in general, het-
eroscedastic (having unequal variances). Indeed, even if the assumption (A2) if fulfilled, we have
var(U } X) =02V, var(Ui ’ X) =02 m;; (@ = 1,...,n), where note that the residual projection

matrix M in general, does not have a constant diagonal m; 1, ..., my, . Moreover, the matrix M
is even not a diagonal matrix. That is, even if the errors €1, ..., &, are uncorrelated, the residu-
als Uy, ...,U, are, in general, (coditionally given the regressors) correlated. This must be taken

into account when the residuals U are used to check validity of assumption (A2). The problem
of heteroscedasticity of the residuals U is then partly solved be defining so called standardized
residuals.

% regresni diagnostika
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3.2 Standardized residuals

Consider a linear model Y ’ X ~ (X,B, UQIn), with the vector or residuals U = (Ul, e Un), the

residual mean square MS,, and the residual projection matrix M having a diagonal (le, e mnn) T

The following definition is motivated by the facts following the properties of residuals shown in
Lemma 2.7:

E(U|X) =0,  var(U|X)=0"M,

E(Ui|X) =0, var(U | X) = o®my;,  i=1,...,n.

Definition 3.1 Standardized residuals.

The standardized residuals® or the vector of standardized residuals of the model is the vector U'% =
(Uftd7 e Ufltd), where

U.
! Mg ; > 0,

Uz‘Std: \/m 1=1,...,n.

undefined, m;; =0,

)

Lemma 3.1 Moments of standardized residuals under normality.
LetY ‘ X~N, (Xﬂ, O'QIn) and let for chosen i € {1,...,n}, m;; > 0. Then

E(U|X) =0,  var(U|X) =1.

Proof. The proof is not requested for exam.

For each i =1, ..., n for which m;; > 0:

U; U; n—r U; n—r

ystd — = )
! VMScm; ;i /SSe \| mi o\ mi.

Further, U = MY = NN'Y, where Ny x (n—r is @ matrix with orthonormal basis of the residual
space M (X)J‘ in its columns.
We assume Y’ ‘ X ~ N, (X8, ¢?1,,) which implies
T T 2 N T
N'Y | X~ N (N'X 8, 0* N'N).
On—r L,
That is, N'Y | X ~ N, (0, 07T,,_,).
We now use Lemma B.2 with Z = NTY and function T defined as
.T .T T )
T(Z)::.%NZ:J@Nﬁ Y U 7
INz|  INNTY[  [[U]

% standardizovand rezidua



3.2. STANDARDIZED RESIDUALS 32

where 3, = (0, S I 0)T is a unity vector.

It is easily seen that for any ¢ > 0

jiNZc jINZ

T(cZ) = = =T(Z).
[eNZ]  [[NZ]|
Hence, by Lemma B.2, random variables
Ui;
T(Z) = —
Ul

and ||Z]|=|IN"Y|=VY NNTY =VY MY =VY MTMY =VU' U = |U|
are independent, in our case conditionally given X.

We use this independence in calculation of the following (conditional) expectations. At the same
time, we shall use known moments of a (raw) residual U;. First,

Lemma 2.7 ; o U; indep. U,
0= E(UZ\X)_E<HUH HUH‘X) = E(HUH‘X)E(HUHX). 3.

Under normality assumption, - HUH ‘X ~ x2_, which is a continuous distribution whose
g

support is (0, co). Hence, P(HUH2 =0 ‘ X) = 0 and consequently, also P(|U| = 0|X) = 0.
This implies that E(||U]| ‘ X) > 0. From the relationship (3.1) we now conclude that

U.
E( ! X):O.
1U||

n—r U;
X ) = E
> mi (lIUH

Finally, we can calculate

E(Us| X) :E< Ui [nor

U\ mi
Second,
2 Lemma 2.7 o 2 o U»LQ 2
o?mi; = var(U; | X) =E(U} |X) =E HUH2 U|]” | x

X) E(lU)’]x). 62

ind_ep.E( U12
- 2
[l

As mentioned above, under normality assumptions, % HUH2 ’ X ~ X%,T. Hence, E(HUH2 ‘ X) =

X).

o2 (n — ). Relationship (3.2) now implies

2

U
o?m;,; = o? (nr)E( !
lo|?

That is,
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_ 2
X) == TIE( Ui X> —1
AN

Finally,

s s Uz2 n—r
var (U4 | X) :E<(Uitd)2’X> :E<HUH2 o

Notes.
e Unfortunately, even in a normal linear model, the standardized residuals U, ... U3 are, in
general,
® neither normally distributed;

¢ nor uncorrelated.

¢ In some literature (and some software packages), the standardized residuals are called studentized
residuals®.

¢ In other literature including those course notes (and many software packages including R), the
term studentized residuals is reserved for a different quantity which we shall define in Chapter 11.

* studentizovand rezidua
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3.3 Graphical tools of regression diagnostics

Remember, the columns of the model matrix X (the regressors), are denoted as X 0, X k=1

ie.,

X= (X% ..., X",

Remember that usually X° = (1, cee I)T is an intercept column. Further, in many situations,
see Section 8.2 dealing with a submodel obtained by omitting some regressors, the current model
matrix X is the model matrix of just a candidate submodel (playing the role of the model matrix X°
in Section 8.2) and perhaps additional regressors are available to model the response expectation
E(Y ’ Z). Let us denote them as V!, ..., V™. That is, the matrix

V= (V1 ..., V™).

may play a role of omitted covariates (matrix X! in the notation of Section 8.2).

The reminder of this section provides purely an overview of basic residual plots that are used as
basic diagnostic tools in the context of a linear regression. More explanation on use of those plots
will be/was provided during the lecture and the exercise classes.

3.3.1 (A1) Correctness of the regression function
To detect:

Overall inappropriateness of the regression function

= scatterplot (17, U ) of residuals versus fitted values.

.
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Nonlinearity of the regression function with respect to a particular regressor X’

= scatterplot (Xj ) U) of residuals versus that regressor.

Possibly omitted regressor V'

= scatterplot (V, U ) of residuals versus that regressor.

For all proposed plots, a slightly better insight is obtained if standardized residuals U**¢ are used
instead of the raw residuals U'.

3.3.2 (A2) Homoscedasticity of the errors
To detect

Residual variance that depends on the response expectation

= scatterplot (i}, U) of residuals versus fitted values.

Mustrations
Residuals vs Fitted

3050

< - 3480

Residuals

°97

Fitted values

Residual variance that depends on a particular regressor X’

= scatterplot (Xj ) U) of residuals versus that regressor.

Residual variance that depends on a regressor V' not included in the model

= scatterplot (V, U ) of residuals versus that regressor.
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For all proposed plots, a better insight is obtained if standardized residuals U*' are used instead
of the raw residuals U. This due to the fact that even if homoscedasticity of the errors is fulfilled,
the raw residuals U are not necessarily homoscedastic (var(U ‘ Z) = o2 M), but the standardized

residuals are homoscedastic having all a unity variance if additionally normality of the response
holds.

So called scale-location plots are obtained, if on the above proposed plots, the vector of raw residuals

U is replaced by a vector
(lws], ..., y/|ugal).

lHlustrations
Scale-Location

3050
©
9V 3480
097
°
. ° ° ° °
o | o °
g — ° ° ° °
o o o o
S o 0% % . o o
0 ° o ) o
o ° ° ° L4 ° o o ° °
o
ko] °© 9o o S % o °98 % o o
o o 0 D° %g °80, °6 0o ©
N o © ° o S b4 ° °
N oo o
° o | 0o ° o % ° °% & o %o o © * ° &
© — o 0o A 0,% 00 © © 200 08 ° o
k=) ® o &° 08 o °
2 o o > Q 00 8o & ° °
S o 8 3 ® oo ry o o
— ° ® © o © 08 0 < R o o .
1% % 088 Do ° ° °
= o ° ° 3 ° ° o o
. 00 020 @0 3 ° o o °
° o %0 °°, & o 82 080 °% °o o o . ©
0 _| o 53 ° °o Qe ©°¢ 0‘9 0 0° o
o ° o ° ® 0% = g N ° ° °
° o o © 60 °o °
o o o ° o ° o
° , o 00 o oo ° % o ©
° o o ° °
09 ° o °
o °
o 8 °
o
T T T T T I
6 8 10 12 14 16
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3.3.3 (A3) Uncorrelated errors

Assumption of uncorrelated errors is often justified by the used data gathering mechanism (e.g.,
observations/measurements performed on clearly independently behaving units/individuals). In
that case, it does not make much sense to verify this assumption. Two typical situation when
uncorrelated errors cannot be taken for granted are

(i) repeated observations performed on N independently behaving units/subjects;

(ii) observations performed sequentially in time where the ith response value Y; is obtained
in time ¢; and the observational occasions ¢; < --- < t, form an increasing (and often
equidistant) sequence.

In the following, we will not discuss any further the case (i) of repeated observations. In that
case, a simple linear model is in most cases fully inappropriate for a statistical inference and
more advanced models and methods must be used, see the course Advanced Regression Models
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(NMST432). In case (ii), the errors €1,...,&, can often be considered as a time series’. The
assumptions (A1)-(A3) of the linear model then states that this time series (the errors of the model)
forms a white noise®. Possible serial correlation (autocorrelation) between the error terms is then
usually considered as possible violation of the assumption (A3) of uncorrelated errors.

As stated above, even if the errors are uncorrelated and assumption (A3) is fulfilled, the residuals
U are in general correlated. Nevertheless, the correlation is usually rather low and the residuals
are typically used to check assumption (A3) and possibly to detect a form of the serial correlation
present in data at hand. See Stochastic Processes 2 (NMSA409) course for basic diagnostic methods
that include:

* Autocorrelation and partial autocorrelation plot based on residuals U.

e Plot of delayed residuals, that is a scatterplot based on points (U, Us), (Uz, Us), ..., (Up—1, Uy).

3.3.4 (A4) Normality

To detect possible non-normality of the errors, standard tools used to check normality of a random
sample known from the course Mathematical Statistics 1 (NMSA331) are used, now with the vector of
residuals U or standardized residuals U**? in place of the random sample which normality is to be
checked. A basic graphical tool to check the normality of a sample is then the normal probability
plot (the QQ plot).

Mustrations
Normal Q-Q
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Usage of both the raw residuals U and the standardized residuals U*'? to check the normality
assumption (A4) bears certain inconveniences. If all assumptions of the normal linear model are

fulfilled, then

The raw residuals U satisfy U |Z ~ N, (On, o2 M). That is, they maintain the normality, nev-
ertheless, they are, in general, not homoscedastic (var(Ui}Z) = o2 mig, @ = 1,...,n)
Hence seeming non-normality of a “sample” Uy, ..., U, might be caused by the fact that
the residuals are imposed to different variability.

The standardized residuals U**® satisfy ]E(Uftd ‘ Z) =0, var(UZ-Std ‘ Z) =1lforali=1,...,n
That is, the standardized residuals are homoscedastic (with a known variance of one), nev-
ertheless, they are not necessarily normally distributed. On the other hand, deviation of the
distributional shape of the standardized residuals from the distributional shape of the errors
€ is usually rather minor and hence the standardized residuals are usually useful in detecting
non-normality of the errors.
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3.3.5 The three basic diagnostic plots

Standardized residuals

Ilustrations

Residuals vs Fitted
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IMlustrations

Correct model
True: Y =log(0.1 +2)+¢, &~ N(0,0.22).

Model: Y = By + 81 log(0.1 + ) +¢, &~ N(0, 02).

Residuals vs Fitted
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Hlustrations
Incorrect regression function
True: Y =sin(2rx) +¢, ¢~ N(0, 0.3%).
Model: Y = 3y + 312+, e~ N(0, o).
Residuals vs Fitted
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IMlustrations

Incorrect regression function
True: Y =log(0.1 +2)+¢, &~ N(0,0.22).

Model: Y = 3y + 312+, e~ N(0, o).

Residuals vs Fitted
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IMlustrations

Heteroscedasticity
True: Y =log(0.1 +2)+¢, e~ N(0, (0.22)3).

Model: Y = 3y + 81 log(0.1 + ) +¢, &~ N(0, 02).

Residuals vs Fitted
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IMlustrations

Heteroscedasticity

True: Y =sin(2rz) +¢, &~ N(0, {0.6 sin(27 :c)}2)

Model: Y = By + 81 sin(2rx) +¢, &~ N(0, o?).

Residuals vs Fitted

N 830
o
S A
LY ° °
[
g 2, .
[} 8o o ° o
> a o 08 o % 0o o 000% ° Foo ©
o ? S T oo 0020 o & % o0 o ©
Q ° ° ®o o @ o
x 8 o, o0 %o o oeo
— _| 7 ° ° o %0
| °
o o o
— 327
o~ |
! T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 -1.0 -0.5 0.0 0.5 1.0
X Fitted values
Normal Q-Q Scale-Location
o @ 7 53e 2 0
= T o]
3 >
S N 00° © 2
o =
1<) o
= - ©
3 g
N N
5 © =
S o 'r'g v |
g ! 8 °©
n o @a
o
T T T T T e T T T T T
-2 -1 0 1 2 -1.0 -0.5 0.0 0.5 1.0

Theoretical Quantiles Fitted values




3.3. GRAPHICAL TOOLS OF REGRESSION DIAGNOSTICS

45

IMlustrations

Nonnormal errors

True: Y =log(0.1+z)+¢, &~ Gumbel

Model: Y = By + 81 log(0.1 + ) +¢, &~ N(0, 02).

Residuals vs Fitted
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Chapter

Parameterizations of Covariates

4.1 Linearization of the dependence of the response on
the covariates

As it is usual in this lecture, we represent data by n random vectors (YZ-, ZZT)T, Z; = (Zi,l, ey
Zm,)—r € ZCRP,i=1,...,n. The principal problem we consider is to find a suitable model

to express the (conditional) response expectation E(Y ’ Z), where Y = (Yl, e Yn)—r and Z is
a matrix with vectors Z1, ..., Z,, in its rows. To this end, we consider a linear model, where

E(Y ’ Z) can be expressed as IE(Y ‘ Z) = X2 for some 3 € R¥, where
X7\  Xi=(Xi ..., Xip1) | = HZ),

X;Lr Xn = (Xn,Oy (R Xn,k—l)T = t(Zn)7

and t: Z — X C RF, t(z) = (to(z), ol tk,l(z))T = (wo, A xk,l)T = x, is a suit-
able transformation of the original covariates that linearize the relationship between the response
expectation and those covariates. The corresponding regression function is then

m(z) =t (2)B = Boto(z) + -+ + Br1tr1(z), z€Z. 4.1)

One of main problems of any practical regression analysis is to find a reasonable form of the
transformation function ¢ to obtain a model that is perhaps wrong but at least useful to capture
sufficiently the form of E(Y ‘ Z) and in general to express E(Y ‘ Z = z), z € Z, for a generic
response Y being generated, given the covariate value Z = z, by the same probabilistic mechanism
as the original data.

46
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4.2 Parameterization of a single covariate

In this and two following sections, we first limit ourselves to the situation of a single covariate, i.e.,
p =1, Z CR, and show some classical choices of the transformations that are used in practical
analyses when attempting to find a useful linear model.

4.2.1 Parameterization

Our aim is to propose transformations ¢ : Z — R*, t(2) = (to(2), ...,tk,l(z))T such
that a regression function (4.1) can possibly provide a useful model for the response expectation
E(Y ‘ 7 = z) Furthermore, in most cases, we limit ourselves to transformations that lead to
a linear model with intercept. In such cases, the regression function will be

m(z) = fBo + Prsi(z) + - + Br—1sk—1(2), z€Z, 4.2)

where the non-intercept part of the transformation ¢ will be denoted as s. That is, for z € Z,

s: Z— R s(2) = (s1(2), - s1e1(2)) T = (01(2), - o, tra(2))

Definition 4.1 Parameterization of a covariate.

Let Zy, ..., Zy be values of a given univariate covariate Z € Z C R. By a parameterization of this
covariate we mean

(i) the function s : 2 — RF1, s(2) = (s1(2), ..., sk,l(z))—r, z € Z, whereall sy, ..., sk_1
are non-constant functions on Z, and

@ii) ann x (k — 1) matrix S, where
ST(Zl) Sl(Zl) . Sk:—l(Zl)
S= : = : : :
s (Z,) 51(Zn) ... sp_1(Zn)

Terminology (Reparameterizing matrix, regressors).

Matrix S from Definition 4.1 is called reparameterizing matrix' of a covariate. Its columns, i.e.,

vectors
51(Z1) sk-1(Z1)
X! = : sy XL = :
Sl(Zn) Sk:—l(Zn)
determine the regressors of the linear model based on the covariate values 71, ..., Z,,.

' reparametrizacni matice
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Notes.
¢ A model matrix X of the model with the regression function (4.2) is
1 X1 ... Xig 1 X{
X= (10, 8) = (1o, X\, o, XM =0 0 0 =]
1 Xp1 oo Xnko 1 X,
Xi = S(ZZ'), Xi,j = Sj(Zi), 1= 1,...,n, j = 1,...,k— 1.

e Definition 4.1 is such that an intercept vector 1,, (or a vector ¢ 1,, ¢ € R) is (with a positive prob-
ability provided a non-degenerated covariate distribution) not included in the reparameterizing
matrix S. Nevertheless, it will be useful in some situations to consider such parameterizations
that (almost surely) include an intercept term in the space generated by the columns of the
reparameterizing matrix S itself. That is, for some parameterizations (see the regression splines
in Section 4.3.4), we will have 1,, € M (S)

4.2.2 Covariate types

The covariate space Z and the corresponding univariate covariates Z1, ..., Z, are usually of one
of the two types and different parameterizations are useful depending on the covariate type which
are the following.

Numeric covariates

Numeric? covariates are such covariates where a ratio of the two covariate values makes sense and

a unity increase of the covariate value has an unambiguous meaning. The numeric covariate is
then usually of one of the two following subtypes:

(i) continuous, in which case Z is mostly an interval in R. Such covariates have usually a physical
interpretation and some units whose choice must be taken into account when interpreting
the results of the statistical analysis. The continuous numeric covariates are mostly (but not
necessarily) represented by continuous random variables.

(i) discrete, in which case Z is infinite countable or finite (but “large”) subset of R. The most
common situation of a discrete numeric covariate is a count® with Z C Ny. The numeric
discrete covariates are represented by discrete random variables.

Categorical covariates

Categorical® covariates (in the R software referred to as factors), are such covariates where the ratio
of the two covariate values does not necessarily make sense and a unity increase of the covariate
value does not necessarily have an unambiguous meaning. The sample space Z is a finite (and
mostly “small”) set, i.e.,

Z = {wl, ...,wg},

where the values w; < --- < wg are somehow arbitrarily chosen labels of categories purely used
to obtain a mathematical representation of the covariate values. The categorical covariate is always
represented by a discrete random variable. Even for categorical covariates, it is useful to distinguish
the two subtypes:

2 numerické, prip. kvantitativni 3 pocet * kategoridlni, pfip. kvalitativni
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(i) nominal® where from a practical point of view, chosen values w1, ..

., wg are completely

arbitrary. Consequently, practically interpretable results and conclusions of any sensible

statistical analysis should be invariant towards the choice of wq, ..

., wg. The nominal

categorical covariate mostly represents a pertinence to some group (a group label), e.g,
region of residence.

(i) ordinal® where ordering w1 < --- < wg makes sense also from a practical point of view. An
example is a school grade.

Notes.
e From the practical point of view, it is mainly important to distinguish numeric and categorical
covariates.

o Often, ordinal categorical covariate can be viewed also as a discrefe numeric. Whatever in this
lecture that will be applied to the discrete numeric covariate can also be applied to the ordinal
categorical covariate if it makes sense to interprete, at least into some extent, its unity increase
(and not only the ordering of the covariate values).

Cars2004nh (n = 425)

Ilustrations

data(Cars2004nh, package = "mffSM")
head (Cars2004nh)

vname type drive price.retail price.dealer price
1 Chevrolet.Aveo.4dr 1 1 11690 10965 11327.5
2 Chevrolet.Aveo.LS.4dr.hatch 1 1 12585 11802 12193.5
3 Chevrolet.Cavalier.2dr 1 1 14610 13697 14153.5
4 Chevrolet.Cavalier.4dr 1 1 14810 13884 14347.0
5 Chevrolet.Cavalier.LS.2dr 1 1 16385 15357 15871.0
6 Dodge.Neon.SE.4dr 1 1 13670 12849 13259.5

cons.city cons.highway consumption engine.size ncylinder horsepower

1 8.4 6.9 7.65 1.6 4 103
2 8.4 6.9 7.65 1.6 4 103
3 9.0 6.4 7.70 2.2 4 140
4 9.0 6.4 7.70 2.2 4 140
5 9.0 6.4 7.70 2.2 4 140
6 8.1 6.5 7.30 2.0 4 132

weight iweight lweight wheel.base length width ftype fdrive
1 1075 0.0009302326 6.980076 249 424 168 personal front
2 1065 0.0009389671 6.970730 249 389 168 personal front
3 1187 0.0008424600 7.079184 264 465 175 personal front
4 1214 0.0008237232 7.101676 264 465 173 personal front
5 1187 0.0008424600 7.079184 264 465 175 personal front
6 1171 0.0008539710 7.065613 267 442 170 personal front
® nomindlni ° ordindlni



4.2. PARAMETERIZATION OF A SINGLE COVARIATE 50
Mlustrations
Cars2004nh (n = 425)
summary (subset (Cars2004nh,
select = c("price.retail", "price.dealer", "price", "cons.city", "cons.highway",
"consumption", "engine.size", "horsepower", "weight",

"wheel.base", "length", "width")))

price.retail price.dealer price cons.city

Min. : 10280 Min. ;9875 Min. : 10078 Min. : 6.20
1st Qu.: 20370 1st Qu.: 18973 1st Qu.: 19600 1st Qu.:11.20
Median : 27905 Median : 25672 Median : 26656 Median :12.40

Mean : 32866 Mean : 30096 Mean ;31481 Mean :12.36
3rd Qu.: 39235 3rd Qu.: 35777 3rd Qu.: 37514 3rd Qu.:13.80
Max. 1192465 Max. 1173560 Max. 1183012 Max. :23.50
NA’s 114
cons.highway consumption engine.size horsepower
Min. : 5.100 Min. : 5.65 Min. :1.300 Min. :100.0
1st Qu.: 8.100 1st Qu.: 9.65 1st Qu.:2.400 1st Qu.:165.0
Median : 9.000 Median :10.70 Median :3.000 Median :210.0
Mean 9.142 Mean :10.75 Mean :3.208 Mean :216.8
3rd Qu.: 9.800 3rd Qu.:11.65 3rd Qu.:3.900 3rd Qu.:255.0
Max. :19.600 Max. :21.55 Max. :8.300 Max. :500.0
NA’s 114 NA’s 114
weight wheel.base length width

Min. ;923 Min. :226.0 Min. :363.0 Min. :163.0

1st Qu.:1412 1st Qu.:262.0 1st Qu.:450.0 1st Qu.:175.0
Median :1577 Median :272.0 Median :472.0 Median :180.0
Mean 11626 Mean :274.9 Mean :470.6 Mean :181.1

3rd Qu.:1804 3rd Qu.:284.0 3rd Qu.:490.0 3rd Qu.:185.0
Max. : 3261 Max. :366.0 Max. :577.0 Max. :206.0

NA’s 12 NA’s 12 NA’s 126 NA’s 128
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Illustrations

Cars2004nh (n = 425)

summary (subset (Cars2004nh, select = c("type", "drive")))

type
Min. :1.000
1st Qu.:1.000
Median :1.000
Mean :2.219
3rd Qu.:3.000
Max. :6.000

drive
Min. :1.000
1st Qu.:1.000
Median :1.000
Mean :1.692
3rd Qu.:2.000
Max. :3.000

table (Cars2004nh[, "type"], useNA = "ifany")

1 2 3 4
242 30 60 24

5 6
49 20

table (Cars2004nh[, "drive"], useNA = "ifany")

1 2 3
223 110 092

Cars2004nh (n = 425)

summary (subset (Cars2004nh, select = c("ftype", "fdrive")))

ftype
personal: 242
wagon : 30
SUv : 60
pickup : 24
sport : 49
minivan : 20

fdrive
front:223
rear :110
4x4 @ 92




4.2. PARAMETERIZATION OF A SINGLE COVARIATE

52

IMlustrations

Cars2004nh (n = 425)

summary (subset (Cars2004nh, select = "ncylinder"))

ncylinder
Min. :-1.000
1st Qu.: 4.000
Median : 6.000

Mean : 5.791
3rd Qu.: 6.000
Max. :12.000

table (Cars2004nh[, "ncylinder"], useNA = "ifany")

-1 4 5 6 8 10 12
2134 7 190 87 2 3




4.3. NUMERIC COVARIATE 53

4.3 Numeric covariate

It is now assumed that Z; € Z C R, ¢ = 1,...,n, are numeric covariates. Our aim is now to
K3 M )
propose their sensible parameterizations.

4.3.1 Simple transformation of the covariate

The regression function is
m(z) = fo + Prs(z), z€Z, (43)

where s : Z — R is a suitable non-constant function. The corresponding reparameterizing matrix

1S

S(Zl)
S = :
$(Zn)
Due to interpretability issues, “simple” functions like: identity, logarithm, exponential, square root,
reciprocal, ..., are considered in place of the transformation s.
lHlustrations

Houses1987 (n = 540)
log(price) ~ log(ground), m(z)="7.76+ 0.54 log(z)
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Illustrations

Houses1987 (n = 546)

7.76 + 0.54 log(z)

(2) =

m

log(price) ~ log(ground),
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log(price) ~ log(ground), residual plots
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Evaluation of the effect of the original covariate

Advantage of a model with the regression function (4.3) is the fact that a single regression coefficient
B1 (the slope in a model with the regression line in = s(z)) quantifies the effect of the covariate
on the response expectation which can then be easily summarized by a single point estimate and
a confidence interval. Evaluation of a statistical significance of the effect of the original covariate
on the response expectation is achieved by testing the null hypothesis

Ho : 51 =0.

A possible test procedure will be introduced in Section 6.2.

Interpretation of the regression coefficients

Disadvantage is the fact that the slope 1 expresses the change of the response expectation that
corresponds to a unity change of the transformed covariate X = s(Z), i.e., for z € Z:

BL=E(Y|X=5(2)+1) - E(Y|X =5(2)),
which is not always easily interpretable.

Moreover, unless the transformation s is a linear function, the change in the response expectation
that corresponds to a unity change of the original covariate is a function of that covariate:

EY|Z=2+1) —E(Y|Z=2)=p{s(z+1)-s(2)}, z€Z.

In other words, a model with the regression function (4.3) and a non-linear transformation s
expresses the fact that the original covariate has different influence on the response expectation
depending on the value of this covariate.

Note. 1t is easily seen that if n > k = 2, the transformation s is strictly monotone and the
data contain at least two different values among 71, ..., Z,, (which has a probability of one if the
covariates Z; are sampled from a continuous distribution), the model matrix X = (1n, S) is of
a full-rank r = k = 2.

llustrations
Houses1987 (n = 546)
Effect of the covariate, interpretation of the regression coefficients

summary (Im(log(price) ~ log(ground), data = Houses1987))

Residuals:
Min 1Q Median 3Q Max
-0.8571 -0.1988 0.0046 0.1929 0.8969

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 7.75625 0.19933  38.91 <2e-16 **x*
log(ground) 0.54216 0.03265 16.61 <2e-16 ***

Residual standard error: 0.3033 on 544 degrees of freedom
Multiple R-squared: 0.3364, Adjusted R-squared: 0.3351
F-statistic: 275.7 on 1 and 544 DF, p-value: < 2.2e-16
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4.3.2 Raw polynomials
The regression function is polynomial of a chosen degree k — 1, i.e.,

m(z)=Po+ 1z + - + B2, zeZ. 4.4)
The parameterization is

s: Z — RFFL s(z) = (z, ...7zk_1)T, z€Z

Zy ...zt
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Hlustrations
Houses1987 (n = 546)
log(price) ~ rawpoly(ground, d)
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Houses1987 (n = 546)
log(price) ~ rawpoly{ground, 3),

Illustrations

m(z) =9.97+3.78 - 10732 —3.31 - 107622 +9.70 - 1071023
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Evaluation of the effect of the original covariate

The effect of the original covariate on the response expectation is now quantified by a set of £ — 1

regression coefficients 3% := (51, ce ﬁk_l)T. To evaluate a statistical significance of the effect
of the original covariate on the response expectation we have to test the null hypothesis

Hy: 8% =04_;.

An appropriate test procedure will be introduced in Section 6.2.

Interpretation of the regression coefficients

With £ > 2 (at least a quadratic regression function), the single regression coefficients (i, ...,
Br_1 only occasionally have a direct reasonable interpretation. Analogously to simple non-linear
transformation of the covariate, the change in the response expectation that corresponds to a unity
change of the original covariate is a function of that covariate:

EY|Z=2+1) - E(Y|Z=2)
=p1 + B2 {(z+ 1)? — z2} + o 4 Br—1 {(z+ 1)kt — zk_l}, z€Z.
Note. 1t is again easily seen that if n > k and the data contain at least k different values

among among 71, ..., Z, (which has a probability of one if the covariates Z; are sampled from
a continuous distribution), the model matrix (1n7 S) is of a full-rank r = k.

Illustrations

Houses1987 (n = 546)
Effect of the covariate, interpretation of the regression coefficients

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Residuals:
Min 1Q Median 3Q Max
-0.87279 -0.19903 0.00212 0.19780 0.90934

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 9.965e+00 1.371e-01 72.682 < 2e-16 **x*
ground 3.784e-03 7.109e-04 5.323 1.49e-07 ***
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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Degree of a polynomial

Test on a subset of regression coefficients (Section 6.2) or a submodel test (Section 8.2) can be
used to infer on the degree of a polynomial in the regression function (4.4). The null hypothesis
expressing, for d < k, belief that the regression function is a polynomial of degree d—1 corresponds
to the null hypothesis

Hp : deo & ... & 5k—1=0.

Illustrations

Houses1987 (n = 546)

Degree? Cubic versus quadratic, cubic versus linear polynomial

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 9.965e+00 1.371e-01 72.682 < 2e-16 **x*
ground 3.784e-03 7.109e-04 5.323 1.49e-07 ***
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16

rp3 <- 1m(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987)
rpl <- 1m(log(price) ~ ground, data = Houses1987)
anova(rpl, rp3)

Analysis of Variance Table

Model 1: log(price) ~ ground

Model 2: log(price) ~ ground + I(ground~2) + I(ground~3)
Res.Df RSS Df Sum of Sq F Pr (>F)

1 544 53.186

2 542 48.968 2 4.2181 23.344 1.883e-10 *x*x*
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llustrations
Houses1987 (n = 546)

log(price) ~ log(ground) and log(price) ~ rawpoly(ground, d),
m with 95% prediction band
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Houses1987 (n = 546)
log(price) ~ log(ground) and log(price) ~ rawpoly(ground, d), residuals vs. fitted
plots
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IMlustrations

Houses1987 (n = 546)
Practical importance of higher order polynomials?

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data

Houses1987))

Residuals:
Min 1Q Median 3Q Max
-0.87279 -0.19903 0.00212 0.19780 0.90934

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 9.965e+00 1.371e-01 72.682 < 2e-16 *x*
ground 3.784e-03 7.109e-04 5.323 1.49e-07 ***
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom

F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16

Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
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4.3.3 Orthonormal polynomials

The regression function is again polynomial of a chosen degree k& — 1, nevertheless, a different
basis of the regression space, i.e., a different parameterization of the polynomial is used. Namely,
the regression function is

m(z) = Bo + L PY(2) + -+ + B PP(2), 2€ 2, (4.5)
where P7 is an orthonormal polynomial of degree j, j = 1,...,k — 1 built above a set of the
covariate datapoints 71, ..., Z,. That is,

Pi(z)=ajo+ajiz+--+aj;?, j=1,...,k—1, (4.6)
and the polynomial coefficients a;;, j =1,...,k—1,1=0, ..., j are such that vectors

PI(Zy)
Pl = : . j=1...,k—1,
PI(Zy)
are all orthonormal and also orthogonal to an intercept vector P = (1, ..., 1)T. The corre-
sponding reparameterizing matrix is
PY(zy) ... PYZy)
S = (Pl, Pk_l) = : : : 4.7)
PY(Z,) ... Pz,

which leads to the model matrix X = (1n, S) which have all columns mutually orthogonal and
the non-intercept columns having even a unity norm. For methods of calculation of the coefficients
of the polynomials (4.6), see lectures on linear algebra. It can only be mentioned here that as soon
as the data contain at least & different values among 71, ..., Z,, those polynomial coefficients
exist and are unique.

Note. For given dataset and given polynomial degree k — 1, the model matrix X = (1n, S) based
on the orthonormal polynomial provide the same regression space as the model matrix based on
the raw polynomials. Hence, the two model matrices determine two equivalent linear models.

llustrations
Houses1987 (n = 546)
log(price) ~ orthpoly(ground, 3)

|summary(1m(log(price) ~ poly(ground, degree = 3), data = Houses1987))

Residuals:
Min 1Q Median 3Q Max
-0.87279 -0.19903 0.00212 0.19780 0.90934

Coefficients:

Estimate Std. Error t value Pr(>[t])
(Intercept) 11.05896 0.01286 859.717 < 2e-16 ***
poly(ground, degree = 3)1 4.71459 0.30058 15.685 < 2e-16 **x
poly(ground, degree = 3)2 -1.96780 0.300568 -6.547 1.37e-10 **x
poly(ground, degree = 3)3 0.58811 0.30058 1.957  0.0509 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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Houses1987 (n = 546)
log(price) ~ orthpoly(ground, 3),

m(z) = 11.06 + 4.71 P(z) — 1.97 P(2) + 0.59 P3(2)

Illustrations
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Advantages of orthonormal polynomials compared to raw polynomials

¢ All non-intercept columns of the model matrix have the same (unity) norm. Consequently, all
non-intercept regression coefficients 31,...,8;r_1 have the same scale. This may be helpful
when evaluating a practical (not statistical!) importance of higher-order degree polynomial terms.

o Matrix X'X is a diagonal matrix diag(n, 1, ...,1). Consequently, the covariance matrix
var(ﬁ ’ X) is also a diagonal matrix, i.e., the LSE of the regression coefficients are uncorre-
lated.

Illustrations

Houses1987 (n = 546)

Basis orthonormal and raw polynomials

Orthonormal polynomials Raw plynomials
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lHlustrations
Houses1987 (n = 546)
Advantages of orthonormal polynomials compared to raw polynomials

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 9.965e+00 1.371e-01 72.682 < 2e-16 **x*
ground 3.784e-03 7.109e-04 5.323 1.49e-07 ***
I(ground‘2) -3.306e-06 1.092e-06 -3.028 0.00258 =*x*
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16

summary (Im(log(price) ~ poly(ground, degree = 3), data = Houses1987))

Coefficients:

Estimate Std. Error t value Pr(>[t])
(Intercept) 11.05896 0.01286 859.717 < 2e-16 ***
poly(ground, degree = 3)1 4.71459 0.30058 15.685 < 2e-16 **x
poly(ground, degree = 3)2 -1.96780 0.30058 -6.547 1.37e-10 *x*x
poly(ground, degree = 3)3 0.58811 0.30058 1.957  0.0509 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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Evaluation of the effect of the original covariate

The effect of the original covariate on the response expectation is again quantified by a set of £ —1

regression coefficients 3% := (51, e ﬁk_l)T. To evaluate a statistical significance of the effect
of the original covariate on the response expectation we have to test the null hypothesis

Hy: 8% =04_;.

See Section 6.2 for a possible test procedure.

Illustrations

Houses1987 (n = 546)

Effect of the covariate (cubic versus constant regression function)

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Estimate Std. Error t value Pr(>|tl)
(Intercept) 9.965e+00 1.371e-01 72.682 < 2e-16 *x*
ground 3.784e-03 7.109e-04 5.323 1.49e-07 ***
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16

summary (Im(log(price) ~ poly(ground, degree = 3), data = Houses1987))

Estimate Std. Error t value Pr(>ltl)
(Intercept) 11.05896 0.01286 859.717 < 2e-16 ***
poly(ground, degree = 3)1 4.71459 0.300568 15.685 < 2e-16 **x
poly(ground, degree = 3)2 -1.96780 0.30058 -6.547 1.37e-10 **x
poly(ground, degree = 3)3 0.58811 0.30058 1.957  0.0509 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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Interpretation of the regression coefficients

The single regression coefficients 31, ..., Br_1 do not usually have a direct reasonable interpre-

tation.

Degree of a polynomial

Test on a subset of regression coefficients/test on submodels (will be introduced in Sections 6.2
and 8.2) can again be used to infer on the degree of a polynomial in the regression function (4.5)
in the same way as with the raw polynomials. The null hypothesis expressing, for d < k, belief
that the regression function is a polynomial of degree d — 1 corresponds to the null hypothesis

Hp : ,deo & ... & ﬁk_lzo.

Illustrations

Houses1987 (n = 546)
Degree? Cubic versus quadratic regression function

summary (Im(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987))

Estimate Std. Error t value Pr(>|tl)
(Intercept) 9.965e+00 1.371e-01 72.682 < 2e-16 **x*
ground 3.784e-03 7.109e-04 5.323 1.49e-07 ***
I(ground~2) -3.306e-06 1.092e-06 -3.028 0.00258 **
I(ground~3) 9.700e-10 4.958e-10 1.957 0.05091 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16

summary (Im(log(price) ~ poly(ground, degree = 3), data = Houses1987))

Estimate Std. Error t value Pr(>ltl)
(Intercept) 11.05896 0.01286 859.717 < 2e-16 ***
poly(ground, degree = 3)1 4.71459 0.30058 15.685 < 2e-16 **x
poly(ground, degree = 3)2 -1.96780 0.300568 -6.547 1.37e-10 *x*x
poly(ground, degree = 3)3 0.58811 0.30058 1.957  0.0509 .

Residual standard error: 0.3006 on 542 degrees of freedom
Multiple R-squared: 0.3507, Adjusted R-squared: 0.3471
F-statistic: 97.57 on 3 and 542 DF, p-value: < 2.2e-16
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Illustrations

Houses1987 (n = 546)
Degree? Cubic versus linear regression function

rp3 <- 1m(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987)
rpl <- 1m(log(price) ~ ground, data = Houses1987)
anova(rpl, rp3)

Analysis of Variance Table

Model 1: log(price) ~ ground

Model 2: log(price) ~ ground + I(ground~2) + I(ground~3)
Res.Df RSS Df Sum of Sq F Pr (>F)

1 544 53.186

2 542 48.968 2 4.2181 23.344 1.883e-10 **x*

op3 <- Im(log(price) ~ poly(ground, degree = 3), data = Houses1987)
opl <- Im(log(price) ~ poly(ground, degree = 1), data = Houses1987)
anova(opl, op3)

Analysis of Variance Table

Model 1: log(price) ~ poly(ground, degree = 1)
Model 2: log(price) ~ poly(ground, degree = 3)
Res.Df RSS Df Sum of Sq F Pr (>F)

1 544 53.186

2 542 48.968 2 4.2181 23.344 1.883e-10 **x*

Houses1987 (n = 546)
log(price) ~ poly(ground, 4), global effect
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4.3.4 Regression splines

Basis splines

The advantage of a polynomial regression function introduced in Sections 4.3.2 and 4.3.3 is that it
is smooth (have continuous derivatives of all orders) on the whole real line. Nevertheless, with the
least squares estimation, each data point affects globally the fitted regression function. This often
leads to undesirable boundary effects when the fitted regression function only poorly approximates
the response expectation E (Y’ ‘ Z = z) for the values of z being close to the boundaries of the
covariate space Z. This can be avoided with so-called regression splines.

Definition 4.2 Basis spline with distinct knots.
Letd € Ng and A\ = ()\1, ceey )\d+2)T € R2, where —0o < A\| < --+ < Agya < 0o. The basis

spline of degree d with distinct knots’ X is such a function B%(z; X), z € R that
@) Bd(z; A) =0, forz< )\ and z > \gy2;
(i) On each of the intervals (\j, \j+1), j =1, ..., d+ 1, B4(+; A) is a polynomial of degree d;

(iii) Bd(-; A) has continuous derivatives up to an order d — 1 on R.

Notes.
¢ The basis spline with distinct knots is piecewise® polynomial of degree d on (A1, A\gi2).

¢ The polynomial pieces are connected smoothly (of order d — 1) at inner knots Aa, ..., Agi1.

* On the boundary (\; and A\;42), the polynomial pieces are connected smoothly (of order d — 1)
with a constant zero.

lHlustrations
Some basis splines of degree d =0, ..., 5
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Definition 4.3 Basis spline with coincident left boundary knots.

Letde Ny, 1 <r<d+2and X = ()\1, ce )\d+2)T € R¥*2 where —co < A\j = -+ =\ <
-+ < Agy2 < 00. The basis spline of degree d with 7 coincident left boundary knots® A is such
a function B%(z; \), z € R that

() BY(z; X) =0, for z < A\, and z > \gpo;
(i) On each of the intervals (\j, \j+1), j =7, ..., d+ 1, B3(:; X) is a polynomial of degree d;
(iii) B%(-; X) has continuous derivatives up to an order d — 1 on (), 00);

(iv) B(-; X) has continuous derivatives up to an order d — r in \,.

Notes.

e The only qualitative difference between the basis spline with coincident left boundary knots and
the basis spline with distinct knots is the fact that the basis spline with coincident left boundary
knots is at the left boundary smooth of order only d — r compared to order d — 1 in case of the
basis spline with distinct knots.

¢ By mirroring Definition 4.3 to the right boundary, basis spline with coincident right boundary
knots is defined.

lHlustrations
Some basis splines of degree d = 1 with possibly coincident boundary knots
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Mlustrations
Some basis splines of degree d = 2 with possibly coincident boundary knots
o <
— -~
< @
o o
© ©
o o
& &
< <
o o
<
—
o | N
o o
@
o
o ol .
o o
T T T T © T T T T
0 1 3 4 5 _ © 0 1 2 5
z o < z
=}
o | <
— -~
N
o
«© | @
o o
= “ o e
o
© T T T ©
_°7 1 2 3 . °
N N
1] 1]
< ] z <
o o
N N
o o
o J . - o
o o
T T T T T T T T T
0 1 3 4 5 0 1 2 5
z z
Some basis splines of degree d = 3 with possibly coincident boundary knots
«© @
o o
% < | % <
o o
o N =
e T T T T T T e T T T T T
0 1 2 3 4 5 6 0 1 2 3 4 6
z z
«© @ @
o o o
% < | % < % <
o o o
S 4 . . o e — < - ° o - . .
e T T T T T T e T T T T e T T T T T
0 1 2 3 4 5 6 1 2 3 4 0 1 2 3 4 6
z z z
«© @
o o
% < | % <
o o
od— = [ —
e T T T T T T e T T T T T
0 1 2 3 4 5 6 0 1 2 3 4 6




4.3. NUMERIC COVARIATE 73

Basis B-splines

There are many ways on how to construct the basis splines that satisfy conditions of Definitions 4.2
and 4.3, see Fundamentals of Numerical Mathematics (NMNMZ20I) course. In statistics, so called
B-splines have proved to be extremely useful for regression purposes. It goes beyond the scope of
this lecture to explain in detail their construction which is fully covered by two landmark books
de Boor (1978, 2001); Dierckx (1993) or in a compact way, e.g., by a paper Eilers and Marx (1996). For
the purpose of this lecture it is assumed that a routine is available to construct the basis B-splines
of given degree with given knots (e.g., the R function bs from the recommended package splines).

An important property of the basis B-splines is that they are positive inside their support interval
(general basis splines can also attain negative values inside the support interval). That is, if

A= (/\1, e )\d+2)T is a set of knots (either distinct or coincident left or right) and Bd(-, A) is
a basis B-spline of degree d built above the knots A then

Bd(z, )\) > 0, A <z< )\d+27

B(z, A) =0, 2 <A1, 22 Agia-

Spline basis

Definition 4.4 Spline basis.

Letd € No, k > d+1and X = (M, ..., Ap_ap1)| € RF4TL where —0o < Ap < ... <
Ag_d+1 < oo. The spline basis'’ of degree d with knots X\ is a set of basis splines By, ..., By, where
for z € R,

Bi(z) = Bz M, ..., A1, M),

——
(d+1)x
By(z) = Bz A1y ...\ A1, Mg, Ag),
d
X

Bd(Z) = Bd(z; >\1) >\1) >\2) sy )\d-l-l)u

2%
Bd+1(2’) = Bd(Z; )\1, )\2, ey )\d+2),

Bd+2(2) = Bd(z; >\27 sy )\d+3)a

Bi_a(2) = B2 Me—ady -+ Me—dr1),

Bi—a+1(2) = B4z Me—2ait, -y Me—dtts Me—di1),s
——
2%
Bi—1(2) = B (25 Me—d—1s Mi—d -+ s Mo—dit1s -5 Mo—dt1),s
dx
Bio(2) = B (23 M—d - - s Mo—det1s -+ s Me—dip1)-
(d+1)x

0 splinovd bdze
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Linear B-spline basis (of degree d = 1)
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Illustrations

Quadratic B-spline basis (of degree d = 2)
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Illustrations

Cubic B-spline basis (of degree d = 3)
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Properties of the B-spline basis

If k> d+1, aset of knots A = (/\1, ey )\k,dH)T, —00 < A1 < ..o < Apgy1 < 00 8
given and By, ..., By is the spline basis of degree d with knots A composed of basis B-splines
k > d+1, a set of knots A = ()\1, ceey )\k_dH)T, —00 < A} < ... < Ag—g41 < 00 is given and
By, ..., By is the spline basis of degree d with knots A composed of basis B-splines then
k
() Z Bj(z) =1 for all z € ()\1, >\k—d+1)§ (4.8)
j=1
(b) for each m < d there exist a set of coefficients 77", ..., 4 such that
k
Z v;" Bj(2) is on (A1, Ak—441) a polynomial in z of degree m. (4.9)
j=1

Regression spline

It will now be assumed that the covariate space is a bounded interval, ie, Z = (zmm, zmax),
—00 < Zmin < Zmaz < 00. The regression function that exploits the regression splines is

m(z) =1 Bi(2) + -+ + Bu Bil2), z€ Z, (410)

where Bi, ..., By is the spline basis of chosen degree d € Ny composed of basis B-splines built
above a set of chosen knots XA = ()\1, ceey )\k_d+1)—r, Zmin = AN < oo < Mg—d+1 = Zmaz- The
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corresponding reparameterizing matrix coincided with the model matrix and is

Bi(Z1) ... Bp(Z)

X=§= : : : = B. (4.11)

Bl(Zn) s Bk(Zn)
Notes.
o It follows from (4.8) that

1, € M(B).

This is also the reason why we do not explicitely include the intercept term in the regression
function since it is implicitely included in the regression space. Due to clarity of notation, the
regression coefficients are now indexed from 1 to k. That is, the vector of regression coefficients

. T
ISB:(Bb""ﬁk’) .
It also follows from (4.9) that for any m < d, a linear model with the regression function based

on either raw or orthonormal polynomials of degree m is a submodel of the linear model with
the regression function given by a regression spline and the model matrix B.

With d = 0, the regression spline (4.10) is simply a piecewise constant function.

In practice, not much attention is paid to the choice of the degree d of the regression spline.
Usually d = 2 (quadratic spline) or d = 3 (cubic spline) is used which provides continuous first
or second derivatives, respectively, of the regression function inside the covariate domain Z.

On the other hand, the placement of knots (selection of the values of A1, ..., Ag_g41) is quite
important to obtain the regression function that sufficiently well approximates the response
expectations E(Y } 7 = z), z € Z. Unfortunately, only relatively ad-hoc methods towards
selection of the knots will be demonstrated during this lecture as profound methods of the knots
selection go far beyond the scope of this course.

IMlustrations

Houses1987 (n = 546)

B-spline basis (cubic, d = 3, A = (150, 400, 650, 900, 1510)T)
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IMlustrations

Houses1987 (n = 546)
log(price) ~ spline(ground, degree = 3), model matrix X =B

lambda.inner <- c(400, 650, 900)
lambda.bound <- c(150, 1510)
Bx <- bs(Houses1987[, "ground"],
knots = lambda.inner, Boundary.knots = lambda.bound,
degree = 3, intercept = TRUE)
showBx <- data.frame(ground = Houses1987[, "ground"],
B1 = Bx[,1], B2 = Bx[,2], B3 = Bx[,3],
B4 = Bx[,4], B5 = Bx[,5], B6 = Bx[,6], B7 = Bx[,7])
print (showBx)

ground B1 B2 B3 B4 B5 B6 B7
1 544 0.000 0.019 0.424 0.535 0.022 0 O
2 372 0.001 0.341 0.541 0.117 0.000 O 0
3 285 0.097 0.583 0.293 0.026 0.000 O O
4 619 0.000 0.000 0.235 0.689 0.076 0O O
5 592 0.000 0.003 0.302 0.644 0.051 O O
6 387 0.000 0.291 0.567 0.142 0.000 O O
7 361 0.004 0.379 0.517 0.100 0.000 O O
8 387 0.000 0.291 0.567 0.142 0.000 O O
9 447 0.000 0.134 0.590 0.275 0.001 O O
10 512 0.000 0.042 0.497 0.451 0.010 O O
11 670 0.000 0.000 0.130 0.729 0.142 0 0
12 279 0.113 0.590 0.273 0.023 0.000 O O
13 158 0.907 0.091 0.002 0.000 0.000 0 O
14 268 0.147 0.597 0.238 0.018 0.000 O O
15 335 0.018 0.465 0.450 0.068 0.000 O O

Houses1987 (n = 546)
log(price) ~ spline(ground, degree = 3)

Isummary(lm(log(price) ~ Bx - 1, data = Houses1987))

Residuals:
Min 1Q Median 3Q Max
-0.90457 -0.19497 0.00698 0.19693 0.94698

Coefficients:
Estimate Std. Error t value Pr(>|tl)

Bx1 10.71312 .12078 88.70 <2e-16 **x*
Bx2 10.66519 .07956 134.06 <2e-16 ***
Bx3 10.97388 .07464 147.03 <2e-16 **x*
Bx4 11.46283 .06699 171.11 <2e-16 *x*x*
Bx5 11.17900 .16773 66 .65 <2e-16 ***
Bx6 11.41145 .31448 36.29 <2e-16 **x
Bx7 11.69708 .25076 46.65 <2e-16 **x*

Signif. codes: 0 ‘*xx’> 0.001 ‘*%> 0.01 ‘x’> 0.056 ¢.” 0.1 ¢ > 1

O O O O O OO

Residual standard error: 0.2974 on 539 degrees of freedom
Multiple R-squared: 0.9993, Adjusted R-squared: 0.9993
F-statistic: 1.079e+05 on 7 and 539 DF, p-value: < 2.2e-16
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Houses1987 (n = 546)
log(price) ~ spline(ground),

Illustrations

(z) = 10.71 By (2) + 10.67 Ba(2) + 10.97 B3 (2)+
11.46 B4(z) + 11.18 Bs(z) + 1141 Bs(z) + 11.70 B7(2) and the 95% prediction band
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Houses1987 (n = 546)
log(price) ~ spline(ground), residual plots
Residuals vs Fitted
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llustrations
Houses1987 (n = 546)
log(price) ~ spline(ground), residuals versus covariate plot
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Z = Ground size

Advantages of the regression splines compared to raw/orthogonal polyno-
mials

* Each data point influences the LSE of the regression coefficients and hence the fitted regression
function only locally. Indeed, only the LSE of those regression coefficients that correspond to the
basis splines whose supports cover a specific data point are influenced by those data points.

® Regression splines of even a low degree d (2 or 3) are, with a suitable choice of knots, able to
approximate sufficiently well even functions with a highly variable curvature and that globally
on the whole interval Z.

Evaluation of the effect of the original covariate

To evaluate a statistical significance of the effect of the original covariate on the response expecta-
tion we have to test the null hypothesis

Ho: B1 =" = bk

Due to the property (4.8), this null hypothesis corresponds to assuming that E(Y } Z) eM ( 1n) C
M (B). Consequently, it is possible to use a test on submodel that will be introduced in Section 8.1
to test the above null hypothesis.
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IMlustrations

Houses1987 (n = 546)
Effect of the covariate

mB <- 1m(log(price) ~ Bx - 1, data = Houses1987)
m0 <- Im(log(price) ~ 1, data = Houses1987)
anova(m0, mB)

Analysis of Variance Table

Model 1: log(price) ~ 1
Model 2: log(price) ~ Bx - 1

Res.Df RSS Df Sum of Sq F Pr (>F)
1 545 75.413
2 539 47.663 6 27.75 52.302 < 2.2e-16 ***

Houses1987 (n = 546)
Spline better than a (global) cubic polynomial?

mB <- 1m(log(price) ~ Bx - 1, data = Houses1987)

anova(mpoly3, mB)

mpoly3 <- 1m(log(price) ~ ground + I(ground~2) + I(ground~3), data = Houses1987)

Analysis of Variance Table

Model 1: log(price) ~ ground + I(ground~2) + I(ground~3)
Model 2: log(price) ~ Bx - 1
Res.Df RSS Df Sum of Sq F  Pr(>F)
1 542 48.968
2 539 47.663 3 1.3045 4.9174 0.002226 *x*
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IMlustrations

Houses1987 (n = 546)
log(price) ~ log(ground), log(price) ~ poly(ground, 3),
log(price) ~ spline(ground, degree = 3), m with the 95% prediction band
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Interpretation of the regression coefficients

The single regression coefficients 31, ..., B do not usually have a direct reasonable interpretation.
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Hlustrations
Motorcycle (n = 133)
haccel ~ time
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Motorcycle (n = 133)
haccel ~ time, scatterplot with the LOWESS smoother
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Illustrations

Motorcycle (n = 133)
B-spline basis (cubic, d = 3, A = (O, 11, 12, 13, 20, 30, 32, 34, 40, 50, GO)T)
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Motorcycle (n = 133)
haccel ~ spline(time), m(z) = —11.62B1(2)+12.45B2(2)—13.99 B3(z)+2.99 B4(2)+6.11 B5(2)—237.28 Bs(z)+
17.34 B7(2) + 53.26 Bs(2) + 5.07 Bo(2) + 12.72 B1o(2) — 22.00 By1(2) + 11.37 Bya(2) + 6.97 By3(2)
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llustrations
Motorcycle (n = 133)
haccel ~ spline(time), residual plots

Residuals vs Fitted

o | o 1906
wn °
° . ° ° o
° o ° o ° 00° °
o . 0% o .o 8 o
1% o
T o o ° :M* ° o g °q & ©° o ©
3 o 0 ° °o o H
-g o o o ° g o ° ° ° o0, o
°
o °o o ° ° ° ° ° ° ° o °
o ° ° °
Lln - °
o8 102°
T T T T
-100 -50 0 50
Fitted values
Normal Q-Q Scale—-Location
o
g HIER
=1
3 S
2 - 2
< e o
=] — k=] -
g ° L
T 4 ] g
(] 1 o
2 c v |
8 o 8 o
) ! (2]
o 4 78
! 0102 ° 2 4
T T T T T T T T T
-2 -1 0 1 2 -100 =50 0 50
Theoretical Quantiles Fitted values

Motorcycle (n = 133)
haccel ~ spline(time), residuals versus covariate plot
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4.4 Categorical covariate

In this Section, it is assumed that Z; € Z, i = 1,...,n, are values of a categorical covariate. That
is, the covariate sample space Z is finite and its elements are only understood as labels. Without
loss of generality, we will use, unless stated otherwise, a simple sequence 1, ..., G for those labels,
ie.,

z={1,...,G}.

Unless explicitely stated (in Section 4.4.3), even the ordering of the labels 1 < --- < G will not
be used for any but notational purposes and the methodology described below is then suitable for
both nominal and ordinal categorical covariates.

The regression function, m : Z — R is now a function defined on a finite set aiming in

parameterizing just G (conditional) response expectations IE(Y ‘ Z = 1), e IE(Y ! Z = G). For
some clarity in notation, we will also use symbols mq, ..., mq for those expectations, i.e.,
m(l) = E(Y } Z=1) = my,
m(G) = EY|Z=G) = ma.
IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ drive
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Hlustrations
Cars2004nh (subset, n = 409)
consumption ~ drive
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Notation and terminology (One-way classified group means).

Since a categorical covariate often indicates pertinence to one of G groups, we will call my, ..., mg

as group means" or one-way classified group means. A vector

m=(mi, ..., mg) "

12

will be called a vector of group means,= or a vector of one-way classified group means.

Note. Perhaps appealing simple regression function of the form
m(z) = Bo + b1 2, z=1,...,G,

is in most cases fully inappropriate. First, it orders ad-hoc the group means to form a monotone
sequence (increasing if f; > 0, decreasing if 51 < 0). Second, it ad-hoc assumes a linear
relationship between the group means. Both those properties also depend on the ordering or
even the values of the labels (1,...,G in our case) assigned to the G categories at hand. With
a nominal categorical covariate, none of it is justifiable, with an ordinal categorical covariate, such
assumptions should, at least, never be taken for granted and used without proper verification.

12

U skupinové stiedni hodnoty vektor skupinovych strednich hodnot
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4.4.1 Linkto a G-sample problem

Ilustrations

4.4.1 Link to a GG-sample problem
Cars2004nh (subset, n = 409)
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For following considerations, we will additionally assume (again without loss of generality) that the

data (Yi, Zi)T, i = 1,...,n, are sorted according to the covariate values 71, ..., Z,. Further-
more, we will also exchangeably use a double subscript with the response where the first subscript
will indicate the covariate value, i.e.,

A 1 Y1 }/1,1
: : n1-times :
an 1 Yn1 Yl,n1
Z — = s Y = —
Zn—nc;-‘rl G Yn—nc;—H Yo
: nag-times : :
Zn G Yn YG,TLG

Finally, let
-
Y= Your oo Yam) s 9=1,....G,

denote a subvector of the response vector that corresponds to observations with the covariate value
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being equal to g. That is,

Y=M,.. ., Y% =], ..., vD"

Notes. 3

* Suppose that it can be assumed that (Yi, Zi)T ixd (Y7 Z)T, where E(Y ‘ 7 = g) =: my,
var(Y’Z = g) = 0% g=1,...,G. In that case, for given g € {1, ...,G}, the random
variables Yy 1, ..., Y, n. (elements of the vector Y ) are iid. from a distribution of Y | Z = ¢
whose mean is m, and the variance is o2 (which does not depend on a “group”). That is,

Y1,17 ceey Yl,n1 1’1\51 (mla 0-2)7
: (4.12)
Yo, .., Yane itd: (mg, (72).

Note that (4.12) describes a classical G sample problem where the samples are assumed to be
homoscedastic (having the same variance).

o If the covariates 7, ..., Zg are random then also nq, ..., ng are random.

e In the following, it is always assumed that n; > 0, ..., ng > 0 (almost surely).
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4.4.2 Linear model parameterization of one-way classified group
means

As usual, let ¢ be the (conditional) response expectation, i.e.,

H1,1 mi
n1-times
,Ufl,nl my
— — mi 1y,
E(Y|Z)=p:= : = : = : . (4.13)
—— —— me 1p,
27ent mgag
ng-times
HGng mag

Notation and terminology (Regression space of a categorical covariate).

A vector space

ma ln1
:mq, ..., mg €R CR"”
mag ]-nG
will be called the regression space of a categorical covariate (factor) with levels frequencies n1, ..., ng
and will be denoted as Mp(n, ..., ng).
Note. Obviously, with ny > 0, ..., ng > 0, a vector dimension of Mpg(ny, ..., ng) is equal

to G and a possible (orthogonal) vector basis is

1 0
: 11 -times
1 0
- 1, ®(1,...,0)
Q= =+ = : . (4.14)
- 1o, ®(0, ..., 1)
0 1
: ng-times
0 1

When using the linear model, we are trying to allow for expressing the response expectation p, i.e.,
a vector from Mp(n1, ..., ng) as a linear combination of columns of a suitable n x k& matrix X,
ie., as

p=XB, PBeR:

It is obvious that any model matrix that parameterizes the regression space Mp(nq, ..., ng)
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must have at least G columns, i.e., ¥ > GG and must be of the type

n1-times
- 1n1 X I
X = : = : , (4.15)

—— | . ®wg

ng-times

where @1, ..., xg € RF are suitable vectors.

Problem of parameterizing a categorical covariate with G' levels thus simplifies into selecting a G x k
matrix X such that

z|
X=1:
2
Clearly, B
rank(X) = rank(X).
Hence to be able to parameterize the regression space Mp(ny, ..., ng) which has a vector

dimension of G, the matrix X must satisfy

rank(X) =G.
The group means then depend on a vector 3 = (ﬂo, e Bk_l)T of the regression coefficients as
myg = m;,@, g=1,...,G,
m = 526.

A possible (full-rank) linear model parameterization of regression space of a categorical covariate
uses matrix Q from (4.14) as a model matrix X. In that case, X = I and we have

r=Qpg,
m = (3.

(4.16)

Even though parameterization (4.16) seems appealing since the regression coefficients are directly
equal to the group means, it is only rarely considered in practice for reasons that will become clear
later on. Still, it is useful for some of theoretical derivations.
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4.4.3 Full-rank parameterization of one-way classified group means

In the following, we limit ourselves to full-rank parameterizations that involve an intercept column.
That is, the model matrix will be an n X G matrix

.
1 ¢
: n1-times
T
1 ¢
——— 1, ® (1, ¢])
X = = : R
——— 1o, ® (1, ¢f)
-
1 cg
: ng-times
T
1 cg
where ¢y, ..., cg € RE! are suitable vectors. In the following, let C be an G x (G — 1) matrix
with those vectors as rows, i.e.,
-
¢
C=]:
-
Ca
A matrix X is thus a G x G matrix B
X =(1¢, C).
If 8= (BO, e ﬁG_l)T € RY denote, as usual, a vector of regression coefficients, the group
means m are parameterized as
mg = /80+c;—/627 g = 17"'7G7 (417)
m=XB=(1g, C)B = folc + CH%,
where 3% = (ﬁl, ce Bg,l)—r is a non-intercept subvector of the regression coefficients. We will

also refer to it as effects of the covariate Z. As we know,
rank(X) = rank(X) = rank((1¢, C)).

Hence, to get the model matrix X of a full-rank (rank(X) = (), the matrix C must satisfy
rank((C) =G—-1land 1¢ ¢ M((C) That is, the columns of C must be

(i) (G — 1) linearly independent vectors from RG;

(ii) being all linearly independent with a vector of ones 1.

Definition 4.5 Full-rank parameterization of a categorical covariate.

Full-rank parameterization of a categorical covariate with G levels (G = card(Z)) is a choice of the
G x (G — 1) matrix C that satisfies

rank(C) = G — 1, 1g ¢ M(C).
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Terminology ((Pseudo)contrast matrix).

Columns of matrix C are often chosen to form a set of G — 1 contrasts (vectors which elements
sum up to zero) from RE. In this case, we will call the matrix C as a contrast matrix.® In other
cases, the matrix C will be called as a pseudocontrast matrix.*

Note. The (pseudo)contrast matrix C also determines parameterization of a categorical covariate
according to Definition 4.1. Corresponding function s : Z — R¢~ ! is

and the reparameterizing matrix S is an n x (G — 1) matrix

n1-times
—— 1, ® c]—
- 1nG ® Cg‘

ng-times

Evaluation of the effect of the categorical covariate

With a given full-rank parameterization of a categorical covariate, evaluation of a statistical signifi-
cance of its effect on the response expectation corresponds to testing the null hypothesis

Hy: B1=0 & -+ & Bg-1=0, (4.18)
or written concisely
Hp : ﬁZ =0g_1.

This null hypothesis indeed also corresponds to a submodel where only intercept is included in the
model matrix. Finally, it can be mentioned that the null hypothesis (4.18) is indeed equivalent to
the hypothesis of equality of the group means

Ho: m;i = -+ = mg. 4.19)

If normality of the response is assumed, equivalently an F-test on a submodel (Theorem 8.1) or
a test on a value of a subvector of the regression coefficients (F-test if G > 2, t-test if G = 2, see
Theorem 6.2) can be used.

B kontrastovi matice " pseudokontrastovd matice
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Notes. The following can be shown with only a little algebra:

s IfG =2 8= (ﬂo, ,Bl)T. The (usual) t-statistic to test the hypothesis Hy : 51 = 0 using
point (viii) of Theorem 6.2, i.e., the statistic based on the LSE of 3, is the same as a statistic of
a standard two-sample t-test.

o If G > 2, the (usual) F-statistic to test the null hypothesis (4.18) using point (x) of Theorem 6.2
which is the same as the (usual) F-statistic on a submodel, where the submodel is the only-

intercept model, is the same as an F-statistic used classically in one-way analysis of variance
(ANOVA) to test the null hypothesis (4.19).

In the following, we introduce some of classically used (pseudo)contrast parameterizations which
include: (i) reference group pseudocontrasts, (i) sum contrasts, (iii) weighted sum contrasts, (iv)
Helmert contrasts, and (v) orthonormal polynomial contrasts.

MHustrations
Cars2004nh (subset, n = 409, nfront = 212, Nyear = 108, Nyzq = 89)

Y =10.75, Y front = 9.74, Yyeqr = 11.29, Y ypq = 12.50

15
15
1

Consumption [I/200 km]
Consumption [I/200 km]

10
10

T
Al front rear 4x4

Drive
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Reference group pseudocontrasts (dummy variables)

0O ... 0
1 ... 0 T
c—| | = (Y (4.20)
SR Ic
0o ... 1

Hence, the group means are parameterized as follows and the regression coefficients have the
following interpretation

m1 = Po, Bo = my,
my = [+ b1, B1 = mg—m,

. 4.21)
mag = Po+ Ba-1, Ba-1 = mg—mi.

The intercept [y is equal to the mean of the first (reference) group, the elements of 3% =

(51, ey Bg,l)—r (the effects of Z) provide differences between the means of the remaining
groups and the reference one.

The regression function can be written as
m(z) =B + f1l(z=2) + - + Be1l(z=G), z=1,...,G.

That is, the related vector of regressors for each unit in a sample, X = (Xo, X, ..., XG_l)T,
is such that X; =I(Z =j+1),j =1, ...,G — 1. The regressors X; are also called as dummy
variables® (or shortly dummies) in this context.

Notes.

e With the pseudocontrast matrix C given by (4.20), a group labeled by Z = 1 is chosen as
a reference for which the intercept 5y provides the group mean. In practice, any other group
can be taken as a reference by moving the zero row of the C matrix.

* In the R software, the reference group pseudocontrasts with the C matrix being of the form
(4.20) are used by default to parameterize categorical covariates (factors). Explicitely this choice
is indicated by the contr.treatment function. Alternatively, the contr.SAS function provides
a pseudocontrast matrix in which the last Gth group serves as the reference, i.e., the C matrix
has zeros on its last row.

B umelé proménné
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IMlustrations
Cars2004nh (jubset, n =409, nfront = 212, Nyear = 108, n4zq = 89)
Y =10.75, Yjront = 9.74, Yieqr = 11.29, Yypq = 12.50

CarsNow <- subset(Cars2004nh,

complete.cases(Cars2004nh[, c("consumption", "lweight", "engine.size")]))
mTrt <- lm(consumption ~ fdrive, data = CarsNow)
summary (mTrt)

Residuals:
Min 1Q Median 3Q Max
-4.0913 -1.2489 -0.0440 0.9587 9.0511

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 9.7413 0.1247 78.149 < 2e-16 **x*
fdriverear 1.5527 0.2146 7.237 2.32e-12 **x*
fdrivedx4 2.7576 0.2292 12.030 < 2e-16 **x*

Signif. codes: 0 ‘x*x’ 0.001 ‘*x> 0.01 ‘x> 0.05 ‘.’ 0.1 ¢ > 1

Residual standard error: 1.815 on 406 degrees of freedom
Multiple R-squared: 0.2799, Adjusted R-squared: 0.2764
F-statistic: 78.91 on 2 and 406 DF, p-value: < 2.2e-16

Cars2004nh (subset, n = 409, nront = 212, Nyear = 108, Nyzs = 89)

Y =10.75, Y front = 9.74, Yyeqr = 11.29, Y454 = 12.50

mSAS <- lm(consumption ~ fdrive, data = CarsNow, contrasts = list(fdrive = contr.SAS))
summary (mSAS)

Residuals:
Min 1Q Median 3Q Max
-4.0913 -1.2489 -0.0440 0.9587 9.0511

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 12.4989 0.1924 64.969 < 2e-16 *x*
fdrivel -2.7576 0.2292 -12.030 < 2e-16 *x*
fdrive2 -1.2049 0.2598 -4.637 4.77e-06 *x*

Signif. codes: 0 ‘x*x’> 0.001 ‘*x> 0.01 ‘%’ 0.05 ‘.’ 0.1 ¢ > 1

Residual standard error: 1.815 on 406 degrees of freedom
Multiple R-squared: 0.2799, Adjusted R-squared: 0.2764
F-statistic: 78.91 on 2 and 406 DF, p-value: < 2.2e-16
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Sum contrasts

1 0
N : I
c=| * " | = ( §1> 4.22)
0o ... 1 —-15,
-1 ... -1
In the following, let
1 G
m = 5 Z mg
g=1

denote the mean of the group means. Those are then parameterized and the regression coefficients
have the following interpretation

/80 = m,
mi = o+ fu, pfr = mi—m,
(4.23)
mg-1 = Po+ Ba-1, -1 = mg-1—mm.
G-1
me = Bo— > By
g=1
The regression function can be written as
G-1
m(z) =By + Bil(z=1) + - + far Iz =G = 1) = (3 8,) 1= = G),
g=1
z=1,..., G,

which however, is not that interesting now as in the case of previously discussed reference groups
pseudocontrasts. Much better insight into the sum contrasts parameterization is obtained if we
write each group mean as

mg = ap + ag, g=1,...,.G,

with a vector of parameters being o = (ao, Ly e ag)T. This parameterization of G means
by G + 1 parameters would lead to a model matrix with G + 1 columns whose rank, however,
would be only G, i.e., less-than-full-rank model would have been obtained. On the other hand,
this less-than-full-rank parameterization can be so called identified by a suitable constraint. In this
case, one such constraint is to require

G
Y ag=0. (4.24)
g=1

Expression (4.23) shows that the constraint (4.24) is satisfied if we define the « coefficients as
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follows
apg = fo = m,
ar = B = pu—m,
B (4.25)
ag—1 = PBa- = pg-1—m,
G—1
ag = —Zﬂg = pug —m.
g=1

This is also the reason why we talk about the sum constraints now.

In summary, in this case, the intercept ag = By equals to the mean of the group means and the

elements of 3% = (ﬂl, ey BG_l)T = (al, ey aG_l)T are equal to the differences between
the corresponding group mean and the means of the group means. The same quantity for the last,
Gth group, ag is calculated from 3% as ag = — 252_11 Bg-

Note. In the R software, the sum contrasts with the C matrix being of the form (4.22) can be
used by the mean of the function contr.sum.

lHlustrations
Cars2004nh (subset, n = 409, nfron: = 212, Nyear = 108, Nggs = 89)
Y =10.75, Y ront = 9.74, Vyear = 11.29, ¥4y = 12.50

mSum <- lm(consumption ~ fdrive, data = CarsNow, contrasts = list(fdrive = contr.sum))
summary (mSum)

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 11.17804 0.09606 116.365 <2e-16 ***
fdrivel -1.43677 0.12003 -11.970 <2e-16 ***
fdrive2 0.11594 0.13926 0.833 0.406

Residual standard error: 1.815 on 406 degrees of freedom
Multiple R-squared: 0.2799, Adjusted R-squared: 0.2764
F-statistic: 78.91 on 2 and 406 DF, p-value: < 2.2e-16

Values of o, s, a3

alphaSum <- as.numeric(contr.sum(3) %*% coef (mSum) [-1])
names (alphaSum) <- levels(CarsNow[, "fdrive"])
print (alphaSum)

front rear 4x4
-1.4367702 0.1159377 1.3208326
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Weighted sum contrasts

This section of the text contains materials which will not be examined.

1 0
C= 0 1
_ _ng-1
nG nG

Let

G

5%
= — MNgMyg,.
n g g

g=1

(4.26)

The group means are then parameterized and the regression coefficients have the following inter-

pretation
Bo
mi = Bo+ b, B
me-1 = Bo+ Be-1, Ba-1
G-1 n
g
mg = - —
G BO Z ne 697
g=1
The regression function can be written as

m(z)=po + B1l(z=1) + -+ + Ba-11(z =

If we consider the less-than-full-rank parameterization my = ag + oy, g = 1,...,

-

- mW7
= m; —mw,
4.27)

= Mmg—1— Mmw-.

G-1 n
I Bg) G))
g:l
z=1,...,G.

G, it is seen

from (4.27) that the full-rank parameterization using the contrast matrix (4.26) links the regression

coefficients of the two models as

ag = fo =
ap = A =
ag-1 = PBa-1 =
G-1
n
g
w6 = =X, -
=1 ¢

At the same time, the vector v = (ao, o1, ..., ag)T satisfies

G
Z ngag = 0.
9=1

mip — my,

mag-1 — mw,

mag — myy.

(4.28)
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That is, the full-rank parameterization using the weighted sum pseudocontrasts (4.27) is equivalent
to the less-than-full-rank parameterization, where the regression coefficients are identified by the
weighted sum constraint (4.28). The intercepts g = [y equal to the weighted mean of the
group means and the elements of B% = (61, e ﬂg,l)—r = (al, cee aG,l)T are equal to the
differences between the corresponding group mean and the weighted means of the group means.

The same quantity for the last, Gth group, o is calculated from 8% as ag = — 25;11 ZTQ; Bg-

IMlustrations
Cars2004nh (jubset, n =409, nfront = 212, Nyear = 108, n4zs = 89)
Y =10.75, Yront = 9.74, Yieqr = 11.29, Yypq = 12.50

ng <- with(CarsNow, table(fdrive))

CwSum <- rbind(diag(G - 1), - ngl[-G] / nglGl)

rownames (CwSum) <- levels(CarsNow[["fdrive"]])

mwSum <- lm(consumption ~ fdrive, data = CarsNow, contrasts = list(fdrive = CwSum))
summary (mwSum)

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 10.75134 0.08974 119.802 < 2e-16 **x*
fdrivefront -1.01007 0.08651 -11.676 < 2e-16 *x**
fdriverear 0.54264 0.14982 3.622 0.000329 **x*

Residual standard error: 1.815 on 406 degrees of freedom
Multiple R-squared: 0.2799, Adjusted R-squared: 0.2764
F-statistic: 78.91 on 2 and 406 DF, p-value: < 2.2e-16

Values of a;, s, a3

alphawSum <- as.numeric(CwSum %*} coef (mwSum) [-1])
names (alphawSum) <- levels(CarsNow[, "fdrive"])
print (alphawSum)

front rear 4x4
-1.0100712 0.5426367 1.7475317
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Helmert contrasts

This section of the text contains materials which will not be examined.

-1 -1 ... -1
1 -1 ... -1
C= 0 2 -1
0 0 ... G—-1

The group means are obtained from the regression coefficients as
G-1
mi = Bo— Y By
g=1
G-1
my = Bo+pBi— > By
9=2

G-1
ms3 = ﬁ0+2/82_2697

g=3

mg-1 = fo+ (G —2)Bc-2— Ba-1,
mg = fo+(G—-1)Bg-1.

Inversely, the regression coefficients are linked to the group means as

3

1 G
BO = E ng =
g=1
1

pr = §(m2*m1),
fo = é{mg—%(ml-sz)},
ps = %{m4—%(m1+m2+m3)}7

-1

a1 = é{mc - % Z mg}.

g=1

(4.29)

which provide their (slightly awkward) interpretation: 54, g =1,...,G —1,is 1/(g + 1) times the
difference between the mean of group g + 1 and the mean of the means of the previous groups

1, ...,g9

Note. In the R software, the Helmert contrasts with the C matrix being of the form (4.29) can be

used by the mean of the function contr.helmert.
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IMlustrations
Cars2004nh (jubset, n =409, nfront = 212, Nyear = 108, n4zq = 89)
Y =10.75, Yjront = 9.74, Yieqr = 11.29, Yypq = 12.50

mHelmert <- Ilm(consumption ~ fdrive, data = CarsNow,
contrasts = list(fdrive = contr.helmert))
summary (mHelmert)

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 11.17804 0.09606 116.365 < 2e-16 ***
fdrivel 0.77635 0.10728 7.237 2.32e-12 **x*
fdrive2 0.66042 0.07342 8.995 < 2e-16 **x*

Residual standard error: 1.815 on 406 degrees of freedom
Multiple R-squared: 0.2799, Adjusted R-squared: 0.2764
F-statistic: 78.91 on 2 and 406 DF, p-value: < 2.2e-16
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Orthonormal polynomial contrasts

Mustrations
Cars2004nh (subset, n = 409, »’s = 57, 95, 137, 71, 49)

Y =10.75, Y1 =7.77,Y2=984,Y35=10.74, Y, = 11.83, Y5 = 14.46

20

15

Consumption [I/200 km]

<=1250 1250-1500 1500-1750 1750-2000 >2000
Weight [kg]
Cars2004nh (subset, n = 409, n's = 57, 95, 137, 71, 49) B
Y =10.75, Y, =7.77,YVs =984, V3 =10.74, YV, = 11.83, V5 = 14.46
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Pl(w1) P*(w) P w)
oo | T P PG__l(w2) , 430
Pl(.WG) P2(.WG) PG_i(WG)
where w1 < -+ < wg is an equidistant (arithmetic) sequence of the group labels and
Pi(z) =ajo+ajz+ - +aj;?, ji=1,...,G-1,
are orthonormal polynomials of degree 1, ..., G — 1 built above a sequence of the group labels.

Note. 1t can be shown that the columns of the C matrix (4.30) are for given G invariant (up to
orientation) towards the choice of the group labels as soon as they form an equidistant (arithmetic)
sequence. For example, for G = 2, 3, 4 the C matrix is

1
V2
0

S-Sl sl

1
V2

G=14
3 1 1

25 2 25
113

c_| 25 2 2
113

25 2 25

3 1 1

25 2 25

The group means are then obtained as

my = m(w) = Bo+ PP (wi)+ -+ Ba_1 P (wr),

me = m(ws) = Bo+ B PH(wa) + -+ + Ba—1 P (wa),

me = m(we) = Bo+ B PHwa) + -+ + Ba—1 PCHwa),

where
m(Z) = ﬂO + ﬁl Pl(z) + o+ /86‘71 PG*I(Z)’

is the regression function. The regression coefficients 3 now do not have any direct interpretation.
That is why, even though the parameterization with the contrast matrix (4.30) can be used with
the categorical nominal covariate, it is only rarely done so. Nevertheless, in case of the categorical
ordinal covariate where the ordered group labels w; < --- < wg have also practical interpretability,
parameterization (4.30) can be used to reveal possible polynomial trends in the evolution of the

ze{wl,...,wg}
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group means myq, ..., mq and to evaluate whether it may make sense to consider that covariate
as numeric rather than categorical. Indeed, for d < G, the null hypothesis

H(): deo & ... & 5G_1:O

corresponds to the hypothesis that the covariate at hand can be considered as numeric (with values
w1, ..., wg of the form of an equidistant sequence) and the evolution of the group means can be
described by a polynomial of degree d — 1.

Note. In the R software, the orthonormal polynomial contrasts with the C matrix being of the
form (4.30) can be used by the mean of the function contr.poly. It is also a default choice if the
covariate is coded as categorical ordinal (ordered).
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Hlustrations

Cars2004nh (jubset, n = 409, ws = 57, 95, 137, 71, 49) B
Y =10.75, Y =777,Y9=984,Y3=10.74,Y, =11.83, Y5 = 14.46
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Weight [kg]

Cars2004nh (subset, n = 409, n’s = 57, 95, 137, 71, 49)
Y =107, Y =T777,Y,=984,Y3=10.74, Y, =11.83, Y5 = 14.46

mTrt <- lm(consumption ~ fweight, data = CarsNow)
summary (mTrt)

Residuals:
Min 1Q Median 3Q Max
-4.1900 -0.7102 -0.0400 0.6232 7.0898

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 7.7719 0.1497 51.91 <2e-16 **x*
fweight1250-1500 2.0681 0.1894 10.92 <2e-16 ***
fweight1500-1750 2.9671 0.1782 16.65 <2e-16 **x*
fweight1750-2000 4.0548 0.2010 20.17 <2e-16 ***
fweight>2000 6.6883 0.2202 30.37 <2e-16 ***

Signif. codes: 0 ‘x*x’> 0.001 ‘*x> 0.01 ‘%’ 0.05 ‘.’ 0.1 ¢ > 1

Residual standard error: 1.13 on 404 degrees of freedom
Multiple R-squared: 0.7221, Adjusted R-squared: 0.7193
F-statistic: 262.4 on 4 and 404 DF, p-value: < 2.2e-16

summary (aov (consumption ~ fweight, data = CarsNow))

Df Sum Sq Mean Sq F value Pr(>F)
fweight 4 1341.0 335.3 262.4 <2e-16 **x*
Residuals 404 516.2 1.3
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Hlustrations
Cars2004nh (subset, n = 409, w’s = 57, 95, 137, 71, 49) B
Y =10.75, Y1=777,Y9=984,Y3=10.74,Y, =11.83, Y5 = 14.46

mPoly <- lm(consumption ~ fweight, data = CarsNow,
contrasts = list(fweight = contr.poly))

summary (mPoly)
Residuals:
Min 1Q Median 3Q Max

-4.1900 -0.7102 -0.0400 0.6232 7.0898

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 1.093e+01 5.975e-02 182.876 < 2e-16 **x*
fweight.L 4.858e+00 1.501e-01 32.359 < 2e-16 *x*x*
fweight.Q 3.526e-01 1.370e-01 2.574 0.0104 =*
fweight.C 8.585e-01 1.320e-01 6.503 2.33e-10 **x*
fweight~4 -7.193e-05 1.126e-01 -0.001 0.9995

Residual standard error: 1.13 on 404 degrees of freedom
Multiple R-squared: 0.7221, Adjusted R-squared: 0.7193
F-statistic: 262.4 on 4 and 404 DF, p-value: < 2.2e-16

summary (aov (consumption ~ fweight, data = CarsNow))

Df Sum Sq Mean Sq F value Pr(>F)
fweight 4 1341.0 335.3 262.4 <2e-16 *xx*
Residuals 404 516.2 1.3

Cars2004nh (subset, n = 409)
Polynomial of degree 4 based on representation of the covariate values by numbers 1, 2, 3,

4,5, mg=Po+ g+ Bag®>+ B3>+ Bagtg=1,...,5

CarsNow <- transform(CarsNow, nweight = as.numeric(fweight))

p4 <- Im(consumption ~ nweight + I(nweight~2) + I(nweight~3) + I(nweight~4),
data = CarsNow)

summary (p4)

Residuals:
Min 1Q Median 3Q Max
-4.1900 -0.7102 -0.0400 0.6232 7.0898

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept)  3.177e+00 1.820e+00 1.745 0.0818 .
nweight 6.312e+00 3.274e+00 1.928 0.0546 .
I(nweight~2) -1.943e+00 1.947e+00 -0.998 0.3190
I(nweight~3) 2.265e-01 4.687e-01 0.483 0.6292
I(nweight~4) -2.507e-05 3.925e-02 -0.001 0.9995

Residual standard error: 1.13 on 404 degrees of freedom
Multiple R-squared: 0.7221, Adjusted R-squared: 0.7193
F-statistic: 262.4 on 4 and 404 DF, p-value: < 2.2e-16
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Illustrations

Cars2004nh (subset, n = 409)
Is a linear trend adequate?
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Cars2004nh (subset, n = 409)
Is a linear trend adequate?

pl <- Im(consumption
anova(pl, p4)

nweight, data = CarsNow)

Analysis of Variance Table

Model 1: consumption ~ nweight

Model 2: consumption ~ nweight + I(nweight~2) + I(nweight~3) + I(nweight~4)
Res.Df RSS Df Sum of Sq F Pr (>F)

1 407 577.49

2 404 516.20 3 61.291 15.99 7.667e-10 **x*

anova(pl, mPoly)

Analysis of Variance Table

Model 1: consumption ~ nweight
Model 2: consumption ~ fweight
Res.Df RSS Df Sum of Sq F Pr (>F)

1 407 577.49
2 404 516.20 3 61.291 15.99 7.667e-10 **x*




Chapter 5

Multiple Regression

5.1 Multiple covariates in a linear model

This section is not complete in the notes.

5.1.1 Additivity

Definition 5.1 Additivity of the covariate effect.

. . . . T
We say that a covariate 7 acts additively in the regression model with covariates Z = (Zl, e Zp) €
Z C RP if the regression function is of the form

E(Y ‘ L1 =2, =29,...,24p= Zp) =my(z1) + TTZQ(Z(,U), 6.1

T

where z1) = (2:2, ey zp) ,mi: R — R and mo : RP~1 — R are some measurable func-

tions.

109
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5.1.2 Interactions

Definition 5.2 Interaction terms.
Let (Z, W)—r € Zx W C R? be two covariates being parameterized using parameterizations
Sy :Z — Rk-1 (sz = (SIZ, R 5’}_1)1—) and sy : W — RI-1 (sw = (5‘1,[,, cey si}[_,l)—r). By
interaction terms based on those two parameterizations we mean elements of a vector
sow(Z, W) = sl (W) @ s5(2)
— (55(2)-sty (W), ..., sl (Z)-shy (W), ..., sh(Z)-s (W), 571 (2)-sl (W) T
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5.2 Numeric and categorical covariate

This section is not complete in the notes.

5.2.1 Additivity

IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight), m(z, w)= —52.56+ 0.701[z = rear|+ 0.88[[z =
4x4] + 8.54 log(w)
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IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight), m(z, w)= —52.56+ 0.701[z = rear| + 0.88[[z =

4x4] + 8.54 log(w)

S Drive
—o— front
—0— rear
—A— 4x4
€
X
o
S 2
=
k=]
a
€
>3
(%]
c
o
O
o _|
—
T T T T T T T
6.8 7.0 7.2 7.4 7.6 7.8 8.0

Log(weight) [log(kg)]

Cars2004nh (subset, n = 409)
consumption ~ drive + log(weight), contr.treatment param. of drive

Y: consumption [l/100 kmj, Z: drive, W: weight [kg]

m(z, w) = Bo + B Iz = rear] + 55 1z = 4x4] + " log(w)

Im(consumption ~ fdrive + lweight, data = CarsNow)

Residuals:
Min 1Q Median 3Q Max
-3.4064 -0.6649 -0.1323 0.5747 5.1533

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -52.5605 1.9627 -26.780 < 2e-16 #***
fdriverear 0.6964 0.1181 5.897 7.83e-09 **x
fdrivedx4 0.8787 0.1363 6.445 3.29e-10 *x*x*
lweight 8.5381 0.2688 31.762 < 2e-16 *x*

Signif. codes: O ’#*x*x’ 0.001 ’**x’> 0.01 ’%> 0.05 *.” 0.1 > ” 1

Residual standard error: 0.9726 on 405 degrees of freedom
Multiple R-squared: 0.7937, Adjusted R-squared: 0.7922
F-statistic: 519.5 on 3 and 405 DF, p-value: < 2.2e-16
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IMlustrations

Cars2004nh (subset, n = 409)
consumption ~ drive + log(weight), contr.sum param. of drive

Y: consumption [l/100 kmj, Z: drive, W: weight [kg]

m(z, w) = Bo + BF 1]z = front] + BZ 1|z = rear] — (37 + BZ) [z = 4x4] + " log(w)

Im(consumption ~ fdrive + lweight, data = CarsNow,

contrasts = list(fdrive = "contr.sum"))
Residuals:
Min 1Q Median 3Q Max

-3.4064 -0.6649 -0.1323 0.5747 5.1533

Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) -52.03547 1.99090 -26.137 < 2e-16 *x*

fdrivel -0.52504 0.07044 -7.454 5.53e-13 **x*
fdrive2 0.17134 0.07465 2.295 0.0222 *
lweight 8.53810 0.26882 31.762 < 2e-16 **x*

Signif. codes: O ’#*x*x’ 0.001 ’**x’> 0.01 ’%> 0.05 *.” 0.1 ”> 1

Residual standard error: 0.9726 on 405 degrees of freedom
Multiple R-squared: 0.7937, Adjusted R-squared: 0.7922
F-statistic: 519.5 on 3 and 405 DF, p-value: < 2.2e-16

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight), contr.sum param. of drive

Y: consumption [l/100 kmj, Z: drive, W: weight [kg]

m(z, w) = Bo + A7 I[z = front] + BZ [z = rear] — (87 + 5Z)1[z = 4x4] + B" log(w)

Estimates of parameters of = 37, o = 57,0 = -3¢ — 37

Estimate Std. Error t value P value Lower Upper
front -0.5250404 0.07043545 -7.454206 5.5325e-13 -0.66350509 -0.3865756
rear 0.1713353 0.07464863 2.295224 0.022231 0.02458813 0.3180824
4x4 0.3537051 0.08437896 4.191864 3.3999e-05 0.18782965 0.5195805
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5.2.2 Partial effects

Note that the following tests and estimated effects make only sense if it can be assumed that the additivity

model holds.

IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight), partial effect of log(weight)?
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight)

For a given drive, does the log(weight) have an effect on the mean consumption? Partial effect of
log(weight)

lm(consumption ~ fdrive + lweight, data = CarsNow) |

Residuals:
Min 1Q Median 3Q Max
-3.4064 -0.6649 -0.1323 0.5747 5.1533

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -52.5605 1.9627 -26.780 < 2e-16 *x*
fdriverear 0.6964 0.1181 5.897 7.83e-09 **x
fdrivedx4 0.8787 0.1363 6.445 3.29e-10 *x*x*
lweight 8.5381 0.2688 31.762 < 2e-16 **x*

Signif. codes: O ’#**x%x’ 0.001 ’*%x’> 0.01 ’%’ 0.05 .7 0.1 > ”> 1

Residual standard error: 0.9726 on 405 degrees of freedom
Multiple R-squared: 0.7937, Adjusted R-squared: 0.7922
F-statistic: 519.5 on 3 and 405 DF, p-value: < 2.2e-16
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Mustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight), partial effect of drive?
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Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight)

Analysis of covariance to evaluate effect of drive given log(weight)

mAddit <- Im(consumption ~ fdrive + lweight, data = CarsNow)
mOneLine <- Ilm(consumption ~ lweight, data = CarsNow)
anova(mOneLine, mAddit)

Analysis of Variance Table

Model 1: consumption ~ lweight
Model 2: consumption ~ fdrive + lweight
Res.Df RSS Df Sum of Sq F Pr(>F)
1 407 435.68
2 405 383.10 2 52.577 27.791 4.896e-12 **x*
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5.2.3 Interactions

Mustrations

Cars2004nh (subset, n = 409)
consumption ~ drive + log(weight) + drive:log(weight),

m(z, w) = —52.80 4+ 19.841[z = rear] — 12.54][z = 4x4] + 8.57 log(w) — 2.591[z = rear| log(w) +
1.781[z = 4x4] log(w)
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Cars2004nh (subset, n = 409)
consumption ~ drive + log(weight) + drive:log(weight),

m(z, w) = —52.80 + 19.841[z = rear] — 12.541[z = 4x4] + 8.57 log(w) — 2.591[z = rear] log(w) +
1.781[z = 4x4] log(w)
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Mustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight), contr.treatment param. of drive

Reference group pseudocontrasts for drive

m(z, w) = Bo + A7 I[z = rear] + £Z I[z = 4x4] + BV log(w)

+ BEW 1z = rear] log(w) + BZW 1]z = 4x4] log(w)

Ilm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow)

Coefficients:
Estimate Std. Error t value Pr(>|tl)

(Intercept) -52.8047 2.5266 -20.900 < 2e-16 ***
fdriverear 19.8445 5.1297 3.869 0.000128 ***
fdrivedx4 -12.5366 4.6506 -2.696 0.007319 *x*
lweight 8.5716 0.3461 24.763 < 2e-16 *x*x*
fdriverear:lweight -2.5890 0.6956 -3.722 0.000226 *x**
fdrive4x4:1lweight 1.7837 0.6240 2.858 0.004480 **

Residual standard error: 0.9404 on 403 degrees of freedom
Multiple R-squared: 0.8081, Adjusted R-squared: 0.8057
F-statistic: 339.4 on 5 and 403 DF, p-value: < 2.2e-16

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight), contr.sum param. of drive

Sum contrasts for drive

m(z, w) = Bo + AL I[z = front] 4+ BZ [z = rear] — (87 + £Z) [z = 4x4] + B log(w)

+ BZW [z = front] log(w) + BZW 1[z = rear] log(w) — (BZY + BZW) 1z = 4x4] log(w)

Im(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow,
contrasts = list(fdrive = contr.sum))

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -50.3688 2.1489 -23.440 < 2e-16 *x*x
fdrivel -2.4360 2.5972 -0.938 0.349
fdrive2 17.4085 3.3558 5.188 3.38e-07 **x*
lweight 8.3031 0.2894 28.696 < 2e-16 **x
fdrivel:lweight 0.2684 0.3517 0.763 0.446
fdrive2:1lweight -2.3206 0.4529 -5.124 4.64e-07 **x

Signif. codes: O ’#*x%x’ 0.001 ’*%x’> 0.01 ’%’ 0.05 .7 0.1 > ”> 1

Residual standard error: 0.9404 on 403 degrees of freedom
Multiple R-squared: 0.8081, Adjusted R-squared: 0.8057
F-statistic: 339.4 on 5 and 403 DF, p-value: < 2.2e-16
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5.2.4 Additivity or interactions?

Mustrations

Cars2004nh (subset, n = 409)

consumption ~ drive, log(weight), additivity or interactions?

Interaction Additive
o | Drive o | Drive
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Cars2004nh (subset, n = 409)

consumption ~ drive, log(weight), additivity or interactions?

Does the log(weight) have different effect on the mean consumption depending on the drive type?

mInter <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow)
mAddit <- 1m(consumption ~ fdrive + lweight, data = CarsNow)
anova(mAddit, mInter)

Analysis of Variance Table

Model 1: consumption ~ fdrive + lweight

Model 2: consumption ~ fdrive + lweight + fdrive:lweight
Res.Df RSS Df Sum of Sq F Pr (>F)

1 405 383.1

2 403 356.4 2 26.702 15.097 4.758e-07 **x
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5.2.5 More complex parameterizations of a numeric covariate
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5.3 Two numeric covariates

This section is not complete in the notes.

5.3.1 Additivity

Mlustrations

Cars2004nh (subset, n = 409)
consumption ~ engine.size + log(weight), m(z, w) = —42.65+ 0.54z+ 7.01 log(w)
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Mustrations

Cars2004nh (subset, n = 409)
consumption ~ engine.size + log(weight), Mi(z, w) = —42.65+ 0.54z 4 7.01 log(w)

Engine size [liters] d
o | ® 13 — 2
o o (35 — 4
® (57 — 6
B
4
o
g 9-
=
8
I
IS
3
0
c
o
)
o
—

6.8 7.0 7.2 7.4 7.6 7.8 8.0

Log(weight) [log(kg)]

Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight)

Y: consumption [l/100 kmj, Z: engine size [l, W: weight [kg]

m(z, w) = Bo + B7 2+ B log(w)

Im(consumption ~ engine.size + lweight, data = CarsNow)
Residuals:
Min 1Q Median 3Q Max

-3.3243 -0.6741 -0.1286 0.5270 5.0459

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -42.65641 2.99243 -14.255 < 2e-16 **x*
engine.size 0.54231 0.08304 6.531 1.96e-10 **x
lweight 7.01155 0.43501 16.118 < 2e-16 *x*x

Signif. codes: O ’*xx’ 0.001 ’*%’> 0.01 ’%’ 0.05 °.” 0.1’ * 1

Residual standard error: 0.9854 on 406 degrees of freedom
Multiple R-squared: 0.7877, Adjusted R-squared: 0.7867
F-statistic: 753.3 on 2 and 406 DF, p-value: < 2.2e-16
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Mustrations

Cars2004nh (subset, n = 409)
consumption ~ engine.size + log(weight), Mi(z, w) = —42.65+ 0.54z 4 7.01 log(w)
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight)

Y: consumption [I/100 km], Z: engine size [, W: weight [kg]

m(z, w) = By + BZ z + B log(w)

Im(consumption ~ engine.size + lweight, data = CarsNow)
Residuals:
Min 1Q Median 3Q Max

-3.3243 -0.6741 -0.1286 0.5270 5.0459

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -42.65641 2.99243 -14.255 < 2e-16 **x*
engine.size 0.54231 0.08304 6.531 1.96e-10 **x
lweight 7.01155 0.43501 16.118 < 2e-16 ***

Signif. codes: O ’**xx’ 0.001 ’*%’> 0.01 ’%’ 0.05 °.” 0.1’ * 1

Residual standard error: 0.9854 on 406 degrees of freedom
Multiple R-squared: 0.7877, Adjusted R-squared: 0.7867
F-statistic: 753.3 on 2 and 406 DF, p-value: < 2.2e-16
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5.3.2 Partial effects

Note that the following tests and estimated effects make only sense if it can be assumed that the additivity
model holds.

IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight), partial effect of log(weight)?
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight)

Y: consumption [l/100 kmj, Z: engine size [l, W: weight [kg]

m(z, w) = fo + 7 2+ " log(w)

Im(consumption ~ engine.size + lweight, data = CarsNow)

Residuals:
Min 1Q Median 3Q Max
-3.3243 -0.6741 -0.1286 0.5270 5.0459

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -42.65641 2.99243 -14.255 < 2e-16 ***
engine.size 0.54231 0.08304 6.531 1.96e-10 **x
lweight 7.01155 0.43501 16.118 < 2e-16 **x*

Signif. codes: O ’#¥*x’ 0.001 ’*%> 0.01 °*’ 0.05 >.” 0.1’ ”> 1
Residual standard error: 0.9854 on 406 degrees of freedom

Multiple R-squared: 0.7877, Adjusted R-squared: 0.7867
F-statistic: 753.3 on 2 and 406 DF, p-value: < 2.2e-16
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Mustrations

Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight), partial effect of engine.size?
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight)

Y: consumption [l/100 kmj, Z: engine size [l W: weight [kg]

m(z, w) = Bo + B7 2+ B log(w)

Im(consumption ~ engine.size + lweight, data = CarsNow)

Residuals:
Min 1Q Median 3Q Max
-3.3243 -0.6741 -0.1286 0.5270 5.0459

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -42.65641 2.99243 -14.255 < 2e-16 **x*
engine.size 0.54231 0.08304 6.531 1.96e-10 **x*
lweight 7.01155 0.43501 16.118 < 2e-16 *x*x

Signif. codes: O ?**x*x’ 0.001 ’*%’> 0.01 ’%’ 0.05 °.” 0.1’ ? 1

Residual standard error: 0.9854 on 406 degrees of freedom
Multiple R-squared: 0.7877, Adjusted R-squared: 0.7867
F-statistic: 753.3 on 2 and 406 DF, p-value: < 2.2e-16
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5.3.3 Interactions

Mustrations

Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight), m(z, w)= —25.46—
5.32 z + 4.69 log(w) + 0.79 z log(w)
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight), m(z, w)= —25.46—
5.32 z + 4.69 log(w) + 0.79 z log(w)
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Mustrations

Cars2004nh (subset, n = 409)
consumption ~ engine.size + log(weight) + engine.size:log(weight), m(z, w)= —25.46—

5.32 z + 4.69 log(w) + 0.79 z log(w)
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Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight)

Y: consumption [l/100 kmj, Z: engine size [l W: weight [kg]

m(z, w) = Bo + BZ 2+ B log(w) + BZY 2 log(w)

Im(consumption ~ engine.size + lweight + engine.size:lweight, data = CarsNow)

Residuals:
Min 1Q Median 3Q Max
-3.3999 -0.6538 -0.1407 0.4779 3.9219

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -25.4574 5.1267 -4.966 1.01e-06 **x*
engine.size -5.3160 1.4338 -3.708 0.000238 *x*x*
lweight 4.6877 0.7104 6.599 1.30e-10 **x*
engine.size:lweight 0.7860 0.1921  4.092 5.15e-05 **x*

Signif. codes: 0 ‘*%x’> 0.001 ‘**’ 0.01 ‘x’> 0.05 ¢.” 0.1 ¢ *> 1

Residual standard error: 0.9669 on 405 degrees of freedom
Multiple R-squared: 0.7961, Adjusted R-squared: 0.7946
F-statistic: 527.2 on 3 and 405 DF, p-value: < 2.2e-16
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5.3.4 Additivity or interactions?

Mustrations

Cars2004nh (subset, n = 409)

consumption ~ engine.size, log(weight), additivity or interactions?
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Cars2004nh (subset, n = 409)

consumption ~ engine.size, log(weight), additivity or interactions?
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Cars2004nh (subset, n = 409)

consumption ~ engine.size, log(weight), additivity or interactions?
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Mustrations

Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight)

Y: consumption [I/100 km], Z: engine size [l W: weight [kg]

m(z, w) = o + 7 2+ 5" log(w) + 7" z log(w)

Does the [loglweight have different effect on the mean consumption depending on the engine size?

Does the engine size have different effect on the mean consumption depending on the [loglweight?

Im(consumption ~ engine.size + lweight + engine.size:lweight, data = CarsNow)

Residuals:
Min 1Q Median 3Q Max
-3.3999 -0.6538 -0.1407 0.4779 3.9219

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -25.4574 5.1267 -4.966 1.01e-06 *x*x*
engine.size -5.3160 1.4338 -3.708 0.000238 *x*x*
lweight 4.6877 0.7104 6.599 1.30e-10 ***
engine.size:lweight 0.7860 0.1921  4.092 5.15e-05 #**x*

Cars2004nh (subset, n = 409)

consumption ~ engine.size + log(weight) + engine.size:log(weight)

Y: consumption [I/100 km], Z: engine size [l W: weight [kg]

m(z, w) = o + 7 2+ 5" log(w) + 7" z log(w)

Does the [loglweight have different effect on the mean consumption depending on the engine size?

Does the engine size have different effect on the mean consumption depending on the [loglweight?

mAddit <- lm(consumption ~ engine.size + lweight, data = CarsNow)
mInter <- lm(consumption ~ engine.size*lweight, data = CarsNow)
anova(mAddit, mInter)

Analysis of Variance Table

Model 1: consumption ~ engine.size + lweight

Model 2: consumption ~ engine.size * lweight
Res.Df RSS Df Sum of Sq F Pr (>F)

1 406 394.26

2 405 378.60 1 15.656 16.748 5.154e-05 ***

Signif. codes: 0 ‘*xx’> 0.001 ‘**> 0.01 ‘x’> 0.056 ¢.” 0.1 ¢ > 1
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5.3.5 More complex parameterization of either covariate
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5.4 Two categorical covariates

This section is not complete in the notes.

HowelsAll (subset, n = 289)

Illustrations

Covariates: gender (G' = 2) and population (H = 3)

data(HowellsAll,

package

"mffSM")

B W N =

58

59

60

110
112
116
117
192
193
194
195
241
242
243
244
295
296

297
298

gender popul

1

e o O oo =R R e o O o o o e

o O O O

1

1
1
1

NN NN O O O O O O O O [ o

NN NN

oca
123
115
117
113

125
103
115
117

109
115
115
109

109
115
111
113

118
124
117
116

116
122
113
123

gol fgender

176
173
176
185

171
178
165
169

194
188
187
196

186
175
185
184

180
180
183
174

175
174
174
168

M

=EEE= Lo B e B | =EEE= L B e e | ===

Lo s e B |

fpopul fgen.pop

BERG
BERG
BERG
BERG

BERG
BERG
BERG
BERG

AUSTR
AUSTR
AUSTR
AUSTR

AUSTR
AUSTR
AUSTR
AUSTR

BURIAT
BURIAT
BURIAT
BURIAT

BURIAT
BURIAT
BURIAT
BURIAT

=E=E=E=

mmomom

M:

===

L s e B |

BERG
:BERG
:BERG
:BERG

:BERG
:BERG
:BERG
:BERG

:AUSTR
:AUSTR
:AUSTR
:AUSTR

:AUSTR
:AUSTR
:AUSTR
:AUSTR

:B
:B
:B
:B

:B
:B
:B
:B

URIAT
URIAT
URIAT
URIAT

URIAT
URIAT
URIAT
URIAT

fpop.gen

BERG:
BERG:
BERG:
BERG:

BERG:
BERG:
BERG:
BERG:

AUSTR:
AUSTR:
AUSTR:
AUSTR:

AUSTR:
AUSTR:
AUSTR:
AUSTR:

BURIAT:
BURIAT:
BURIAT:
BURIAT:

BURIAT:
BURIAT:
BURIAT:
BURIAT:

M

M
M
M

=EE=E= > s Bes B | =EEE= omomom

momomom




5.4. TWO CATEGORICAL COVARIATES 131

5.4.1 Additivity

Hlustrations
HowellsAll (n = 289)

gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3)
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HowellsAll (n = 289)
gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3)

190
|

Mean of GOL
180
|
/ /
N

Gender

-2 M
—4— F

185
|

175
|

1

170
|

AUSTR BERG BURIAT

Population




5.4. TWO CATEGORICAL COVARIATES

132

Mustrations

HowelsAll (subset, n = 289)

gol ~ gender + popul, contr.treatment parameterisation

Z: gender (Female, Male), W: population (Australia, Berg, Burjati)

m(z, w) = Bo + BZ 1]z = male] + B}" I[w = Berg] 4+ B3 I[w = Burjati]

Im(gol ~ fgender + fpopul, data = HowellsAll)

Residuals:
Min 1Q Median 3Q Max
-15.5400 -4.3103 -0.3103 4.4600 17.6897

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 181.0712 0.7814 231.724 <2e-16 **x
fgenderM 9.7703 0.7529 12.977 <2e-16 **x
fpopulBERG -10.5311 0.9706 -10.850 <2e-16 **x
fpopulBURIAT -9.2213 0.9695 -9.511 <2e-16 **x

Signif. codes: 0O ‘*xx’> 0.001 ‘**’ 0.01 ‘x’> 0.05 ¢.” 0.1 ¢ > 1

Residual standard error: 6.284 on 285 degrees of freedom
Multiple R-squared: 0.4729, Adjusted R-squared: 0.4674
F-statistic: 85.24 on 3 and 285 DF, p-value: < 2.2e-16

HowelsAll (subset, n = 289)

gol ~ gender + popul, contr.sum parameterisation

Z: gender (Female, Male), W: population (Australia, Berg, Burjati)

m(z, w) = Bo + BZ I[z = female] — 37 I[z = male]

+ BW I[w = Austr] + 8% I[w = Berg] + (=87 — 8% I[w = Burjati]

options(contrasts = c("contr.sum", "contr.sum"))
Im(gol ~ fgender + fpopul, data = HowellsAll)

Residuals:
Min 1Q Median 3Q Max
-15.5400 -4.3103 -0.3103 4.4600 17.6897

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 179.3722 0.3797 472.421 < 2e-16 *x*
fgenderil -4.8852 0.3765 -12.977 < 2e-16 *x*
fpopull 6.5842 0.5811 11.330 < 2e-16 *x*
fpopul2 -3.9470 0.5157 -7.654 3.03e-13 *x*

Signif. codes: 0 ‘x*x’ 0.001 ‘*x> 0.01 ‘%’ 0.05 ‘.’ 0.1 ¢ > 1

Residual standard error: 6.284 on 285 degrees of freedom
Multiple R-squared: 0.4729, Adjusted R-squared: 0.4674
F-statistic: 85.24 on 3 and 285 DF, p-value: < 2.2e-16
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5.4.2 Partial effects

Note that the following tests and estimated effects make only sense if it can be assumed that the additivity
model holds.

Mlustrations

HowellsAll (n = 289)
gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3),
partial effect of gender, of population?
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Mustrations

HowelsAll (subset, n = 289)
gol ~ gender + popul
For a given population,
does gender have an effect in the mean value of go1?
Partial effect of gender

mgolAddit <- Im(gol ~ fgender + fpopul, data = HowellsAll)
mgolPopul <- Im(gol ~ fpopul, data = HowellsAll)
anova(mgolPopul, mgolAddit)

Analysis of Variance Table

Model 1: gol ™ fpopul
Model 2: gol ~ fgender + fpopul
Res.Df RSS Df Sum of Sq F Pr (>F)
1 286 17904
2 285 11254 1 6649.7 168.4 < 2.2e-16 *x*

Signif. codes: 0O ‘*xx’> 0.001 ‘*%> 0.01 ‘x’> 0.056 ¢.” 0.1 ¢ > 1

HowelsAll (subset, n = 289)
gol ~ gender + popul
For a given gender,
does population have an effect in the mean value of gol?
Partial effect of population

mgolAddit <- Im(gol ~ fgender + fpopul, data = HowellsAll)
mgolGender <- 1lm(gol ~ fgender, data = HowellsAll)
anova(mgolGender, mgolAddit)

Analysis of Variance Table

Model 1: gol ™ fgender
Model 2: gol ™ fgender + fpopul
Res.Df RSS Df Sum of Sq F Pr (>F)
1 287 16415
2 285 11254 2 5160.7 65.345 < 2.2e-16 **x

Signif. codes: 0 ‘x*x’ 0.001 ‘*x> 0.01 ‘%’ 0.05 ‘.’ 0.1 ¢ > 1

HowelsAll (subset, n = 2R89)
gol ~ gender + popul

F-tests of significance of both partial effects

mgolAddit <- Im(gol ~ fgender + fpopul, data = HowellsAll)
dropl(mgolAddit, test = "F")

Single term deletions

Model:
gol ~ fgender + fpopul

Df Sum of Sq RSS AIC F value Pr(>F)
<none> 11254 1066.3
fgender 1 6649.7 17904 1198.5 168.396 < 2.2e-16 **x
fpopul 2 5160.7 16415 1171.4 65.345 < 2.2e-16 **x

Signif. codes: 0O ‘*xx’> 0.001 ‘*%> 0.01 ‘x’> 0.056 ¢.” 0.1 ¢ > 1
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Mustrations

HowellsAll (n = 289)
gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3),
quantification of both partial effects?
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HowelsAll (subset, n = 289)

gol ~ gender + popul, contr.treatment parameterisation

Z: gender (Female, Male), W: population (Australia, Berg, Burjati)

m(z, w) = o + BZ 1]z = male] + B}" T[w = Berg] + B4’ I[w = Burjati]

Im(gol ~ fgender + fpopul, data = HowellsAll)

Residuals:
Min 1Q Median 3Q Max
-15.5400 -4.3103 -0.3103 4.4600 17.6897

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 181.0712 0.7814 231.724 <2e-16 **x
fgenderM 9.7703 0.7529 12.977 <2e-16 ***
fpopulBERG -10.5311 0.9706 -10.850 <2e-16 ***
fpopul BURIAT -9.2213 0.9695 -9.511 <2e-16 **x*

Signif. codes: 0 ‘x*x’ 0.001 ‘*x> 0.01 ‘%’ 0.05 ‘.’ 0.1 ¢ > 1

Residual standard error: 6.284 on 285 degrees of freedom
Multiple R-squared: 0.4729, Adjusted R-squared: 0.4674
F-statistic: 85.24 on 3 and 285 DF, p-value: < 2.2e-16
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HowelsAll (subset, n = 289)

gol ~ gender + popul

IMlustrations

LSEsof E(Y|Z=g,W=x)—E(Y|Z =gy, W =%)
and B(Y | Z =%, W = hy) ~E(Y | Z = -, W = hy)

print (L)

mgolAddit <- Im(gol ~ fgender + fpopul, data = HowellsAll)
L <- matrix(c(0,1,0,0, 0,0,1,0, 0,0,0,1, 0,0,-1,1), ncol = 4, byrow = TRUE)

rownames (L) <- c("Male-Female", "Berg-Austr", "Burjati-Austr", "Burjati-Berg")
colnames (L) <- names (coef (mgolAddit))

(Intercept) fgenderM fpopulBERG fpopulBURIAT
Male-Female 0 1 0 0
Berg-Austr 0 0 1 0
Burjati-Austr 0 0 0 1
Burjati-Berg 0 0 -1 1
mffSM: :LSest (mgolAddit, L = L)
Estimate Std. Error t value P value Lower Upper
Male-Female 9.770313 0.7529092 12.976750 < 2e-16  8.2883454 11.252282
Berg-Austr -10.531148 0.9705782 -10.850385 < 2e-16 -12.4415591 -8.620737
Burjati-Austr -9.221329 0.9695097 -9.511332 < 2e-16 -11.1296364 -7.313021
Burjati-Berg 1.309819 0.8512377 1.538723 0.12498 -0.3656911 2.985330
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Mustrations

HowellsAll (n = 289)
gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3),
alternative quantification of both partial effects?
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HowelsAll (subset, n = 289)

gol ~ gender + popul, contr.sum parameterisation

Z: gender (Female, Male), WW: population (Australia, Berg, Burjati)

m(z, w) = Bo + fZ I[z = female] — 37 [z = male]
+ BY T[w = Austr] + BY T[w = Berg] + (=87 — 8%) I[w = Buriati]

options(contrasts = c("contr.sum", "contr.sum"))
Im(gol ~ fgender + fpopul, data = HowellsAll)

Residuals:
Min 1Q Median 3Q Max
-15.5400 -4.3103 -0.3103 4.4600 17.6897

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 179.3722 0.3797 472.421 < 2e-16 *x*
fgenderi -4.8852 0.3765 -12.977 < 2e-16 *x*
fpopull 6.5842 0.5811 11.330 < 2e-16 *x*
fpopul2 -3.9470 0.5157 -7.654 3.03e-13 *x*

Signif. codes: 0 ‘x*x’> 0.001 ‘*x> 0.01 ‘%’ 0.05 ‘.’ 0.1 ¢ > 1

Residual standard error: 6.284 on 285 degrees of freedom
Multiple R-squared: 0.4729, Adjusted R-squared: 0.4674
F-statistic: 85.24 on 3 and 285 DF, p-value: < 2.2e-16
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HowelsAll (subset, n = 289)

gol ~ gender + popul

LSE’s of E(Y|Z:g,W:*)

IMlustrations

- ST EY |20 =)

and E(Y | Z =W =h) — L ST E(Y | Z =W =)

options(contrasts = c("contr.sum", "contr.sum"))

mgolAdditSum <- 1lm(gol ~ fgender + fpopul, data = HowellsAll)
L <- matrix(c(0,1,0,0, 0,-1,0,0, 0,0,1,0, 0,0,0,1, 0,0,-1,-1), ncol = 4, byrow
rownames (L) <- c("Female", "Male", "Australia", "Berg", "Burjati")
colnames(L) <- names(coef (mgolAdditSum))

TRUE)

print (L)

(Intercept) fgenderl fpopull fpopul2
Female 0 1 0 0
Male 0 -1 0 0
Australia 0 0 1 0
Berg 0 0 0 1
Burjati 0 0 -1 -1
mffSM: :LSest (mgolAdditSum, L = L)

Estimate Std. Error t value P value Lower Upper
Female -4.885157 0.3764546 -12.976750 < 2.22e-16 -5.626141 -4.144173
Male 4.885157 0.3764546 12.976750 < 2.22e-16 4.144173 5.626141
Australia 6.584159 0.5811231 11.330059 < 2.22e-16 5.440321 7.727997
Berg -3.946989 0.5156772 -7.653992 3.0336e-13 -4.962008 -2.931970
Burjati  -2.637170 0.5150067 -5.120651 5.6141e-07 -3.650869 -1.623470




5.4. TWO CATEGORICAL COVARIATES 139

5.4.3 Interactions

Mlustrations
HowellsAll (n = 289)
oca (occipital angle) ~ gender (G = 2) and population (H = 3)
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HowellsAll (n = 289)
oca (occipital angle) ~ gender (G = 2) and population (H = 3)
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Mustrations

HowelsAll (subset, n = 289)

oca ~ gender + popul + gender:popul, contr.treatment parameterisation

Z: gender (Female, Male), 1: population (Australia, Berg, Burjati)

m(z, w) = Bo + BZ 1]z = male] + S}" I[w = Berg] 4+ B3 I[w = Burjati]

+ BEWI[z = male, w = Berg] + 37" 1[z = male, w = Burjati]

Im(oca ~ fgender*fpopul, data = HowellsAll)

Residuals:
Min 1Q Median 3Q Max
-15.1607 -3.1607 0.0455 3.1636 13.8393

Coefficients:

Estimate Std. Error t value Pr(>[t])
(Intercept) 114.6531 0.7186 159.548  <2e-16 **x*
fgenderM -0.6985 1.2910 -0.541 0.5889
fpopulBERG 2.3092 0.9969 2.316 0.0213 *
fpopul BURIAT 2.3840 0.9925 2.402 0.0169 *
fgenderM: fpopul BERG 0.8970 1.6112 0.557 0.5782
fgenderM: fpopul BURIAT -2.5022 1.6110 -1.553 0.1215

Signif. codes: 0 ‘x*x’> 0.001 ‘*x> 0.01 ‘%’ 0.05 ‘.’ 0.1 ¢ > 1

Residual standard error: 5.03 on 283 degrees of freedom
Multiple R-squared: 0.07842, Adjusted R-squared: 0.06214
F-statistic: 4.816 on 5 and 283 DF, p-value: 0.0003046

HowelsAll (subset, n = 289)

oca ~ gender + popul + gender:popul, contr.sum parameterisation

Z: gender (Female, Male), W: population (Australia, Berg, Burjati)

m(z, w) = Bo+ A7 1z = female] — 87 I[z = male]
+ 61" I[w = Austr] + 83" I[w = Berg] + (=81 — 85" ) Ifw = Burjati]
+ B[z = fem., w = Aus.] + BZV [z = fem., w = Berg] + (—B7" — BZ") [z = fem., w = Bur)]

— B[z = male, w = Aus.| — 85" [z = male, w = Berg] + (87" + 87" [z = male, w = Bur]

options(contrasts = c("contr.sum", "contr.sum"))
Im(oca ~ fgender + fpopul, data = HowellsAll)

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 115.6007 0.3129 369.455 < 2e-16 *xx*
fgenderi 0.6168 0.3129 1.971 0.049671 =*
fpopull -1.2969 0.4866 -2.665 0.008138 *x*
fpopul2 1.4608 0.4187  3.489 0.000563 *x*x*
fgenderl:fpopull -0.2675 0.4866 -0.550 0.582896
fgenderl:fpopul2 -0.7160 0.4187 -1.710 0.088376 .

Residual standard error: 5.03 on 283 degrees of freedom
Multiple R-squared: 0.07842, Adjusted R-squared: 0.06214
F-statistic: 4.816 on 5 and 283 DF, p-value: 0.0003046
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5.4.4 Additivity or interactions?

Mustrations

HowellsAll (n = 289)
gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3),
additivity or interactions?
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HowelsAll (subset, n = 289)
gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3)

Do the mean gol differences between male and female depend on population?

Do the mean gol differences between populations depend on gender?

mgolAddit <- Im(gol ~ fgender + fpopul, data = HowellsAll)
mgolInter <- Ilm(gol ~ fgender*fpopul, data = HowellsAll)
anova(mgolAddit, mgolInter)

Analysis of Variance Table

Model 1: gol ™ fgender + fpopul
Model 2: gol ™ fgender * fpopul
Res.Df RSS Df Sum of Sq F Pr(>F)
1 285 11254
2 283 11254 2  0.19404 0.0024 0.9976
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Mustrations

HowellsAll (n = 289)
oca (occipital angle) ~ gender (G = 2) and population (H = 3),
additivity or interactions?
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HowelsAll (subset, n = 289)
oca (occipital angle) ~ gender (G = 2) and population (H = 3)

Do the mean oca differences between male and female depend on population?

Do the mean oca differences between populations depend on gender?

mocalAddit <- Im(oca ~ fgender + fpopul, data = HowellsAll)
mocalnter <- Im(oca ~ fgender*fpopul, data = HowellsAll)
anova(mocaAddit, mocalnter)

Analysis of Variance Table

Model 1: oca ~ fgender + fpopul
Model 2: oca ~ fgender * fpopul
Res.Df RSS Df Sum of Sq F Pr(>F)
1 285 7326
2 283 7161 2 165.02 3.2607 0.03981 *

Signif. codes: 0 ‘*xx’> 0.001 ‘**> 0.01 ‘x’> 0.056 ¢.” 0.1 ¢ > 1
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5.5 Multiple regression model

5.5.1 Model terms

In majority of applications of a linear model, a particular covariate Z € Z C R enters the regression function using
one of the parameterizations described in Sections 4.3 and 4.4 or inside an interaction (see Defition 5.2) or inside a so
called higher order interaction (will be defined in a while). As a summary, depending on whether the covariate is
numeric or categorical, several parameterizations s were introduced in Sections 4.3 and 4.4 that with the covariate values
Z1, ..., Zy in the data lead to a reparameterizing matrix

s (7)) X!
S = : - ,
8" (Zn) X,
where X1 = 8(Z1), ..., Xn = 8(Z,) are the regressors used in the linear model. The considered parameterizations

were the following.

Numeric covariate

() Simple transformation: s =s: Z — R with

S(Z1) X1 :Xl = 8(21)7
S=|  |=(9), ; (5.2)
$(Zn) Xn=X, = s(Z)
(i) Polynomial: s = (s1, ..., sk_l)T such that s;(z) = P7(z) is polynomial in z of degree j, j =
1,...,k — 1. This leads to
PY 7)) ... PNz
S = : : : - (Pl, P’H), (5.3)
PYZ,) ... P*Y(Z,)
X, = (PY(2),..., P (7)),
Xn = (PYZn), ..., P""Y(Z0))"
For a particular form of the basis polynomials P, ..., P¥~!, raw or orthonormal polynomials have been
suggested in Sections 4.3.2 and 4.3.3. Other choices are possible as well.

(iii) Regression spline: s = (s1, ..., sk)T such that s;(z) = Bj(2), j =1,...,k, where B1, ..., By is
the spline basis of chosen degree d € Ny composed of basis B-splines built above a set of chosen knots
A= ()\1, R )\k_d“)T. This leads to

Bi(Z1) ... Bwk(Z1)
S=B=| : C | =(B, ... BY), (5.4
Bi(Z,) ... Bi(Zn)
Xl = (Bl(Zl)7 “'7Bk(Z1))T7
X, = (Bi(Zn), ..., B"Z)) .
Categorical covariate with Z = {17 ceey G}. The parameterization s is s(z) = ¢., z € Z, where ¢1, ..., cg €
RS are the rows of a chosen (pseudo)contrast matrix Cgx—1. This leads to
c;l X1 = Czq,
S=1 :(Cl, CG’l), : (5.5)
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Main effect model terms

In the following, we restrict ourselves only into situations when the considered covariates are parameterized by one of
above mentioned ways. The following definitions define sets of elements of a chosen parameterization s and columns
of a possible model matrix which will be called the model ferms and which are useful to be always considered “together”
when proposing a linear model for a problem at hand.

Definition 5.3 The main effect model term.

Depending on a chosen parameterization s, the main effect model term' (of order one) of a given covariate Z is defined as
a transformation t with elements as follows and a matrix T with columns as follows:

Numeric covariate

(i) Simple transformation with s : Z — R.
t = s and T is (the only) column S of the reparameterizing matrix S given by (5.2), i.e.,

T (S).
(ii) Polynomial with s = (51, e skfl)-r, sj(z) = Pj(z),j =1,...,k— 1.

t = s1 = P (linear polynomial) and T is the first column P* of the reparameterizing matrix S (given by
Eq. 5.3) that corresponds to the linear transformation of the covariate Z, i.e.,

T = (P).
(iii) Regression spline with s = (s1, ..., sk)T, sj(2) = Bj(2),5=1,...,k.
t = s (all basis splines) and the matrix T contains (all) columns B oo, B of the reparameterizing matrix

S = B given by (5.4), i.e.,
T= (B, ..., B").

Categorical covariate with s(z) = ¢(z).

t = s (row of a chosen (pseudo)contrast matrix) and the matrix T contains (all) columns C’l, e ce1 of the
reparameterizing matrix S given by (5.5), i.e.,

T=(C',...,C").

Definition 5.4 The main effect model term of order ;.

If a numeric covariate Z is parameterized using the polynomial of degree k—1, i.e., s = (sl, R sk_l) T, sj(z) = PI (2),
j=1,...,k — 1, then the main effect model term of order j, j = 2,...,k — 1, means the element s;(z) = P?(z)
of the polynomial parameterization and a matrix T’ whose the only column is the jth column P’ of the reparameterizing
matrix S (given by Eq. 5.3) that corresponds to the polynomial of degree j, i.e.,

T’ = (P’).

Note. The terms T, ..., T9~! are called as lower order terms included in the term T7.

U hlavni efekt



5.5. MULTIPLE REGRESSION MODEL 145

Two-way interaction model terms

In the following, consider two covariates Z and W and their main effect model terms tz, Tz and tw, Tw.

Definition 5.5 The two-way interaction model term.

The two-way interaction’ model term means elements of a vector tw ® tz and a matrix T?W | where

TZW .= Ty :Tw.

Notes.
® The main effect model term Tz and/or the main effect model term Ty that enters the two-way interaction may also
be of a degree j > 1.

® Both the main effect model terms Tz and Ty are called as lower order terms included in the two-way interaction
term Tz : Tw.

Higher order interaction model terms

In the following, consider three covariates Z, W and V' and their main effect model terms ¢z, Tz and tw, Tw and
ty, Ty.

Definition 5.6 The three-way interaction model term.

The three-way interaction® model term means a vector ty @ (tw ® tz) and a matrix TZWV

, where

T*"V .= (Tz:Tw):Tv.

Notes.

® Any of the main effect model terms Tz, Tw, Tv that enter the three-way interaction may also be of a degree j > 1.

® All main effect terms Tz, Tw and Ty and also all two-way interaction terms Tz : Tw, Tz : Ty and Ty : Ty are
called as lower order terms included in the three-way interaction term TZWV,

® By induction, we could define also four-way, five-way, ..., i.e., higher order interaction model terms and a notion of
corresponding lower order nested terms.

% dvojnd interakce 3 trojnd interakce
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5.5.2 Model formula

To write concisely linear models based on several covariates, the model formula is used. The following symbols in the
model formula have the following meaning:

® I
intercept term in the model if this is the only term in the model (i.e., intercept only model).

Letter or abbreviation:
main effect of order one of a particular covariate (which is identified by the letter or abbreviation). It is assumed that
chosen parameterization is either known from context or is indicated in some way (e.g., by the used abbreviation).
Letters or abbreviations will also be used to indicate a response variable.

® Power of j, j > 1 (above a letter or abbreviation):

main effect of order j of a particular covariate.

Colon (:) between two or more letters or abbreviations:
interaction term based on particular covariates.
® Plus sign (+):
a delimiter of the model terms.
Tilde (~):
a delimiter between the response and description of the regression function.

Further, when using a model formula, it is assumed that the intercept term is explicitely included in the regression
function. If the explicit intercept should not be included, this will be indicated by writing —1 among the model terms.
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5.5.3 Hierarchically well formulated model

Definition 5.7 Hierarchically well formulated model.

Hierarchically well formulated (HWF) model' is such a model that contains an intercept term (possibly implicitely) and with
each model term also all lower order terms that are nested in this term.

Notes.

® Unless there is some well-defined specific reason, models used in practice should be hierarchically well formulated.

® Reason for use of the HWF models is the fact that the regression space of such models is invariant towards linear
(location-scale) transformations of the regressors where invariance is meant with respect to possibility to obtain the
equivalent linear models.

Example 5.1.
Consider a quadratic regression function
ma(z) = Bo + Prx + P22’

and perform a linear transformation of the regressor:
e=6(t—y¢), t=¢+=, (5.6)
where § # 0 and ¢ # 0 are pre-specified constants and t is a new regressor. The regression function in t is
mi(t) =0+ 71t +72 87,

where o = Bo — B16p + B20°¢7,
Y1 = 16 — 2628,
Y2 = Ba26”.

With at least three different x values in the data, both regression functions lead to two equivalent linear models of rank 3.

Suppose now that the initial regression function m,, did not include a linear term, i.e., it was

ml(x) = fo + B2 x2
which leads to a linear model of rank 2 (with at least three or even two different covariate values in data). Upon performing
the linear transformation (5.6) of the regressor x, the regression function becomes

mi(t) =0+t + 2t

with ~vo = Bo + ﬂ252 2
1 = —2628%p,
Yo = ﬂ252.
With at least three different covariate values in data, this leads to the linear model of rank 3.
To use a non-HWF model in practice, there should always be a (physical, ...) reason for that. For example,

® No intercept in the model = it can be assumed that the response expectation is zero if all regressors
in a chosen parameterization take zero values.

® No linear term in a model with a quadratic regression function m(z) = 8o 4 B2 2> = it can be assumed that the
regression function is a parabola with the vertex in a point (0, 8o) with respect to the  parameterization.

® No main effect of one covariate in an interaction model with two numeric covariates and a regression function
m(z, z) = Bo + P12z + B2 x z = it can be assumed that with z = 0, the response expectation does not depend
on a value of z, i.e., ]E(Y } X=x Z= 0) = fo (a constant).

hierarchicky dobre formulovany model
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5.5.4 Usual strategy to specify a multiple regression model

This section is not complete in the notes.

Illustrations

Cars2004nh (subset, n = 409)

consumption ~ drive, engine size, log(weight)

cgnsumption
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IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ drive 4 engine size 4 log(weight)

mAddit <- Ilm(consumption ~ fdrive + engine.size + lweight, data = CarsNow)
summary (mAddit)

Estimate Std. Error t value Pr(>|tl)

(Intercept) -35.84930 3.08092 -11.636 < 2e-16 **x
fdriverear 0.46260 0.11715  3.949 9.26e-05 **x*
fdrivedx4 0.98198 0.13019  7.543 3.07e-13 *x*x
engine.size 0.56908 0.08361 6.807 3.62e-11 #*x*x*
lweight 6.03099 0.44795 13.464 < 2e-16 *%x*

Residual standard error: 0.9223 on 404 degrees of freedom
Multiple R-squared: 0.8149, Adjusted R-squared: 0.8131
F-statistic: 444.8 on 4 and 404 DF, p-value: < 2.2e-16

dropl(mAddit, test = "F")

Single term deletions

Model:
consumption ~ fdrive + engine.size + lweight

Df Sum of Sq RSS AIC F value Pr (>F)
<none> 343.69 -61.161
fdrive 2 50.574 394.26 -9.012 29.725 9.046e-13 ***
engine.size 1 39.413 383.10 -18.758 46.330 3.6256e-11 **x*
lweight 1 154.205 497.89 88.436 181.267 < 2.2e-16 **x

Cars2004nh (subset, n = 409)
consumption ~ drive + engine size + log(weight) + drive:log(weight)

mInterl <- lm(consumption ~ fdrive + engine.size + lweight + fdrive:lweight, data = CarsNowj
summary (mInterl)

Estimate Std. Error t value Pr(>|t])

(Intercept) -37.44459 3.22260 -11.619 < 2e-16 ***
fdriverear 22.90273 4.86163 4.711 3.40e-06 **x*
fdrivedx4 -8.59853 4.42520 -1.943 0.0527 .

engine.size 0.57588 0.08125  7.088 6.16e-12 *x**
lweight 6.24702 0.46296 13.494 < 2e-16 *x*
fdriverear:lweight -3.03731 0.65971 -4.604 5.57e-06 *x**
fdrived4x4:lweight 1.26748 0.59358 2.135  0.0333 =*

Residual standard error: 0.8877 on 402 degrees of freedom
Multiple R-squared: 0.8294, Adjusted R-squared: 0.8269
F-statistic: 325.8 on 6 and 402 DF, p-value: < 2.2e-16

dropl(mInterl, test = "F")

Single term deletions

Model:
consumption ~ fdrive + engine.size + lweight + fdrive:lweight
Df Sum of Sq RSS AIC F value Pr (>F)
<none> 316.81 -90.469
engine.size 1 39.590 356.40 -44.308 50.236 6.159e-12 *x:x*

fdrive:lweight 2 26.879 343.69 -61.161 17.054 7.782e-08 x*x**
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IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + engine size + log(weight) + drive:log(weight) + engine size:log(weight)

mInter2 <- lm(consumption ~ fdrive + engine.size + lweight + fdrive:lweight +
engine.size:lweight, data = CarsNow)

summary (mInter2)

Estimate Std. Error t value Pr(>|tl)
(Intercept) -22.8398 4.9687 -4.597 5.76e-06 *x*x
fdriverear 27.3567 4.9219 5.558 4.98e-08 #**x*
fdrivedx4 4.3904 5.5249  0.795 0.427287
engine.size -5.8845 1.6945 -3.473 0.000571 #x**
lweight 4.2821 0.6873  6.230 1.18e-09 *xx
fdriverear:lweight -3.6356 0.6675 -5.446 8.98e-08 **x*
fdrive4x4:lweight -0.4836 0.7425 -0.651 0.515241
engine.size:lweight  0.8662 0.2270  3.817 0.000157 #*x*
Residual standard error: 0.8731 on 401 degrees of freedom
Multiple R-squared: 0.8354, Adjusted R-squared: 0.8325
F-statistic: 290.7 on 7 and 401 DF, p-value: < 2.2e-16

dropl(mInter2, test = "F")

consumption ~ fdrive + engine.size + lweight + fdrive:lweight +
engine.size:lweight

Df Sum of Sq RSS AIC F value Pr (>F)
<none> 305.70 -103.064
fdrive:lweight 2 24.150 329.85 -75.966 15.839 2.395e-07 **x

engine.size:lweight 1 11.105 316.81 -90.469 14.567 0.0001566 *xx*

Cars2004nh (subset, n = 409)

consumption ~ (drive + engine size + log(weight))?

mInter <- Im(consumption ~ (fdrive + engine.size + lweight)~2, data = CarsNow)
summary (mInter)

Estimate Std. Error t value Pr(>|t])

(Intercept) -26.124609 5.776121 -4.523 8.06e-06 ***
fdriverear 26.875936  7.367167  3.648 0.000299 *x**
fdrivedx4 13.308169 8.311915  1.601 0.110147
engine.size -5.391862  1.746264 -3.088 0.002158 =**
lweight 4.757609 0.817131  5.822 1.19e-08 **x*
fdriverear:engine.size 0.009665 0.182958 0.053 0.957895
fdrive4x4:engine.size 0.315489 0.216880  1.455 0.146547
fdriverear:lweight -3.571144  1.061146 -3.365 0.000839 #**x*
fdrived4x4:1lweight -1.818723  1.189560 -1.529 0.127081
engine.size:lweight 0.790111  0.233312  3.386 0.000778 **x*

Residual standard error: 0.8726 on 399 degrees of freedom
Multiple R-squared: 0.8364, Adjusted R-squared: 0.8327
F-statistic: 226.7 on 9 and 399 DF, p-value: < 2.2e-16

dropl(mInter, test = "F")

consumption ~ (fdrive + engine.size + lweight)~2

Df Sum of Sq RSS AIC F value Pr(>F)
<none> 303.78 -101.642
fdrive:engine.size 2 1.9215 305.70 -103.064 1.2619 0.2842440
fdrive:lweight 2 8.6863 312.46 -94.112 5.7045 0.0036085 *x*

engine.size:lweight 1 8.7315 312.51 -92.052 11.4684 0.0007782 **x
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Mustrations

Cars2004nh (subset, n = 409)

consumption ~ drive, engine size, log(weight)
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IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + engine size + log(weight)
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Cars2004nh (subset, n = 409)

consumption ~ drive + engine size + log(weight) + drive:log(weight) + engine size:log(weight)

Mustrations
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IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ drive, engine size, log(weight)

anova(mAddit, mInter)

Model 1: consumption ~ fdrive + engine.size + lweight

Model 2: consumption ~ (fdrive + engine.size + lweight)~2
Res.Df RSS Df Sum of Sq F Pr(>F)

1 404 343.69

2 399 303.78 5 39.906 10.483 1.813e-09 **x*

anova(mInterl, mInter)

Model 1: consumption ~ fdrive + engine.size + lweight + fdrive:lweight
Model 2: consumption ~ (fdrive + engine.size + lweight)~2
Res.Df RSS Df Sum of Sq F Pr (>F)
1 402 316.81
2 399 303.78 3 13.027 5.7034 0.0007864 *x**

anova(mInter2, mInter)

Model 1: consumption ~ fdrive + engine.size + lweight + fdrive:lweight +
engine.size:lweight
Model 2: consumption ~ (fdrive + engine.size + lweight)~2
Res.Df RSS Df Sum of Sq F Pr(>F)
1 401 305.70
2 399 303.78 2 1.9215 1.2619 0.2842
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5.5.5 ANOVA tables

For a particular linear model, so called ANOVA tables are often produced to help the analyst to decide which model
terms are important with respect to its influence on the response expectation. Similarly to well known one-way ANOVA
table (see any of introductory statistical courses and also Section 13.1), ANOVA tables produced in a context of linear
models provide on each row input of a certain F-statistic, now that based on Theorem 8.2. The last row of the table
(labeled often as Residual, Error or Within) provides

(i) residual degrees of freedom v, of the considered model;
(i) residual sum of squares SS. of the considered model;

(i) residual mean square MS, = SS. /v, of the considered model.

Each of the remaining rows of the ANOVA table provides input for the numerator of the F-statistic that corresponds
to comparison of certain two models M; C My which are both submodels of the considered model (or My is the
considered model itself) and which have 1 and v» degrees of freedom, respectively. The following quantities are
provided on each of the remaining rows of the ANOVA table:

(i) degrees of freedom for the numerator of the F-statistic (effect degrees of freedom vy = v1 — v2);
(i) difference in the residual sum of squares of the two models (effect sum of squares SSg = SS(M2 ‘ Ml));
(i) ratio of the above two values which is the numerator of the F-statistic (effect mean square MSg = SSg /vE);
(iv) value of the F-statistic Fg = MSg/MS,;
(v) a p-value based on the F-statistic Fz and the F, .. distribution.

Mlustrations
consumption ~ drive + log(weight) + drive:log(weight)

Certain ANOVA table for the model:

m(z, w) = Bo + b1 1|z = rear] + B2 I[z = 4x4] + B3 log(w)
+ B4 1|z = rear] log(w) + B5 I[z = 4x4] log(w)

mInterl <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow)
anova(mInterl)

Analysis of Variance Table

Response: consumption
Df Sum Sq Mean Sq F value Pr (>F)

fdrive 2 519.89 259.94 293.935 < 2.2e-16 **x*
lweight 1 954.26 954.26 1079.040 < 2.2e-16 ***
fdrive:lweight 2 26.70 13.35 15.097 4.758e-07 **x*
Residuals 403 356.40 0.88

Signif. codes: O ’#*x%x’ 0.001 ’*%x’> 0.01 ’%’ 0.05 .7 0.1 > *> 1
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Several types of the ANOVA tables are distinguished which differ by definition of a pair of the two models
M1 and Ms that are being compared on a particular row. Consequently, interpretation of results provided
by the ANOVA tables of different type differs. Further, it is important to know that in all ANOVA tables, the
lower order terms always appear on earlier rows in the table than the higher order terms that include them.
Finally, for some ANOVA tables, different interpretation of the results is obtained for different ordering of the
rows with the terms of the same hierarchical level, e.g., for different ordering of the main effect terms. We
introduce ANOVA tables of three types which are labeled by the R software (and by many others as well) as
tables of type I, II or III (arabic numbers can be used as well). Nevertheless, note that there exist software
packages and literature that use different typology. In the reminder of this section we assume that intercept
term is included in the considered model.

In the following, we illustrate each type of the ANOVA table on a linear model based on two covariates
whose main effect terms will be denoted as A and B. Next to the main effects, the model will include
also an interaction term A : B. That is, the model formula of the considered model, denoted as M4
is ~ A+ B+ A:B. In total, the following (sub)models of this model will appear in the ANOVA tables:

Mo: N].,

MAI NA,

MBZ NB,

Marp: ~A+B,

Mag: ~A+B+A:B.

The symbol SS(Fg ’ Fl) will denote a difference in the residual sum of squares of the models with model
formulas F; and F5.
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Type | (sequential) ANOVA table

Example 5.2 (Type | ANOVA table for model M5 :~ A+ B + A : B).

In the type I ANOVA table, the presented results depend on the ordering of the rows with the terms of the same
hierarchical level. In this example, those are the rows that correspond to the main effect terms A and B.

Order A + B + A:B

Degrees  Effect Effect
Effect of sum of mean
(Term) freedom  squares square  F-stat.  P-value
A * SS (A | 1) * * *
B * SS (/—\ +B | A) * * *
A:B * SS(A+B+A:B|A+B) « * *
Residual v, SS. MS,
Order B + A + A:B

Degrees  Effect Effect
Effect of sum of mean
(Term) freedom  squares square  F-stat.  P-value
B * SS(B | 1) * * *
A * SS(A+B | B) * * *
A:B * SS(A+B+A:B|A+B) * * *
Residual v, SS. MS,

The row of the effect (term) E in the type I ANOVA table has in general the following interpretation and
properties.

® It compares two models M; C My, where
® M contains all terms included in the rows that precede the row of the term E.
® My contains the terms of model My and additionally the term E.

® The sum of squares shows increase of the explained variability of the response due to the term E on top
of the terms shown on the preceding rows.

® The p-value provides a significance of the influence of the term E on the response while controlling
(adjusting) for all terms shown on the preceding rows.
e Interpretation of the F-tests is different for rows labeled equally A in the two tables in
Example 5.2. Similarly, interpretation of the F-tests is different for rows labeled equally B in
the two tables in Example 5.2.
¢ The sum of all sums of squares shown in the type I ANOVA table gives the total sum of squares SSt of the
considered model. This follows from the construction of the table where the terms are added sequentially

one-by-one and from a sequential use of Theorem 7.3 (Breakdown of the total sum of squares in a linear
model with intercept).
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Mustrations

Cars2004nh (subset, n = 409)
consumption ~ drive + log(weight) + drive:log(weight),

m(z, w) = —52.80 4+ 19.841[z = rear] — 12.541[z = 4x4] + 8.57 log(w) — 2.591[z = rear] log(w) +
1.781[z = 4x4] log(w)
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Mustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight)

Reference group pseudocontrasts for drive

m(z, w) = Bo + b1 1|z = rear] + B2 I[z = 4x4] + B3 log(w)
+ B4 1]z = rear] log(w) + G5 I[z = 4x4] log(w)

mInterl <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow)
anova(mInterl)

Analysis of Variance Table

Response: consumption
Df Sum Sq Mean Sq F value Pr (>F)

fdrive 2 519.89 259.94 293.935 < 2.2e-16 **x*
lweight 1 954.26 954.26 1079.040 < 2.2e-16 ***
fdrive:lweight 2 26.70 13.35 15.097 4.758e-07 **x*
Residuals 403 356.40 0.88

Signif. codes: O ’#**x%x’ 0.001 ’*%x’> 0.01 ’%’ 0.05 .7 0.1’ *> 1

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + drive + drive:log(weight)

Reference group pseudocontrasts for drive

m(z, w) = Bo + +51 log(w) + B2 I[z = rear] 4+ B3 I[z = 4x4]
+ B4 1]z = rear] log(w) 4 G5 [z = 4x4] log(w)

mInter2 <- lm(consumption ~ lweight + fdrive + fdrive:lweight, data = CarsNow)

anova(mInter2)

Analysis of Variance Table

Response: consumption
Df Sum Sq Mean Sq F value Pr (>F)

lweight 1 1421.57 1421.57 1607.458 < 2.2e-16 ***
fdrive 2 52.58 26.29 29.726 9.079e-13 *x**
lweight:fdrive 2 26.70 13.35 15.097 4.758e-07 ***
Residuals 403 356.40 0.88

Signif. codes: O ’#**x%x’ 0.001 ’*%x’> 0.01 ’%’ 0.05 .7 0.1 > > 1
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Type Il ANOVA table

Example 5.3 (Type Il ANOVA table for model M5 :~ A+ B + A : B).

In the type II ANOVA table, the presented results do not depend on the ordering of the rows with the terms of the
same hierarchical level as should become clear from subsequent explanation.

Degrees  Effect Effect
Effect of sum of mean
(Term) freedom  squares square  F-stat.  P-value
A * SS (A +B ‘ B) * * *
B * SS (A +B | A) * * *
A:B * SS(A+B+A:B|A+B) « * *
Residual v, SS. MS.

The row of the effect (term) E in the type I ANOVA table has in general the following interpretation and
properties.

e It compares two models M; C My, where

® My is the considered (full) model without the term E and also all higher order terms than E
that include E.

* Ms contains the terms of model M; and additionally the term E (this is the same as in type
I ANOVA table).

® The sum of squares shows increase of the explained variability of the response due to the term E on top
of all other terms that do not include the term E.

® The p-value provides a significance of the influence of the term E on the response while controlling
(adjusting) for all other terms that do not include E.

® For practical purposes, this is probably the most useful ANOVA table.
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Mustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight)

Reference group pseudocontrasts for drive

m(z, w) = Bo + b1 1|z = rear] + B2 I[z = 4x4] + B3 log(w)
+ B4 1]z = rear] log(w) + G5 I[z = 4x4] log(w)

mInterl <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow)
car::Anova(mInterl, type = "II")

Anova Table (Type II tests)

Response: consumption
Sum Sq Df F value Pr (>F)

fdrive 52.58 2 29.726 9.079e-13 **x
lweight 954.26 1 1079.040 < 2.2e-16 *xx*
fdrive:lweight 26.70 2  15.097 4.758e-07 ***
Residuals 356.40 403

Signif. codes: O ’#**x%x’ 0.001 ’*%x’> 0.01 ’%’ 0.05 .7 0.1’ *> 1

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + drive + drive:log(weight)

Reference group pseudocontrasts for drive

m(z, w) = Bo + +51 log(w) + B2 I[z = rear] 4+ B3 I[z = 4x4]
+ B4 1]z = rear] log(w) 4 G5 [z = 4x4] log(w)

mInter2 <- lm(consumption ~ lweight + fdrive + fdrive:lweight, data = CarsNow)
car::Anova(mInter2, type = "II")

Anova Table (Type II tests)

Response: consumption
Sum Sq Df F value Pr (>F)

lweight 954.26 1 1079.040 < 2.2e-16 **x*
fdrive 52.58 2 29.726 9.079e-13 *x*x
fdrive:lweight 26.70 2  15.097 4.758e-07 ***
Residuals 356.40 403

Signif. codes: O ’#**x%x’ 0.001 ’*%x’> 0.01 ’%’ 0.05 .7 0.1 > > 1
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Type Ill ANOVA table

Example 5.4 (Type Il ANOVA table for model M5 :~ A+ B + A : B).

Also in the type Il ANOVA table, the presented results do not depend on the ordering of the rows with the terms
of the same hierarchical level as should become clear from subsequent explanation.

Degrees  Effect Effect
Effect of sum of mean
(Term) freedom  squares square  F-stat.  P-value
A * SS(A+B+A:B|B+A:B) « * *
B * SS(A+B+A:B|A+A:B) « * *
A:B * SS(A+B-+A:B|A+B) * * *
Residual v, SS. MS,

The row of the effect (term) E in the type Il ANOVA table has in general the following interpretation and
properties.
e It compares two models M; C My, where
e M; is the considered (full) model without the term E.
® My contains the terms of model M; and additionally the term E (this is the same as in type
I and type II ANOVA table). Due to the construction of My, the model My is always equal to
the considered (full) model.

¢ The submodel M; is not necessarily hierarchically well formulated. If M, is not HWF, interpretation of its
comparison to model Ms may depend on parameterizations of covariates included in the full model M.
Consequently, also the interpretation of the F-test depends on the used parameterization.

® For general practical purposes, most rows of the type Il ANOVA table are often useless.
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Illustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight)

Reference (first) group pseudocontrasts for drive

m(z, w) = Bo + B1 [z = rear] + B2 [[z = 4x4] + B3 log(w)
+ B4 1[z = rear] log(w) + S5 I[z = 4x4] log(w)

* (33: slope of log(w) in group z = front

mInter <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow)
car::Anova(mInter, type = "III")

Anova Table (Type III tests)

Response: consumption
Sum Sq Df F value Pr (>F)

(Intercept) 386.28 1 436.793 < 2.2e-16 **x
fdrive 26.49 2 14.979 5.310e-07 *x*
lweight 542.30 1 613.216 < 2.2e-16 **x*
fdrive:lweight 26.70 2 15.097 4.758e-07 *x**
Residuals 356.40 403

Signif. codes: O ’#*x*x’ 0.001 ’**x’> 0.01 ’%> 0.05 *.” 0.1 > ” 1

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight)

Reference (last) group pseudocontrasts for drive

m(z, w) = By + B1 [[z = front] + B2 [z = rear] + B3 log(w)
+ 841z = front] log(w) + B5 [[z = rear] log(w)
e (33: slope of log(w) in group z = 4x4

mInterSAS <- Im(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow,
contrasts = list(fdrive = contr.SAS))
car: :Anova(mInterSAS, type = "III")

Anova Table (Type III tests)

Response: consumption
Sum Sq Df F value Pr(>F)
(Intercept) 247.68 1 280.063 < 2.2e-16 **x*

fdrive 26.49 2 14.979 5.310e-07 **x
lweight 351.72 1 397.714 < 2.2e-16 **x
fdrive:lweight 26.70 2 15.097 4.758e-07 *x**
Residuals 356.40 403

Signif. codes: O ’#**x%x’ 0.001 ’*%x’> 0.01 ’%’ 0.05 .7 0.1 > ”> 1
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Mustrations

Cars2004nh (subset, n = 409)

consumption ~ drive + log(weight) + drive:log(weight)

Sum contrasts for drive

m(z, w) = Bo + P11z = front] + B [[z = rear] — (1 + P2) I[z = 4x4] + P35 log(w)
+ B41[z = front] log(w) + B5 I[z = rear] log(w) — (84 + B5) [[z = 4x4] log(w)

* (5: mean of the slopes of log(w) in the three drive groups

mIntersum <- lm(consumption ~ fdrive + lweight + fdrive:lweight, data = CarsNow,
contrasts = list(fdrive = contr.sum))
car: :Anova(mIntersum, type = "III")

Anova Table (Type III tests)

Response: consumption
Sum Sq Df F value Pr(>F)
(Intercept) 485.88 1 549.416 < 2.2e-16 **x

fdrive 26.49 2 14.979 5.310e-07 *x*
lweight 728.22 1 823.440 < 2.2e-16 **x
fdrive:lweight 26.70 2 15.097 4.758e-07 *x**
Residuals 356.40 403

Signif. codes: O ’#*x*x’ 0.001 ’**x’> 0.01 ’%> 0.05 *>.” 0.1 > ”> 1




Chapter

Normal Linear Model

-

Until now, all proved theorems did not pose any distributional assumptions on the random vectors (¥;, X j) ,
T .

X, = (Xz',07 . 7Xi,k—1) ,i=1,...,n, that represent the data (upon possible transformations of original

covariates). We only assumed a certain form of the (conditional) expectation and the (conditional) covariance

matrix of Y = (Yl, .. .,Yn)T given X1,..., X, (given the model matrix X). In this chapter, we will
additionally assume that the response is conditionally normally distributed given the regressors which will
lead us to the normal linear model.

165
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6.1 Normal linear model

With iid. data (Yi7 XZT)T i£d. (Y7 XT)T, i =1,...,n, we mentioned in Section 1.2.6 situation when it

was additionally assumed that Y | X ~N(X 3, 0?). For the full data (Y, X), this implies

Y | X~ N, (XB, 0% 1,). 6.1)

T . . .
Strictly speaking, the original data vectors (Yi, X ;r) ,i=1,...,n, do not have to be iid. with respect
to their joint distribution to satisfy (6.1). Remember that the joint density of the response vector and all the
regressors can be decomposed as

Ty x(y, x) :fY\X(y‘X) fx(x), y eR™, xe€ X"

Property (6.1) is related to the conditional density fy-|x which is then given as

n T
fyx(y|x)_H{160(M)}, yeR? xe ™

: g o
=1

On the other hand, the property (6.1) says nothing concerning the joint distribution of the regressors rep-
resented by their joint density fx. Since most of the results shown in this chapter can be derived while
assuming just (6.1) we will do so and open the space for applications of the developed theory even in sit-
uations when the regressors X1, ..., X,, are perhaps not ii.d. but jointly generated by some distribution
with a general density fx.

Definition 6.1 Normal linear model with general data.
The data (Y, X), satisfy a normal linear model' if

Y|XNNn(Xﬁ7 021n)7

-
where 3 = (Bo, ce ﬁk_l) € R¥ and 0 < 0% < oo are unknown parameters.

Lemma 6.1 Error terms in a normal linear model.
LetY f X~ N, (X,@, o? In). The error terms

e=Y-XB8=M-X!8 ..., Y% -XB) = (1, ..., en)
then satisfy

i) e ’ X~ Nn(ona o? In)-
(i) &€ ~ Ny (0,, 0*1,).

Gii)) e; e, i=1,...,n, e~ N(0, 02).

Y normalni linedrni model
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Proof.

(i) follows from the fact that a multivariate normal distribution is preserved after linear transformations
(only the mean and the covariance matrix changes accordingly).

(ii) follows from (i) and the fact that the conditional distribution & ’ X does not depend on the condition
and hence the (unconditional) distribution of € must be the same.

(iii) follows from (ii) and basic properties of the multivariate normal distribution (indepedence is the same
as uncorrelatedness, univariate margins are normal as well).

9
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6.2 Properties of the least squares estimators under the
normality

Theorem 6.2 Least squares estimators under the normality.

Let Y‘X ~ Nn(Xﬁ, o? In), rank(ank) =7 < k. Let L,,x; be a real matrix with non-zero rows
II, R l;'; and 0 := 1.3 = (IIB, cee l;l;ﬂ)—r = (91, cee Hm)T be a vector of linear combinations of
regression parameters.

If additionally r = k, let B = (XTX)leTY be the least squares estimator of regression coefficients, 0=
L3=(8,....,118) = (6, ...,60,)" and

-1 : 1 1
V=L(X'X) L= (v4); 1 D= dlag< = vm’m>,
0 — 0, T 1 ~
T, = —2—L— j=1,... T=(T,....,Tn) = D(6—0).
J \/ma J ) "z ( 1 ’ ) MSS ( )
The following then holds.

@) Y| X ~ N, (X3, o2 H).

(i) U |X ~ Ny (0n, 0> M).

(ii)) 0 |X ~ Ny (0, o2 V).

(iv) Statistics Y and U are conditionally, given X, independent.
() Statistics 0 and SS. are conditionally, given X, independent.

v -xa1®

i) T X7
.. SS
(vii) U; ~ Xop
@wiii) Foreachj=1,...,m, T ~ th_yr.

(ix) T|X ~ mvty p_r (]D)VD).

(x) If additionally rank(Imek) =m < r =k then the matrix V is invertible and

L @-0) (M. V) (@) ~ Frnr

Proof.

(i) We already know (Gauss-Markov theorem, Theorem 2.4) that E(f’ ’ X) = X3 and Var(f’ | X) = o2 H (for
any B € R* and any 02 > 0). At the same time Y = HY is a linear function of Y for which we assume
Y ’ X ~ N,,. Hence, from properties of a (multivariate) normal distribution, we get Y’ | X~ N, (X,@, o? H)

(ii) Analogously to point (i), we already know (Lemma 2.7) that IEJ(U | X) =0, and var(U | X) = 02M (for
any B € R¥ and any o2 > 0). At the same time U = MY is a linear function of Y for which we assume
Y ’ X ~ N,,. Hence, from properties of a (multivariate) normal distribution, we get U ’ X ~ N, (0, 02 M).
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(iii) Based on Theorem 2.5 (Gauss-Markov theorem for linear combinatiAons) we know that @ = ILE is BLUE
of the vector parameter # = L3 (i.e., among the other things, E (6 | X) = 6 for any B8 € R*) with

var(8 | X) = 02V, where V = L(XTX) 'LT.
Since 7 = k, M(XT) = R¥ (the property used also in the proof of Theorem 2.5). That is, for each

j=1...,m1l; € M(XT) In other words, M(LT) C M(XT) That is, there exist a matrix A, y,,
such that LT = XTA, ie., L = ATX. Then

6=LB=A"XB=A"Y.

From point (i), we already know that Y ‘ X ~ N, and since 8 is a linear function of ¥, we get that

also 0 | X ~ Ny,. In summary (the mean and the covariance matrix have been justified above), we have
0|X ~Npn(0,02V).

~T T T
(iv) For a vector (Y , U ) we can write

Y\ _(BY)_(H),
v) \MY) \m)
~T T
That is, the vector (Y , UT) is a linear function of the random vector Y for which we assume Y | X ~
N,.. Hence, from properties of the normal distribution, a joint (conditional, given X) distribution of the

~T T ~
vector (Y , UT) is also multivariate normal. Now, to show that Y and U are (conditionally, given X)
independent, we only have to show that they are uncorrelated. This is easily obtained as follows.

cov(Y, U |X) =cov(HY, MY |X) = Hvar(Y |X) M" =0’ HM =0’Q Q' NN' =420,
a’1, 0

where Q and N are matrices with orthonormal bases of the regression and residual space in their columns,
respectively.

V) @ =LB = ATY for some matrix A (see point iii), i.e., 0 is a measurable function of Y.

2, . .
, i.e., SS,. is a measurable function of U.

SS. = ||U

From point (iv), vectors Y and U are (conditionally, given X) independent and hence also 6 and SS. are
(conditionally, given X) independent.

(vi) + (vii) Let us write the response vector Y as Y = X3 + ¢, where ¢ | X ~ N,(0,, 021,,) and also
unconditionally € ~ N,,(0,,, 02I,,) (Lemma 6.1). Then,

?—Xﬁ:HY—Xﬁ:@g@JFHe—Xﬁ:HE,
X
U=MY =Me (Lemma 2.6).
From here,
H)A’—Xﬂw =¢ H'He = e ' He, H=QQ",
|U|| =™ Me =e™Me, M=NNT,

where Q is an n X r matrix with the orthonormal basis of the regression space in its columns and N is
an n X (n — r) matrix with the orthonormal basis of the residual space in its columns.

Let us first explore the residual sum of squares SS, = HUH2 We have

SS, = ||U||2 —¢ ' Me=¢ NNTe= HNTEHQ.
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Hence,
1

7285 = Ul = |27l

As mentioned above, € | X~ N, (On, O'QI"). Hence, from linearity and properties of the normal distribution,

1
“N'e|X~ N,y
o
Further,
1 .+ 1 .+
E(-N"e|X) = -NE(e|X) = 0,
o o
1 1 2
var(fNTe ’ X) = —QN—r var(r—: | X) N == %NTN =1,_..
o o N 2 o
o1,
That is,

1
“NTe
ag

X~ anr’ (Onf'r‘» Infr) .

From here (sum of squares of independent normals),

2
ﬁ e XNanr'

The above conditional distribution is the same for almost all values of the condition and hence also
(unconditionally)

1
; SSe ~ X?L_T.

The properties
1 & 1 -~
=1 - X" ~ X2, =1 —XBHQ\XW?

are shown analogously.

(viii) We can write (for each j =0, ..., m)
b, —6;
T 9 —0; 02 v“
T /MS, v“
02 (n—r)
where from points (iii) and (vii)
0, — 0,
AXNN(O,U, gXNan
Vo2 v o

Moreover, from point (v), both statistics %
g V5 4

from the definition of the Student t-distribution, 7} ’X ~ t,,_p. This for almost all values of the condition
X. Hence, also unconditionally, T} ~ t,,_.

1 ~ _ [n=r)o? |1 ~
T = \/MTGD(O_B)_’/SS@\/;D(O_H)’

where from points (iii) and (vii)

\/gm)(@_e) ‘Xw/\/’m(om, %ID)UZVD) sz(om, DVD), 5052 ’XNXEH.

and is; are conditionally, given X, independent. That is,

(ix) We have
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Moreover, from point (v), both statistics |/ -5 I (5 — ) and 55 are conditionally, given X, independent.

g

That is, from the definition of the multivariate t-distribution (Definition B.4), T’ | X ~ mvty, n—(DVD).

(x) The property that the matrix V=1L (XTX)ALT is invertible if rank(]Ler) =m < r(= k) was shown
in the proof of Theorem 2.5 (Gauss-Markov for linear combinations). Further,

©-6) (V)" (8-96)
SS.
o?(n—r)

3=

L6-0) (Ms.v) ' @-0) -

Q=

From point (i), (5 — 0) ’ X~ N, (Om, o? V). Hence,

B-0)" (02V) ' (0-0)|X ~ 2.

Further, from point (vii), Sosf

—~ T 1~
X ~ x%_r, and from point (v), both statistics (0 — 0) (02 V) (0 — 0)
and SJS; are conditionally, given X, independent. That is, from the definition of the F-distribution, @ | X ~

Fm,n—r- This for almost all values of the condition X. Hence, also unconditionally, @ ~ Fy, n—r.

4

Consequence of Theorem 6.2: Least squares estimator of the regression coeffi-
cients in a full-rank normal linear model.

LetY | X ~ N, (XB, 021,,), rank(X,xx) = k. Further, let

-1
V= (XTX) = (vjvt)j,t:O,...,k—l’

D:diag( Lo 1).
4/ 00,0 VVk—1,k—1
The following then holds.

@ B|X ~ Ny (B, 6> V).
(ii) Statistics B and SS. are conditionally, given X, independent.

(iii) Foreach j =0,...,k —1,Tj := BB th_ k.
A/ MSE Vj.5
1 ~
(iy T := (TO, . ,Tk,l)T = D (,8 — ﬂ) ~ mvtkm,k(]D)VJD)), conditionally given X.

MS
© 1 (B=8) MSI XX (B-B) ~ Fins

7

Proof. Use L =1, in Theorem 6.2.

9

Theorem 6.2 and its consequence can now be used to perform principal statistical inference, i.e., calculation
of confidence intervals and regions, testing statistical hypotheses, in a normal linear model.
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6.2.1 Statistical inference in a full-rank normal linear model

Assume a full-rank normal linear model Y | X ~ N, (X,B, o? In), rank(ank) = k and keep denoting

-1
V= (XTX) = (U-jvt)j,t:(,) ..... k—1'

Inference on a chosen regression coefficient

First, take a chosen j € {0,...,k — 1}. We then have the following.

e Standard error of Bj and confidence interval for j;
We have var(gj | X) = o2 v;,; (Lemma 2.2) which is unbiasedly estimated as MS, v; ; (Lemma 2.7). The

square root of this quantity, i.e., estimated standard deviation of B\j is then called as standard error® of the

SE(B}) = v/ MSe Vjjg- (62)

The standard error (6.2) is also the denominator of the t-statistic 7; from point (iii) of Consequence of
Theorem 6.2. Hence the lower and the upper bounds of the Wald-type (1 — «) 100% confidence interval
for 3; based on the statistic T} are

estimator Bj. That is,

BE = B - s.E.(Bj)tn_k(lf
6.3)

[ Yol O] o)

ﬁjU = Bj + SE(BJ) th—k (1_
That is, for any 3° = (ﬁg7 e, 62_1)T €RFandforany j =0, ..., k—1

P(( 5> 67) Bﬂ?;ﬁzﬁo) = 1l-a

Analogously, also one-sided confidence interval can be constructed.
® Test on a value of f3;
Suppose that for a given 37 € R, we aim in testing Ho: f3; = /3,
Hi: B # 5?

The Wald-type test based on point (iii) of Consequence of Theorem 6.2 proceeds as follows:

Bj‘ﬁ? B Bj—ﬂ?

Test statistic: Tjo= —— = .
SE(B]) \/MSG ’UjJ'
«
Reject Hy if Tj0| > tn—k (1 - 5)

P-value when 11]',0 = tjy()l p= 2 CDFt’n,k(— |tj7()|).

Analogously, also one-sided tests can be conducted.

Notation. In the following, for simplicity, expressions of the Wald-type confidence intervals like (6.3) will
be briefly written as

2 smérodatnd, pfip. standardni chyba
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Simultaneous inference on a vector of regression coefficients

When the interest lies in the inference for the full vector of the regression coefficients 3, the following
procedures can be used.

¢ Simultaneous confidence region® for 3

It follows from point (v) of Consequence of Theorem 6.2 that the simultaneous (1 — «) 100% confidence
region for 3 is the set

Sa) = {Be®: (8-B) (MS;'XTX) (8- B) < hFini(l-a)}.

That is, for any ,@0 e Rk
P(S(a) 5 8% B=5") = 1-a.

o~

Note that S(«) is an ellipsoid with center: B3,
shape matrix: MS, (XTX)_l = \//al\r(B | X),
diameter: kEFin—r(l—a).

Remember from the linear algebra and geometry lectures that the shape matrix determines the principal
directions of the ellipsoid as those are given by the eigen vectors of this matrix. In this case, the principal
directions of the confidence ellipsoid are given by the eigen vectors of the estimated covariance matrix

var(B ] X).
Test on a value of 3

Suppose that for a given 3° € R*, we aim in testing Hp: (3= 3°,

Hi: B # 3"
The Wald-type test based on point (v) of Consequence of Theorem 6.2 proceeds as follows:
1 - T ~
Test statistic: Qo = z (ﬁ — ,80) MS;1 XX (,8 — ﬁo).

Reject Hy if Qo > Frn—ir(l —a).

P-value when Qg =¢qo: p=1-— CDF]:,k77l_k(q0).

3

simultdnni konfidencni oblast
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Inference on a chosen linear combination

Let  =1'8,1+ 0y and let & =1' 3 be its least squares estimator.

o Standard error of § and confidence interval for 0
We have var (6 | X) = 021" (XTX)_ll (Theorem 2.5) which is unbiasedly estimated as MS. 1" (XTX) 1

(Lemma 2.7). Hence the standard error of 0 is

S.E.(6) = \/MSe 17(XTX) 'L (6.4)

The standard error (6.4) is also the denominator of the appropriate t-statistic from point (viii) of Theo-
rem 6.2. Hence the lower and the upper bounds of the Wald-type (1 — «) 100% confidence interval for 6
based on this t-statistic are

(6% 6") = 0 + SE(D) tar(1-5).

That is, for any ° € R,
P((6%,0") 5 0% 0=0") = 1-a.
Analogously, also one-sided confidence interval can be constructed.

¢ Test on a value of ¢
Suppose that for a given ° € R, we aim in testing Hy: 6 = 6°,

Hi: 0 #6°
The Wald-type test based on point (viii) of Theorem 6.2 proceeds as follows:
. 6 — 00 6 —6°
Test statistic: Ty = = =.
SE(0) \/msaT(xTx)
Reject Hy if ITy| > tn,k(l - %)

P-value when Ty = to: p =2 CDFt,n,k(— |t0|).

Analogously, also one-sided tests can be conducted.
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Simultaneous inference on a set of linear combinations
Finally, let 8 = L3, where L is an m x k matrix with m < k linearly independent rows. Let 0 =13 be
the least squares estimator of 6.

¢ Simultaneous confidence region for 6
It follows from point (x) of Theorem 6.2 that the simultaneous (1 — «) 100% confidence region for 6 is
the set

S(a) = {oeRm; (0f5)T{MSeL(XTX)*1LT}_1 (6-0) < mfm,n_k(ka)}.

That is, for any 0° e R™
P(S(a) 56°% 9= 00) - 1-a

~

Note that S(«) is an ellipsoid with center: 0,
shape matrix: MS, ]L(XTX) T = \75’(5 ‘ X),
diameter: \/m Frn—k(1 —a).

¢ Test on a value of 6
Suppose that for a given #° € R™, we aim in testing Hy: 6 = 6°,
Hi: 6 +#6°
The Wald-type test based on point (x) of Theorem 6.2 proceeds as follows:

% @-6"" {MSSL(XTX)_ILT}A (6 -6°).

Test statistic: Qo =
Reject Hy if Qo > Frn—k(1 — ).
P-value when Qo =qo: p=1—CDFr mn_k (qo).

Note. if we take L as a submatrix of the identity matrix I, by selecting some of its rows, the above
procedures can then be used to infer simultaneously on a subvector of the regression coefficients 3.

Note. All tests, confidence intervals and confidence regions derived in this Section were derived under the
assumption of a normal linear model. Nevertheless, we show in Chapter 16 that under certain conditions,
all those methods of statistical inference remain asymptotically valid even if normality does not hold.
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6.3 Confidence interval for the model based mean, pre-
diction interval

We keep assuming that the data (Yi, X Z—.'—)T, i=1,...,n, follow a normal linear model. That is,
Y | X~ N, (X8, 0% 1,),

from which it also follows
Yi| X ~N(X/B, 0%, i=1,...,n

Furthermore, the error terms ¢; = Y; — X3, i = 1,...,n are iid. distributed as ¢ ~ A(0, 0?)
(Lemma 6.1).
Remember that X C RF denotes a sample space of the regressor random vectors X, ..., X,. Let

Tnew € X and let
Ynew = wr—Lrew/G + Enew,

-
where €,,6, ~ N(0, 02) is independent of € = (51, . ,5,7,) . A value of Y,,.,, is thus a value of a “new”
observation sampled from the conditional distribution

Yiew |Xnew = Tnew ™~ N(x;zrewﬁv 02)
independently of the “old” observations. We will now tackle two important problems:
(i) Interval estimation of finew = E(Ynew | Xnew = Tnew) = &) ¢03-

(i) Interval estimation of the value of the random variable Y;,,, itself, given the regressor vector X .,y =

m71,ew-

Solution to the outlined problems will be provided by the following theorem.

Theorem 6.3 Confidence interval for the model based mean, prediction interval.

LetY | X ~ N, (Xﬁ, o2 In), rank(ank) = k (fullrank model), ,B' = (XTX)AXTY is the LSE of the
regression parameters 3. Let Tpew € X, Tpew 7 Ok. Let epew ~ N (0, 02) is independent of e =Y — X[3.
Finally, let Yy,00, = . B + €pew. The following then holds:

new

(i) The quantity fipe, = x, 3 is the best linear unbiased estimator (BLUE) of [inew := T, .., 3. The

new new
standard error of linew is

SE-(flnew) = \/ MSe 20 (XTX) ™ @rew

and the lower and the upper bound of the (1 — «) 100% confidence interval for fi,c., are

(lu’ﬁeuﬂ /’LT({ew) = ﬁnew + S-E~(ﬁnew) tn—k (1 - %) (65)
(ii) A (random) interval with the bounds
(VE YUY = finew £ SEP.(Tnew) tni (1 _ %) (6.6)
where
SEP.(Tnew) = \/MSG {1 + m,TLew(XTX)*lmmw}, (6.7)

covers with the probability of (1 — «) the value of Y.
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Notes.
e Statement (i) of Theorem 6.3 says that for any @, € X and any 8° € R¥ providing 1.2, = =, B°
the following holds:

P((Hheu 1) 2 i B=5) = 1-a

e Statement (i) of Theorem 6.3 says that for any @,c,, € X, any 3° € R¥ and any o2 € (0, 00) leading to
Yo =l B+, ., where ), is sampled from A (0, o3) independently of , the following holds:

new new

P((Vh V) 2 Vii B=8" 0% =03) = 1-a.

Proof.

(i) The BLUE property of the estimator Ji,eq, follows from the Gauss-Markov theorem for linear combinations
(Theorem 2.5), the form of the confidence interval for fi,eq, follows from point (viii) of Theorem 6.2, see also
Section 6.2.1.

(ii) Conditionally, given X7, ..., X, Xpew:
Yoew ~ N (ptinew, 02)  (since e,e0 ~ N(0, 02)),
fnew ~ N (lnew, 02v), v==,,, (XTX)flmnew (point iii of Theorem 6.2),
Y and Y., are independent (since € and &, are independent).

At the same time, [inew is a (linear) function of Y and hence also finew and Y., are independent
(conditionally, given X1, ..., X, Xpew)-

It now follows from above and properties of the normal distribution that
(Ynew - ﬂnew) ‘ le ceey Xna Xnew NN(07 U2 (1 + U))a
or written in an alternative way

Yneu) - Anew

7M le L) Xna Xnew NN(Oa 1)
a2 (1+wv)

Further, SS. and [ipe, are conditionally independent (point v of Theorem 6.2). At the same time, SS. is

a measurable function of Y and hence, SS. and Y,,.,, are again conditionally independent. It then follows

that also (Y,ew — finew) and SS. are conditionally independent.

Finally, ?; ~ x2_, (both conditionally and unconditionally, see proof of point vii of Theorem 6.2).
Hence, conditionally, given X1, ..., X,, Xnew,
Ynew - //J/\new
0'2 (1 + ’U) Ynew - l/l\/new
= ~ th—k.
SSe MS. (1 + v)
o2 (n—k)

This holds for almost all values of X7 = 1, ..., X;, = ,, Xpew = Tnew and hence for any @, € X,

any B° € R* and any o2 € (0, o0) leading to Y;2,, = .., 3° + %,

( Y7(L)ew — Mnew

VMS, (1 +v)

<tn,k(1— %), ,6:,80, o? :U§> =1-a.
That is, if we define

SEP.(Tpew) = VMS.(14+0v) = \/I\/IS6 (1 +z).., (XTX)*lmnew),

we get

P((ﬁnew =+ S-E-P-(mnew)tn—k(l - %)) > Yy?ewa 5 = ﬁoa 02 = Ug) =1-a
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Terminology (Confidence interval for the model based mean, prediction interval,
standard error of prediction).

¢ The interval with the bounds (6.5) is called the confidence interval for the model based mean.
¢ The interval with the bounds (6.6) is called the prediction interval.
® The quantity (6.7) is called the standard error of prediction.

Terminology (Fitted regression function).

The function R
m(x) =z' B, x e X,

which, by Theorem 6.3, provides BLUE’s of the values of
,u(ac) = E(Ynew ‘ Xnew = 513) = $TIB

and also provides predictions for Y., = T B + €,0w, is called the fitted regression function.*

Terminology (Confidence band around the regression function, prediction band).

As was explained in Section 1.1.3, the regressors X; € X C R* used in the linear model are often obtained
by transforming some original covariates Z; € Z C RP. Common situation is that Z C R is an interval and

T T

Xi = (Xi,07 ey Xi,k—l) = (to(Zl), ceey tk—l(Zi)) :t(ZZ), 1= 1,...,7’7,,
where t : R — R¥ is a suitable transformation such that

E(Y;|Z) =t"(Z:)8 =X B.

Suppose again that the corresponding linear model is of full-rank with the LSE B of the regression coef-
ficients. Confidence intervals for the model based mean or prediction intervals can then be calculated for
an (equidistant) sequence of values znew. 1, - - -, Znew, v € Z and then drawn over a scatterplot of observed

data (Yl, Zl)T, cee (Yn, Zn)T. In this way, two different bands with a fitted regression function
m(z)=t'()B, z€Z,
going through the middle of both the bands, are obtained. In this context,

(i) The band based on the confidence intervals for the model based mean (Eq. 6.5) is called the confidence
band around the regression function;’

(i) The band based on the prediction intervals (Eq. 6.6) is called the prediction band.’

Y odhadnutd regresni funkce ° pds spolehlivosti okolo regresni funkce © predikéni pés
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Illustrations

Kojeni (n = 99)
bweight ~ blength
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6.4 Distribution of the linear hypotheses test statistics
under the alternative

This section of the text contains materials which will not be examined.

Section 6.2 provided classical tests of the linear hypotheses (hypotheses on the values of linear combinations
of regression coefficients). To allow for power or sample size calculations, we additionally need distribution
of the test statistics under the alternatives.

Theorem 6.4 Distribution of the linear hypothesis test statistics under the alterna-
tive.

LetY ’ X ~ N, (XB, 02L,), rank(Xy,xx) = k. Let 1 # 0y and let 9 = 1" be the LSE of the parameter
0=1"3.Let 0°, 0* € R, 0° + 0" and let
B 6 — 60

\/MSe 1T (XTx) ™1

1o

Then under the hypothesis § = 6%,

To thn,k()\), A=

Note. The statistic Ty is the test statistic to test the null hypothesis Hy: 6 = 6° using point (viii) of
Theorem 6.2.

Theorem 6.5 Distribution of the linear hypotheses test statistics under the alter-
native.

LetY | X~N, (X,& 02In), rank(X, xx) = k. Let L,k be a real matrix with m < k linearly independent
rows. Let O = ]LZ? be the LSE of the vector parameter @ = IL3. Let 0°, 0" c R™, 6° £ 0" and let

Qo=—(0-6°" {MSGL(XTx)’lLT}_l (6 -6°.

1
m
Then under the hypothesis @ = 0",

Qo|X ~ Fnr(d), A=(8"-6°" {ﬁL(XTX)’lLT}_l (6" — 6.

Note. The statistic Qq is the test statistic to test the null hypothesis Hy: @ = 6° using point (x) of
Theorem 6.2.

Note. We derived only a conditional (given the regressors) distribution of the test statistics at hand. This
corresponds to the fact that power and sample size calculations for linear models are mainly used in the
area of designed experiments’ where the regressor values, i.e., the model matrix X is assumed to be fixed
and not random. A problem of the sample size calculation then involves not only calculation of needed
sample size n but also determination of the form of the model matrix X. More can be learned in the course
Experimental Design (NMST436).°

" navrZené experimenty °® Névrhy experimentii (NMST436)



Chapter

Coefficient of Determination

In this chapter, we develop a quantity called coefficient of determination which is often considered as a basic
measure of a model quality. Nevertheless, as will be shown, it only measures a prediction quality (in certain
sense) of the model. For derivations used in this chapter, we do not need to know the transformation which
links original covariates and regressors considered in a particular model. That is, we will now assume that

T . ) .
data are represented by n random vectors (Y;, X 5 ) ,i=1,...,n, and a linear model with the response
vector Y = (Yl, e Yn)T and the model matrix X with vectors XlT, cee XI in rows is used to model
the conditional expectations E(Yi | Xi), i=1,...,n

181
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7.1 Intercept only model

Notation (Response sample mean).

The sample mean over the response vector Y = (Y1, ..., Y,,L)T will be denoted as Y. That is,
S 1o+
Y = = Y, =-Y '1,.

Definition 7.1 Regression and total sums of squares in a linear model.
Consider a linear model Y ’ X ~ (X,@, 02In), rank(X,,xx) = r < k. The following expressions define the
following quantities:

(i) Regression sum of squares' and corresponding degrees of freedom:

SSR:H}/}_?lnH2:Z(2_?)2> I/R:T—l,
i=1

(ii) Total sum of squares® and corresponding degrees of freedom:

SSr= Y YL =Y (v, - V)% wr=n-1.

i=1

Lemma 7.1 Model with intercept only.
LetY ~ (lnfy, C2In). Then

WY =Y1,=(,..7).
(ii) SSe = SSr.

Proof. This is a full-rank model with X = 1,,. Further,

(XTx) 7 = (171,) 7 = % X'y =1y =) v.
i=1

Hence 7= 23" | Y; =Y and Y = Xy =1,Y =Y1,.

' regresni soucet ctvercii % celkovy soucet ctverci
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7.2 Models with intercept

Lemma 7.2 |dentity in a linear model with intercept.
LetY { X~ (X,B, 02In) where 1,, € M(X) Then

1Yy = zn:YZ- - zn:f/i =1)Y.
=1 i=1

Proof.
¢ Follows directly from the normal equations if 1,, is one of the columns of X matrix.
® General proof:
Y=Y '1,=@Y) 1, =Y HL, =Y 1,
since H1,, = 1,, due to the fact that 1,, € M(X)

Lemma 7.3 Breakdown of the total sum of squares in a linear model with inter-
cept.
LetY | X ~ (X,@, UQIn) where 1,, € M(X) Then

SSr = SS. + SSr

n n n

Y(-Y) = Y (Mi-v) o+ YWY

i=1 i=1 i=1

Proof. The identity SS7 = SS. + SSg, follows trivially if » = rank(X) = 1 since then M (X) = M(1,,)
and hence (by Lemma 7.1) ¥ = Y'1,,. Then SS1 =SS, SSg = 0.

The identity SS7 = SS. + SSg for general rank » > 1 can be shown directly while using a little algebra.
We have

(i-7) =3 (i -Ti+Ti-7)
=1

-

©
I
—

SSr

n

~

(-7 + L F 1) +2 (- ) (- T)

i=1

I

«
Il
-

n n

:sse+ssR+2{mefi—?Zn +?Zn:ﬁ—zn:22}
=1 =1

i=1 i=1

0
=SS, +SSgr

since Y - Yi=>", Y; and additionally

n N N n R T
Y VYi=Y'Y=Y'HY, > Y’=Y Y=Y'HHY =Y HY.
i=1 =1
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9

Using materials from the chapter on submodels (Chapter 8) we even do not need the algebra used above.
In the following, let r = rank(X) > 1. Then, model Y | X ~ (lnﬁo, 0’21”) is a submodel of the model

Y ’ X ~ (X,B, azIn) and by Lemma 7.1, SSp = SSg. Further, from definition of SSg, it equals to

SSg = ||D > where D=Y — v’ By point (iv) of Theorem 8.1 (on a submodel), HDH2 =SS —SS,. In
other words,

SSk =SSt — SS..
3
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7.3 Theoretical evaluation of a prediction quality of the
model

One of the usual aims of regression modelling is so called prediction in which case the model based response

T
mean is used as the predicted response value. In such situations, it is assumed that data (Yi, X ;r ) ,

i =1,...,n, are a random sample from some joint distribution of a generic random vector (Y, X T)T,
X = (Xo, e Xk,l)—r and the conditional distribution Y| X can be described by a linear model, i.e.,
EY|X)=X"8, var(Y|X)=0" (7D
for some 3 = (ﬁo, e /Bk,l)—r € R* and some ¢? > 0, which leads to the linear model
Y, x/
vix~ (8 0n), v=|: | %=
Y, x)

for the data. As usually, we assume rank(X) =1 < k < n (almost surely).

In the following, let v € R and ¢? > 0 be the marginal mean and the variance, respectively, of the response
random variable Y, i.e.,
E(Y)=r,  var(Y)=¢ (7.2)

This corresponds to the only intercept linear model
Y ~ <1n77 CzIn)
for the data with a model matrix 1,, of rank 1

Suppose now that all model parameters (3, -, o2, ¢?) related to the distribution of the random vector
(v, X T)T are known and the aim is to provide the prediction Y of the response value Y. We could also

say that we want to predict the Y'-component of a not yet observed (‘new”) random vector (Yeu, X ;w)‘r
which is distributed as the generic vector (Y, X T)T. Nevertheless, for simplicity of notation, we will not
use the subscript ;¢ and will simply work with the random vector (Y, X T)T whose distribution satisfies
(7.]) and (7.2).

Suppose further that the random vector (Y, X T)T is defined on a probability space (€2, A, P) and let
o(X) € Abe a o-algebra generated by the random vector X, P|,(x) be a probability measure restricted
to this o-algebra and Lo(X) = Ly(9, 0(X), P|,(x)). Further, let o(0) = {0, Q} be a trivial o-algebra
on ©, P|,(g) the related restricted probability measure and L2(0) = L2 (2, o(0), Pl,(p)).

A problem of prediction of a value of the random variable Y € Ly(Q, A, P) classically corresponds to
looking for Y which in a certain sense minimizes the mean squared error of prediction® (MSEP)

MSEP(V) = E(Y — V).
We now distinguish two situations:

(i) No exogenous information represented by the value of a random vector X is available to construct
the prediction. In that case, we get (see also Probability Theory 1 (NMSA333) course)

Y = argmin E(f/ — Y)2 = argmin E(}N/ — Y)2 = E(Y) =y:= yM,
YeLy(0) YeR

In the following, we will call YM as a marginal prediction of Y since it is based purely on the
marginal distribution of the random variable Y. The MSEP is then

MSEP(YM) = E(y — V)? = var(Y) = ¢%.

3 stiedni ¢tvercovd chyba predikce
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(i) The value of a random vector X is available, which is mathematically represented by knowledge of
the o-algebra o(X') and the related probability measure P|,(x). This can be used to construct the
prediction. Then (again, see Probability Theory 1 (NMSA333) course for details)

Y= argmin E(Y —Y)’ =E(Y | X) = X"8:= 7,
YeLa(X)

which will be referred to as a conditional prediction of Y since it is based on the conditional
distribution of Y given X. Its MSEP is

MSEP(YC) =E(X 8- Y)’ =E {E{(XTﬁ -v)*| X}}
= E{var(v| X) } = E(0?) = o

In practice, the conditional prediction corresponds to a situation when covariates/regressors represented by
the vector X are available to provide some information concerning the response Y. On the other hand, the
marginal prediction corresponds to a situation when no exogenous information on Y is available.

To compare the marginal and the conditional prediction, we introduce the ratio of the two MSEP’s:

) _ o

~

MSEP (V¢
MSEP(YM) — ¢*'

That is, the ratio 02/(? quantifies advantage of using the prediction Y based on the regression model

and the covariate/regressor values X compared to using the prediction YM which does not require any
exogenous information and is equal to the marginal response expectation.
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7.4 Coefficient of determination

In practice, data (the response vector Y and the model matrix X) are available to estimate the unknown
parameters using the linear models Mc: Y | X ~ (X8, 021,,), rank(X) = r and Mp;: Y ~ (1,7, ¢ 1,,).
The unbiased estimators of the conditional and the marginal variance are:

1 j R— ~
52 = SS. = > (Vi -Y)?,
i=1

n—r n—r
poLss— Loy wovy
n—1 n—1 ! ’
where Y = (}71, cee ?n)T are the fitted values from the model M. Note that 62 is a classical sample

variance based on data given by the response vector Y. That is, a suitable estimator of the ratio o2/¢? is

1SS n—1S5S, 73
HLSST T n—17r SSy '

n

Alternatively, if Y; iid Y,i=1,....,n Y ~ N(y, ¢?), that is, if Y7,...,Y,, is a random sample from
N (7, ¢?), it can be (it was) easily derived that a quantity

1 -

~SSp=— > (v, -Y)’

n n “
=1

is the maximum-likelihood estimator* (MLE) of the marginal variance (2. Analogously, if Y | X ~ N (X 8, 02),
it can be derived (see the exercise class) that a quantity

i=1
is the MLE of the conditional variance 0. Alternative estimator of the ratio 02/(? is then

1SS, SS.

— . 7.4
1ss, ~ SSy 74

Remember that in the model Y | X ~ (X,B, U2In) with intercept (1,, € M (X)), we have,

S0 = SR S
=1 =1 i=1
SSr SS. SSr

where the three sums of squares represent different sources of the response variability:

SSr (total sum of squares): original (marginal) variability of the response,

SS. (residual sum of squares): variability not explained by the regression model,

(residual variability, conditional variability)
SSk (regression sum of squares): variability explained by the regression model.

Expressions (7.3) and (7.4) then motivate the following definition.

Y maximdlné vérohodny odhad
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Definition 7.2 Coefficients of determination.
Consider a linear model Y | X ~ (X3, 0°1,,), rank(X) = r where 1,, € M(X). A value

SS
2 — 1 _ €
R SSr
is called the coefficient of determination® of the linear model.
A value 188
2 1— n— e
Raqj n—r SSp

is called the adjusted coefficient of determination® of the linear model.

Notes.
® By Theorem 7.3, SS7 = SS. + SSg and at the same time SSt > 0. Hence

0<R*<1, 0<R, <1,

and R? can also be expressed as

_ SSp

R = .
SSr

® Both R? and RZdj are often reported as R? - 100% and Ridj - 100% which can be interpreted as
a percentage of the response variability explained by the regression model.

* Both R? and R? 4 quantify a relative improvement of the quality of prediction if the regression model
and the conditional distribution of response given the covariates is used compared to the prediction based

on the marginal distribution of the response.

® Both coefficients of determination only quantifies the predictive ability of the model. They do not say
much about the quality of the model with respect to the possibility to capture correctly the conditional
mean IE(Y | X ) Even a model with a low value of R? (R? 4;) might be useful with respect to modelling

the conditional mean E(Y | X ) The model is perhaps only useless for prediction purposes.

3 koeficient determinace °® upraveny koeficient determinace
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Submodels

In this chapter, we will again consider the original response-covariate data being represented by n random
vectors (Y;-, Z;r)T, Z; = (Ziﬁl, R Zm,)T € Z CRP, i =1,...,n. The main aim is still to find
a suitable model to express the (conditional) response expectation E(Y | Z), where 7Z is a matrix with
vectors Z1, ..., Z, in its rows. Suppose that t, : R?> — R*0 and t : R? — R* are two transformations
of the covariates leading to the model matrices

-
X9 XY = t(2,), b ol X, = t(Zy),
XP=|( : 1, : X=1 1, : 8.
X,,OIT Xf,)l = tO(Z’rL)7 X;Lr Xn = t(Z'n)
Briefly, we will write
X0 =t0(2), X=t(Z).
Let (almost surely),
rank(X%) = 7o, rank(X) = r, 8.2)

where 0 < 1o < kg <m, 0 <7 < k < n. We will now deal with a situation when the matrices X° and X
determine two linear models:

Model Mg : Y| Z ~ (X°8°, 0 1,,),
Model M: Y |Z ~ (X,@, UQIn)’

and the task is to decide on whether one of the two models fits “better” the data. In this chapter, we limit
ourselves to a situation when My is so called submodel of the model M.

189
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8.1 Submodel

Definition 8.1 Submodel.
We say that the model My is the submodel' (or the nested model?) of the model M if

M(XO) C M(X) with ro < r.

Notation. Situation that a model My is a submodel of a model M will be denoted as

Mo C M.

Notes.
* Submodel provides a more parsimonious expression of the response expectation E(Y ‘ Z).

e The fact that the submodel My holds means IE(Y ‘ Z) eM (XO) cM (X) That is, if the submodel Mg
holds then also the larger model M holds. That is, there exist B° € R*o and 3 € R¥ such that

E(Y |z) = X8’ = X8.

* The fact that the submodel My does not hold but the model M holds means that E(Y | Z) € M(X) \
M(XO). That is, there exist no 8° € R* such that ]E(Y | Z) =X°8°.

8.1.1 Projection considerations

Decomposition of the n-dimensional Euclidean space
Since M (X%) ¢ M(X) C R", it is possible to construct an orthonormal vector basis

Prxn = (pla EERE) pn)

of the n-dimensional Euclidean space as
P= (Qoa le N)v

where

* QY,,,: orthonormal vector basis of the submodel regression space, ie.,
M(X%) = M(Q°).

. Q;X(PTO): orthonormal vectors such that Q := (@0, Ql) is an orthonormal vector basis of the model
regression space, i.e.,

M(X) = M(Q) = M((@", @Y)).
® N, x(n—r): orthonormal vector basis of the model residual space, i.e.,
M(X)" = M(N).

Further,

' podmodel * vnofeny model
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o N?Lx(n_m) = (Ql, N): orthonormal vector basis of the submodel residual space, i.e.,

M(x)" = M) = M((@', N)).
It follows from the orthonormality of columns of the matrix PP
In _ IP)T]P) _ PPT _ QO (@OT + Ql QIT + NNT
=QQ" +NNT

=Q°Q"" +N°NO".

Notation. In the following, let
HO = Q° QOT

M’ =N'N"" =Q'Q'" +NNT.

Notes.
e Matrices HY and M which are symmetric and idempotent, are projection matrices into the regression
and the residual space, respectively, of the submodel.

¢ The hat matrix and the residual projection matrix of the model can now also be written as
H=QQ =Q°Q" +Q'Q" =H’+Q'Q"’,

M=NN' =M°-Q'Q' .

Projections into subspaces of the n-dimensional Euclidean space

Let y € R™. We can then write

Yy = Iny == (QOQOT + QlQlT -+ NNT)y
T T

=QQ" ¥y + Q'Q' y + NNy

——r

0 u

_ QOQOT + QlQlT + NNT

= Yy Yy Y.
@0 u”

We have

¢ 5=(Q°Q°" + Q'Q!")y =Hy € M(X).

o u=NNTy=MyeM(X)"

o« 3':=Q° @OTy =Hy € M(X°).

o u:= (Q! Q'+ NNy =My € M(XO)L.

T ~ PN
d:=Q'Q y=9-3' =u’—u
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8.1.2 Properties of submodel related quantities

Notation (Quantities related to a submodel).

When dealing with a pair of a model and a submodel, quantities related to the submodel will be denoted by
a superscript (or by a subscript) 0. In particular:

N A ) T QOQOTY : fitted values in the submodel (projection of Y into the submodel regression
space).

s U'=Y — 170 =MY = (QlQlT + NNT)Y : residuals of the submodel.

e SSY = HUOH2 : residual sum of squares of the submodel.
® 9 =n — 1y : submodel residual degrees of freedom.

o_ SSe .
* MS, = : submodel residual mean square.

0
Ve

Additionally, as D, we denote projection of the response vector Y into the space M (Ql), ie.,

D=0 Q' 'Y-Y-Y -U’_U. 83)

Theorem 8.1 On a submodel.
Consider two linear models M : 'Y |Z ~ (Xﬁ, o2 In) andMo : Y |Z ~ (Xoﬁo7 o? In) such that My C M.
Let the submodel Mg holds, i.e., let E(Y ‘ Z) S M(XO). Then

0] 170 is the best linear unbiased estimator (BLUE) of a vector parameter uo = XO,BO = E(Y | Z).

(ii) The submodel residual mean square MSS is the unbiased estimator of the residual variance o2

~0
@) Statistics Y and U° are conditionally, given Z, uncorrelated.
. S S0 0 .
(iv) A random vector D =Y —Y =U" — U satisfies
|D|* = $S0 - SS..
@ If additionally, a normal linear model is assumed, i.e, if Y |Z ~ N, (Xoﬁo, 02 1,) then the statistics
~0
Y and U° are conditionally, given 7, independent and

Ss? —ss, SS? —ss.

0
r—17To Vg — Ve
F = = ~ f — — = 0__ . (8.4)
0 SSe SSe r—ro,n—Tr v —ve, Ve
n—r Ve

Proof. Proof/calculations are available in the handnotes.
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8.1.3 Series of submodels

When looking for a suitable model to express E(Y | Z), often a series of submodels is considered. Let us
now assume a series of models

Model My : Y | Z ~ (X°8°, 02 1,,),
Model M; : Y | Z ~ (X!8', 02L,,),
Model M: Y |Z ~ (X8, 0%1,,),

where, analogously to (8.1), an n x k; matrix X! is given as

T
X} X% = 4 (Zl)a
X! = :
.1 T X1 _
Xn n - tl (Zn)7
for some transformation ¢; : R? — R*1 of the original covariates Z 1, ..., Z,, which we briefly write as
X! = (7).

Analogously to (8.2), we will assume that for some 0 < r; < k1 < n,
rank(X!) = r;.

Finally, we will assume that the three considered models are mutually submodels. That is, we will assume
that
MEXY) c M(XY) c M(X)  withrg <r <,

which we denote as
Mo C My C M.
Notation. Quantities derived while assuming a particular model will be denoted by the corresponding
superscript (or by no superscript in case of the model M). That is:
o f’o, U°, SSS, VY, MSS: quantities based on the (sub)model My: Y | Z ~ (Xoﬂo, UzIn);
. 171, U, SSi, z/é, MS}i: quantities based on the (sub)model My: Y | Z ~ (Xl,ﬁ'l, UzIn);
. f’, U, SS., ve, MS,: quantities based on the model M: Y | Z ~ (X,B, Uzln).

Theorem 8.2 On submodels.

Consider three normal linear models M : Y |Z ~ N, (X8, 6°1,), My : Y |Z ~ N, (Xlﬁl, o?1,),
Mo: Y|Z ~ N, (XO,BO, o? In) such that Mg C My C M. Let the (smallest) submodel My hold, i.e., let
E(Y |Z) € M(X?). Then

ssY —ss! Ss? — ss!

0 1
1L —To Ve — Ve
F0>1 = SS = SS ~ ]:nfrmnfr =0l v (8.5)
e e
n—r Ve

Proof. Proof/calculations are available in the handnotes.

Note. Both F-statistics (8.4) and (8.5) contain
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® In the numerator: a difference in the residual sums of squares of the two models where one of them is
a submodel of the other divided by the difference of the residual degrees of freedom of those two models.

¢ In the denominator: a residual sum of squares of the model which is larger or equal to any of the two
models whose quantities appear in the numerator, divided by the corresponding degrees of freedom.

¢ To obtain an F-distribution of the F-statistics (8.4) or (8.5), the smallest model whose quantities appear in
that F-statistic must hold which implies that any other larger model holds as well.

Notation (Differences when dealing with a submodel).

~A
Let M4 and Mp are two models distinguished by symbols “A” and “B” such that My C Mp. Let Y and

~ B

Y ,U A and UP , SS? and SSeB denote the fitted values, the vectors of residuals and the residual sums
of squares based on models M4 and Mp, respectively. The following notation will be used if it becomes
necessary to indicate which are the two model related to the vector D or to the difference in the sums of
squares:

D(Mp|M4) =D(B|A) =Y —¥" =Uu*-U".

SS(Mp |M4) =SS(B| A) :=SS{ —SSE.

Notes.
® Both F-statistics (8.4) and (8.5) contain certain SS (B | A) in their numerators.

® Point (iv) of Theorem 8.1 gives
2

ss(B|4) = |D(B|4)|
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8.1.4 Statistical test to compare nested models

Theorems 8.1 and 8.2 provide a way to compare two nested models by the mean of a statistical test.

F-test on a submodel based on Theorem 8.1

Consider two normal linear models: Model Mg:
Model M:

where My C M, and a set of statistical hypotheses:

that aim in answering the questions:

¢ Is model M significantly better than model My?

Y |Z ~ N, (X°8°, 021,,),

Y |Z ~ N, (XB, 0%1,,),

E(Y |Z) € M(X?)

E(Y |Z) € M(X)\ M(XP),

Ho:
H12

® Does the (larger) regression space M(X) provide a significantly better expression for IE(Y | Z) over the

(smaller) regression space M (X?)?

The F-statistic (8.4) from Theorem 8.1 now provides a way to test the above hypotheses as follows:

ss0_ss, SS(M | Mo)
Test statistic: Fo = ng o = ng -
n—r n—r

Reject Hy if

E) 2 J__.’I“f’l"o,’n*”‘(l - Ol)

P-value when Fy = fo: p=1—CDFr r—ryn—r (f()).

F-test on a submodel based on Theorem 8.2

Consider three normal linear models: Model Mg: Y |Z ~ N, (XO,@O, o2 In),
Model Mi: Y |Z ~ N, (X!8', 021,),
Model M: Y |Z ~ N, (XB, 021,),

where My C My C M, and a set of statistical hypotheses: Hy: E(Y ’ Z) € M(XO)
Hi: E(Y |Z) € M(X')\ M(X?),

that aim in answering the questions:

¢ Is model M; significantly better than model Mg?

* Does the (larger) regression space M (X!) provide a significantly better expression for E(Y | Z) over the
(smaller) regression space M (X?)?

The F-statistic (8.5) from Theorem 8.2 now provides a way to test the above hypotheses as follows:

. . L —T0 L —To
Test statistic: Foq = SS, SS.
n—r n—r

Reject Hy if

P-value when Fp 1 = fo.1:

FO,I Z f’r‘lf’ro,n*’f(l - a)

p=1—CDFx —ron—r(for)-



8.2. OMITTING SOME REGRESSORS 196

8.2 Omitting some regressors

The most common couple (model - submodel) is Model M: Y |Z~ (Xﬂ, O'QIn),
Submodel Mo: Y |Z ~ (X°8°, ¢°1,),

where the submodel matrix ngko is obtained by omitting selected columns from the model matrix X,, .

In other words, some regressors are omitted from the original regressor vectors X°,..., X*7! to get
the submodel and the matrix X°. In the following, we will consider only the full-rank models, that is,
rank(X? . ) = ko, rank(X,,xx) = k. Without the loss of generality, let

nXk)o

X = (X X", 0<rank(X],,) =ko <k =rank(X,y) <n,rank(X) . ) =k =k — ko.
The corresponding submodel F-test then evaluates whether, given the knowledge of the regressors included
in the submodel matrix X°, the regressors included in the matrix X! has an impact on the response
expectation.

Lemma 8.3 Effect of omitting some regressors.
Consider a couple (model - submodel), where the submodel is obtained by omitting some regressors from the

model. The following then holds.
@) If M(XH) L M(XO) then
D=x'(x'"x)"x"y =¥,
which are the fitted values from a linear model Y |7 ~ (Xlﬂl, o’1,).

(ii) If for given Z, the conditional distribution Y | Z is continuous, i.e., has a density with respect to the
Lebesgue measure on (R™, By,) then

D #0, and SSS —SS. > 0 almost surely.

Proof. Let
MO = T, — XO(X°'X0)'x0"

be the projection matrix into the residual space M (XO)L of the submodel. We then have
MX! = X' — XO(X°'X%)7'x0TX!.

Hence
MEX, X = M(X, M°XY)
since both spaces are generated by columns of matrices X° and X'. Due to the fact that M is the projection

matrix into M (Xo)l, all columns of the matrix X" are orthogonal to all columns of the matrix MY X!. In
other words

M(X%) L mM(M°X).

Let
P = (@ Q4,N)

be a matrix with the orthonormal basis of R™ in its columns such that
* QY,,,: orthonormal basis of the submodel regression space M (X?), ie.,

M(X%) = M(Q).
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o Q}lx (r—r0): orthonormal vectors such that (QO, Ql) is the orthonormal basis of the model regression
space M(XO, Xl), ie.,
MK, X = M(Q°% QY.

® N, xn_r: orthonormal basis of the model residual space M(XO, Xl)J'.
Since M(XO, Xl) = M(XO, MO Xl) and M(XO) L M(MO Xl), we also have that
M(@QY) = MK,

Vector D is a projection of the response vector Y into the space M(Q') = M (M°X!). The corre-

sponding projection matrix, let say H' can be calculated using the formula “X(XTX)_le", now with
X =M°x1
H = (MOX') (X' MOMOX!)Th T,
N——

MO
Then - LT
D = H'Y = (M°X")(x! MX")"" x! M°Y. (8.6)
——
UO
That is,

D = (M°X') (X' MoxY) IO,
where UY = MUY are residuals of the submodel.

G If M(Xl) 1 M(XO), we have M°X! = X!. Consequently,

XlTUU _ XITMOXl — Xl—r

Y
and by (8.6), while realizing M? = M° MP, we get
D = x'(x*'x)) 7 x Ty,

(ii) The vector D, as a projection of vector Y into the vector space M(Ql) = M(Moxl) (subspace
of R™ of vector dimension r — rg) is equal to the zero vector if and only if

Y € M(QY)",

1, . .
where M (Q')™ is a vector subspace of R™ of vector dimension n — r + rg < n. Hence, under our
assumption of a continuous conditional distribution Y’ ’ Z,

P(Y e M(Q")"|Z) =0,

that is, D # 0,, almost surely.
Consequently, SS? — SS, = HDH2 > 0 almost surely.

Note. if we take the residual sum of squares as a measure of a quality of the model, point (ii) of
Theorem 8.3 says that the model is almost surely getting worse if some regressors are removed. Nevertheless,
in practice, it is always a question whether this worsening is statistically significant (the submodel F-test
answers this) or practically important (additional reasoning is needed).
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8.3 Linear constraints
Suppose that a full-rank linear model Y | Z ~ (X,B, 0'2]:”), rank(ank) = k is given and it is our aim to
verify whether the response expectation ]E(Y | Z) lies in a constrained regression space

M(X;LB=6") :={v:v=XB, BeRF LB =0"}, 8.7)

where L,,x is a given real matrix with m linearly independent rows, m < k and 8° € R™ is a given
vector. In other words, verification of whether the response expectation lies in the space M(X; LB = 00)
corresponds to verification of whether the regression coefficients satisfy a linear constraint L3 = 6°.

Definition 8.2 Submodel given by linear constraints.

We say that the model My is a submodel given by linear constraints’ L3 = 0° of model M: Y |Z ~
(Xﬁ, O'2In), rank(ank) = k, if the response expectation E(Y f Z) under the model My is assumed to lie
in a space M(X; LB = 00), where L, x 1, is a real matrix with m linearly independent rows, m < k and
6" € R™ is a given vector.

Notation. A submodel given by linear constraints will be denoted as

Mo:Y |Z ~ (X8, 0°L,), LB = 6°.

Definition 8.3 Fitted values, residuals, residual sum of squares, rank of the model
and residual degrees of freedom in a submodel given by linear constraints.

Let b° € R¥ minimize SS(B) = HY — Xﬁ“z over B € R* subject to LB = 0°. For the submodel
Mo:Y |Z ~ (X8, 0’L,), LB = 0", the following quantities are defined as follows:

Fitted values: Y := Xb°.

Residuals: U’ :=Y — }/}O.

Residual sum of squares: SS := ||U0||2.

Rank of the model: 7 = &k — m.

0

Residual degrees of freedom: v,

=n-—"To.

Note. The fitted values could also be defined as

}A"O = argmin HY—?Hz.

YeM(X;18=0°

That is, the fitted values are (still) the closest point to Y in the constrained regression space M (X; L3 =
6°).

Theorem 8.4 On a submodel given by linear constraints.
Let My : Y |Z ~ (XB, 0%L,), LB = 6" be a submodel given by linear constraints of a model M : Y | Z ~
(Xﬁ, O'QIn). Then

3 podmodel zadany linedrnimi omezenimi
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(i) There is a unique minimizer b° to SS(3) = HY - X,B||2 subject to L3 = 0° and is given as
~ _ _ -1 ~
b =B (x"x) " LT{LETX) LT} (LB - 6°),
where ,@ = (XTX) 71XTY is the (unconstrained) least squares estimator of the vector (3.

~0
(ii) The fitted values Y can be expressed as
~ ~ _ _ -1 ~
V=Y -x(xx) T LT{LETX) LT} (LB -6,
~  ~0
(iii) The vector D =Y —Y satisfies

|DIP =550 55, = (LB~ 6°) {L(xT%) LT} (LB - 0"). 8.9

Proof.  First mention that under our assumptions, the matrix ]L(XTX)_l]LT is invertible. This follows
from Theorem 2.5 (Gauss-Markov for linear combinations).

Second, try to look for 170 = Xb" such that b° minimizes SS(B) = HY — XﬁH2 over 3 € R* subject to
L3 = 6° by a method of Lagrange multipliers. Let

o8, ) = |Y = %8| + 22T (LB - 6")
— (v -x8)" (Y —x8) + 2T (LB - 6°),

where a factor of 2 in the second part of expression of the Lagrange function ¢ is only included to simplify
subsequent expressions.

The first derivatives of ¢ are as follows:
9
B
—=(B,A) =2(LB-06°).

(B, A)=—2X"(Y —XB) + 2L"\,

Realize now that g—g(,@, A) = 0y, if and only if
XX =X'Y — LTA. (8.9)

Note that the linear system (8.9) is consistent for any A € R™ and any Y € R”. This follows from the
fact that M(ILT) c RF = M(XT) Hence the right-hand-side of the system (8.9) lies in M(XT), for any
A € R™ and any Y € R™. The left-hand-side of the system (8.9) lies in M(XTX), for any 3 € R*. On
top of that, M (XT) =RF =M (XTX) This proves that there always exist a solution to the linear system
(8.9).

Let b°(X) be any solution to X' X3 = XTY — LT . That is,
() = (XTX) ' XTY — (XTX)TTLTA
—B— (XTX)T'LTA.
¢ , ,
Further, —— (8, A) = 0,, if and only if
A
Lb°(A) = 6°
LB - L(X'X)"'LTA=6"
LX) LTA=13 — 6"

| S —
invertible as we already know
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That is, .
A={LE®)TLT} (@B - %),
Finally,
=3 — (XTX)_l}LT{L(XTX)_lLT}il (LB -6,

v =xp'= ¥ - X (XTX)’ILT{L(XTX)’lLT}_l (L3 — 6°).

It then follows that
D=Y-Y =x(X'X)" ]N{JL(XTX)’11II}_1 (L3 — 6°).

Hence,

IDIP = @B 6" {L(xx) LT} L (TR KR TR) LT {LETR) LT} w8 - e)
— B 0) {LETX) LT} (LB - 6.

It remains to be shown that HDH2 =SS — SS.. We have

sV |y - Y|P =|| Y-V +X(XTX)'LT {L(XTX)ALT}A (LB - 6°)|

UeM(x)" D e M(X)

= Ul +[|D]* = ss. + || DII"

8.3.1 F-statistic to verify a set of linear constraints

Let us take the expression (8.8) for the difference between the residual sums of squares of the model and
the submodel given by linear constraints and derive the submodel F-statistic (8.4):

ss)_ss, (LB 6% {LxTx) LT} (LB - 69)

_ k — 1o _ m
Fo=——gg = 55,
n—k n—=k
Lo 0T Tyl TV r & o
= —(LB-0" {MSe]L(X X)L } (LB — 6%
_ s 0T T " TV 5 o
- —(6-0" {MSEL(X X) 'L } (6 — 6", (8.10)

where 8 = ]LB is the LSE of the vector parameter & = L3 in the linear model Y ’ X ~ (X,[)’, O'QIn)
without constraints. Note now that (8.10) is exactly equal to the Wald-type statistic ()¢ (see page 175) that
we used in Section 6.2 to test the null hypothesis Hy: @ = 0° on a vector parameter 0 in a normal linear
model Y ’ Z ~ N, (X,B, UgIn). If normality can be assumed, point (x) of Theorem 6.2 then provided that
under the null hypothesis Hy: @ = 8°, that is, under the validity of the submodel given by linear constraints
L3 = 0°, the statistic F}, follows the usual F-distribution Fm.n—k- This shows that the Wald-type test on the
estimable vector parameter in a normal linear model based on Theorem 6.2 is equivalent to the submodel
F-test based on Theorem 8.1.
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8.3.2 t-statistic to verify a linear constraint

Consider L = 1", 1 € R¥, 1 # 0, and a normal linear model Y’ ’ Z ~ N, (Xﬁ, O‘2In). Take #° € R and

o~

consider the submodel given by m = 1 linear constraint 1' 3 = 6°. Let & = 1' 3, where 3 is the least
squares estimator of the regression coefficients 3 in the model without constraints. The statistic (8.10) then
takes the form

~ 2
~ -1 _pno
Fo= L (@-0°) {ms. T (xx) ) (G- 0) = -9 — 12,
m \/MS 1T(XTx) 1

where

B 6 —6°
YMs. 1T (x7x) 1

Ty

is the Wald-type test statistic introduced in Section 6.2 (on page 174) to test the null hypothesis Hy: 6§ = §°
in a normal linear model Y ’ Z ~ N, (X,@, O’ZIn). Point (viii) of Theorem 6.2 provided that under the null
hypothesis Hy: 8 = 6, the statistic T follows the Student t-distribution t,,_; which is indeed in agreement
with the fact that 7§ = F} follows the F-distribution F; ,, .
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8.4 Overall F-test

Lemma 8.5 Overall F-test.

Assume a normal linear model Y | X ~ N, (Xﬁ, O'QIn)7 rank(ank) =7r>1 wherel, € M(X) Let R?
be its coefficient of determination. The submodel F-statistic to compare model M : Y |X ~ N, (X3, ¢°1,,)

and the only intercept model My : Y | X ~ N, (ln'y, U2In) takes the form

R? n—r
Fh=——  —. 8.11
CTI1-R -1 ®1
Proof.
* R2=1- é;g; and according to Lemma 7.1: SS = SS°.
® Hence 0
SS. SS; —SS. SSe
R=1-—"F=""c 200 1-RP=".
SS. SS. SS.
® At the same time
o_ SSY—Ss.
I 2555 n—7rSSY-SS. n-r TS n-r R?
0 S -1 0SS, r—1 = S r—11-R%

Note. The F-test with the test statistic (8.11) is sometimes (especially in some software packages) referred
to as an overall goodness-of-fit test. Nevertheless be cautious when interpreting the results of such test. It

says practically nothing about the quality of the model and the “goodness-of-fit”!



Chapter

Checking Model Assumptions

In Chapter 3, we introduced some basic, mostly graphical methods to check the model assumptions. Now,
we introduce some additional methods, mostly based on statistical tests. As in Chapter 3, we assume that
data are represented by n random vectors (Yi, ZiT)T, Z; = (Zm, cee ZW)T €eZCRPi=1,...,n.
Further, we assume that possibly two sets of regressors have been derived from the covariates:

i) X i=1,...,n where X; = tx(Z;) for some transformation tx : R? — R¥. They give rise to
the model matrix
X/
Xowp = | @ | = (XO, X’H).
X,
For most practical problems, X 0 — (1, e 1)T (almost surely).
(i) Vi i=1,...,n, where V; = ty/(Z,) for some transformation ¢y, : R? — R!. They give rise to
the model matrix -
v,
Vai=| 1 | = (Vl, Vl).
T
VTL

Primarily, we will assume that the model matrix X is sufficient to be able to assume that E(Y | Z) =
IE(Y ‘ X) = X3 for some 8 = (ﬁo, PN ﬁk,l)T € RF. That is, we will arrive from assuming
Y |Z~ (X8, 6°L,),
or even from assuming normality, i.e.,
Y |Z ~ N, (X8, o°L,).

The task is now to verify appropriateness of those assumptions that, in principle, consist of four subassump-
T
tions outlined in Chapter 3, which can all be written while using the error terms & = (g1, ...,&,) =

M -X[8 ... Y. -X8) =Y -x8

(Al) Correct regression function = (Conditionally) errors with zero mean = E(Ei | Zi) =0i=1,...,n

2

(A2) (Conditional) homoscedasticity of errors = var(ai | Zi) =oc°“=const,i=1,...,n.

(A3) (Conditionally) uncorrelated/independent errors = cov(z;, ; | Z)=0,i#j.
indep.
(A4) (Conditionally) normal errors = ¢; | 7, " P N.

The four assumptions then gradually imply

203
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(A1) Errors with (marginal) zero mean: E(El) =0,t=1,...,n.

2

(A2) (Marginal) homoscedasticity of errors = var(ai) =o“=const,i=1,...,n.

(A3) (Marginally) uncorrelated/independent errors = cov (si, 5j) =0,1 #j.

(A4) (Marginally) Normal errors = ¢; iid A
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9.1

Model with added regressors

In this section, we technically derive some expressions that will be useful in latter sections of this chapter
and also in Chapter 11. We will deal with two models:

(i) Model M: Y| Z ~ (X8, 0°I,,).
(i) Model My: Y | Z ~ (Xﬁ + V=, O'QIn), where the model matrix is an n x (k + [) matrix G,

G=(X,V).

Notation (Quantities derived under the two models).

(i) Quantities derived while assuming model M will be denoted as it is usual. In particular:

(Any) solution to normal equations: b = (XTX)_ XTY. In case of a full-rank model

matrix X: R
B=(xX"X)"'x"Y
is the LSE of a vector 3 in model M;

Hat matrix (projection matrix into the regression space M (X)):

H=X(X"X)"X" = (hi); oy, 0

Fitted values ¥ = HY = (}/}1, Cees }/}n)T;

Projection matrix into the residual space M (X)L:

M=1I, - H=(m)

it=1,...,n’

Residuals: U =Y — Y = MY = (U3,...,U,)

Residual sum of squares: SS. = HUH2

(ii) Analogous quantities derived while assuming model M, will be indicated by a subscript g:

(Any) solution to normal equations: (bgT, c;—)T = ((GTG)_ GTY. In case of a full-rank
model matrix G:

- T
B,.9]) =(@'G) ¢’y

provides the LSE of vectors 3 and ~ in model M;

Hat matrix (projection matrix into the regression space M ((G)):

Hy =G(G'G) G = (hgy)

it=1,....n’
Fitted values }/}g =H,)Y = (},}g’l? ey ?g,n)—r;
Projection matrix into the residual space M (G)l

Residuals: U, =Y — i}g =MyY = (Ug,la ce Ugan)T;

Residual sum of squares: SS. ;, = HUQHQ.
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Lemma 9.1 Model with added regressors.
Quantities derived while assuming model M :'Y | 7 ~ (Xﬁ, O'2In) and quantities derived while assuming
model My 1 Y | Z ~ (Xﬁ + V=, 02In) are mutually in the following relationship.

Y, = Y+MV(VIMV) VU
= Xb, + Ve, for some by € RF, cy € RY.

Vectors by and cg such that 179 = Xb, + Ve, satisfy:

¢, = (VIMV) VU,
b, = b— (X'X) X"Ve;,  forsomeb= (X'X) XTY.
Finally
SSe — SSe,y = [MVe, .
Proof.

o 179 is a projection of Y into M (X, V) = M (X, MV).
* Use “H = X(X'X) X"

XX XMV
vV XT
H, = (X, MV 0
g ( ) VIMX VMV (VTM>
0

= (x, mw) <(XT§§ > (Vm(/)w)‘) <V§W>

=X(XTX)" X" + MV(V'MV) VM.
e So that,

v _ T vdl T vl
Y, =HY = X(X'X) XY +MV(V MV) V' MY
RS U

=Y + MV(VIMV) VU XS

o The fitted values lA’g must lie in the corresponding regression space M (X, V), that is, it must be possible
to write the vector of fitted values as

~

Y, = Xb, + Ve,

-
for some b, € R, cg4 € R, At the same time, the vector (b;, c;—) must minimize the sum of squares

SS of model My. As was shown in proof of Lemma 2.1, the vector (b;, c;)T minimizes the sum of
squares if and only if it solves corresponding normal equations.

o We rewrite O to see what b, and ¢4 could be.
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e Remember (Lemma 2.1) that Y = Xb for any b = (XTX)f X'y (any solution of normal equations in
model M). Take now A and further calculate:

Y, =Xb, + {L, - X(XTX) XT} V(VIMV) VU

Y M
=Xb+ V(VIMV) VU - X(X'X) X"V(VIMV) VU

=X{b- (X'X) XTV(VIMV) VIU} +V(VIMV) V'U.

c
b, 9

® Thatis, c,= (VI MV) V'U,
b, =b — (X'X) X"Ve,.

¢ Finally R _ . S ,
55, — 54y = |7, — 7| = [4V(v0v) VU= |rave, |

Note. If all model matrices are of a full column rank, i.e., if

rank(Xpxi) =k, rank(Vox) =1, rank(Gpxgsy) =k +1
~ ~T
then the least squares estimators 3 and ( g '?gT)T of the vector of regression coefficients in models M
and M, are mutually in the following relationship:

B=xX"XxY, 7§, =(VMV)VU,

B, = B— (XTX)'XTV7,.
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9.2 Correct regression function

We are now assuming a linear model
M: Y|Z~ (X8, 0°L,),
where the error terms € = Y — X3 satisfy (Lemma 1.2):
E(e|Z) =0,, var(e|Z)=0"L,.
The assumption (Al) of a correct regression function is, in particular,
E(Y|Z) e M(X), E(Y|Z)=XB for some 8 € R,
E(e|Z) =0, (= E(e)=0,).
As (also) explained in Section 3.1, assumption (Al) implies
E(U|Z) =0,

and this property is exploited by a basic diagnostic tool which is a plot of residuals against possible factors
derived from the covariates Z that may influence the residuals expectation. Factors traditionally considered
are

(i) Fitted values f’;
(ii) Regressors included in the model M (columns of the model matrix X);

(iii) Regressors not included in the model M (columns of the model matrix V).

Assumptions.
For the rest of this section, we assume that model M is a model of full rank & with intercept, that is,

rank(Xnux) =k <n,  X= (XO, X‘H), X0=1,.

In the following, we develop methods to examine whether for given j (j € {1, R 1}) the jth regressor,
ie., the column X7, is correctly included in the model matrix X. In other words, we will aim in examining
whether the jth regressor is possibly responsible for violation of the assumption (Al).

9.2.1 Partial residuals

Notation (Model with a removed regressor).
For j € {17 ok — 1}, let X(=9) denote the model matrix X without the column X7 and let

5(—j) — ([30, vy Biot, Bijgt, e e Bk—l)T

denote the regression coefficients vector without the jth element. Model with a removed jth regressor will be
a linear model

M9,y ’ 7, ~ (X(*j)ﬁ(—j), 02171).

Note. Wwe are assuming a full rank model, i.e., rank(ank) = k. This implies that also the matrix X(=9)
is of a full column rank, i.e., rank(X(_j )) = k — 1. This further implies, among the other things that
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W X7 ¢ M(XED);
(i) X7 #£0,;

(iii) X7 is not a multiple of a vector 1,,.

All quantities related to the model M(~7) will be indicated by a superscript (—j). In particular,
M) =T, - (-9 (X(,J—WX(,]-)) =T
is a projection matrix into the residual space M (X(~J ))l;
U-h = Dy

is a vector of residuals of the model M(=7),

Derivations towards partial residuals

Model M is now a model with one added regressor to a model M(~7) and the two models form a pair
(model-submodel). At the same time, both models are of a full rank given our assumptions. Let

B = (B\Oa ceey Bj—h Bja Bj-‘rh ceey B\k‘—l)—r

be the least squares estimator of the regression coefficients in model M. Lemma 9.1 (Model with added
regressors) provides

Bj _ (XjTM(—j)Xj)_l XjT U9, 9.)
Further, since a matrix M(~7) is idempotent and symmetric, we have
xi T M) xI — ||M<fj)Xj||2.

At the same time, M(—9) X7 # 0, since X ¢ M(X(’j)), b€ # 0,,. Hence, XjT MG X7 > 0 and we
can indeed calculate its inverse used in expression (9.1). That is, the jth element of the LSE of the vector 3
in model M (= BLUE of 3;) is given as

XjT U(—j)
=

Bj _ (XJTM(*j)Xj)*l XJT U9 = : -
X7 M= X’

Consequently, we define a vector of jth partial residuals of model M as follows.

Definition 9.1 Partial residuals.
A vector of jth partial residuals' of model M is a vector
U, + Ble,j
Urt = U + B; X7 = :
Un + Ban,j

Note. We have
UPti —U +3;X7 =Y — (XB-3;X7) =Y — (Y — B;XY).

That is, the jth partial residuals are calculated as (classical) residuals where, however, the fitted values
subtract a part that corresponds to the column X of the model matrix.

Y vektor jtjch parcidlnich rezidui
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Lemma 9.2 Property of partial residuals.

LetY | Z ~ (Xﬁ, azln), rank(ank) =k X'=1, 8= (60, cee 5k_1)T. Let Bj be the LSE of (3},
Jje {17 N 1}. Let us consider a linear model (regression line with covariates X7) with

e the jth partial residuals UP*"*J as response;

® q matrix (1m b€ ) as the model matrix;

, , T
® regression coefficients y; = (%—’0, 'Vj,l) .

The least squares estimators of parameters vy; o and ;1 are

Yj0 =0, ¥j1=0;

Proof.
o« Urthi = U + B, X7,

, 2 N 2
¢ Hence HUth’] — %010 — Y1 XJH = HU — {010 + (1 —ﬁj)Xj}H = b,
e Since 1,, € M(X), X’ e M(X), U e M(X)J‘, we have
. 12
& = [U]* + [0 10 + (0= B) X7 = JU|°

with equality if and only if v;0 =0 & 7,1 = Bj-

Shifted partial residuals

Notation (Response, regressor and partial residuals means).
Let

Y = 1 - . 7j—l - .. fpa'rt,j_l - art,j
Yfﬁ;Yu X ’n;X”’ U *n;Uf i

If X° = 1,, (model with intercept), we have

n

0= Zn: Ui = Z(Uipm’j - Bin,j),
i=1

i=1

()
i=1 =t

FFpart,j a5
ot = X

Especially for purpose of visualization by plotting the partial residuals against the regressors a shifted partial
residuals are sometimes used. Note that this only changes the estimated intercept of the regression line of
dependence of partial residuals on the regressor.
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Definition 9.2 Shifted partial residuals.

A vector of jth response-mean partial residuals of model M is a vector

grertsY — gt 4 (V- BiX ) 1.

A vector of jth zero-mean partial residuals of model M is a vector

.. ., . ~ 7‘7
Upart,],o _ Upart,] _ BJX 1n~

Notes.
® A mean of the response-mean partial residuals is the response sample mean Y, i.e.,

1 n
t,j,Y £V
SN prertaY -y,
n
=1

® A mean of the zero-mean partial residuals is zero, i.e.,

1 n
part,j,0 _
~yu = 0.
i=1

The zero-mean partial residuals are calculated by the R function residuals with its type argument
being set to "partial".

Notes (Use of partial residuals).

A vector of partial residuals can be interpreted as a response vector from which we removed a possible effect
of all remaining regressors. Hence, dependence of UP*"*/ on X7 shows

e a net effect of the jth regressor on the response Y’;

* a partial effect of the jth regressor on the response Y which is adjusted for the effect of the
remaining regressors.

The partial residuals are then mainly used twofold:

Diagnostic tool. As a (graphical) diagnostic tool, a scatterplot (Xj , grertd ) is used. In case, the jth
regressor is correctly included in the original regression model M, i.e., if no transformation of the
regressor X’ is required to achieve E(Y ! Z) € M(X), points in the scatterplot (Xj , grertd )
should lie along a line.

Visualization. Property that the estimated slope of the regression line in a model UP*"*J ~ X7 is the
same as the jth estimated regression coeffient in the multiple regression model Y ~ X is also used
to visualize dependence of the response of the jth regressor by showing a scatterplot (X7, UP*"")

equipped by a line with zero intercept and slope equal to 3;.
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Mustrations

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine size + horsepower

m <- lm(consumption ~ lweight + engine.size + horsepower, data = CarsNow)
summary (m)

Residuals:
Min 1Q Median 3Q Max
-3.1174 -0.6923 -0.1127 0.5473 5.2275

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -42.353265 2.948614 -14.364 < 2e-16 ***
lweight 6.935604  0.428971 16.168 < 2e-16 **x*
engine.size  0.352687 0.096730 3.646 0.000301 *x**
horsepower 0.003983  0.001085  3.672 0.000273 ***

Signif. codes: 0O ‘*xx’> 0.001 ‘**> 0.01 ‘x’> 0.056 ¢.” 0.1 ¢ > 1

Residual standard error: 0.9706 on 405 degrees of freedom
Multiple R-squared: 0.7946, Adjusted R-squared: 0.793
F-statistic: 522.1 on 3 and 405 DF, p-value: < 2.2e-16

Consumption: Y = 10.75, Log(weight): X' = 7.37,
Engine size: X = 3.18,
Horsepower: X = 2158

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine size + horsepower

Marginal Partial
o _| o _| o
« A « A
B = 9.36 (8.86, 9.87) £ B =6.94 (6.09, 7.78)
g
5 g
g g
£ g
c ]
S T
g | 3
2
3
2

I I I I I I I I I I I I I I
6.8 7.0 7.2 7.4 7.6 7.8 8.0 6.8 7.0 7.2 7.4 7.6 7.8 8.0

Log(weight) [log(kg)] Log(weight) [log(kg)]
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Cars2004nh (subset, n = 409)

Mustrations

consumption ~ log(weight) + engine size + horsepower

Marginal
&1 A
B=1.65(1.53, 1.77)
E
§ o

Response-mean partial residuals [I/100 km]

20
|

Partial

N
B =0.35 (0.16, 0.54)

2 3 4 5 6 2 3 4 5 6
Engine size [I] Engine size [I]
Cars2004nh (subset, n = 409)
consumption ~ log(weight) + engine size + horsepower
Marginal Partial
o _| o
N A N N
B=0.021(0.019,0.023) | % B = 0.004 (0.002, 0.006)
g
§ L‘H) n § UH) ] °
< 3
o =
= @
IS (=8
Z 3
5 i
S - 2
8
4
x

100

200

300

Horsepower

400

500

I I I I I
100 200 300 400 500

Horsepower
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IMlustrations

Policie (n = 50)
fat ~ weight + height

summary (mHeWe <- lm(fat ~ weight + height, data = Policie))

Residuals:
Min 1Q Median 3Q Max
-6.4011 -2.9482 -0.0211 2.3072 7.2968

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 16.55309 15.24621 1.086 0.2831
weight 0.50418 0.05095 9.896 4.49e-13 **x*
height -0.24362 0.09728 -2.504 0.0158 =*

Residual standard error: 3.731 on 47 degrees of freedom
Multiple R-squared: 0.714, Adjusted R-squared: 0.7018
F-statistic: 58.66 on 2 and 47 DF, p-value: 1.681e-13
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Policie (n = 50)
fat ~ weight + height

Mustrations

Marginal Partial
o
8 Q 8 A
B =0.43 (0.34, 0.51) B = 0.50 (0.40, 0.61)
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9.2.2 Test for linearity of the effect

To examine appropriateness of the linearity of the effect of the jth regressor X7 on the response expectation
E(Y | Z) by a statistical test, we can use a test on submodel (per se, requires additional assumption of

normality). Without loss of generality, assume that the jth regressor X7 is the last column of the model
matrix X and denote the remaining non-intercept columns of matrix X as X°. That is, assume that

X = (1n, X0, Xj).

Two classical choices of a pair model-submodel being tested in this context are the following.

More general parameterization of the jth regressor

Submodel is the model M with the model matrix X. The (larger) model is model M, obtained by replacing
column X in the model matrix X by a matrix V such that

X7 e M(V),  rank(V) > 2.
That is, the model matrices of the submodel and the (larger) model are
Submodel M: (1,,“ X0, Xj) =X;

(Larger) model My: (ln, X0, V).

Classical choices of the matrix V are such that it corresponds to:

(i) polynomial of degree d > 2 based on the regressor X7;

(i) regression spline of degree d > 1 based on the regressor X”. In this case, 1, € V and hence for
practical calculations, the larger model M, is usually estimated while using a model matrix

(xe)

that does not explicitely include the intercept term which is included implicitely.
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Illustrations

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Quadratic term added for horsepower

mh2 <- lm(consumption ~ lweight + engine.size + horsepower + I(horsepower~2),
data = CarsNow)
summary (mh2)

Residuals:
Min 1Q Median 3Q Max
-3.3298 -0.6501 -0.1307 0.5178 5.1163

Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) -4.386e+t01 3.065e+00 -14.308 < 2e-16 *xx*

lweight 7.249e+00 4.641e-01 15.621 < 2e-16 #**x*
engine.size 3.482e-01 9.652e-02  3.607 0.000348 **x*
horsepower -2.578e-03 3.914e-03 -0.659 0.510515
I(horsepower~2) 1.221e-05 7.001e-06 1.744 0.081873 .

Signif. codes: 0 ‘x*x’ 0.001 ‘*x> 0.01 ‘x> 0.05 ¢.” 0.1 ¢ > 1

Residual standard error: 0.9682 on 404 degrees of freedom
Multiple R-squared: 0.7961, Adjusted R-squared: 0.7941
F-statistic: 394.3 on 4 and 404 DF, p-value: < 2.2e-16

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine size + horsepower

Original With horsepower”~2
° o
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Mustrations

Cubic spline parameterization of horsepower (knots: 100, 200, 300, 500)

library("splines")

intercept = TRUE)

summary (mhB)

knots <- c¢(100, 200, 300, 500)
inner <- knots[-c(1, length(knots))]
bound <- knots[c(1, length(knots))]
hB <- bs(CarsNow[, "horsepower"], knots =

inner, Boundary.knots = bound, degree =

mhB <- Im(consumption ~ -1 + lweight + engine.size + hB, data = CarsNow)

3,

Residuals:

Min 1Q Median
-3.05633 -0.6471 -0.1273 O
Coefficients:

Estimate Std.
lweight 7.19154 0
engine.size 0.36108 0
hB1 -43.88205 3
hB2 -43.40426 3.
hB3 -43.58750 3
hB4 -43.18531 3
hB5 -41.93832 3
hB6 -41.83870 3

3Q

Max

.5095 5.1164

Error t value Pr(>|t])

.48080
.09911
.25963
32369
.39894
.38594
.43966
.37295
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Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine size + horsepower

Original
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Illustrations

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Cubic spline parameterization of horsepower (knots: 100, 200, 300, 500)

m <- Im(consumption ~ lweight + Analysis of Variance Table
engine.size +
horsepower, Model 1: consumption ~ lweight +
data = CarsNow) engine.size + horsepower
anova(m, mhB) Model 2: consumption ~ -1 + lweight +

engine.size + hB

Res.Df RSS Df Sum of Sq F Pr (>F)
1 405 381.56
2 401 377.08 4 4.4797 1.191 0.3142
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Categorization of the jth regressor

Let —oco < xéow < 2" < 00 be chosen such that interval (mz"w, ac;-‘pp) covers the values X1 ;, ..., X, ;
of the jth regressor. That is,
1 .
< min Xijs m?XXi’j < x;‘pp.

Let Z1, ..., Zg be H > 1 subintervals of (xé."“’, x}”’p] based on a grid

méow <A << Agor < l‘;-lpp.
Let xp, € Iy, h = 1,..., H, be chosen representative values for each of the subintervals Z;,...,Zy (e.g.,
their midpoints) and let

Xj,cut _ (X{',CUJ ‘X*j,cut)T

LA n
be obtained by categorization of the jth regressor using the division Zj, ..., Zy and representatives
T, ..., xH, e, =1,...,n)
X =g, = X' eT,, h=1,..., H.

In this way, we obtained a categorical ordinal regressor X7*“** whose values 1, ..., 2, can be considered

as collapsed values of the original regressor X”7. Consequently, if linearity with respect to the original
regressor X’ holds then it also does (approximately, depending on chosen division Z;, ..., Zy and the
representatives 1, ..., ) with respect to the ordinal categorical regressor X7*““! if this is viewed as
numeric one.

Let V be an n x (H — 1) model matrix corresponding to some (pseudo)contrast parameterization of the
covariate X 7*““" if this is viewed as categorical with H levels. We have

X7t e M(V),

and test for linearity of the jth regressor is obtained by considering the following model matrices in the
submodel and the (larger) model:

Submodel M: (1n, X0, Xj’C“t>;
(Larger) model Mg: (1,,, X0, V).

Additional insight concerning the correct inclusion of the jth regressor can be obtained by using the
orthonormal polynomial contrasts (Section 4.4.3) in place of the V matrix.
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Illustrations

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Categorized horsepower (100-150, 150-200, 250-300, 300-500)

BREAKS <- c(0, 150, 200, 250, 300, 500)

CarsNow <- transform(CarsNow, horseord = cut(horsepower, breaks = BREAKS))
levels(CarsNow[, "horseord"])[1] <- "[100, 150]"

table(CarsNow[, "horseord"])

[100, 1501 (150,200] (200,250] (250,300] (300,500]
75 112 121 56 45

horsepower categories represented by midpoints

MIDS <- c(125, 175, 225, 275, 400)

CarsNow <- transform(CarsNow, horsemid = as.numeric(horseord))
CarsNow[, "horsemid"] <- MIDS[CarsNow[, "horsemid"]]
table(CarsNow[, "horsemid"l])

125 175 225 275 400
75 112 121 56 45

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Larger model (horsepower as categorical, reference group pseudocontrasts)

mhord <- lm(consumption ~ lweight + engine.size + horseord, data = CarsNow)
summary (mhord)

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -43.4282 3.1974 -13.582 < 2e-16 **x
lweight 7.1578 0.4676 15.307 < 2e-16 #*xx*
engine.size 0.3312 0.0981 3.376 0.000806 *x*x*
horseord(150,200] 0.3928 0.1637 2.400 0.016852 *
horseord (200, 250] 0.2206 0.1832 1.204 0.229119
horseord(250,300] 0.5249 0.2338 2.245 0.025332 *
horseord(300,500] 1.0871 0.2626  4.140 4.23e-05 ***

Signif. codes: 0 ‘*%x’> 0.001 ‘**’ 0.01 ‘x’> 0.05 ¢.” 0.1 ¢ *> 1

Residual standard error: 0.9628 on 402 degrees of freedom
Multiple R-squared: 0.7994, Adjusted R-squared: 0.7964
F-statistic: 267 on 6 and 402 DF, p-value: < 2.2e-16
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IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Submodel (horsepower intervals represented by midpoints)

mhmid <- lm(consumption ~ lweight + engine.size + horsemid, data = CarsNow)
summary (mhmid)

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -43.121394 2.944142 -14.647 < 2e-16 ***
lweight 7.057884  0.427803 16.498 < 2e-16 *xx
engine.size 0.338626 0.096994  3.491 0.000534 *x**
horsemid 0.003519  0.009049 3.889 0.000118 ***

Signif. codes: 0O ‘*xx’> 0.001 ‘**> 0.01 ‘x’> 0.05 ¢.” 0.1 ¢ > 1

Residual standard error: 0.9687 on 405 degrees of freedom
Multiple R-squared: 0.7954, Adjusted R-squared: 0.7938
F-statistic: 524.7 on 3 and 405 DF, p-value: < 2.2e-16

F-test on a submodel

anova(mhmid, mhord)

Model 1: consumption ~ lweight + engine.size + horsemid

Model 2: consumption ~ lweight + engine.size + horseord
Res.Df RSS Df Sum of Sq F Pr(>F)

1 405 380.07

2 402 372.61 3 7.4566 2.6816 0.04653 *
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IMlustrations

Cars2004nh (subset, n = 409)

consumption ~ log(weight) + engine.size + horsepower

Approximate submodel (original horsepower values)

m <- lm(consumption ~ lweight + engine.size + horsepower, data = CarsNow)
summary (m)

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -42.353265 2.948614 -14.364 < 2e-16 ***
lweight 6.935604 0.428971 16.168 < 2e-16 **x*
engine.size  0.352687 0.096730 3.646 0.000301 *x**
horsepower 0.003983 0.001085 3.672 0.000273 ***

Signif. codes: 0O ‘*xx’> 0.001 ‘**> 0.01 ‘x’> 0.05 ¢.” 0.1 ¢ > 1

Residual standard error: 0.9706 on 405 degrees of freedom
Multiple R-squared: 0.7946, Adjusted R-squared: 0.793
F-statistic: 522.1 on 3 and 405 DF, p-value: < 2.2e-16

Approximate F-test on a submodel

anova(m, mhord)

Model 1: consumption ~ lweight + engine.size + horsepower

Model 2: consumption ~ lweight + engine.size + horseord
Res.Df RSS Df Sum of Sq F Pr(>F)

1 405 381.56

2 402 372.61 3 8.9427 3.216 0.02285 =*




9.2. CORRECT REGRESSION FUNCTION 224

Drawback of tests for linearity of the effect

Remind that hypothesis of linearity of the effect of the jth regressor always forms the null hypothesis of the
proposed submodel tests. Hence we are only able to confirm non-linearity of the effect (if the submodel is
rejected) but are never able to confirm linearity.
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9.3 Homoscedasticity

We are again assuming a linear model
M: Y|Z~ (X8, 0°L,),
where the error terms € = Y — X3 satisfy (Lemma 1.2):
E(e|Z) =E(e) =0,, var(e|Z) =var(e) = o°L,.
The assumption (A2) of homoscedasticity is, in particular,
var(Y | Z) = 0?1, var(e |Z) = 0°L,, (= var(e) =0°1,),

2

where 0 is unknown but most importantly constant.

9.3.1 Tests of homoscedasticity

Many tests of homoscedasticity can be found in literature. They mostly consider the following null and
alternative hypotheses: Hp: var(si ’ Zi) = const,

Hy: var(si ’ ZZ-) = certain function of some factor(s).

A particular test is then sensitive (powerful) to detect heteroscedasticity if this expresses itself such that
the conditional variance var(ei ‘ A Z) is the certain function of the factor(s) as specified by the alternative
hypothesis. The test is possibly weak to detect heteroscedasticity (weak to reject the null hypothesis of ho-
moscedasticity) if heteroscedasticity expresses itself in a different way compared to the considered alternative
hypothesis.

9.3.2 Score tests of homoscedasticity

A wide range of tests of homoscedasticity can be derived by assuming a (full-rank) normal linear model,
basing the alternative hypothesis on a further generalization of a general linear model and then using
an (asymptotic) maximum-likelihood theory to derive a testing procedure.

Assumptions.

For the rest of this section, we assume that model M (model under the null hypothesis) is normal of full-rank,
ie.,

M: Y |Z~ N, (X8, 0L,), rank(X,xx) =k,
and an alternative model is a generalization of a general normal linear model
Mhetero: Y ! Z ~ Nn (X,@, O'QVV_l)7

where
W = diag(wy, ..., wy), wit =71\, B, Zy),i=1,...,n,

(3

7 is a known function of A € RY, 3 € R* (regression coefficients), z € RP (covariates) such that

7(0, B, z) =1, for all 3 € R¥, z € R?.

In particular, we have under model My ter0:
var(Yi ‘ Zt) = var(ei | ZL) = O’2 T(A, ,6, Zl)7 1= 1, .oy n.

That is, the 7 function models the assumed heteroscedasticity.
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Model Mj,ctero is then a model with unknown parameters 3, X, 02 which with A = 0 simplifies into
model M. In other words, model M is a nested” model of model My, scro and a test of homoscedasticity

corresponds to testing
HO DA = 0, (9 2)
H1 A 75 0. '

Having assumed normality, both models M and Mj,¢s¢,o are fully parametric models and a standard (asymp-
totic) maximum-likelihood theory can now be used to derive a test of (9.2). A family of score tests based on
specific choices of the weight function 7 is derived by Cook and Weisberg (1983).

Breusch-Pagan test

A particular score test of homoscedasticity was also derived by Breusch and Pagan (1979) who consider the
following weight function (@ = tx(z) is a transformation of the original covariates that determines the
regressors of model M).

T\ B, z) =71\ B, x) = exp()\ wTﬁ).

That is, under the heteroscedastic model, for i = 1,...,n,
var(Y; | Z;) = var(ei| Z;) = 0% exp(A XZTB) =o? exp()\ E(Y; | Z,~)>, 9.3)
and the test of homoscedasticity is testing
Hy: A =0,
Hi: A#D0.

It is seen from the model (9.3) that the Breusch-Pagan test is sensitive (powerful to detect heteroscedasticity)
if the residual variance is a monotone function of the response expectation.

Note (One-sided tests of homoscedasticity).

In practical situations, if it can be assumed that the residual variance is possibly a monotone function of the
response expectation then it can mostly be also assumed that it is its increasing function. A more powerful
test of homoscedasticity is then obtained by considering the one-sided alternative

Hll A>O

Analogously, a test that is sensitive towards alternative of a residual variance which decreases with the
response expectation is obtained by considering the alternative H; : A < 0.

Note (Koenker'’s studentized Breusch-Pagan test).

The original Breusch-Pagan test is derived using standard maximum-likelihood theory while starting from
assumption of a normal linear model. It has been shown in the literature that the test is not robust towards
non-normality. For this reason, Koenker (1981) derived a slightly modified version of the Breusch-Pagan test
which is robust towards non-normality. It is usually referred to as (Koenker’s) studentized Breusch-Pagan test
and its use is preferred to the original test.

Linear dependence on the regressors

Let ty : RP — RY be a given transformation, w := tyw (z), W; = tw(Z;), i = 1,...,n. The following
choice of the weight function can be considered:

7(B, A, z) =7(A, w) = exp()\Tw).
That is, under the heteroscedastic model, for i =1,...,n,

var(Yi ‘ Zi) = var(ai | Zi) = o2 exp()\TWi).

2 vnoteny



9.3. HOMOSCEDASTICITY 227

On a log-scale:

log(var(Yi | Zl)) =log(c?) + AT W,.
——
Ao

In other words, the residual variance follows on a log-scale a linear model with regressors given by vectors
w,.
If ty is a univariate transformation leading to w = ty (z), one-sided alternatives are again possible
reflecting assumption that under heteroscedasticity, the residual variance increases/decreases with a value
of W = tw(Z). The most common use is then such that ¢y (z) and related values of Wy = tw (Z),
.o Wy = tw(Z,,) correspond to one of the (non-intercept) regressors from either the model matrix X
(regressors included in the model), or from the matrix V that contains regressors currently not included in
the model. The corresponding score test of homoscedasticity then examines whether the residual variance
changes/increases/decreases (depending on chosen alternative) with that regressor.

Note (Score tests of homoscedasticity in the R software).

In the R software, the score tests of homoscedasticity are provided by functions:

(i) ncvTest (abbreviation for a “non-constant variance test”) from package car;

(ii) bptest from package lmtest.

The Koenker’s studentized variant of the test is only possible with the bptest function.

9.3.3 Some other tests of homoscedasticity

Some other tests of homoscedasticity that can be encountered in practice include the following

Goldfeld-Quandt test is an adaptation of a classical F-test of equality of the variances of the two indepen-
dent samples into a regression context proposed by Goldfeld and Quandt (1965). It is applicable in
linear models with both numeric and categorical covariates and under the alternative, heteroscedas-
ticity is expressed by a monotone dependence of the residual variance on a prespecified ordering of
the observations.

G-sample tests of homoscedasticity are tests applicable for linear models with only categorical covariates
(ANOVA models). They require repeated observations for each combination of values of the covariates
and basically test equality of variances of G independent random samples. The most common tests
of this type include:

Bartlett test by Bartlett (1937) which, however, is quite sensitive towards non-normality and hence its
use is not recommended. It is implemented in the R function bartlett.test;

Levene test by Levene (1960), implemented in the R function leveneTest from package car or in
the R function levene.test from package lawstat;

Brown-Forsythe test by Brown and Forsythe (1974) which is a robustified version of the Levene test
and is implemented in the R function levene.test from package lawstat;

Fligner-Killeen test by Fligner and Killeen (1976) which is implemented in the R function fligner.test.
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9.4 Normality

In this section, we are assuming a normal linear model

M: Y |Z~ N, (XB, 0°L,), rank(X,xi) =1 < k,

-
where the error terms e = Y — X3 = (51, ceey En) satisfy (Lemma 6.1):

e N0, 0?), i=1,... 0. 9.4)
Our interest now lies in verifying assumption (A4) of normality of the error terms ¢;, i = 1,...,n.

Let us remind our standard notation needed in this section:

() Hat matrix (projection matrix into the regression space M (X)):

H=X(X"X)" X" = (hi,)

i,t=1,...,n’

(i) Projection matrix into the residual space M (X)L

M=1, - H=(m,),

i,t=1,...,n’

(iii) Residuals: U =Y — Y = MY = (Ul, R Un)T;
(iv) Residual sum of squares: SS, = HU! 2;

(v) Residual mean square: MS, = ﬁ SS..
(vi) Standardized residuals: U**% = (Ulstd7 e U,‘jtd)T, where

Ui

\/ MSe mi;q ’

st — i=1,...,n (fm;; >0).

Notes. If the normal linear model (9.4) holds then Lemma 3.1 and Theorem 6.2 provide:

(i) For (raw) residuals:
U|Z ~ N,(0,, c>M).

That is, the (raw) residuals follow also a normal distribution, nevertheless, the variances of the
individual residuals Uy, ..., U, differ (a diagonal of the projection matrix M is not necessarily
constant). On top of that, the residuals are not necessarily independent (the projection matrix M is
not necessarily a diagonal matrix).

(i) For standardized residuals (if m;; > 0 for all ¢ = 1,...,n, which is always the case in a full-rank
model):
E(U™|z) =0, var(Uf|Z)=1, i=1,...,n.

That is, the standardized residuals have the same mean and also the variance but are neither neces-
sarily normally distributed nor necessarily independent.

In summary, in a normal linear model, neither the raw residuals, nor standardized residuals form a random
sample (a set of ii.d. random variables) from a normal distribution.

9.4.1 Tests of normality

There exist formal tests of the null hypothesis on a normality of the error terms:

Hg: distribution of €1, ..., €, is normal, 9.5)
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where a distribution of the test statistic is exactly known under the null hypothesis of normality. Nevertheless,
those tests have quite a low power and hence are only rarely used in practice.

In practice, approximate approaches are used that apply standard tests of normality on either the raw
residuals U or the standardized residuals U**? (both of them, under the null hypothesis (9.5), do not form
a random sample from the normal distribution ). Several empirical studies showed that such approaches
maintain quite well a significance level of the test on a requested value. At the same time, they mostly
recommend to use the raw residuals U rather than the standardized residuals U .

Classical tests of normality include the following:

Shapiro-Wilk test implemented in the R function shapiro.test.
Lilliefors test implemented in the R function 1illie.test from package nortest.

Anderson-Darling test implemented in the R function ad.test from package nortest.
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9.5 Uncorrelated errors

In this section, we are again assuming a (not necessarily normal) linear model
M: Y |X~ (X8, 0°L,),
where the error terms € = Y — X3 satisfy (Lemma 1.2):
E(s ’ X) = E(s) =0,, var(s ’ X) = var(s) =o21,.
The assumption (A3) is, in particular,
cov(si, ) |X) =0,1#1 (:> cov(ei, sl) =0,1# l). 9.6)

Our interest now lies in verifying assumption (A3) of whether the error terms ¢;, i = 1,...,n, are (condi-
tionally) uncorrelated.

The fact that errors are (conditionally) uncorrelated often follows from a design of the study/data collection
(measurements on independently behaving units, ...) and then there is no need to check this assumption.
Situation when uncorrelated errors cannot be taken for granted is if the observations are obtained sequentially.
Typical examples are

(i) time series (time does not have to be a covariate of the model) which may lead to so called serial
depedence among the error terms of the linear model;

(ii) repeated measurements performed using one measurement unit or on one subject.

In the following, we introduce a classical procedure that is used to test a null hypothesis of uncorrelated
errors against alternative of serial dependence expressed by the first order autoregressive process.

9.5.1 Durbin-Watson test

Assumptions.
It is assumed that the ordering of the observations expressed by their indeces 1, ..., n, has a practical
meaning and may induce depedence between the error terms €1, ..., &, of the model.

Model M can also be written as

M: Yi:XiTﬂ—i—ei, 1=1,...,n,
E(ei|X) =0, var(g|X) =02 i=1,...,n, 9.7)
cor(ei, & | X) =0, i # 1.

One of the simplest stochastic processes that capture a certain form of serial dependence is the first order
autoregressive process AR(l). Assuming this for the error terms €1, ..., &, of the linear model (9.7) leads to
a more general model

Mar: Yi=X,B+e, i=1,...,n,
E1 =11, € =0&-1+Mi, t=2,...,m,
9.8)
]E(m|X):O, var(m’X)zaQ, 1=1,...,n,
Cor(nia m ’X) =0, Z# la

where —1 < p < 1 is additional unknown parameter of the model.
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Notes. Tt has been shown in the course Stochastic Processes 2 (NMSA409):

® ¢y, ..., €y is a stacionary process (given X) if and only if —1 < ¢ < 1.
e TFor each m > 0: cor(ai7 €i_m | X) =™ i=m+1,...,n. In particular
g:cor(si, ei,llX), 1=2,...,n.

Test of uncorrelated errors in model M can be now be based on testing

Ho: 0=0,
Hi: Q;éo

in model M 4. Since positive autocorrelation (¢ > 0) is more common in practice, one-sided tests (with Hy:
o > 0) are used frequently as well.

Let U = (Uy, ..., Un)—r be residuals from model M which corresponds to the null hypothesis. A test
statistic proposed by Durbin and Watson (1950, 1951, 1971) takes a form

n

Z(Ui ~U;_1)?
DW = =2

n
>t
i=1

A testing procedure is based on observing that a statistic DWW is approximately equal to 2 (1 — 9), where o
is an estimator of the autoregression parameter g from model M 4.

Calculations.

First remember that
E(U; | X) =0, i=1,...,n,

and this property is maintained even if the error terms of the model are not uncorrelated (see process of the
proof of Lemma 2.7).

As residuals can be considered as predictions of the error terms ¢4, ..., &,, a suitable estimator of their
(conditional) covariance of lag 1 is

R . 1 n
01,2 = COV(E[, El—1 |X) = m ZUl Ui—1~
=2

Similarly, three possible estimators of the (conditional) variance o2 of the error terms ¢, ..., &, are

n—1

1 1 n 1 n
o2 =var(g | X) = —— g U?  or E U? or - g UZ.
(l| ) n_lizl n—1i=2 [t

Then,

DW — E?:z(Ui - Ui—1)2 _ Z?:z Uz'g + 2?22 Ui2—1 —2 Z?:z UiUi—1

n 2 n 2
2i—1 U 2 i—1 U
62 + 52 — 26’1’2 81’2
~ =2 =2(1-=
ag ag

—2(1-9).
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Use of the test statistic DW for tests of Hy: ¢ = 0 is complicated by the fact that distribution of DW
under the null hypothesis depends on the model matrix X. It is hence not possible to derive (and tabulate)
critical values in full generality. In practice, two approaches are used to calculate approximate critical values
and p-values:

() Numerical algorithm of Farebrother (1980, 1984) which is implemented in the R function dwtest from
package 1mtest;

(i) General simulation method bootstrap (introduced by Efron, 1979) whose use for the Durbin-Watson
test is implemented in the R function durbinWatsonTest from package car. For general principles
of the bootstrap method, see the course Modern Statistical Methods (NMST434).



9.6. TRANSFORMATION OF RESPONSE 233

9.6 Transformation of response

Especially in situations when homoscedasticity and/or normality does not hold, it is often possible to achieve
a linear model where both those assumptions are fulfilled by a suitable (non-linear) transformation ¢ : R —
R of the response. That is, it is worked with a normal linear model

Y*‘X ~ Nn(Xﬁa 02In)a

Y* = (t(Y1), ..., t(Yn))T)

9.9)

where it is already assumed that both homoscedasticity and normality hold. That is, the elements of the
error terms vector

ety eovc) =€ = Y —XB=(t(V1) = X[ B, ..., tVs) - X, B)"

are, given X, independent and A(0, 02) distributed (marginally, they are iid. A(0, 02) distributed).
Disadvantage of a model with transformed response is that the corresponding regression function m(x) =
x ' 3 provides a model for expectation of the transformed response and not of the original response, i.e., for
x € X (sample space of the regressors):

m(@) =E(Y)| X =2) # ((E(Y|X =2)),

unless the transformation ¢ is a linear function. Similarly, regression coefficients have now interpretation of
an expected change of the transformed response t(Y") related to a unity increase of the regressor.

9.6.1 Prediction based on a model with transformed response

Nevertheless, the above mentioned interpretational issue is not a problem in a situation when prediction of
a new value of the response Y, ¢y, given X, 0.y = Tpew, is of interest. If this is the case, we can base the
prediction on the model (9.9) for the transormed response. In the following, we assume that ¢ is strictly
increasing, nevertheless, the procedure can be adjusted for decreasing or even non-monotone ¢ as well:

and a (1 — «) 100% prediction interval (}A/*’L )A/*’U) for VX, = t(Ynew)

o g U x
® Construct a prediction Y, newr Lnéw new

new

based on the model (9.9).
e Trivially, an interval

VL U
(Y Y, new new

news Yoew) = (t—l(ff*’L), t—l(?*=U)) (9.10)
covers a value of Y,.,, with a probability of 1 — a.

o Avalue Ve = til(?n*ew) lies inside the prediction interval (9.10) and can be considered as a point
prediction of Y,,.,,. Only note that the prediction interval (}A/L YU

new? new

) is not necessarily centered

around a value of Y},.,,.

9.6.2 Log-normal model

Suitably interpretable model is obtained if the response is logarithmically transformed. Suppose that the
following model (normal linear model for log-transformed response) holds:

1og(Y;):XiTﬂ+€i, i=1,...,n,

. (9.11)
e | x "EP A(0, 02),

which also implies ¢; iid N (O, 02). We then have

Yz:eXP(XvTﬁ)ﬁm t=1,...,n,

indep.

7; |X L:N(O, 02),
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which also implies 7; I (0, 62), where LN(0, 02) denotes a log-normal distribution with location
parameter 0 and a scale parameter ¢. That is, under validity of the model (9.11) for the log-transformed
response, errors in a model for the original response are combined multiplicatively with the regression
function.

We can easily calculate the first two moments of the log-normal distribution which provides (for i =
s ooy T,

M:=E(n) = E(n | X) = exp(%Q) > 1 (with 02 > 0),
V= var(n) = var(n; | X) = {exp(0?) — 1} exp(0?).
Hence, for « € X
E(Y | X =z) =M exp(z'B),

Y|)(—:13)) 2. (9.12)

var(Y | X =) =V exp(22"8) =V - (E( X

A log-normal model (9.11) is thus suitable in two typical situations that cause non-normality and/or het-
eroscedasticity of a linear model for the original response Y:

(i) a conditional distribution of Y given X = x is skewed. If this is the case, the log-normal distribution
which is skewed as well may provide a satisfactory model for this distribution.

(i) a conditional variance var(Y | X = :c) increases with a conditional expectation IE(Y ’ X = w) This
feature is captured by the log-normal model as shown by (9.12). Indeed, under the log-normal model,
var(Y ’ X = z) increases with E(Y ’ X = ). It is then said that the logarithmic transformation
stabilizes the variance.

Interpretation of regression coefficients

With a log-normal model (9.11), the (non-intercept) regression coefficients have the following interpretation.
Let for j € {1, ..., k — 1},

33:(1170, cees T ---7xk—1)T€X, and /(T = (xo,...,xj—Fl ...,xk_l)TGX,
and suppose that 3 = (,80, ce ﬁk_l)T We then have

IE(Y | X = wj(+1)) M exp(mj(ﬂ)Tﬁ)
EY[X=z)  Mexp(z'h)

= exp(f;)-

Notes.

¢ If a linear model with only a single categorical covariate and with log-transformed response is fitted,
estimated differences between the group means of the log-response are equal to estimated log-ratios
between the group means of the original response. In particular, let Z € {1, oy G } be a categorical
covariate which group means of the log-response are parameterized as

E(log(Y)|Z:g):BO+c;,BZ, g=1,..., G,

where ¢, ..., ¢/ are rows of the (pseudo)contrast matrix. If normality of the log-transformed response

is assumed, we get (as above):

E(Y|Z=g) M exp(Bo+c)B?)

— ex T_ .T\g2
E(Y|Z=h) B Mexp(ﬂo—i—c;{ﬁz) - ¢ p{(cg )P }

— exp{E(log(V)|Z = g) — E(log(¥)|Z=h)},  g#h.
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o If a linear model with logarithmically transformed response if fitted, estimated regression coefficients,
estimates of linear combinations etc. and corresponding confidence intervals are often reported back-
transformed (exponentiated) due to above interpretation.

Evaluation of impact of the regressors on response

Evaluation of impact of the regressors on response requires necessity to perform statistical tests on regression
coefficients or estimable parameters of a linear model. Homoscedasticity and for small samples also normality
are needed to be able to use standard t- or F-tests. Both homoscedasticity and normality can be achieved
by a log transformation of the response. Consequently performed statistical tests still have a reasonable
practical interpretation as tests on ratios of two expectations of the (original) response.



ovrer 1 ()

Consequences of a Problematic
Regression Space

-
As in Chapter 9, we assume that data are represented by n random vectors (Yi, Z;r) , L = (Ziﬁl, e

T ‘ T o
Zi,p) € ZCRP¢=1,...,n Asusual, let Y = (Yl, . ,Yn) and let Z, x, denote a matrix with
covariate vectors Z1, ..., Z, in its rows. Finally, let X;, ¢ = 1,...,n, where X; = tx(Z;) for some
transformation ty : R? — R¥, be the regressors that give rise to the model matrix

x|
Xoxh=| 1 | = (XO, Xk‘l).
XT
It will be assumed that X° = (1, ..., 1)—r (almost surely) leading to the model matrix

Xnxk = (171’ X17 B Xk_l)a

with explicitely included intercept term.

Primarily, we will assume that the model matrix X is sufficient to be able to assume that IE(Y | Z) =
IE(Y | X) = X3 for some 8 = (b’o, ce BkT_l)T € R”. That is, we will arrive from assuming

Y |Z~ (XB, 0°L,).
It will finally be assumed in the whole chapter that the model matrix X is of full rank, i.e.,

rank(X) =k<n.

236
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10.1 Multicollinearity

A principal assumption of any regression model is correct specification of the regression function. While
assuming a linear model Y ’ 7 ~ (Xﬁ, U2In), this means that E(Y | Z) € M(X) To guarantee this, it
seems to be optimal to choose the regression space M(X) as rich as possible. In other words, if many
covariates are available, it seems optimal to include a high number %k of columns in the model matrix X.
Nevertheless, as we show in this section, this approach bears certain complications.

10.1.1 Singular value decomposition of a model matrix

We are assuming rank(ank) = k < n. As was shown in the course Fundamentals of Numerical Mathematics
(NMNM201), the matrix X can be decomposed as

k—1
X=UDV"'=> "dju;v], D=diag(d, ...,ds1),
=0

where
o U,xi = (uo, ce 'u,k_l) are the first & orthonormal eigenvectors of the n x n matrix XX .
® Vixk = (vo7 e vk,l) are (all) orthonormal eigenvectors of the k x k (invertible) matrix X T X.

*di=+/A, j=0,....k—1 where \g > - > A,_1 >0 are
o the first k eigenvalues of the matrix XX ;

e (all) eigenvalues of the matrix XTX ie.,

k—1
XTX =Y MNwvjv] =VAV',  A=diag(h, ..., \e—1)
j=0
k—1
T T
=Y divjv] =VD*V'.
j=0

The numbers dg > -+ > dy_; > 0 are called singular values' of the matrix X. We then have

k—1
- 1
(XTx)™h = 2 v =VDVT,
i=0 J
’ 10.1)
k—1 1
w{xX)7} = Y 4
j=0 J

Note (Moore-Penrose pseudoinverse of the matrix X" X).

The singular value decomposition of the model matrix X provides also a way to calculate the Moore-
Penrose pseudoinverse of the matrix XX if X is of less-than-full rank. If rank(XnX ;.C) = r < k, then

dy>--->d,_y >d, =---=dy_1 = 0. The Moore-Penrose pseudoinverse of XX is obtained as
r—1 1
Tw\ T T
(X'X)" = Z 2 VY
5=0 "

' singuldrni hodnoty
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10.1.2 Multicollinearity and its impact on precision of the LSE
It is seen from (10.1) that with dj,_; — 0:

(i) the matrix XTX tends to a singular matrix, i.e., the columns of the model matrix X tend to being
linearly dependent;

i) tr{ (XTX) "} — .

Situation when the columns of the (full-rank) model matrix X are close to being linearly dependent is
referred to as multicollinearity.

If a linear model Y ’ Z ~ (Xﬁ, 0’2]:"), rank(X,, xx) = k is assumed, then we know from Gauss-Markov
theorem that

(i) The fitted values Y = ()/}1, e }A/n)T = HY, where H = X(XTX) 71XT, is the best linear unbiased
estimator (BLUE) of a vector parameter u = X3 = E(Y ’ Z) with

var(}/} | Z) = o2 H;

(i) The least squares estimator B = (30, ceey B,H)T = (XTX)fl XTY is the BLUE of a vector of
regression coefficients 3 with

var(B|Z) = o (XTX) .

It then follows

Zvar(}/}i |z) = tr{var(? ‘ Z)} =tr(c’H) = o tr(H) = 0* k,
i=1

k—1

var(B; | 2) = tr{var(B|2) } = tr{o® (XTX) T} = 0?6 { (XTX) '},

0

<

This shows that multicollinearity

(i) does not have any impact on precision of the LSE of the response expectation u = X3;

(ii) may have a serious impact on precision of the LSE of the regression coefficients 3. At the same time,
since LSE is BLUE, there exist no better linear unbiased estimator of 8. If additionally normality is
assumed there even exist no better unbiased estimator at all.

An impact of multicollinearity can also be expressed by considering a problem of estimating the squared

Euclidean norm of g = X3 and (3, respectively. As natural estimators of those squared norms are the

squared norms of the corresponding LSE’s, i.e., YH2 and H B 2 respectively. As we show, those estimators

are biased, nevertheless, the amount of bias does not depend on a degree of multicollinearity in case of
512 s 212

HYH but depends on it in case of H,@'H .

Lemma 10.1 Bias in estimation of the squared norms.
LetY | Z ~ (Xﬁ, 02In), rank(X,,xx) = k. The following then holds.

B(|19)° - [%8]* | 2) = 0%k

E(IBI - l8lf” | 2) = o er{ (x7%) '},
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Proof. For clarity of notation, condition will be omitted from notation of most expectations and variances.
Nevertheless, all are still understood as conditional expectations and variances given the covariate values Z.

E(|7) - Ix8|” | 2)

e Let us calculate:

n

B[V - x| =B{>_(¥i - X/ 8)*} = > var(V:)
=1 =1

= tr{var(¥) } = tr(c® H) = o tr(H)= 0> k.
® At the same time:
E|Y - x8|° =E(Y -x8) (¥ - X8)
= E||Y | +E|X8|" —28'X" EY,
X8
=E[Y|"+|[x8]" - 2 |x8|"= E| Y| - %]

o Sothat, E||[Y|*—[x8|* = o2k
E[Y[* = [x8]" + 0%k
E(IIBI” - lIsl* | 2)
* Let us start in a similar way:
k—1 k—1
E||B - 8] = E{_Z(:)(Bj - 51‘)2} = Z%VE"(@)
p pu

~

= tr{var(ﬁ)} = tr{02 (XTX)%}: o? tr{ (XTX)A}.
o At the same time:
E|B -8l =E(B-8) (B-8)
=E||B|" +E||8]" - 28" EB
—
B8
=E|B|" +18]° - 2||8II’= E|1B]" - ||8]>

« Sothat, EJ|B[* - [I8]* = o*u{(xTX)7'}
BJBI" = I8 + otf(x7%) ).
k—1 R
> var(B;)
j=0
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10.1.3 Variance inflation factor and tolerance

Notation. For a given linear model Y | Z ~ (XB, 0°1,), rank(X,x)) = k, where

X= (1, X', o, XM7Y X = (X, Xay) s =1 k1,

the following (partly standard) notation, will be used:

Response sample mean: Y =

iYi;
i=1

S|

Square root of the total sum of squares:

Fitted values:

Coefficient of determination:

1

Residual mean square: MS, =

52
Ly v

Further, for each j = 1,...,k — 1, consider a linear model M, where the vector X 7 acts as a response and
the model matrix is
XD = (1, X', L, X X X,

The following notation will be used:

i1
Column sample mean: X == Z Xi i

Square root of the total sum of squares from model M;:

7= > (X, - X)) =X -X'1,

i=1

)

Fitted values from model M;: X’ = ()?1,]-, e )A(nyj)T;

Coefficient of determination from model M;:

Ix/ - x| Ix7 - X'|°
Rj =1- o =1- ——f— .
[ X7 = X1, 5
Notes.
(i) If data (response random variables and non-intercept covariates) (E7 Xitsoons Xiyk,l)—r, 1 =
1,...,n are a random sample from a distribution of a generic random vector (Y, X, ..., X szl)
then

e The coefficient of determination R? is also a squared value of a sample coefficient of
multiple correlation between Y and X := (X 1y ooy X k_l)T.
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e For each j = 1,...,k — 1, the coefficient of determination Rjz is also a squared value of
a sample coefficient of multiple correlation between X; and X (_;) := (Xl, ooy X1,
T
Xj+1a SRR Xk—l) .
(ii) For given j=1,...,k—1:
e Avalue of R? close to 1 means that the jth column X7 is almost equal to some linear combination

of the columns of the matrix X(=7) (remaining columns of the model matrix). We then say that
X7 is collinear with the remaining columns of the model matrix.

e A value of RJQ- = 0 means that

e the column X is orthognal to all remaining non-intercept regressors (non-intercept columns
of the matrix X(=9)y;

e the jth regressor represented by the random variable X; is multiply uncorrelated with the
remaining regressors represented by the random vector X (_j.

For a given linear model Y’ | 7 ~ (Xﬁ, UQIn)7 rank(X, xx) = k,
var(B|z) = Ms, (XTx) 7.

The following Theorem shows that diagonal elements of the matrix MS, (XTX)fl, i.e., values @(Bj ’ Z)
can also be calculated, for j = 1,...,k — 1, using above defined quantities Ty, 7}, R?, Rjz.

Theorem 10.2 Estimated variances of the LSE of the regression coefficients.
For a given dataset for which a linear model Y | Z ~ (Xﬁ, ngn)7 rank(X,xx) =k X = (1n, Xt .., Xk_l)

is applied, diagonal elements of the matrix v’a\r(,a7 | Z) = MS, (XTX)_l, can also be calculated, for j =
1,...,k—1,as

- Ty\> 1-R? 1
Var(ﬁj’Z):<Ty> -k 1-R¥
J

J

Proof. Proof/calculations were skipped and are not requested for the exam.

Suppose that Ty, 11, ..., Tr_1 are real constants such that the vectors

*_L _ Vv

Y _Ty(Y Y1,),

xi = L(x -X1), j=1.. k-1
T;

have all unity Euclidean norm. For a given dataset, appropriate constants Ty, 71, ..., Tx_1 are indeed

given as indicated at the beginning of Section 10.1.3. Note that since we now only want to find an expression
on how to calculate, for a given dataset, diagonal elements of a certain matrix v’;ﬁ’(ﬁ | Z) = MS, (XTX)il,

randomness of Ty, Ti, ..., Ti—1 will not be taken into account. In this context, the vector Y™ is also
called the standardized respose vector and the vectors X7** the standardized regressors. Further, let

X* — (Xl,* X}C*l,*)
be the matrix with the standardized non-intercept regressors in columns.
We have

e Vector Y* and all columns of X* are of unity Euclidean norm.

¢ Vector Y* and all columns of X* are orthogonal to a vector 1,, i.e.,
(Y*) 1, =0, (X*) "1, = 0x_1.
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Let us now consider a linear model based on standardized variables (as if Ty, Ty, ..., Tx_1 were pre-
specified constants). Let (66, By, ..., [3,:71)T be the regression coefficients in a model
ﬁ*
M*: Y*|Z ~ ((1,“ x) 10 7(0—*)2171)7
B
with the model matrix X,; = (1,,, X*). Let 3" = (6{, cel 6]:_1)1' be the subvector of the regression

coefficients related to the non-intercept columns of the model matrix.

As usually, let 8 = (ﬂo, B, .., Bk_l)T be the regression coefficients in the original model
M: Y|Z ~ (X8, 0°L,).

Model M can be written as

k—1
Y =Boln+ Y X8 +e, 10.2)

j=1
where € ’ 7 ~ (On o? In).
That is, data satisfying model M also satisfy

B k—1 L
Y -Y1,=(8—Y)1, + X108+ X' Bl +e,
3:1 j=1

1 - (Bo— Y + 3021 X78))
— (Y -Y1,) = I= 1, j —
Ty ( ) Ty * Zl ) B] + Ty c
J —,_/\\,_/
y* B3 e g e

In other words, if data satisfy model M then the standardized data satisfy the model M* with the error
terms e* = Y™ — 331, — X*3* having €* |Z ~ (On (0*)? In) and parameters of the two models are in
mutual relationships

50*Y+Zk 1X35j

*
5 -
* Tj .
/BJ = Tyﬁjv _]:1,...,]{3*17
g
*

That is,

® (¢ is only shifted-scaled J.

* j3;is only scaled 3;, j =1,...,k — 1.
e o* is only scaled o.

Due to linearity, the same relationships hold also for the LSE in both models. That is (now written in the
opposite direction):

_ . Ty,
Bo = Ty By + Z i, P

= Ty - )
5]':?;, j=1...,k—1.

J
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Moreover, the fitted values in both models must also be linked by the same (linear) relationship as the
standardized and original response variables. That is,

o 1 o~ . 1 ~
= — — ]-’ﬂ s -*:7 7 3 :17 s 10y
TY( ) 1 TY( ) ? n
Y=T,Y +71,, Vi =Ty Y +Y, i=1,...,n.

The residual sum of squares in model M* is then:

ss: =y - Y7
n N 1 n N
=D (V=Y =5 Y (Ty Y =Ty V)P
i=1 TY i=1

1 O - o =
:ﬁZ{Tin +Y - (Ty V7 + 7))
=1

n

1 =~ 1
= 72 (YVi_Y;L)2zisSe7
7z ; 72

where SS. is the residual sum of squares in the original model M.

Moreover, note that T2 = HY -Y1, ||2 is also the total sum of squares SSt for the original response vector
Y. That is, s

SS;=-=1-R? 10.3

¢ SSp ’ 10-3)

where R? is the coefficient of determination of the original model M. The residual mean square in model
M* can now be written as

SS* 1—R?
MSF = —¢ = .
¢ n—k n—=k

*T)T in model M* which

Let us now explicitely express the LSE of the regression coefficients vector (35, 3

are given as
x -1
<§°> - (X;Xﬂ) XLY*.
B
First,
T N n 0/ n 0/
X;Xst = (1naX) (1naX) = *le « = ol )
011 (X) X 0,1 Rx.x

where Rx x = (X*)TX* = (rg(lx has elements

)j,l:l,“.,k—l’

n ~J il
s i (X — X)Xy —X)
X, X T]j—‘l

n —j —l
S (X — X)) (X - X))
1

= - B j,l::l,...,k_l.
\/Z?:l(Xz:j - Xj)2\/2?:1(Xi,l -X)?

+
That is, Rx x = (X*) X* is a sample correlation matrix (with ones on a diagonal) of the non-intercept
regressors from the original model matrix X.

1
(XTX t>_1 _ n 0;——1 — E 0;——1
e 0r—1 Rxx 0., R
; - X, X

We then also have,
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noyF 0
XTy* — (1. %)y = [ 2= ) _
st (Ln, X7) ((X*)TY*> (rx,y)’

where rx y 1= (X*)TY* = (TgCY)j:L...,k:fl’ has elements

Second,

n <77 b4
ngy _ Zi:l(Xi,j -X )(Yz - Y)
’ Tj Ty

Xy - X -Y)
VI (X — X2 (Y - T

. T . . .
That is, rxy = (X*) Y™ is a vector of sample correlation coefficients between the regressors from the
model matrix X and the response Y.

= 1
B - 0, 0 0

~ n = _ 5
IB* 0r_1 R;(IX XYy RX’IX rXy

() (XI%) = (o) .

Hence,

N
——
I

That is, we have

~ N *\2
By =0, var(85 | Z) = (Un) ,
B =Ryiyrxy var(B|Z) = (0")?Ryy. (10.4)

Before we proceed, let us derive the hat matrix and the fitted values of model M*. The hat matrix of model

M* is calculated as

- 1 -
Hy = (1n, X) (thxst) 1(1n,X*)T:(1n,X*) n (1, )"

01 R
i, xR, (x0T
—E n itn + X7X( ) .
—_——
=: H*

Observe that
e H,; is the projection matrix into M ((ln, X*)).
* *p—1 T s P PR *
e H* =X"Ry x (X ) is the projection matrix into M(X )
The fitted values of the model M* are then given by
v* * 1 Ty * *y 7k * Yk
Y =H4Y"=-1,1, YY" + 'Y " =H"'Y".
n S
0

Finally, observe that (while remembering that any hat matrix is symmetric and idempotent)

~x T o~k T o~k

¥ v = (v)' Y = (V) HHY = (V)



10.1. MULTICOLLINEARITY 245

Consequently,

oy TSk

TS* ) Y

sst = [y - PP = (v) Yy () P (@) v (P

- )y - (@) Y. )

Let dg’(jX, j=1,...,k — 1 be diagonal elements of the matrix RJ;IX. That is, from (10.4):
var(By|Z) = (0¥ d¥x, j=1,....k—1L

To derive the value of dg’(j x»J=1,...,k =1, let us first consider the sample correlation matrix based on
both the response vector and the non-intercept regressors:

R 1 iy
Y, X),(Y,X) = ’ .
(¥, X), (Y, X) rxy Rxx
Using Theorem A.4, we can express its inverse:

(=L R rxy) T B
(Y, X) T R B/

—1
Rov.x)

Further (while also using Egs. 10.3 and 10.5),
1-riyRyxrxy
— (Y)Y — (v x{(x) x ) s Ty

H*
T ox * 2
) ¥ =SSt =1-R?

_ (Y*)Ty* - (?

where R? is coefficient of determination from the linear model M: Y | Z ~ (X,@, o? In).

That is, the (Y —Y') diagonal element of matrix R(Yl,x),(y,x) equals to (1 — R?)~!, where R? is the
coefficient of determination from a model with Y as response and the model matrix composed of the
intercept column and the original regressors X, ..., X*71 ie. the model matrix

X=(1,, X' ..., XF).

Now, consider for given j = 1, ..., k — 1 a linear model where the response vector is equal to X7 (the jth
regressor from the original model) and the model matrix is

XD = (1, X', X7 X0 xR,

The role of the matrix R(_Yl X),(V.X) would now be played by matrix R}}X whose rows and columns were

reordered and its (1 — 1) element is equal to d&j » 1.e, to the jth diagonal element of the matrix R}}X. By
the same arguments as above, we arrive at

1
1—-R¥

J

Jd
% x =
where RJQ- is the coefficient of determination from a linear model with X7 as response and the model matrix
X9,
So we have,

var(: | 2) = j=1,..., k-1
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The jth diagonal element (j =1, ..., k — 1) of the matrix var(B ’ Z) can now be expressed as

) - (B wirin - (5) 5

*\2 . . * _ SS; _ 1-R?
Let us now replace an unknown (0*)? by its estimator MS? = =< = ~—

. Tor
var(ﬁj |Z) = var(Tjﬁ;

. We get

g Tvy\>1-R? 1
var(%]7) = (z?) n—k 1-R?
J

Definition 10.1 Variance inflation factor and tolerance.

For given j = 1,...,k — 1, the variance inflation factor’ and the tolerance® of the jth regressor of the linear
model Y | Z ~ (Xﬁ, aQIn), rank(Xy, xx) = k are values VIF; and Toler;, respectively, defined as

1 2
Notes.

* With R; = 0 (the jth regressor orthogonal to all remaining regressors, the j regressor multiply uncorrelated
with the remaining ones), VIF; = 1.

e With R; — 1 (the jth regressor collinear with the remaining regressors, the jth regressor almost
perfectly multiply correlated with the remaining ones), VIF; — oo.

Interpretation and use of VIF

o If we take into account the statement of Theorem 10.2, the VIF of the jth regressor (j = 1,...,k — 1)
can be interpreted as a factor by which the (estimated) variance of B\j is multiplied (inflated) compared to
an optimal situation when the jth regressor is orthogonal to (multiply uncorrelated with) the remaining
regressors included in the model. Hence the term variance inflation factor.

® Under assumption of normality, the confidence interval for 8; with a coverage of 1 — « has the lower and

the upper bounds given as
B; + tn_k(l _ %) Ve (3; | 2).

Using the statement of Theorem 10.2, the lower and the upper bounds of the confidence interval for j;

can also be written as
—~ o\ Ty [1—-R2
4ot (1—7)—\/ /VIE;.
fi & (173 7,V n—k J

That is, the (square root of) VIF also provides a factor by which the half-length (radius) of the confidence
interval is inflated compared to an optimal situation when the jth regressor is orthogonal to (multiply
uncorrelated with) the remaining regressors included in the model, namely,

VOlj 2
VIF; = , (10.6)
VOl()7 yi
where Vol; = length (volume) of the confidence interval for 5;;
Volp; = length (volume) of the confidence interval for 5; if it was R? =0.

® Regressors with a high VIF are possibly responsible for multicollinearity. Nevertheless, the VIF does not
reveal which regressors are mutually collinear.

2 varianéni inflacni faktor * tolerance
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Generalized variance inflation factor

Beginning of
A generalized variance inflation factor was derived by Fox and Monette (1992) to evaluate a degree of skipped part
collinearity between a specified group of regressors and the remaining regressors. Let

s JC {1,..., k—l}, j| =m;
* () be a subvector of 3 having the elements indexed by j € J.

Under normality, a confidence ellipsoid for 37 with a coverage 1 — « is
m 2 T -t 2
{ﬁm €ER™: (Bi7)— B) ('V'Se Vm) (Big) = Bigy) < mFmn-r(l= a>}>

V171 = (J — J) block of the matrix (XTX)_l. 10.7)

Let Voly:  volume of the confidence ellipsoid (10.7);

Voly, 7:  volume of the confidence ellipsoid (10.7) would all columns of X corespond-
ing to B be orthogonal to the remaining colums of X.

A definition of the generalized variance inflation factor gVIF is motivated by (10.6) as it is given as

VOlj 2
V0107j '

gVIE, = (

It is seen that with 7 = {j} for some j = 1,...,k — 1, the generalized VIF simplifies into a standard VIF,
ie.,
gVIF, = VIF;.

Notes.

¢ The generalized VIF is especially useful if 7 relates to the regression coefficients corresponding to the
reparameterizing (pseudo)contrasts of one categorical covariate. It can then be shown that gVIF ; does
not depend on a choice of the (pseudo)contrasts. gVIF ; then evaluates the magnitude of the linear
dependence of a categorical variable and the remaining regressors.

® When comparing gVIF ; for index sets 7,

J } of different cardinality m, quantities

10.8)

should be compared which all relate to volume units in 1D.

¢ Generalized VIF's (and standard VIF's if m = 1) together with (10.8) are calculated by the R function vif

from the package car. End of

skipped part
10.1.4 Basic treatment of multicollinearity

Especially in situations when inference on the regression coefficients is of interest, i.e., when the primary
purpose of the regression modelling is to evaluate which variables influence significantly the response
expectation and which not, multicollinearity is a serious problem. Basic treatment of multicollinearity
consists of preliminary exploration of mutual relationships between all covariates and then choosing only
suitable representatives of each group of mutually multiply correlated covariates. Very basic decision can
be based on pairwise correlation coefficients. In some (especially “cook-book”) literature, rules of thumb are
applied like “Covariates with a correlation (in absolute value) higher than 0.80 should not be included together in
one model.” Nevertheless, such rules should never be applied in an automatic manner (why just 0.80 and not
0.79, ...?) Decision on which covariates cause multicollinearity can additionally be based on (generalized)
variance inflation factors. Nevertheless, also those should be used comprehensively. In general, if a large set
of covariates is available to relate it to the response expectation, a deep (and often timely) analyzis of mutual
relationships and their understanding must preceed any regression modelling that is to lead to useful results.
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llustrations
IQ (n = 111)
iq ~ gender + zn7 + zn8
00 02 04 06 08 10 1.0 15 2.0 25 3.0
L 1 1 1 1 1 L 1 1 1 1 N
iq - 8
. [ ————— gender
2 j\ O . 3 7 O . 3 8
zn’? -

IQ (n = 111)
iq ~ gender + zn7 + zn8

|summary(m1 <- 1m(iq ~ gender + zn7 + zn8, data = IQ))

Residuals:
Min 1Q Median 3Q Max
-22.1677 -7.5243 -0.4338 7.1780 26.4095

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 138.222 3.119 44.314 < 2e-16 #x*
gender 4.563 2.221 2.055 0.04232 *
zn7 -16.767 5.5636 -3.029 0.00308 =*x*
zn8 -1.149 5.557 -0.207 0.83658

Signif. codes: 0 ‘*xx’> 0.001 ‘**> 0.01 ‘x’> 0.056 ¢.” 0.1 ¢ > 1

Residual standard error: 10.81 on 107 degrees of freedom
Multiple R-squared: 0.4943, Adjusted R-squared: 0.4801
F-statistic: 34.87 on 3 and 107 DF, p-value: 8.472e-16

library("car")
vif (ml)

gender zn7 zn8
1.16923 11.26866 11.40240
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Mustrations

IQ (n = 111)
iq ~ gender -+ zn7

|(sm27 <- summary (m27 <- 1m(iq ~ gender + zn7, data = IQ)))

Residuals:
Min 1Q Median 3Q Max
-21.9606 -7.4290 -0.1927 7.0047 26.5244

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 138.093 3.043 45.376 <2e-16 **x
gender 4.513 2.198 2.054 0.0424 =*
zn7 -17.852 1.765 -10.116 <2e-16 **x

Signif. codes: 0 ‘x*x’ 0.001 ‘*x> 0.01 ‘%’ 0.05 ‘.’ 0.1 ¢ > 1

Residual standard error: 10.77 on 108 degrees of freedom

Multiple R-squared: 0.4941,
F-statistic: 52.74 on 2 and 108 DF,

Adjusted R-squared: 0.4848
p-value: < 2.2e-16

vif (m27)

gender zn7
1.15531 1.15531

IQ (n = 111)
iq ~ gender + zn8

|(sm28 <- summary (m28 <- 1m(iq ~ gender + zn8, data = IQ)))

Multiple R-squared: 0.451,
F-statistic: 44.36 on 2 and 108 DF,

Residuals:

Min 1Q Median 3Q Max
-25.5378 -7.9585 -0.0763 7.1273 31.0778
Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 137.402 3.223 42.634 < 2e-16 *x*
gender 4.474 2.303 1.943 0.0547 .
zn8 -17.095 1.846 -9.263 2.21e-15 *xx

Signif. codes: 0 ‘*xx’> 0.001 ‘**> 0.01 ‘x’> 0.056 ¢.” 0.1 ¢ > 1

Residual standard error: 11.22 on 108 degrees of freedom
Adjusted R-squared: 0.4408

p-value: 8.673e-15

vif (m28)

gender zn8
1.169022 1.169022
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MHustrations
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10.2 Misspecified regression space

We are often in a situation when a large (potentially enormous) number p of candidate regressors is available.
The question is then which of them should be included in a linear model. As shown in Section 10.], inclusion
of all possible regressors in the model is not necessarily optimal and may even have seriously negative impact
on the statistical inference we would like to draw using the linear model. In this section, we explore some
(additional) properties of the least squares estimators and of the related prediction in two situations:

(i) Omitted important regressors.

(i) Irrelevant regressors included in a model.

10.2.1 Omitted and irrelevant regressors

We will assume that possibly two sets of regressors are available:

i) X; i=1,...,n where X; = tx(Z;) for some transformation tx : R? — R¥. They give rise to
the model matrix
X1
Xoxr=| @ | = (XO, X’H).
X,
It will still be assumed that X° = (1, ce 1)T (almost surely) leading to the model matrix

ank: = (1n7 Xl; R Xk71>7

with explicitely included intercept term.

(i) Vi, i=1,...,n, where V; = ty/(Z,) for some transformation ¢y, : R? — R!. They give rise to
the model matrix -
8
Vet =| | = (Vl, vl).
vT

n

We will assume that both matrices X and V are of a full column rank and their columns are linearly
independent, i.e., we assume

rank(Xnxi) =k, rank(Viox) =1,
for  Guxyr) = (X, V), rank(G) =k+1l<n.

The matrices X and G give rise to two nested linear models:
Model Mx Y |Z ~ (X8, 0°L,);
Model Mxy Y ’ 7 ~ (Xﬁ + V~, (72]:”).

Depending on which of the two models is a correct one and which model is used for inference, we face two
situations:

Omitted important regressors mean that the larger model Mxy is correct (with v # 0;) but we base
inference on model M x. In particular,

e (3 is estimated using model M x;

2

* o~ is estimated using model M x;

e prediction is based on the fitted model M x.
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Irrelevant regressors included in a model that the smaller model My is correct but we base inference on
model Mxy . In particular,

* (3 is estimated (together with «) using model M xy/;

2

* 0° is estimated using model Mxvy;

e prediction is based on the fitted model Mxy .

Note that if M x is correct then M xy is correct as well. Nevertheless, it includes redundant parameters
~ which are known to be equal to zeros.

Notation (Quantities derived under the two models).

Quantities derived while assuming model My will be indicated by subscript X, quantities derived while
assuming model M xy will be indicated by subscript X V. Namely,

(i) Quantities derived while assuming model M x:

e Least squares estimator of (3:
= -1 > > T
IBX = (XTX) XTY = (/BX,Uv SRR /BX,kfl) )
* Projection matrices into the regression space M (X) and into the residual space M (X)l
Hy =X(X'X)"'XT, My =1, — Hy;
e Titted values (LSE of a vector X3):
S = - S N\T
YX = ny = X,BX = (YX71, ey YX,n) 3

¢ Residuals R .
Ux=MxY =Y -Yx=(Uxa,...,Uxpn) ;

* Residual sum of squares and residual mean square:

2 SSe,X

SS.x = |Ux]| MS x = 20X

(i) Quantities derived while assuming model M xy:

* Least squares estimator of (,BT, ’yT)T:
T o T -1
(ﬁXVv ’Y)T(V) = (GTG) GTYa
-~ ~ =~ T ~ ~ ~ T
ﬁXV = (ﬁXV,07 cey 5XV,k71) , Yxv = (’YXV,h ce 7XV,Z) ;
* Projection matrices into the regression space M (G) and into the residual space M (G)J':
Hyv =G(G'G)"'G',  Myy =1, - Hxy;
e Fitted values (LSE of a vector X3 4+ V~):
S > N = T
Yxyv =HxvY =XBxy + Vyxy = Yxvi, .-, Yxvn)

¢ Residuals R N
Uxv =MxvY =Y - Yxyv = (Uxvyi, ..., Uxvn) ;
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* Residual sum of squares and residual mean square:

SSe xv

2 . —
’ n—k—1

SSexv = ||Uxv| MS, xv =

Consequence of Lemma 9.1: Relationship between the quantities derived while
assuming the two models.
Quantities derived while assuming models M x and M x v, are mutually in the following relationships:

Yxv-Yx = MxV(V MxV) VU,
= X(BXV _BX) + Vyxv,
xv = (VIMxV) VU,

Bxv —Bx = — (XTX) X VAyy,

2

)

SSe,x —SSexv = ||MxVAxy

Hxv = Hy + MxV (VT MxV) ™' VT My.

Proof. Direct use of Lemma 9.1 while taking into account the fact that now, all involved model matrices
are of full-rank.

Relationship Hxy = Hyx + MxV (VTM XV) “lyT™M x was shown inside the proof of Lemma 9.1. It easily
follows from a general expression of the hat matrix if we realize that

M(X, V) = M(X, MxV),

and that XTM)(V = 0pxy.
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Lemma 10.3 Variance of the LSE in the two models.

Irrespective of whether Mx or Mxy holds, the covariance matrices of the fitted values and the LSE of the
regression coefficients satisfy the following:

var(}/}xv |Z) — var(}/}x |Z)

Y
L

var(,@XV |Z) — var(,@X |Z) > 0.

Proof.

var(}A’XV ’Z) — var(?x IZ) >0

We have, var(l?X ‘ Z) = var(HXY ‘ Z) = Hy (0?1, Hx
=’ Hy (even if M x is not correct).
var(f’XV ‘ Z) = VaI’(HX\/Y | Z) = O'QHXV
=o? {Hx + MxV(V MxV)"'V My}
=var(Y x |Z) + o2 MxV(V Mx V)1V My.

positive semidefinite matrix

var(BXV ’Z) — var(BX ’Z) >0

Proof/calculations for this part were skipped and are not requested for the exam.
Proof/calculations below are shown only for those who are interested.

First, use a formula to calculate an inverse of a matrix divided into blocks (Theorem A.4):

var éXV
{(’YXV)

Further,

1 —
S (XX XY , ({xTx - xTv(vTv)TvTx} i
=0 =0
VX VTV % &

var(Bx | 2) = var((x7%) "XTY |2) = (x7%) KT (L)X (X TX)
=2 (XTX)_l (even if Mx is not correct).

Var(BXV |Z) — 0,2 {XTX _ XTV(VTV)_lvTX}il-

Property of positive definite matrices (‘A —B >0 < B~! — A~! > 0”) finalizes the proof.

Notes.

* Estimator of the response mean vector p = E(Y ’ Z) based on a (smaller) model My is always (does
not matter which model is correct) less or equally variable than the estimator based on the (richer) model
Mxvy.

® Estimators of the regression coefficients 3 based on a (smaller) model M x have always lower (or equal if
XTV = 04x.m,) standard errors than the estimator based on the (richer) model M x .
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10.2.2 Prediction quality of the fitted model

To evaluate a prediction quality of the fitfed model, we will assume that data (Yi7 Z : )T, Z; = (Zm, cee

Zm,)T € Z CRP,i=1,...,n, are a random sample from a distribution of a generic random vector
(Y, ZT)T, Z = (Zl, cee Zp)T. Let the conditional distribution Y| Z of Y given the covariates Z
satisfies

E(Y|Z)=m(Z), var(Y|Z)=0" 10.9)

for some (regression) function m and some o2 > 0.

Replicated response

Let 21, ..., z, be the values of the covariate vectors Z1, ..., Z,, in the original data that are available
T
to estimate the parameters of the model (10.9). Further, let (Y,H_,;, ZI _H) ,i=1,..., n, be independent
random vectors (new or future data) being distributed as a generic random vector (Y7 Z) and being
T
independent of the original data (Yi, Z;r ) , 4 =1,...,n. Suppose that our aim is to predict values of

Yo+i, @ =1,...,n, under the condition that the new covariate values are equal to the old ones. That is, we
want to predict, for i = 1,...,n, values of Y, 1, given Z,,; = z;.

Terminology (Replicated response).

A random vector T
Ynew = (Yn+1a R }/n-&-n) 5

where Y,,4; is supposed to come from the conditional distribution Y | Z = z;, i = 1,...,n, is called the
replicated response vector or replicated data.

Notes.
® The original (old) response vector Y and the replicated response vector Y .., are assumed to be inde-
pendent.

® Both Y and Y., are assumed to be generated by the same conditional distribution (given Z), where

E(Y‘lezh“wzn:zn): 124 :E<Ynew|zn+1:z1a---7Zn+n:zn)a

var(Y|Z1=21,...,Zy=2y,) = 0L, =var(Ynew|Zni1 =21, .., Zngn = 2n),
for some o2 > 0,

and
r= (m(z1)7 ceey m(zn))T = (Mh B ,u'n>T

Prediction of replicated response

Let

~ ~

Ynew = (Yn+la sy i}nJrn)T

be the prediction of a vector Y., based on the assumed regression model (10.9) estimated using the
original data Y with Z, = 21, ..., Z,, = z,,. That is, Y ,,¢, is some statistic of Y (and Z). Analogously
to Section 7.3, we shall evaluate a quality of the prediction by the mean squared error of prediction (MSEP).

Nevertheless, in contrast to Section 7.3, the following issues will be different:

(i) A value of a random vector rather than a value of a random variable (as in Section 7.3) is predicted
now. Now, the MSEP will be given as a sum of the MSEPs of the elements of the random vector
being predicted.
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(i) Since we are now interested in prediction of new response values given the covariate values being
equal to the covariate values in the original data, the MSEP now will be based on a conditional
distribution of the responses given Z (given Z; = Z,4; = z;, i = 1,...,n). In contrast, variability
of the covariates was taken into account in Section 7.3.

(iii) Variability of the prediction induced by estimation of the model parameters (estimation of the re-

gression function) using the original data Y~ will also be taken into account now. In contrast, model
parameters were assumed to be known when deriving the MSEP in Section 7.3.

Definition 10.2 Quantification of a prediction quality of the fitted regression model.

Prediction quality of the fitted regression model will be evaluated by the mean squared error of prediction
(MSEP)* defined as

MSEP(¥ 1) = 3 E{ (Voss = Yari)*| 2}, (10.10)

i=1
where the expectation is with respect to the (n+n)-dimensional conditional distribution of the vector (YT Y, .

given
T T
Zl Zn+1

T T
Zn Zn+n
Additionally, we define the averaged mean squared error of prediction (AMSEP)® as

AMSEP (Y ,.c,,) = % MSEP (Y pcw)-

Prediction of replicated response in a linear model

With a linear model, it is assumed that m(z) = '3 for some (known) transformation x = ty(z) and
a vector of (unknown) parameters (3. Hence, it is assumed that

T
K = (N1> ) ,U/n)
= E(Y | Zy=21,...,4p= zn) = E(Ynew | Zn+1 =21y -0y Z7L+7L = Zn)
satisfies -
=XB = ({8, ..., z,0)
for a model matrix X based on the (transformed) covariate values ¢; = tx(z;), i =1,...,n

If we restrict our attention to unbiased and linear predictions of Y ¢, ie., to predlctlons of the form
Ynew = a + AY for some vector a € R"™ and some n X n matrix A satisfying IE( new ‘Z) =
]E( new ‘ Z) = u, a variant of the Gauss-Markov theorem would show that (10.10) is minimized for

Yow=Y, Y=XX'X)XTY,

That is, for ?new being equal to the fitted values of the model estimated using the original data. Note also
that

~

Yoew =Y = L,
where  is the LSE ofavectoru:E(Y’Zl =21,...,4, = zn) :E(Ynew | L1 =21, oy Lnin =

2).

4 stredni ctvercoud chyba predikce ° primérnd stiedni ctvercovd chyba predikce
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Lemma 10.4 Mean squared error of the BLUP in a linear model.
In a linear model, the mean squared error of the best linear unbiased prediction can be expressed as

MSEP(Y new) = no? + > MSE(Y;),

i=1

where R R )
MSE (V;) = E{(y;- — i) ’Z}, i=1,....n,
is the mean squared error® of lA/, if this is viewed as estimator of j;, 1 =1,...,n.

Proof.  To simplify notation, condition will be omitted from notation of all expectations and variances.
Nevertheless, all are still understood as conditional expectations and variances given the covariate values Z.

~

We have for i = 1,...,n (remember, Y, ; = ﬁ-, 1=1,...,n),
E(?n-l-i - Yn+i)2 = E(fﬁ - Yn+i)2
= E{}Afz - Mi — (Yn+1' - ,Ui)}2
=E(Yi— i) +EVnpi — )" =2 E(Y; — i) Yopi — 113)
E(Y; — i) E(Yyyi — 1) = E(Y; — 15) - 0

= E(ﬁ - Mz‘)2 + E(Ynqi — Ni)2
= MSE(Y;) + o2
So that

MSEP(Y new) = Y E(Viri — Yusi)* =no? + Y MSE(Y:).

i=1 =1

Notes.
e We can also write

Zj:l MSE(V;) = E{||¥ - ul|*| 2}

Hence,
MSEP (Vo) = no? + E{|¥ - u|*|Z}.

e If the assumed linear model is a correct model for data at hand, Gauss-Markov theorem states that Y is
the BLUE of the vector g in which case

MSE() =B{ (Vi - w)* |2} =var(Vi|2),  i=1,...n.

o Nevertheless, if the assumed linear model is not a correct model for data at hand, estimator ¥ might be
a biased estimator of the vector u, in which case

MSE(V;) = E{ (V; — u:)*| 2}

)
——
. [\V)
-
|
\t—‘
s

= var(ffi |Z) + {E(}A@ — |Z)}2 = val’(?i |Z) + {bias( f

8 stredni ctvercovd chyba
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® Expression of the mean squared error of prediction is
v 2 - % 2 -y 2
MSEP(¥ eu) =no® + Y MSE(V:) =no? + E{|¥ - ul| Z}.
i=1
By specification of a model for the conditional response expectation, i.e., by specification of a model for

u, we can influence only the second factor E{ HIA’ — p,HQ ‘Z} The first factor (n o?) reflects the true

(conditional) variability of the response which does not depend on specification of the model for the
expectation. Hence, if evaluating a prediction quality of a linear model with respect to ability to predict
replicated data, the only term that matters is

S MSE(R) = [ - |2}

that relates to the error of the fitted values being considered as an estimator of the vector f.

10.2.3 Omitted regressors
In this section, we will assume that the correct model is model
Mxv: Y |Z~ (XB+Vy,o%L,),

with v # 0;. Hence all estimators derived under model Mxy are derived under the correct model and
hence have usual properties of the LSE, namely,

E(Bxv|Z) = B,
E(}/}XV |Z) = X8+ Vv =pu,
Z MSE(?XV’L) = Z var YXVz |Z = tr(var(YXV |Z)) = ’EF((‘)’2 Hxv) (10.11)
i=1 =1
= o2 (k+1),
E(MS.xv|Z) = o°

Nevertheless, all estimators derived under model Mx: Y f 7 ~ (Xﬁ, 0'2In) are calculated while assuming
a misspecified model with omitted important regressors and their properties do not coincide with properties
of the LSE calculated under the correct model.

Lemma 10.5 Properties of the LSE in a model with omitted regressors.
Let Mxy: Y | Z ~ (Xﬁ + V~, JQIn) hold, i.e, p := IE(Y | Z) satisfies

n=XB+Vy
for some B € R*, v € R%.

Then the least squares estimators derived while assuming model Mx : 'Y ’ Z ~ (X,@, azIn) attain the
following properties:

E(Bx|Z) = B+ (X'X)'XTV~,

E(Yx|Z) = p — MxVn,
STMSE(Yxi) = ko® + |[MxVA|7
e
E(MS, x|Z) = o* + XL

n—k
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Proof. As several times before, condition will be omitted from notation of all expectations and variances
that appear in the proof. Nevertheless, all are still understood as conditional expectations and variances
given the covariate values Z.

E(Bx |2)
By Lemma 9.1: BXV - Z;X = - (XTX)_leV:?XV.

Hence, E(,@X) :]E{,@XV + (XTX)—leV'AyXV}
=8+ (X'X)'XTVy,

bias(By) = (X'X)'XTVr.

E(Yx|Z)

By Lemma 9.: Y xv — Y x = X(Byy — By) + VAxy-

Hence, E(Yx) =E(Yxv —XBxy +XBx — Viyy)
— p—XB+XB+X(XTX) 'XTVy — Vy
=+ {X(XTX) X7 - L vy

Z?:l MSE(?XJ)

Let us first calculate MSE(IA’X) = E{(IA’X - ,u) (f’X - M)T}:
MSE(Y x) =var(Yx) + bias(¥ x)bias’ (¥ x)
=o0?Hy + MxVyy 'V My.

Hence, iMSE(?Xﬂ») = tr(MSE(?X))
= =tr(o®Hx + MxVyy V' My)
=tr(o?Hy) + tr(MxVyy 'V My)
=02k + tr(y' VI MxMxV~)
=0k + |Mx V|

E(MS., x \ Z)

Proof/calculations for this part were skipped and are not requested for the exam.
Proof/calculations below are shown only for those who are interested.

Let us first calculate ]E(SSE,X) = E(SS&X ‘ Z). To do that, write the linear model M xy using the error
terms as

Y =XB+Vy+e, E(e|Z)=0,, var(e|Z)=07"lL,.
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E(SS..x) = E|MxY|* = E|Mx (X8 + Vv +¢)|°
= E|[MxVy + Mxe|
— E|MxV~|* + E||Mxe|® + 2 B(yTV MyMxe)

9 . 'YTVTMX Ee=0
= [Mx V[ + E(e"Mxe)
————

E(tr(eTst)):tr(]E(stsT)) :tr(<72 MX) =02 (n—k)

= HM)(V’)'HQ + o2 (n—k).

Hence, IE(MS&X) = ]E(SSE’X>

n—=k
2
o, Ml
n—k
2
bias(MS. x) = W

Least squares estimators

Lemma 10.5 shows that bias(,@x) = ]E(BX -3 | Z) = (XTX)AXTV’)/, nevertheless, the estimator BX is
not necessarily biased. Let us consider two situations.

(i) XTV = 0jy;, which means that each column of X is orthogonal with each column in V. In other
words, regressors included in the matrix X are uncorrelated with regressors included in the matrix V.
Then

* Bx = By and bias(By) = 0.
e Hence (3 can be estimated using the smaller model Mx without any impact on a quality
of the estimator.
(i) X'V # Opx

. 3 y is a biased estimator of 3.

Further, for the fitted values Y y if those are considered as an estimator of the response vector expectation
pn = X3 + V+, we have R

bias(Y x) = —MxV.
In this case, all elements of the bias vector would be equal to zero if MxV = 0,,«;. Nevertheless, this
would mean that M (V) c M(X) which is in contradition with our assumption rank(X, V) = k +[. That
is, if the omitted covariates (included in the matrix V) are linearly independent (are not perfectly multiply

correlated) with the covariates included in the model matrix X, the fitted values Y x always provide a biased
estimator of the response expectation.

Prediction

Let us compare predictions ?nem x = Y x based on a (misspecified) model M x and predictions i}new, Xy =
Y xv based on a (correct) model M xy,. Properties of the fitted values in a correct model (Expressions (10.11))
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together with results of Lemma 10.4 and Lemma 10.5 give
MSEP(?,,LGU,7XV) = no? + ko? + 102,

MSEP(Ynew,x) = mno? + ko? + [MxV~|.

That is, the average mean squared errors of prediction are

AMSEP (Y pew xv) = o + oy Loz
n n
AMSEP (Y e x) = 02 + %cf? + %|\MXV7||2.

We can now conclude the following.

® The term HM XV’yHQ might be huge compared to [ 02 in which case the prediction using the model with
omitted important covariates is (much) worse than the prediction using the (correct) model.

¢ Additionally, % 02 — 0 with n — oo (while increasing the number of predictions).

® On the other hand, %HM XV’yH2 does not necessarily tend to zero with n — oo.

Estimator of the residual variance

Lemma 10.5 shows that the mean residual square MS,_x in a misspecified model M x is a biased estimator
of the residual variance o with the bias amounting to

_ v

bias(MS, x) = E(MS. x —o”|Z) —

Also in this case, bias does not necessarily tend to zero with n — oc.

10.2.4 Irrelevant regressors

In this section, we will assume that the correct model is model
My: Y|Z~ (X8, 0%L,).

This means, that also model
Mxv: Y |Z~ (XB+ V7, o’L,)

holds, nevertheless, v = 0; and hence the regressors from the matrix V are irrelevant.

Since both models Mx and Mxy hold, estimators derived under both models have usual properties of the
LSE, namely,

E(Bx|Z) =E(Bxv|2) = B,

E(Yx|Z)=E(Yxv|2) = XB=p,

Z MSE(Vxi) = D var(Vxi|2) = tr(var(Yx |2)) = tr(o® Hx)

=1 =1
= o2k,
Z MSE(}/}XV,Z‘) = Z var(f/XV}i |Z) = tr(var(l//\'XV |Z)) = tl’(O‘2 Hxv)
=1 i=1
= o?(k+1),

E(MS. x |Z) = E(MS.xv|Z) = o2
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Least squares estimators

Both estimators B + and B x are unbiased estimators of a vector 3. Nevertheless, as stated in Lemma 10.3,
their quality expressed by the mean squared error which in this case coincide with the covariance matrix
(may) differ since

MSE(Bxy) — MSE(Bx) =E{ (Bxv — 8) (Bxv - B) ' |2} —E{(Bx - 8)(Bx - 9) ' |2}
= var(Bxy | Z) — var(Bx | Z) > 0.
In particular, we derived during the proof of Lemma 10.3 that
var(Byy | 2) — var(By | Z) = o” [{XTX - XTV(VTV)’lvTX}_l = (XTX)l].

Let us again consider two situations.

(i) XTV = 0j,y;, which means that each column of X is orthogonal with each column in V. In other
words, regressors included in the matrix X are uncorrelated with regressors included in the matrix V.
Then

L4 ﬁX = IBXV and Var(ﬁX } Z) = Var(,BXV ‘ Z)
e Hence B can be estimated using the model Mxy with irrelevant covariates included
without any impact on a quality of the estimator.

() X'V # 055
o The estimator 3 v is worse than the estimator B y in terms of its variability.

e If we take into account a fact that by including more regressors in the model, we are
increasing a danger of multicollinearity, difference between variability of 3y, and that
of 35 may become huge.

Prediction

Let us now compare predictions Y ¢, x = Y x based on a correct model M x and predictions Y ¢, xv =

Y xv based on also a correct model M xy,, where however, irrelevant covariates were included. Properties
of the fitted values in a correct model together with results of Lemma 10.4 give

MSEP(?,LE,U,7XV) = no? + (k+1)o?,
I\/ISEP(?MWX) = no? + ko2

That is, the average mean squared errors of prediction are

AMSEP (Y e xv) = 02 + %H,
AMSEP(Y e x) = o + %:72.

The following can now be concluded.
e If n — oo, both AI\/ISEP(?MW’XV) and /—\MSEP(IA/new,X) tend to 2. Hence on average, if sufficiently
large number of predictions is needed, both models provide predictions of practically the same quality.

® On the other hand, by using the richer model My (which for a finite n provides worse predictions than
the smaller model M), we are eliminating a possible problem of omitted important covariates that leads
to biased predictions with possibly even worse MSEP and AMSEP than that of model Mxy/.
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10.2.5 Summary

Interest in estimation of the regression coefficients and inference on them

If interest lies in estimation of and inference on the regression coefficients 3 related to the regressors
included in the model matrix X, the following was derived in Sections 10.2.3 and 10.2.4.

(i) If we omit important regressors which are (multiply) correlated with the regressors of main interest
included in the matrix X, the LSE of the regression coefficients is biased.

(ii) If we include irrelevant regressors which are (multiply) correlated with the regressors of main interest
in the matrix X, we are facing a danger of multicollinearity and related inflation of the standard errors
of the LSE of the regression coefficients.

(iii) Regressors which are (multiply) uncorrelated with regressors of main interest influence neither bias
nor variability of 3 irrespective of whether they are omitted or irrelevantly included.

Consequently, if a primary task of the analysis is to evaluate whether and how much the primary regressors
included in the model matrix X influence the response expectation, detailed exploration and understanding
of mutual relationships among all potential regressors and also between the regressors and the response is
needed. In particular, regressors which are (multiply) correlated with the regressors from the model matrix
X and at the same time do not have any influence on the response expectation should not be included in
the model. On the other hand, regressors which are (multiply) uncorrelated with the regressors of primary
interest can, without any harm, be included in the model. In general, it is necessary to find a trade-off
between too poor and too rich model.

Interest in prediction

If prediction is the primary purpose of the regression analysis, results derived in Sections 10.2.3 and 10.2.4
dictate to follow a strategy to include all available covariates in the model. The reasons are the following.

(i) If we omit important regressors, the predictions get biased and the averaged mean squared error of
prediction is possibly not tending to the optimal value of o2 with n — oc.

(i) If we include irrelevant regressors in the model, this has, especially with n — oo, a negligible effect
on a quality of the prediction. The averaged mean squared error of prediction is still tending to the
optimal value of o2.
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Unusual Observations

In this chapter, we develop tools for identification of observations which are in a certain sense unusual with
respect to the assumed linear model. First, in Section 11.2, we shall deal with so called outliers which are
observations with unusual response values. Second, in Section 11.3, we shall talk about so called leverage
points, which are observations with unusual covariate values. Finally, in Section 11.4, we discuss tools for
identification of those observations which, in a certain sense, might have harmful influence on statistical

inference based on the considered model.

In the whole chapter, we assume a full-rank linear model

M: Y |X~ (X8, 0°1,), rank(X,xi)=Fk,

where standard notation is considered. That is,

The whole chapter will deal with identification of “unusual” observations in a particular dataset.
probabilistic statements will hence be conditioned by the realized covariate values X1 = 1, ...
The same symbol X will be used for (in general random) model matrix and its realized counterpart, i.e.,

B= (XTX)AXTY = (30, o Bk,l)—r: LSE of the vector (3;
H=X(X"X)"'XT = (hi,)
M =1, - H= (mj),

i,t=1,...,n

) : the hat matrix;
i,t=1,....,n

: the residual projection matrix;
Y =HY = X@ = (1?1, ce EA/,,L)T: the vector of fitted values;
U=MY=Y-Y = (U17 ey Un)T: the residuals;

SS, = ||U||2: the residual sum of squares;

MS, = ﬁ SS. is the residual mean square;

Ut = (Ut ..., U,’itd)T: vector of standardized residuals,

U,ftd — U; Z — 1

/MS. mi ’ ’

264
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11.1 Leave-one-out and outlier model

Notation. For chosen t € {1,...,n}, we will use the following notation.
® Y (_4): vector Y without the ¢th element;
e x,;: the tth row (understood as a column vector) of the matrix X;

® X(_4: matrix X without the tth row;

® j,: vector (O, ...,0,1,0,..., 0)T of length n with 1 on the tth place.

Definition 11.1 Leave-one-out model.
The tth leave-one-out model' is a linear model

M Yien [ Xy ~ (X0B, 0Tn).

Definition 11.2 Outlier model.
The tth outlier model’ is a linear model

My Y | X~ (XB + j, o’Lh).

Lemma 11.1 Three equivalent statements.
While assuming rank(X,,xx) = k, the following three statements are equivalent:
(i) rank(X) = rank(X(_y)) =k, ie, x; € M(X(T_t));
i) my > 0;
(i) rank(X, j,) =k + 1.

Proof. Proof/calculations were skipped and are not requested for the exam.

® We will proof the lemma by showing non(i) < non(ii) < non(iii).
® non(i) means that x; ¢ M(Xz—ft)) - M(XT)

M(X[y) CcM(XT) and M(X[,)) # M(XT).
& MET) T M(XL,y)T and M(XT)" # M(X[_,) "
o Thatis, ¢ 3a€M(X[_,)" suchthatad M(XT)".
< Ja € R* such that aTX(T_t) =0' & a'XT #+ o'.
& Ja € R* such that Xipa=0 & Xa # 0.

It must be .
Xa = (0,...,0,¢,0,...,0) =cj,

for some ¢ # 0.

' model vynechaného ttého pozorovii * model ttého odlehlého pozorovii
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& Ja € R such that Xa = c¢j,, ¢ # 0.
& j, e M(X) < non(ii)
& My, =0.

~—
tth column of M

< my = 0.
=4 ||th2 =Mt = 0.
< non(ii).

m,; denotes the tth row of M (and also its ¢ column since M is symmetric).

Note. Under the assumption of either (i), (ii) or (iii) of Lemma 111, both the leave-one-out and the outlier
model are full rank models.

Notation (Quantities related to the leave-one-out and outlier models).

* Quantities related to model M(_;) will be recognized by subscript (—1), i.e.,
B—4), Y (=), SSe,(~1), MSe (—1), - - -

® Quantities related to model M9 will be recognized by subscript ¢ and superscript out, i.e.,

~out -~ out

,Bt , Yt , Ssout Msout

et et

* Solutions to normal equations in model M7“* (the LSE of (( ;’“t)—r, 'yf“t)—r) will be denoted as

~out

.
(B A"

Lemma 11.2 Equivalence of the outlier model and the leave-one-out model.

1. The residual sums of squares in models M_yy and M?"* are the same, ie.,
SSe (1) = SS‘;?.
~ ~out |
2. Vector B(_, solves the normal equations of model M(_y, if and only if a vector (B; ) , :y\f“t)T
solves the normal equations of model M¢“t, where
~out -~

t = ﬁ(_t)7
Sout Y, — T2
Vi t =T Bp-
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Proof.

Solution to normal equations minimizes the corresponding sum of squares.

The sum of squares to be minimized w.rt. B and 7! in the outlier model M?*! is

SSfut (,6, 'yf“t) = HY - XB8 - jﬂto"tH2 separate the tth element of the sum
1Yo = XcoB]” + (Va8 —5)°
= SSCy(B) + (Vi—a/B -,

where SS(_¢)(3) is the sum of squares to be minimized w.r.t. 3 in the leave-one-out model M(_y).

The term (Y; — /B — fy,?“t)Q can for any 3 € R¥ be equal to zero if we, for given 3 € R¥, take
W= Y-/ 6.
That is
) min SS(8,77") = min SS(_y(B);

B,y

S SSe,(-1)
(ii) A vector B(_t) € R* minimizes SS(_;)(3) if and only if a vector
AT T3 T k+1
By, Y-z By) €RY
R S ——
~out ~out

+ Tt

minimizes SS?M (B, ).

Notation (Leave-one-out least squares estimators of the response expectations).

Ifmy, >0forallt =1,...,n, we will use the following notation:
?—[t] = w:B(ft), t:1,...,n,
which is the LSE of the parameter 11, = E(Y; | X, = @;) = @/ 3 based on the leave-one-out model M(_);
S S S AT
Yiepi= (Voo Vi)

which is an estimator of the parameter p = (,ul, cee ,un)T = E(Y ‘ X), where each element is estimated
using the linear model based on data with the corresponding observation being left out.

Calculation of quantities of the outlier and the leave-one-out models

Model M2“* is a model with added regressor for model M. Suppose that m;; > 0 for given t = 1, ..., n.
By applying Lemma 9.1, we can express the LSE of the parameter v7“! as
Ut

= (j;ert)_j;rU = (meg) Uy = (mea)”'Up = meg
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Analogously, other quantities of the outlier model can be expressed using the quantities of model M. Namely,

U

~out + T —1
g - — (X'X Ty,
: e XTX)
~ out ~ U
t Y + 7tmt7
Mgt
U2
S5, —SSeut = i —Ms, (U5d)?)
’ Myt

where m,; denotes the ¢th column (and row as well) of the residual projection matrix M.

Lemma 11.3 Quantities of the outlier and leave-one-out model expressed using
quantities of the original model.

Suppose that for given t € {1, ..., n}, mys > 0. The following quantities of the outlier model M¢“* and the
leave-one-out model M (_) are expressable using the quantities of the original model M as follows.

o - - U
,Ytt = Y)’t*m;rﬂ(_t):}/tfyr[t]:mittt,
S ~out ~ Ut T 1
= = B- +(xX'x
Bt B B o (X'X) "y,
U2 (LY
SSe(y = SSU = S5, — —i =S5 —MS, (U,
' ’ Mt
MSeﬂ(,t) _ MSﬁfff . on-— Lk — (Uigtd)2
MSE B MSe n—k—1

Proof. Equality between the quantities of the outlier and the leave-one-out model follows from Lemma 11.2.
Remaining expressions follow from previously conducted calculations.

To see the last equality in (11.1), remember that the residual degrees of freedom of both the outlier and the
leave-one-out models are equal to n — k — 1. That is, whereas in model M,

SS.
MS, = -
e n — k)
in the outlier and the leave-one-out model,
SSe. (-1 SSZ?J out
MSe, () = n—k—1 n—k—1 MSei

Notes.
® Expressions in Lemma 11.3 quantify the influence of the ¢th observation on

(i) the LSE of a vector 3 of the regression coefficients;
(i) the estimate of the residual variance.
e Lemma 11.3 also shows that it is not necessary to fit n leave-one-out (or outlier models) to calculate their

LSE-related quantities. All important quantities can be calculated directly from the LSE-related quantities
of the original model M.
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Definition 11.3 Deleted residual.

If my ¢ > 0, then the quantity

~ou % U
A=Y =Yy = -
me ¢

is called the tth deleted residual of the model M.
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11.2 Outliers

By outliers® of the model M, we shall understand observations for which the response expectation does not
follow the assumed model, i.e., the ¢th observation (¢t € {1, ..., n}) is an outlier if

E(Y,| X, =) # /B,
in which case we can write
E(Y; | X: =) =2/ B+
As such, an outlier can be characterized as an observation with unusual response () value.

If my; > 0, there exist the least squares estimator of the parameter 77" in the tth outlier model M¢“*
(for which the model M is a submodel) and decision on whether the tth observation is an outlier can be
transferred into a problem of testing

Hy: 77" =0

in the tth outlier model M$“?. Note that the above null hypothesis also expresses the fact that the submodel
M of the model M¢%! holds.

If normality is assumed, this null hypothesis can be tested using a classical t-test on a value of the regression
parameter. The corresponding t-statistic has a standard form

~Sout

Vi

T, = ——1t
@ (5i)

and under the null hypothesis follows the Student t distribution with n — k — 1 degrees of freedom (residual
degrees of freedom of the outlier model).

From Section 11.1, we have

The equality ® holds irrespective of whether 77** = 0 (and model M holds) or 7?“* # 0 (and model MZ**
holds).
~out

The estimator 77" is the LSE of a parameter of the outlier model and hence
MSZ!

(G |3) = e

and finally,

~out

e
/Msgs
me ¢

Two useful expressions of the statistic 7; are obtained by remembering from Section 111 (a) MSZ? =

Tt =

MS. (¢ and (b) two expressions of 77" = Y; — f/[t] = vt = mLtft This leads to

~

Y — Yy Uy

P = T 4 /m“ =
' VMSe (— H VMS, (Zpy M

3 odlehld pozorowini
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Definition 11.4 Studentized residual.
If my ¢ > 0, then the quantity

ey = —
Mse,(—t) t’t V4 Mse,(—t) Myt

is called the tth studentized residual® of the model M.

Y-y U,

Notes.
e Using the last equality in (1L1), we can derive one more expression of the studentized residual using the

standardized residual
U;

\ MS. mt,t.

std __
U =

Namely,
n—k—1 std
std) 2 t
n—k—(Us)
This directly shows that it is not necessary to fit the leave-one-out or the outlier model to calculate the
studentized residual of the initial model M.

Lemma 11.4 On studentized residuals.
LetY | X ~ N, (X,B, 02In), where rank(ank) = k < n. Let further n > k + 1. Let for given t €
{1,...,n} my > 0. Then

1. The tth studentized residual T; follows the Student t-distribution with n — k — 1 degrees of freedom.
2. If additionally n > k + 2 then E(T;) = 0.

n—k—1

3. If additionally n > k + 3 then var(Tt) = Rt
n—k—

Proof.  Point (i) follows from preceeding derivations, points (i) and (iii) follow from properties of the
Student t distribution.
4

Test for outliers
The studentized residual 7; of the model M is the test statistic (with t,,_;_1 distribution under the null
hypothesis) of the test
Hol ’YfUt = 0,
Hyi: A" #0
in the ¢th outlier model M§“%: Y | X ~ N, (X8 + j 77", 0%1,,).

The above testing problem can also be interpreted as a test of

Y studentizované reziduum
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Hg:  tth observations is not outlier of model M,

H;: tth observations is outlier of model M,

where “outlier” means outlier with respect to model M: Y’ | X~ N, (X,@', ozIn):

e The expected value of the tth observation is different from that given by model M;

e The observed value of Y; is unusual under model M.
When performing the test for outliers for all observations in the dataset, we are in fact facing a multiple
testing problem and hence adjustment of the P-values resulted from comparison of the values of the
studentized residuals with the quantiles of the Student t,,_j_; distribution are needed to keep the rate of

falsely identified outliers under the requested level of « (see Chapter 14 for more details concerning the
multiple testing problems). For example, Bonferroni adjustment can be used.



11.2. OUTLIERS 273

Mustrations
Cars2004 (subset, n = 412), consumption ~ log(weight)

Observations with five highest absolute values of studentized residuals

305

o _|

N

348
g
g =7
S
=
S
=
£
3
2
3 97
E(Y|X=x) = -50.33 + 9.5048x
Y =107
97
o
I I I I I I I
6.8 7.0 7.2 7.4 7.6 7.8 8.0

Log(weight) [log(kg)]

Cars2004 (subset, n = 412), consumption ~ log(weight)
Standardized, studentized and deleted residuals

Standardized residuals U;*?, ... U3

ml <- Im(consumption ~ lweight, data = CarsUsed)
rstandard (m1)

1 2 3 4 5 6
0.600003668 0.683558025 -0.237013632 -0.437157041 -0.237013632 -0.491068598

Studentized residuals 71,..., T,

rstudent (m1)

1 2 3 4 5 6
0.599534780 0.683113271 -0.236740634 -0.436725391 -0.236740634 -0.490613671

Deleted residuals 79, ... Fout

residuals(ml) / (1 - hatvalues(mil))

1 2 3 4 5 6
0.646454917 0.736641641 -0.254845546 -0.469869858 -0.254845546 -0.528142442
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lllustrations
Cars2004 (subset, n = 412), consumption ~ log(weight)

Identified outliers

305
L 2
o _|
N
348
© 8

g <o

n _|
8 —
=
=
S
5
£
=}
2
3 97

o
3 E(Y|X=x) = —59.33 + 9.5048x
Y=107
Ln —]
o
I I I I I I I
6.8 7.0 7.2 7.4 7.6 7.8 8.0

Log(weight) [log(kg)]

Cars2004 (subset, n = 412), consumption ~ log(weight)
Observations with five highest absolute values of studentized residuals

vname fhybrid consumption lweight weight

305 Hummer.H2 No 21.55 7.973500 2903
94 Toyota.Prius.4dr. (gas/electric) Yes 4.30 7.178545 1311
348 Land.Rover.Discovery.SE No 17.15 7.638198 2076
97 Volkswagen.Jetta.GLS.TDI.4dr No 5.65 7.216709 1362
69 Honda.Civic.Hybrid Yes 4.85 7.122060 1239

.4dr.manual. (gas/electric)

vname gamma Tt PvalUnadj PvalBonf
305 Hummer.H2 5.223712  4.953073 0.000001 0.000441
94 Toyota.Prius.4dr.(gas/electric) -4.618542 -4.396641 0.000014 0.005782
348 Land.Rover.Discovery.SE 3.910233  3.693509 0.000251 0.103499
97 Volkswagen.Jetta.GLS.TDI.4dr -3.623890 -3.420244 0.000689 0.283692
69 Honda.Civic.Hybrid -3.531883 -3.327145 0.000957 0.394186

.4dr.manual. (gas/electric)
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Notes.

Two or more outliers next to each other can hide each other.

A notion of outlier is always relative to considered model (also in other areas of statistics). Observation
which is outlier with respect to one model is not necessarily an outlier with respect to some other model.

Especially in large datasets, few outliers are not a problem provided they are not at the same time also
influential for statistical inference (see next section).

In a context of a normal linear model, presence of outliers may indicate that the error distribution is some
distribution with heavier tails than the normal distribution.

Outlier can also suggest that a particular observation is a data-error.
If some observation is indicated to be an outlier, it should always be explored:

e [s it a data-error? If yes, try to correct it, if this is impossible, no problem (under certain assumptions)
to exclude it from the data.

¢ [s the assumed model correct and it is possible to find a physical/practical explanation for occurrence
of such unusual observation?

e If an explanation is found, are we interested in capturing such artefacts by our model or not?
¢ Do the outlier(s) show a serious deviation from the model that cannot be ignored (for the purposes of
a particular modelling)?
.
NEVER, NEVER, NEVER exclude “outliers” from the analysis in an automatic manner.
Often, identification of outliers with respect to some model is of primary interest:

¢ Example: model for amount of credit card transactions over a certain period of time depending on
some factors (age, gender, income, ...).

¢ Model found to be correct for a “standard” population (of clients).
¢ Qutlier with respect to such model = potentially a fraudulent use of the credit card.

If the closer analysis of “outliers” suggest that the assumed model is not satisfactory capturing the reality
we want to capture (it is not useful), some other model (maybe not linear, maybe not normal) must be

looked for.
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11.3 Leverage points

By leverage points® of the model M, we shall understand observations with, in a certain sense, unusual
regressor (x) values. As will be shown, the fact whether the regressor values of a certain observation are

unusual is closely related to the diagonal elements hq 1, ..., hy , of the hat matrix H = X(XTX)_le of
the model.

Terminology (Leverage).
A diagonal element A, (t =1,...,n) of the hat matrix H is called the leverage of the tth observation.

Interpretation of the leverage

To show that the leverage expresses how unusual the regressor values of the tth observations are, let us
consider a linear model with intercept, i.e., the realized model matrix is

X = (ln, x', ..., wkil),

where
T1,1 T1,k—1

Tn,1 Tn,k—1

n n
-1 _ 1 k-1 _ 1
r = — X1, 4 = — Tik—1
n n -
i=1 =1

be the means of the non-intercept columns of the model matrix. That is, a vector

Let

z=(7',..., fk_l)T
provides the mean values of the non-intercept regressors included in the model matrix X and as such is
a gravity centre of the rows of the model matrix X (with excluded intercept).
Further, let X be the non-intercept part of the model matrix X with all columns being centered, i.e.,
T11 — oL T k-1 — gh-1
X = (acl — flln, AU k1 — Ek_lln) =

=1 —k—1
Tn,1 — T ceo ITpk—-1— T

Clearly, M (X) = M(1,,, X). Hence the hat matrix H = X(XTX)_le can also be calculated using the

matrix (1, X), where we can use additional property 1) X = 0, ;:

= (19 {10 0 1.5} @9
101, 17X\
—— \T,_/ o
~ n 0
= (1,, X) o <~:>
X1, X'X X
——
Ok _1
1 . T
O 1
—. B (0 ()
0,1 (XTX) X7

3 vzddlend pozorovini
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- %1711; + X(XTX)TIXT.

That is, the tth leverage equals

ht’t - + (xt’l _fl’ I xt’k71 _Ek_l) (XTX)il(‘rt,l _flv ey xt,k‘fl - fk_l)—l—.

S|

The second term is then a square of the generalized distance between the non-intercept regressors (mt,l, cee

xt,k,_l) of the tth observation and the vector of mean regressors . Hence the observations with a high
value of the leverage h; , are observations with the regressor values being far from the mean regressor values
and in this sense have unusual regressor (x) values.

High value of a leverage
To evaluate which values of the leverage are high enough to call a particular observation as a leverage point,

let us remind an expression of the hat matrix using the orthonormal basis Q of the regression space M (X),
which is a vector space of dimension 7 = rankX. We know that H = QQT and hence

Z hii =tr(H) =tr(QQ") = tr(QTQ) = tr(Iy) = k.

That is,
E =

S|

- k
D hii=-—. (11.2)
i=1 n

Several rules of thumbs can be found in the literature and software implementations concerning a lower bound
for the leverage to call a particular observation as a leverage point. Owing to (11.2), a reasonable bound is
a value higher than % For example, the R function influence.measures marks the ¢th observation as
a leverage point if

hey > —.
n

Influence of leverage points

The fact that the leverage points may constitute a problem for the least squares based statistical inference
in a linear model comes from remembering an expression for the variance (conditional given the covariate
values) of the residuals of a linear model:

var(Ut|X)zazmt’t:J2(1—ht7t)7 t:1,...,n.
Remind that U; = Y; — lA/t and hence also
var(Y}—}/}AX):a%l—ht,t), t=1,...,n.

That is, var(Ut ‘ X) = var(Y} — fft ‘ X) is low for observations with a high leverage. In other words, the
fitted values of high leverage observations are forced to be closer to the observed response values than those
of low leverage observations. In this way, the high leverage observations have a higher impact on the fitted
regression function than the low leverage observations.
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llustrations
Cars2004 (subset, n = 412), consumption ~ log(weight)
Leverages and influence measures

Leverages hi.1,....hnn

ml <- Im(consumption ~ lweight, data = CarsUsed)
hatvalues (m1)

1 2 3 4 5 6
0.011453373 0.011892770 0.007436292 0.006688146 0.007436292 0.007916965

Influence measures

influence.measures (ml)

Influence measures of
Im(formula = consumption ~ lweight, data = CarsUsed)

dfb.1_ dfb.lwgh dffit cov.r cook.d hat inf
1 5.81e-02 -5.73e-02 0.064533 1.015 2.09e-03 0.01145 *
2 6.78e-02 -6.69e-02 0.074943 1.015 2.81e-03 0.01189 *
3 -1.71e-02 1.68e-02 -0.020491 1.012 2.10e-04 0.00744
4 -2.92e-02 2.86e-02 -0.035836 1.011 6.43e-04 0.00669
5 -1.71e-02 1.68e-02 -0.020491 1.012 2.10e-04 0.00744
6 -3.71e-02 3.65e-02 -0.043827 1.012 9.62e-04 0.00792
7 -4.59e-02 4.50e-02 -0.055070 1.010 1.52e-03 0.00732
8 7.70e-03 -7.56e-03 0.009196 1.012 4.24e-05 0.00749
9 -2.165e-02 2.11e-02 -0.025596 1.012 3.28e-04 0.00758

Cars2004 (subset, n = 412), consumption ~ log(weight)
Potentially influential observations

summary (influence.measures (m1))

Potentially influential observations of
Im(formula = consumption ~ lweight, data = CarsUsed)
dfb.1_ dfb.lwgh dffit cov.r cook.d hat

1 0.06 -0.06 0.06 1.01_%* 0.00 0.01

2 0.07 -0.07 0.07 1.01_* 0.00 0.01
17 0.07 -0.07 0.07 1.01_* 0.00 0.01
39 -0.01 0.01 -0.01 1.02_%* 0.00 0.01
47  0.07 -0.07 0.07 1.02_* 0.00 0.02_%
48 0.09 -0.09 0.10 1.02_* 0.00 0.02_x%
49 0.06 -0.06 0.06 1.02_%* 0.00 0.02_x*
69 -0.21 0.20 -0.26_*% 0.96_* 0.03 0.01
70 -0.14 0.14 -0.14 1.03_* 0.01 0.03_%
94 -0.21  0.20 -0.30_* 0.92_% 0.04 0.00
97 -0.13 0.13 -0.21_% 0.95_% 0.02 0.00
204 -0.05 0.06 0.14 0.98_*% 0.01 0.00
270 0.20 -0.20 0.22_% 0.99 0.02 0.01
271 0.20 -0.20 0.22_% 0.99 0.02 0.01
278 0.05 -0.04 0.12 0.98_% 0.01 0.00
294 0.21 -0.21 0.23_% 1.00 0.03 0.02_%
295 -0.02 0.02 0.02 1.02_* 0.00 0.01
301 0.00 0.00 -0.01 1.02_%* 0.00 0.01
302 0.00 0.00 0.00 1.01_% 0.00 0.01
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lllustrations
Cars2004 (subset, n = 412), consumption ~ log(weight)
Leverage points

3k —0.0146

Isum(hatvalues(ml) >3 xk / n) |

[ 11 |
vname consumption weight lweight h
47 Toyota.Echo.2dr.manual 6.10 923 6.827629 0.01992471
48 Toyota.Echo.2dr.auto 6.55 946 6.852243 0.01836889
49 Toyota.Echo.4dr 6.10 932 6.837333 0.01930270
70  Honda.Insight.2dr. (gas/electric) 3.75 839 6.732211 0.02664081
294 Toyota.MR2.Spyder.convertible.2dr 8.20 996 6.903747 0.01534760
304 GMC.Yukon.XL.2500.SLT 15.95 2782 7.930925 0.02132481
305 Hummer . H2 21.55 2903 7.973500 0.02429502
307 Lincoln.Navigator.Luxury 156.60 2707 7.903596 0.01953240
323 Lexus.LX.470 15.95 2536 7.838343 0.01561382
405 Cadillac.Escalade.EXT 15.95 2667 7.888710 0.01859360
406 Chevrolet.Avalanche. 1500 14.95 2575 7.853605 0.01648470
Cars2004 (subset, n = 412), consumption ~ log(weight)
Leverage points
305
*
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11.4 Influential diagnostics

Both outliers and leverage points do not necessarily constitute a problem. This occurs if they “too much”
influence statistical inference of primary interest. Also other observations (neither outliers nor leverage
points) may harmfully influence the statistical inference. In this section, several methods of quantifying the
influence of a particular, ¢tth (t = 1,...,n) observation on statistical inference will be introduced. In all
cases, we will compare a quantity of primary interest based on the model at hand, i.e.,

M: Y |X ~ (X8, 0°L,), rank (X, xx) = k,
and the quantity based on the leave-one-out model
Mt Yo [ Xy ~ (XpB, oToa).

It will overally be assumed, that m, ; > 0 which implies (see Lemma 11.1) rank(X(_t)) = rank(X) = k.

11.4.1 DFBETAS

The LSE's of the vector of regression coefficients based on the two models are

M: B = (Bo,u-,gk—l)T - (X'X)7'xTy,
Mo: By = (Broo - Bevni1) = Ko Xen) Xy Yoo
Using (1L.1):
B - B - U (XTx) ", (11.3)
(—) o , .

which quantifies influence of the ¢th observation on the LSE of the regression coefficients. In the following, let

a T . -1
vy = (UO,Oa ceey 'UO,k—l) s e, Vp_1 = (Uk—l,o, ey Uk—l,k—l) be the rows of the matrix (XTX) ,
ie.,
-
) 0,0 V0,k—1
-1 .
(XTX) = : =
T
Vp_1 Vk—-1,0 --- Vk—1,k—1

Expression (11.3) written elementwise lead to a quantities called DFBETA:

S U
DFBETA;; = fB; — Bp, = m—tv;rwt, t=1,...,n,j=0,.... k—1.
tt

Note that DFBETA; ; has a scale of the jth regressor. To get a dimensionless quantity, we can divide it by
the standard error of either 3; or 5(_; ;. We have

SE(B) = VMScu;,  SE(By,) = \/MSe () V(=1),5.45

where v(_y) ; ; is the jth diagonal element of matrix (X(,t)TX(,t))_l. In practice, a combined quantity,
namely /I\/ISe,(_t) v;,; is used leading to so called DFBETAS (the last “S” stands for “scaled”):

B: — Bi U
DEBETAS, ; = -2 —PC0d : v/ @,

MSe,(—t) V5. My A/ MSe (1) V)5

The reason for using /MS, (_;)v;; as a scale factor is that MS, (_; is a safer estimator of the residual
variance o2 not being based on the observation whose influence is examined but at the same time, it can still
be calculated from quantities of the full model M (see Eq. 11.1). On the other hand, a value of v(_;) ; ; (that
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fits with the leave-one-out residual mean square MS&(_t)) cannot, in general, be calculated from quantities
of the full model M and hence (a close) value of v; ; is used. Consequently, all values of DFBETAS can be
calculated from quantities of the full model M and there is no need to fit n leave-one-out models.

Note (Rule-of-thumb used by R).

The R function influence.measures marks the ¢th observation as being influential with respect to the
LSE of the jth regression coefficient if

Mlustrations

Cars2004 (subset, n = 412), consumption ~ log(weight)
DFBETAS
DFBETAS
dfbetas (m1)

(Intercept) lweight
1 0.058079251 -0.057288572
2 0.067760218 -0.066859700
3 -0.017131716 0.016817978
4 -0.029182966 0.028603518
5 -0.017131716 0.016817978
6 -0.037145548 0.036495821
7 -0.045873896 0.045023905
8 0.007702297 -0.007562061
9 -0.021494294 0.021106330
10 0.009424138 -0.009254036

Maximal absolute values of DFBETAS for each regressor

apply (abs (dfbetas(ml)), 2, max)

(Intercept)
0.7344821

lweight
0.7415123

|DFBETAS, ;| > 1.
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11.4.2 DFFITS

The LSE's of p; := IE(Y; | X, = :ct) =z, 3 in the two models are
M: Vi=a/B,
M Yig =i B.

Using (1L.1):

U

me ¢

xX%) @} = V- D opr ) e = T - v, M

met met

-1

Difference between Y; and }A/[t] is called DFFIT and quantifies influence of the tth observation on the LSE
of its own expectation:

PN h
DFEIT, = Y;—Yy = Ut#, t=1,...,n.
tt

Analogously to DFBETAS, also DFFIT is scaled by a quantity that resembles the standard error of either Y,
or Y[, (remember, S.E. (Y}) = /MS; h; ;) leading to a quantity called DFFITS:

Y — iy

VMSe (i) e

Ty Ui _ hy 1 Ui _ hy t _
= = = 7Tt7 t—l,...,n,
Myt /MSe (Zp) et Mt /MS¢ (Zey M Mt

where T is the tth studentized residual of the model M. Again, all values of DFFITS can be calculated from
quantities of the full model M and there is no need to fit n leave-one-out models.

Note (Rule-of-thumb used by R).

The R function influence.measures marks the tth observation as excessively influencing the LSE of its

expectation if
k
|DFFITS;| > 34/ ——.
n—=k

DFFITS; :=
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lllustrations
Cars2004 (subset, n = 412), consumption ~ log(weight)
DFFITS
DFFITS
dffits(ml)
1 2 3 4 5

0.0645330957 0.0749431929 -0.0204914092 -0.0358359160 -0.0204914092

3/t = 0.2095

Isum(abs(dffits(ml)) > 3 * sqrt(k / (n-k))) |

[[1 10 |
vname consumption weight lweight dffits
69 Honda.Civic.Hybrid.4dr 4.85 1239 7.122060 -0.2598440
manual. (gas/electric)
94 Toyota.Prius.4dr. (gas/electric) 4.30 1311 7.178545 -0.2984834
97 Volkswagen.Jetta.GLS.TDI.4dr 5.656 1362 7.216709 -0.2114462
270 Mazda.MX-5.Miata.convertible.2dr 9.30 1083 6.987490 0.2216790
271 Mazda.MX-5.Miata.LS.convertible.2dr 9.30 1083 6.987490 0.2216790
294 Toyota.MR2.Spyder.convertible.2dr 8.20 996 6.903747 0.2254823
305 Hummer .H2 21.55 2903 7.973500 0.7815812
321 Land.Rover.Range.Rover.HSE 17.15 2440 7.7997563 0.2597672
326 Mercedes-Benz.G500 17.45 2460 7.807917 0.2892681
348 Land.Rover.Discovery.SE 17.15 2076 7.638198 0.3049335
Cars2004 (subset, n = 412), consumption ~ log(weight)
Large DFFITS values
305
—— Fit without obs. 305 with the highest DFFITS value L 4
o
N
348 %P
* L4
T
g =
o
=
i)
=1
1S
3
2
S S 2‘(])
294 A
* E(Y|X=x) = —59.33 + 9.5048x
Y=107
Bt 2
<
I I I I I I I
6.8 7.0 7.2 7.4 7.6 7.8 8.0

Log(weight) [log(kg)]
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11.4.3 Cook distance

In this Section, we concentrate on evaluation of the inﬂuenge of the tth olbservation on the LSE of a vector
parameter g := E(Y | X) = XB. As in Section 11.4.2, let 8 = (XTX)_ XY be any solution to normal

equations in model M and let E(ft) = (X(_t)TX(_t))7X(_t)TY(_t) be any solution to normal equations
in the leave-one-out model M(_;y. The LSE's of p in the two models are

M: Y =X3 =HyY,

M(,t)t Y(,t.) = Xﬂ(—t)

Note. Remind that f’(,t.), f’[.] and f’(,t) are three different quantities. Namely,
] By Yy T B
Yiote) =XBy) = o Ym=| o= :
z,B(-1) Yy z, B
Finally, ]A/'(,t) = X(,t)f)’(_t) is a subvector of length n — 1 of a vector f’(,t.) of length n.

Possible quantification of influence of the tth observation on the LSE of a vector parameter p is obtained by
considering a quantity

= = 2
Y = Yl
Let us remind from Lemma 11.3:
~ ~ U,
B — By = m:t (XTX) ',
Hence, U
Y- Vi (B - Bry) = ——XX'X) .
Mt
Then
¥ - Pl = H X(XT%) 'z
met

- mf T(XTX)TXTX(XTX)

- i, (11.4)
m

The equality (11.4) follows from noting that z, (XTX)leTX(XTX)flwt is the fth diagonal element of
matrix X(XTX) T XTX(XTX) 7'XT = X(XTX) T'XT = H.
The so called Cook distance of the tth observation is (11.4) modified to get a unit-free quantity. Namely, the

Cook distance is defined as )
~ ~ 9
Dt = kTSeHY - Y(_t.)H .

Expression (11.4) shows that it is again not necessary to fit the leave-one-out model to calculate the Cook
distance. Moreover, we can express it as follows

1 hy U2 1
D, = _Zt
kmtt MS, my . kmt,t

(Ustd)
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Notes.

® We are assuming m;; > 0. Hence h;y = 1 —my, € (0, 1) and the term h;;/m;, increases with
the leverage h;, (having a limit of co with hy; — 1). The “hy,/m;,” part of the Cook distance thus
quantifies how much is the ¢th observation the leverage point.

* The “U$'® part of the Cook distance increases with the distance between the observed and fitted value
which is high for outliers.

e The Cook distance is thus a combined measure being high for observations which are either leverage
points or outliers or both.

Further, directly from definition,

||i} - f/(—to)HQ = ||XB - XB(,t)H2 = (B(,t) - B)TXTX(B(%) N B)

The Cook distance is then N - N .
b — By = B) X'X(By ~ )
! kMS, ’

which is a distance between B and ﬁ(_t) in a certain metric.

Remember now that under normality, the confidence region for parameter 3 with a coverage of 1 — ¢,
derived while assuming model M is

Cl@={B: (B - B)'XX(B — B) < kMS, Fius(1 - a)}.

That is R
B(—y) € C(a) if and only if Dy < Fiym—r(1 —a). (11.5)

This motivates the following rule-of-thumb.

Note (Rule-of-thumb used by R).

The R function influence.measures marks the tth observation as excessively influencing the LSE of the
full response expectation g if
D; > ]—'kyn,k(o.E)O).
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Hustrations
Cars2004 (subset, n = 412), consumption ~ log(weight)
Cook distance

Cook distance

cooks.distance(ml)

1 2 3 4 5
0.0020855185 0.0028118990 0.0002104334 0.0006433764 0.0002104334

Frn—1(0.50) = 0.6943

Maximal Cook distance

Imax(cooks .distance(mi))

| [1] 0.288855

Cars2004 (subset, n = 412), consumption ~ log(weight)
R diagnostic plot (plot(ml, which = 4))

Cook's distance

Cook's distance
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lllustrations
Cars2004 (subset, n = 412), consumption ~ log(weight)

R diagnostic plot (plot(ml, which = 5))

Residuals vs Leverage
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Cars2004 (subset, n = 412), consumption ~ log(weight)
R diagnostic plot (plot(ml, which = 6))
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11.4.4 COVRATIO

In this Section, we will again assume full-rank models (r = k) and explore influence of the ¢th observation on
precision of the LSE of the vector of regression coefficients. The LSE’s of the vector of regression coefficients
based on the two models are

~

M: B = (X'X)7'XTy,
Mot By = (XeoXen) Xen Y.
The estimated covariance matrices of 3 and B, _,), respectively, are
G@r(B|xX) = MS, (X'Xx)7,
G (B |X) = MS. g (XLyXn) -

Influence of the tth observation on the precision of the LSE of the vector of regression coefficients is
quantified by so called COVRATIO being defined as

det{var (B, | %) }
COVRATIO; = = L t=1,...n.
det{var (B|x) }

After some calculation (see below), it can be shown that

1 (n—Fk— (U9 "
COVRATIO, = , t=1,...,n.
gt n—k—1

That is, it is again not necessary to fit n leave-one-out models to calculate the COVARTIO values for all
observations in the dataset.

Note (Rule-of-thumb used by R).

The R function influence.measures marks the tth observation as excessively influencing precision of the
estimation of the regression coefficients if

|1 — COVRATIO,| > 3 k.
n—=k

Calculation towards COVRATIO

First, remind a matrix identity (e.g., Andél, 2007, Theorem A.4): If A and D are square invertible matrices
then

A B |A| - D — CAT'B| = |D| - |A — BD™'C|.

Use twice the above identity:

.
iTX "= x| L @ (X)) = X7
t

1— R =myy

= N1 XX - @a/| = XX

So that, — my, [XTX| = XXy
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Then,

det{v’a\r(ﬁ(_t) |X)} B ’Mse,(—t) (X(T_t)X(—t))_l)
det{\fa\r(,@ ’ X)} - ‘Mse (XTX)—1‘

-1
_ (MSe,(t))k. ‘X(Tft)x(ftﬁ _ (Mse,(t)>k. !

MS.

Expression (1L1):

XX

MSE’(,t) . n—k— (Ut‘gtd)2
MS.

det{@r(B ) |%)}

n—k—1

MS.

(n k— (Uftd)2>k
Hence, — = .
det{var (8| x) } mig\ n—k—1
Hustrations

Cars2004 (subset, n = 412), consumption ~ log(weight)
COVRATIO
COVRATIO
covratio(mil)

1 2 3 4 5 6

1.014754 1.014674 1.012147 1.010719 1.012147 1.011724

3k =0.0146

n—

Isum(abs(l - covratio(mi)) > 3 * (k / (n-k)))

[[1 31 |
vname consumption weight 1lweight covratio
1 Chevrolet.Aveo.4dr 7.65 1075 6.980076 1.0147544
2 Chevrolet.Aveo.LS.4dr.hatch 7.65 1065 6.970730 1.0146741
17 Hyundai.Accent.GT.2dr.hatch 7.60 1061 6.966967 1.0149481
39 Scion.xA.4dr.hatch 6.80 1061 6.966967 1.0171433
47 Toyota.Echo.2dr.manual 6.10 923 6.827629 1.0240384
48 Toyota.Echo.2dr.auto 6.55 946 6.852243 1.0211810
49 Toyota.Echo.4dr 6.10 932 6.837333 1.0237925
69 Honda.Civic.Hybrid 4.85 1239 7.122060 0.9584411
.4dr .manual. (gas/electric)
70 Honda.Insight.2dr. (gas/electric) 3.75 839 6.732211 1.0287100
305 Hummer . H2 21.55 2903 7.973500 0.9166531




290

INFLUENTIAL DIAGNOSTICS

11.4.

Illustrations
Cars2004 (subset, n = 412), consumption ~ log(weight)

COVRATIO value far from 1
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11.4.5 Final remarks

e All presented influence measures should be used sensibly.
® Depending on what is the purpose of the modelling, different types of influence are differently harmful.

o There is certainly no need to panic if some observations are marked as “influential”!



v 1.2
Model Building

Plagiarism notice: Some parts of the text of this chapter are only a mild modification of Section
2.9 from Course notes to NMST432 Advanced Regression Models (version dated May 22, 2020) by
Michal Kulich.

In this chapter we concentrate on a situation when a (larger) set of covariates is available, i.e., the generic
covariate vector Z equals (Zl, ce Zp)—r with p > 1 (often p > 1) and the task is to propose a regression
function to express E(Y ’ Z = z) for a given outcome variable Y. In particular, we will now not consider
a situation where p = 1, Z = Z; is numeric and E(Y’ ’ Z = z) is a real function of one variable. Developing
a reasonable model in this case corresponds to finding a suitable parameterization for the numeric covariate
Z and this problem was quite extensively covered already by Section 4.3.

12.1 General principles

When a larger set of covariates is available (p > 1), most numeric covariates are usually parameterized by
identity (included in the model “as they are”), categorical covariates are still parameterized by a suitable
choice of (pseudo)contrast (the reference group pseudocontrasts, ie., the dummy variables dominate in
practical applications for easy interpretation of related regression coefficients). Hierarchically well formulated
models are then considered while including at most two-way interactions in the regression function. The
principal and quite challenging task is to decide which model terms (which interactions, which main effects)
should be included in the final model which is then used to solve the research problem that triggers the
regression analyzis.

The primary tool for model building in context of a linear model are submodel tests (see Chapter 8)
comparing a larger model with a submodel. If the submodel test is significant it means that the terms in
the larger model cannot be removed without a significant decrease in the quality of model fit.

Since the development of the final model usually involves repeated applications of submodel tests, each
performed on a selected level «v (usually o = 0.05), it is clear that the overall procedure does not preserve
the desired level. If many tests are done then the final model is likely to include terms that in fact do not
affect the response at all (overfitting). There is no universal and reliable method for adjusting the levels of
the individual tests so that the overall probability of including irrelevant terms is under control. Nevertheless
the analyst should be aware of this problem and should not interpret the p-values of submodel tests too
dogmatically.

Approaches for developing reasonable models vary with the nature of the problem, structure of the data
and questions to be addressed by the analysis. There is no universal solution to be recommended. Each
problem requires careful consideration by the analyst taking into account the nature of the problem, the data-
collection methods and tools, the meaning of the variables included in the dataset, their mutual relationships,
and the goals of the analysis. Experience of the analyst is one of the most important determinants of success

292
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in model building. That is, it is only possible to learn on how to build the model by doing it (repeatedly).
Passive reading of textbooks or course notes will not develop necessary expertise.

Even though no universal solution exists, there are two broad classes of problems requiring a bit different
strategies which will now be briefly discussed.

12.2 Prediction

If prediction is the primary goal, it is useful to consider rich and flexible models. Omission of an important
term from the model or its inclusion with an inappropriate transformation may have detrimental biasing
effects on the predictions (Section 10.2.3). If unnecessary covariates are left in, the variability in the pre-
dicted response is increased but the predictions are not biased (Section 10.2.4). Interpretation of regression
parameters is usually not that important. That is, parameterization of some of numeric covariates by splines
or polynomials is not a problem and is recommended if it appears that the effect of a particular covariate is
not linear.

In prediction analyses, validation of the prediction model should be performed either by dividing the data
set into disjoint training (used for model building) and validation (used for evaluation of the predictions)
subsets or at least by cross-validation (predictions of each observation by a model fitted on data excluding
that observation compared to observed values). Validation is also a very useful tool for selection of the best
prediction model out of several candidates.

Even though multicollinearity is not a problem for fitted values (Section 10.1) which we considered as
predictions that were used to evaluate a prediction quality of the model, it might be a problem for external
validity of the developed prediction model. It means that multicollinearity may invalidate predictions for
new observations with a combination of the covariate values not being exactly present in a dataset used to
build the prediction model. Such a problem would also be revealed by (cross-)validation. Finally, even if
prediction is the primary goal, it is usually of interest to also know which covariates out of a set of available p
covariates Z1, ..., Z, are “significantly” associated with the outcome (= those included in the final model).
For this reason, it is highly recommended to treat multicollinearity even when the model is primarily built
for prediction purposes.

12.3 Evaluation of a covariate effect

The second typical problem, often encountered with data coming from observational studies, is to evaluate
covariate effects. That is, there is one covariate (of few covariates) of primary interest (let us denote it as X)
and the task is to evaluate how this covariate affects the mean of the response. Quite often, the analyst also
hypothesize some causal pathways and tries to show that changes in the X variables cause changes in the
expected outcome.

When evaluating the covariate effect, one should be aware of results derived in Chapter 10. Multicollinearity
is a huge problem, especially if we include covariates being collinear with the primary covariate X. The
collinear covariates may completely diminish the effect of the primary covariate in a final model. On the
other hand, omission of important explanatory variables will bias estimation of the effects of the primary
covariate X (10.2.3). In this respect, so called confounding is the most frequent problem which requires
careful pre-analyzis of not only available data but also deep understanding of the problem at hand. It may
easily happen that important explanatory variables (e.g., confounders) are not directly available in a dataset
to be analyzed. The fact that they are not available to the analyst does not remove possible bias from
estimation of effects of the primary covariate.

When building a model for purpose of evaluation of a covariate effecf, one must be really careful about
several things.
e First, the covariate of primary interest must be kept in the model even if it is not significant -
otherwise its effect cannot be evaluated.

¢ Second, the regression parameters expressing the influence of the covariate of interest should have
a straightforward interpretation. Thus, we cannot afford to model the effect of X by a complicated
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function that cannot be easily summarized (splines of degree > 1, polynomials, ...), or to use complex
transformations of the response that are difficult to interpret.

e Third, there might be covariates that should be kept in the model regardless of their significance
(suspected confounders) and/or covariates that should not be included in the model no matter how
significant they are (variables on the causal pathway between X and Y, variables that are influenced
by the value of Y).

Thus, making reasonable decisions about which covariates should be included in the model and which
should be dropped is not based solely on significance tests but also on external expert knowledge of the
problem to be analyzed. It is precisely this issue that makes automated computer-based algorithms
(unsupervised stepwise regression, regression trees, neural networks, deep learning, etc.) unable to
solve certain problems acceptably.

12.4 Model building strategy

The common problem in model-building strategies is the inclusion of interactions, especially when the
number of covariates that can be considered for interactions is quite large. The strategy that starts with
a model that includes a lot of main effects as well as all possible two-way interactions between them, and
tries to gradually eliminate the superfluous terms usually does not lead to a good model. With this approach,
we are likely to end up with a model that suffers from overfitting, keeps a lot of unnecessary interactions and
is hard to interpret. It is better to fit only the main effects first and eliminate those that are not contributing
to the model. As soon as the total amount of available covariates has been eliminated in this way, either all
two-way interactions based only on the included effects may be added to the model and then eliminated
by another sequence of submodel F-tests. Or one may try to add two-way interactions of the remaining
terms one by one. This strategy is much more likely to end up only with interactions that really matter.
Considering higher order interactions (three-way, four-way, ...) is usually a hopeless task. It is better not to
consider them at all, except in analyses where, for some reason, such interactions are among the terms of
interest.

There is one principle about building models with interactions, which is almost universally valid and the
analyst should take care not to violate it. The models should be built hierarchically, meaning that if a covariate
is present in a higher-order interaction, then all its corresponding lower-order interactions as well as the
main effects should be included in the model as well, no matter if they are significant or not. This principle
should be ignored only in analyses where there is a sound justification for its violation.

12.5 Conclusion

This brief exposition of model-building strategies cannot be complete and should be understood in the whole
context of the particular task to be done. As noted earlier, each problem should be carefully considered in
order to choose a tailor-made strategy that works well for it. This requires practical experience. The analyst
should be aware that there is no such thing as the true model and that his task is not to discover it. All
models are wrong - we are only looking for an acceptable model that provides satisfactory answers to the
questions of interest.



orrer 1.3

Analysis of Variance

In this chapter, we examine few specific issues of linear models where all covariates are categorical. That is,
the covariate vector Z is Z = (Zl, ce Zp)T, Zj € Z;, 7 =1,...,p, and each Z; is a finite set (with
usually a “low” cardinality). The corresponding linear models are traditionally used in the area of designed
(industrial, agricultural, ...) experiments or controlled clinical studies. The elements of the covariate vector
Z then correspond to p factors whose influence on the response Y is of interest. The values of those
factors for experimental units/subjects are typically within the control of an experimenter in which case the
covariates are fixed rather than being random. Nevertheless, since the whole theory presented in this chapter
is based on statements on the conditional distribution of the response given the covariate values, everything
applies for both fixed and random covariates.

295
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13.1 One-way classification

One-way classification corresponds to situation of one categorical covariate Z € Z = {1, ..., G}, see also
Section 4.4. A linear model can then used to parameterize a set of G (conditional) response expectations
E(Y | Z=1),..,EY ‘ Z = G) that we call as one-way classified group means:

m(g) =E(Y |Z=g)=myg, g=1,...,G.

Without loss of generality, we can assume that the response random variables Y7,...,Y,, are sorted such
that

Zy = = Iy = 1

an +1 = = an +ny = 2,

Zpytedng 141 = 0 = Zn = G.

As in Section 4.4, it is useful (for notational clarity in theoretical derivations) to use a double subscript to index
the individual observations and to merge responses with a common covariate value Z =g, g = 1,...,G,
into response subvectors Y

Z=1: Yi=1 . Yim) =V, .., V),
: : o .
Z=G: YG = (YG,la ceey YG,nc) = (}/nl-‘ru—&-nc,l-i-lv ey }/n) .
The full response vector is Y and its (conditional, given Z = (Zl, e Zn)T) mean are
Yl mi ]-nl
Y=|:], EY|z-= : = p. (13.1)
Y¢ ma Lng

By using a linear model, we just use a suitable parameterization of the mean vector w given by (13.1. By
using a standard linear model, we additionally assume that

var(Y | Z) = 0?L,. (13.2)

As in Section 4.4, we keep assuming that n; > 0, ..., ng > 0 (almost surely in case of random covariates).
A linear model with the inference being conditioned by the covariate values can now be used to infere on
the group means my, ..., mq or on their linear combinations.
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13.1.1 Parameters of interest

Differences between the group means
The principal inferential interest with one-way classification lies in estimation of and tests on parameters
Og,n :=mg — mp, g, h=1,...,G, g #h,

which are the differences between the group means. Since each 6, is a linear combination of the elements
of the mean vector p = E(Y ’ Z). The LSE of each 6, is trivially a difference between the corresponding
fitted values.

The principal null hypothesis being tested in context of the one-way classification is the null hypothesis on
equality of the group means, i.e., the null hypothesis

Ho: my=---=mg,
which written in terms of the differences between the group means is

Ho: 040 =0, g,h=1,...,G, g #h.

Factor effects

One-way classification often corresponds to a designed experiment which aims in evaluating the effect of
a certain factor on the response. In that case, the following quantities, called as factor effects, are usually of
primary interest.

Definition 13.1 Factor effects in a one-way classification.
By factor effects in case of a one-way classification we understand the quantities 11, ..., ng defined as

Ng = Mg — M, g=1,...,G,

G
1 ;
where T = Ie hil my, is the mean of the group means.

Notes.
® The factor effects are again linear combinations of the elements of the mean vector p = ]E(Y | Z) and
hence for all of them the LSE is equal to the appropriate linear combination of the fitted values.

e Each factor effect shows how the mean of a particular group differ from the mean of all the group means.
¢ The null hypothesis
Ho:ng =0, g¢g=1,...,G,

is equivalent to the null hypothesis Hy: m; = - -+ = mg on the equality of the group means.
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13.1.2 One-way ANOVA model

As a reminder from Section 4.4.2, the regression space of the one-way classification is

mi 1n1
my, ..., mg €ER 3 CR".
mG ]-TLG
While assuming ng >0, g =1,...,G, n > G, its vector dimension is G. In Section 4.4.3, we introduced

class of full-rank parameterizations of this regression space and of the response mean vector p as u = X3,
B € R
z
myg = 50+C;—,6, g:]-va

with k=G, B= (5. p7 ),
~~

-
(/617 teey BG—I)
cf
where C=| ! | is a chosen G x (G — 1) (pseudo)contrast matrix.
T
e

Note. If the sum contrasts (see expression 4.23) are used then

1 &
ap = Bo Zazmg =m,
g=1
1A
ag = B4 =my ﬁth =my —m = 14, g=1,...,G—1,
h=1
G-1 X
aG:—ZBh—mG—ﬁzmh =mg — T = 1g
h=1 h=1
That is, parameters «;, ..., ag are equal to the factor effects.

Terminology. Related linear model is referred to as one-way ANOVA model'

Notes.
® Depending on chosen parameterization the differences between the group means, parameters 6, ;, are
expressed as

-
Ogh =0y —an=(cg—cn) B?, g#h

The null hypothesis Hy : m; = ---mg on equality of the group means is the expressed as Hy: 51 =

0& ... & 5(,*,1 = 0, ie., H02 ﬂZ = OGfl-

¢ If a normal linear model is assumed, test on a value of subvector of regression parameters or a submodel
test which compares the one-way ANOVA model with the intercept-only model can be used to test the
above null hypothesis. The corresponding F-test is indeed a well known one-way ANOVA F-test.

' model analyzy rozptylu jednoduchého tridéni
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13.1.3 Least squares estimation

In case of a one-way ANOVA linear model, explicit formulas for the LSE related quantities can easily be
derived.

Lemma 13.1 Least squares estimation in one-way ANOVA linear model.

The fitted values and the LSE of the group means in a one-way ANOVA linear model are equal to the group
sample means:

. S 1
mQZYQJZXZYQJ*YgM g=1, anj:]-a y g
9 1=1
That is, - B
my Yie Ylo]-m
m = E = E s ? =
ﬁLG ?GO ?Golnc
If additionally normality is assumed, i.e., Y | Z~N, (u, o? In), where p = (m1 1;1'—1, .., Mg IIG)T, then
m|Z ~ Ng(m, 62 V), where
- 0
ny
V=1 :
1
0 "G

1., 0,,
. T
X= ) ﬁ = (mla 7mG)
0, 1.,
We have
ny ... 0 Z;Lil Y17j ﬁ ce 0
XTX = , XY = : X)) = e |
0 ... Nng Z;lgl YGJ‘ 0 ce %
-~ —~ T T 1T — - T
Bemmi= (M, ....mc) = (XTX) XY = (Vier ... Veu) -
Finally,
mllnl ?hlnl
fr\LGl’nG ?Golng

Normality and the form of the covariance matrix of 772 follows from a general LSE theory.




13.1. ONE-WAY CLASSIFICATION 300

LSE of regression coefficients and their linear combinations

With a full-rank parameterization, a vector m is linked to the regression coefficients 8 = (50, ,BZ )T,
p? = (B - 5G71)T, by the relationship

m = ol + CB~.

Due to the fact that ¥ = X3, where X is a model matrix derived from the (pseudo)contrast matrix C, the
~ s a7
LSE 3 = (60, I6} )T of the regression coefficients in a full-rank parameterization satisfy

P ~ ~Z
m:501G+Cﬁ )

which is a regular linear system with the solution

()t

That is, the LSE of the regression coefficients is always a linear combination of the group sample means.
The same then holds, of course, also for any linear combination of regression coefficients. For example, the
LSE of the differences between the group means 6,5, = my —myp, g, h=1,...,G, are

?10
Yo

o~

egahZYQO_?hoy g,h=1,...,G.

Analogously, the LSE of the factor effects n, = my — é Zle mn, g =1,...,G, are

G

~ = 1 =

ng:Yg.—aE Yo, g=1,...,G.
h=1
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13.1.4 Within and between groups sums of squares, ANOVA F-
test

Sums of squares

Let as usual, Y denote a sample mean based on the response vector Y, i.e.,

Ng

_ 1 & 18
Y = E E E Yg_’j = ﬁ E nng..
g=1

g=1j=1
In a one-way ANOVA linear model, the residual and the regression sums of squares and corresponding

degrees of freedom are

TLg TLg

G G
SSe = ||Y - i>||2 = ZZ(YQJ - ?g»j)2 = ZZ(YQJ _?90)27

g=1j=1 g=1j=1

ve=n—G,

G nyg G
SSr=IY VL[ =YY (¥, V)= 0y (Ve — V),

g=17=1 g=1
VR = G—1.

In this context, the residual sum of squares SS. is also called the within groups sum of squares®, the
regression sum of squares SSg is called the between groups sum of squares®.

One-way ANOVA F-test

Let us assume normality of the response and consider a submodel Y |Z ~ A/, (ln Bo, O'2In) of the one-way
ANOVA model. A residual sum of squares of the submodel is

Ng

G
S0 =58y =Y - V1.|" =Y S (v, - V)%

g=1j=1

Breakdown of the total sum of squares (Lemma 7.3) gives SSgp = SS — SS, = SSS — SS, and hence the
statistic of the F-test on a submodel is

e MS
F=-G1 _°F (13.3)
55, )
n—G MS@
where ss o5
o R o e
MSR_G—I’ I\/ISe—n_G.

The F-statistic (13.3) is indeed a classical one-way ANOVA F-statistics which under the null hypothesis of
validity of a submodel, i.e., under the null hypothesis of equality of the group means, follows an Fg_1,,—q
distribution. Above quantities, together with the P-value derived from the F_; ,_¢ distribution are often
recorded in a form of the ANOVA table:

Degrees  Effect Effect

Effect of sum of  mean

(Term) freedom squares square F-stat. P-value
Factor G-1 SSgr MSg F P
Residual n—G SSe MS.

2 vnitroskupinovy soucet étvercl: > meziskupinovy soucet ctverci



13.1. ONE-WAY CLASSIFICATION 302

Consider a terminology introduced in Section 5.5, and denote as Z main effect terms that correspond to the
covariate Z. We have SSp = SS (Z | 1) and the above ANOVA table is now type I as well as type I ANOVA
table. If intercept is explicitely included in the model matrix then it is also the type Il ANOVA table.
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13.2 Two-way classification

Suppose now that there are two categorical covariates Z and W available with
Zez={1,...,G}, Wew={1,..., H}.

This can be viewed as if the two covariates correspond to division of population of interest into G - H
subpopulations/groups. Each group is then identified by a combination of values of two factors (Z and W)
and hence the situation is commonly referred to as fwo-way classification'. A linear model can now be used
to parameterize a set of G - H (conditional) response expectations IE(Y | Z =g, W = h), g=1,...,G,
h = 1,...,H (group specific response expectations). Those will be called, in this context, as two-way
classified group means:

m(g, h):]E(Y|Z:g,W:h) = Mg h, g=1,....G, h=1,... H.

Suppose that a combination (Z, I/V)—r = (g, h)—r is repeated ng p-times in the data, g = 1, ..., G,
h=1, ..., H. That is,

Analogously to Section 13.1, it will overally be assumed that ng, ;, > 0 (almost surely) for each g and h. That

is, it is assumed that each group identified by (Z, W)T = (g, h)—r is (almost surely) represented in the
data.

For the clarity of notation, we will now use also a triple subscript to index the individual observations.
The first subscript will indicate a value of the covariate Z, the second subscript will indicate a value of the

covariate W and the third subscript will consecutively number the observations with the same (Z, W)T
combination. Finally, without loss of generality, we will assume that data are sorted primarily with respect
to the value of the covariate W and secondarily with respect to the value of the covariate Z. That is, the
covariate matrix and the response vector take a form as shown in Table 13.1.

-
As usually, let Z = (Z1,1A,1, cee ZG,H,nG,H) denote the n x 1 matrix with all values of the Z covariate in

T
the data and similarly, let W = (WLLl? e WG,H,ng,H) denote the n x 1 matrix with all values of the
W covariate.

Still in the same spirit of Section 13.1, we merge response random variables with a common value of the two

T
covariates into response subvectors Y, = (Yg’hJ, ey Yg7hyng,h) ,g=1,...,G, h=1,...,H. The
overall response vector Y is then

T T T T \T
}/v-:(}/v-:L’l,...,YVG‘;’I7 ey Yl,H""7YG,H) .

Similarly, a vector m will now be a vector of the two-way classified group means. That is,
T
m:(ml’l,..., magai, -+ ... ,ml,H,...,mGﬂ) .
Further, let

H
ng.:an,h, g=1,...,G
h=1

denote the number of datapoints with Z = ¢ and similarly, let
n.h:ZnQ’h, h:].,...,H

denote the number of datapoints with W' = h. Finally, we will denote various means of the group means as
follows.
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Table 13.1: Two-way classification: Covariate matrix and overall response vector.

Z1,1,1 Wi 1 1 Yiia
Z 1,n11 lelynl 1 11 Y11 ni1
Zg,1,1 Wai1 G 1 Yoi11
Z W z z - v, '
ZG»L”G,l Wlea”G.l G 1 YGJ»”GJ
= = , Y = =
Z1,H,1 Wi 1 1 H Y101
Zn Wy : Y,
Zy,Huny g Wl,Hﬂu,H 1 H Yi,Hn o4
Za,H,1 Wa,m1 G H Yo, m,1
ZGHnGH WGHnGVH G H YGHnGH
1 H
mgo = ﬁ Z Mg.h, g = 17 ) G7
h=1
1 G
Mep = E;mg’}“ h=1,..., H.

For following considerations, it is useful to view data as if each subpopulation/group corresponds to a cell
in an G x H table whose rows are indexed by the values of the Z and W covariates as shown in Table 13.2.

Notes.

¢ The above defined quantities Mge, TMen, 7 are the means of the group means which are not weighted by
the corresponding sample sizes (which are moreover random if the covariates are random). As such, all
above defined means are always real constants and never random variables (irrespective of whether the
covariates are considered as being fixed or random).

¢ When interpreting the means of the group means, it must be taken into account that in general, it is not
necessarily true that mge = IE(Y | Z = g) (g=1,....Q), Mep, = E(Y | W = h) (h=1,...,H), or
m=E(Y).

® Data in the overall response vector Y are sorted as if we put columns of the response matrix from
Table 13.2 one after each other.
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Table 13.2: Two-way classification: Response variables, group means, sample sizes in a tabular

display.
Response variables
w
7 1 H
T T
1 Yii=11 - Yiin,) Yig= a1, - Yimn )
T T
G Yai= a1 - Yaing,) You=Yen, - Yo Hnen)
Group means Sample sizes
w w
A 1 H . A 1 H °
1 mi1 mi g M1e n1,1 niH Nle
G mg1  maH MGe G nga nG,H NGe
. Mel  -.. MMeH m Nel NeH n

The full response vector is Y and its (conditional, given Z and W) mean is

ml,l 1711111

mag,1 17LG,1

ml,H 1n11H

ma,H 17LG,H

13.4)

By a linear model, we can use a suitable parameterization of the mean vector p given by (13.4). At the same
time, if a linear model is used, it is additionally assumed that

var(Y | Z, W) =0 1,.

(13.5)



13.2. TWO-WAY CLASSIFICATION 306

13.2.1 Parameters of interest

Various quantities, all being linear combinations of the two-way classified group meansare clasically of
interest, especially in the area of designed experiments used often in industrial statistics. Here, the levels of
the two covariates Z and W correspond to certain experimental (machine) settings of two factors that may
influence the output Y of interest (e.g., production of the machine). The group mean my ;, is then the mean
outcome if the Z factor is set to level g and the W factor to level h. Next to the group means themselves,
additional quantities of interest clasically include

(i) The mean of the group means m.

® For designed experiment, this is the mean outcome value if we perform the experiment with all
combinations of the input factors Z and W (each combination equally replicated).

¢ If Y represents some industrial production then 772 provides the mean production as if all combi-
nations of inputs are equally often used in the production process.

(i) The means of the means by the first or the second factor, i.e., parameters

Miey -y MGe, and Mely -+ MeH-

® For designed experiment, the value of 74e (g = 1,...,G) is the mean outcome value if we fix
the factor Z on its level g and perform the experiment while setting the factor W to all possible
levels (again, each equally replicated).

® If Y represents some industrial production then 774, provides the mean production as if the Z
input is set to g but all possible values of the second input W are equally often used in the
production process.

¢ Interpretation of ey (h = 1,..., H) just mirrors interpretation of Mge-

(iii) Differences between the means of the means by the first or the second factor, i.e., parameters

991,92' = Mg e — Mygye, g1,92=1,...,G, g1 # g,

9.h17h2 1= Meh;, — Mehys hl, hy = 1,...,H, hy 7& hs.

Those, in a certain sense quantify the mean effect of the first or the second factor on the response.

® For designed experiment, the value of 04, .6 (g1 # g2) is the mean difference between the
outcome values if we fix the factor Z to its levels g1 and g¢o, repectively and perform the
experiment while setting the factor W to all possible levels (again, each equally replicated).

o If Y represents some industrial production then 6y, ;.o (g1 # g2) provides difference between
the mean productions with Z set to g; and gs, respectively while using all possible values of the
second input W equally often in the production process.

* Interpretation of ey, n, (1 # h2) just mirrors interpretation of 64, 4,.

(iv) Factor main effects, see Definition 13.2.

Definition 13.2 Factor main effects in two-way classification.
Consider a two-way classification based on factors Z and W. By main effects of the factor Z, we understand
quantities nf , ..., ng defined as

’r’gZ = mgofm, 9:17,G
By main effects of the factor W, we understand quantities n}" , ..., n% defined as

ny = e, — T, h=1,..., H.
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Note. Each difference between the means of the means can also be written as difference between two
main effects:

egl,gQQ :mglo 7mgzo = ngzl 7779Z27 g1, g2 = 15"'3Ga g1 #92;

Ochy by = Mahy — Mahy = 1) — 11, hi, he =1,...,H, hy # ha.
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13.2.2 Two-way ANOVA models

Depending on whether additivity can be assumed or not, or whether either of the two factors has an effect
on the response expectation or not different models can be considered in a context of two-way classification.
Each model just corresponds to different structure for the two-way classified group means. The models are
as follows.

Interaction model

No structure is imposed on the group means. Under the assumption that (almost surely) ny ;, > 0 for each
g=1,...,G, h =1,..., H, the corresponding regression space has (almost surely) a vector dimension
G - H and the full-rank parameterization of the group means is achieved (see Section 5.4) by choosing
the two (pseudo)contrast matrices C and D having the rows c;, g=1,....G and d;'l—, h=1,...,H,
respectively. The group means are then parameterized as

mgn = Bo+ecyB7+d, BV +(d, ® c))B?", g=1,...,H h=1,... H, (13.6)
where

ﬂ07 IBZ: (/Blzv "'755—1)T7 ﬁW: (ﬂ}/va -~-aﬁX1V_1)T7

VALY ZW VA4 VA4 ZW T
B8 :(51,1 y cees PG=1,15 s P1LH—1y -+ G71,H71)

are the regression parameters.

As in Section 5.4, it is useful to view the parameterization (13.6) as

Mg p = ao+agZ+ahW+ai‘,/LV, g=1,....,.H h=1,..., H, 13.7)
where
a():ﬁ()?
agZ:c;I@Z’ g= 7"'7G7
ahW:d;ﬁwa h:].,...,H,

aZW =(d) ®c))B?Y, g=1,....,G, h=1,... H

“«_»

It has also been derived in Section 5.4 that with a choice of sum contrasts (see page 97), the “«” parameters
attain the following interpretation:

oo = Po =m,
Z _ pz — z
Qg = Pg = Mge — M =TMNg> g:17 aG_17
G-1
4 Z — — VA
ag=—) By =Mge—Mm né.,
g=1
W _ aW — w
ap =Py = Mep — M, = h=1,...,H -1,
H-1
w W _ W
Qg = — ﬁh = MeHy — M =Ny,
h=1
zZW — — -
Qg h = Mg,n — Mge — Mep + M, g:1,...,G,h:1,...,H.

In the following, let symbols Z and W denote the terms in the model matrix that correspond to the
coefficients aZ or 8%, and &V or 8", respectively. Let further Z:W denote the terms corresponding to
the interaction coefficients " or 3%". The interaction model will then symbolically be written as

Mzw: ~Z4+W+Z:W.



13.2. TWO-WAY CLASSIFICATION

309

Mustrations

Howells (n = 289)
oca (occipital angle) ~ gender (G = 2) and population (H = 3)
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Additive model

It is obtained as a submodel of the interaction model (13.6) where it is requested

ZW _ _ZW
Q. == Qg H

which in the full-rank parameterization corresponds to requesting

B = 0(G_1).(r-1)-

Hence the group means can be written as

oo + o? + aZV,

Mg,h g

(13.8)
= Bo+c, 8% +d; B, g=1,....,H h=1,..., H.

Under the condition that n, ; > 0 (almost surely) for all g, h, the rank of the linear model with the two-way
classified group means that satisfy (13.8), is G + H — 1 (almost surely). The additive model will symbolically
be written as

M Z4+Ww o YA + W.

Note. 1t can easily be shown that nge >0forallg=1,...,G and ne, >0 forall h =1,..., H suffice
to get a rank of the related linear model being still G+ H — 1. This guarantees, among the other things, that
all linear combinations of the regression coefficients of the additive model can still be estimated by a method
of least squares under a weaker requirement nge forall g =1,...,G and nep, forall h =1,..., H. That is,
if the additive model can be assumed, it is not necessary to have observations for all possible combinations
of the values of the two covariates (factors) and the same types of the statistical inference are possible. This
is often exploited in the area of designed experiments where it might be impractical or even impossible to
get observations under all possible covariate combinations (factor settings).

The additive model implies the following properties for the two-way classified group means:

@) for each g1 # g2, g1, g2 € {1,..., G}, the difference mg, j, — my,, , does not depend on a value
of h € {1,...,H} and is equal to the difference between the corresponding means of the means by
the first factor, i.e.,

_ = —_— _ 4 z
Mgy,h — Mgy = Mgie — Mgre = Tg —Tg, = 091,92'5

which is expressed using the parameterizations (13.8) as

z z T az.
Og1.9:0 = Qg — Qg, = (Cgl - ng) B
(ii) for each hy # ho, h1, ho € {1,..., H}, the difference my j, — mgy n, does not depend on a value
of g € {1,...,G} and is equal to the difference between the corresponding means of the means by
the second factor, i.e.,
Mg hy — Mg hy = mohl - m.hg = 77}?; - 77}‘?2/ = Gohl,hza

which is expressed using the parameterizations (13.8) as

w w T aw
0'h17h2 = Qp, — Op, = (dhl - dhz) ﬁ .
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Mustrations

Howells (n = 289)
gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3)

Mean of GOL

190

185

180

175

170

Population

—+— AUSTR
—3— BURIAT
—2— BERG

N

Gender

Howells (n = 289)
gol (glabell-occipital length) ~ gender (G = 2) and population (H = 3)

Mean of GOL

190

185

180

175

170

Gender
—2- M
-+ F
1  2
2
‘ —1
1
AUSTR BERG BURIAT

Population
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Finally, remember that it has been derived in Section 5.4 that with a choice of sum contrasts (see page 97),
the “a” parameters attain the following interpretation:

ap = o =m,

z z — — z

ag = fy =Tge — M =1, g=1,....G—1,
G-1

z zZ _ — — z

OCG:—E 59 =Mge —M =1,
g=1

w w — — w

ap = Pp = Mep — M, =1, h=1, JH—1,
H-1

W | — — W

O‘H:_E By =TMen —T =0y
h=1

Model of effect of Z only

It is obtained as a submodel of the additive model (13.8) by requesting

w w
al :...:al_l7

which in the full-rank parameterization corresponds to requesting

BY =0y_1.
Hence the group means can be written as
Mgh = Qo + Ozgz,
(13.9)
— Tz _ —
= Bo+¢, 87, g=1,....H h=1,... H.

This is in fact a linear model for the one-way classified (by the values of the covariate Z) group means
whose rank is G as soon as nge > 0 for all ¢ =1,...,G. The model of effect of Z only will symbolically
be written as

MZ o~ 7.
The two-way classified group means then satisfy

(i) Foreachg=1,...,G, mg1 ="+ =mg uy = Mge.

(ii) M1 = -+ = TMeH.

Model of effect of 11/ only

It is the same as the model of effect of Z only with exchaged meaning of Z and W. That is, the model of
effect of W only is obtained as a submodel of the additive model (13.8) by requesting

zZ __ _ Z
al 770‘G’

which in the full-rank parameterization corresponds to requesting

B7 =0c_1.
Hence the group means can be written as
Mgh = Qo + oth7
(13.10)
= By +d;.B", g=1,...,H, h=1,... H.

The model of effect of W only will symbolically be written as
Mwi ~ W.
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Table 13.3: Two-way ANOVA models.

Requirement
Model Rank for Rank

Mzw: ~Z4+W+2Z:W G-H ngn >0forallg=1,...,G, h=1,
Mziw: ~Z+W G+H—-1 nge>0forallg=1,...,G,
Nep, >0forall h=1,... H
Mg: ~Z G nge >0forallg=1,...,G
My : ~W H Nep, >0forall h=1,... . H
Mg: ~ 1 1 n>0

Intercept only model

This is a submodel of either the model (13.9) of effect of Z only where it is requested
af =---=af or B% = 0¢g_1, respectively
or the model (13.10) of effect of W only where it is requested
oV =...=a¥ or BY =0g_,, respectively.
Hence the group means can be written as
mgn = Qop,
= Bo, g=1,....,H h=1,..., H.

As usual, this model will symbolically be denoted as

M(): ~ 1.

Summary

The models that we consider for the two-way classification are summarized by Table 13.3. The considered

models form two sequences of nested submodels:

(i Mg C Mz C Mz w C Mzw;
(i) My C My C Mziw C Mzw.

Related submodel testing then corresponds to evaluating whether the two-way classified group means satisfy
a particular structure invoked by the submodel at hand. If normality of the error terms is assumed, the

testing can be performed by the methodology of Chapter 8 (F-tests on submodels).
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13.2.3 Least squares estimation

Also with the two-way classification, explicit formulas for some of the LSE related quantities can be derived
and then certain properties of the least squares based inference drawn.

Notation (Sample means in two-way classification).

Ng n
Yghe i= ZYMJ, g=1,....G,h=1,... H,
Ng.h 3
H ngn 1 H
h=1 j=1 77 h=1
G TNg.h
Y.h :TZZ gh7]_ anh g,he> h:17 7H7
hq 1j=1
1 G H 7ng,n
=22 2 Y > g Voo == > nan Vo
g=1h=1 j=1

As usual, mgyp, g =1,...,G, h =1,..., H, denote the LSE of the two-way classified group means and

m = (fl\’Ll’l, ey fl\lG,H)T.

Lemma 13.2 Least squares estimation in two-way ANOVA linear models.

The fitted values and the LSE of the group means in two-way ANOVA linear models are given as follows (always
forg=1,...,G,h=1,... . H, j=1,...,ngp)

(i) Interaction model M7y, : ~7Z +W +2Z:W
mgﬁ = ?g»h’j = ?g,hv
(ii) Additive model My, v : ~Z+W
Mg.h = i}g,h,j = 79. +Yen—Y,
but only in case of balanced data® (ng, = J forallg=1,...,G,h=1,..., H).
(iii) Model of effect of Z only M : ~Z

~

Mgn = Yghj=7Yge.
(iv) Model of effect of W only My, : ~ W
mg’h - ?g,h,j - ?.h.

@) Intercept only model My: ~ 1
Mgn =Ygn; =Y.

Note. There exists no simple expression to calculate the fitted values in the additive model in case of
unbalanced data. See Searle (1987, Section 4.9) for more details.

S vywiZend data
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Proof.
Only the fitted values in the additive model must be derived now.

Models Mzy, Mz, My are, in fact, one-way ANOVA models where we already know that the fitted values
are equal to the corresponding group means.

Also model My is nothing new.

Fitted values in the additive model can be calculated by solving the normal equations (minimizing the sum
of squares) corresponding to the parameterization

mg7h:ao—|—o¢§—|—0¢}:‘/, g:l,...,G,hzl,...,H.

while imposing the constraints

G H
Zajzo, ZahW:O.
h=1

g=1
This corresponds to the full-rank parameterization while using the sum contrasts parameterization.
For the additive model with the balanced data (ny ), = Jforallg=1,...,G,h=1,...  H):

® Sum of squares to be minimized
2
55(6) = 33 3 (Vs — 0 -0 — ).
g h J

® Normal equations = derivatives of SS(a) divided by (—2) and set to zero:
S Yo —GHJag—HIY af —GI> af =0,
g h J g h
D2 Yong = Hlog—HJaf =Ty el =0, g=1,....G,
h o j h
ZZYg,h,j*GJOéO*JZangGJahW:0, h=1,...,H.
9 7 9
o After exploiting the identifying constraints:
2.2 Yons = GHJao =0,
g h J
ZZY‘(L}LJ*HJQ()*HJQQZ:O’ 9:17"'7G7
h J

SO Yyny - Glag—GJaf =0, h=1,....H.
g 7

e Hence apg=Y,

; g=1,....G,
av =Y., - 7, h=1,... . H
e And then T/ﬁgﬂh = 64\0 +an +a}./LV :?qo +70h —Y,
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Consequence of Lemma 13.2: LSE of the means of the means in the interaction
and the additive model with balanced data.

With balanced data (ngp, = J forallg=1,...,G, h=1,..., H), the LSE of the means of the means by the
first factor (parameters My, - .., Mge) 01 by the second factor (parameters Me1, . .., Mep) satisfy in both the
interaction and the additive two-way ANOVA linear models the following:

%g.:?g., g=1,...,G,
ﬁoh:?oha hfla 7H
. L. —Z ~ =~ T —W ~ =~ T
If additionally normality is assumed then T = (ml., e mg.) and m = (m.l, e m.H)
satisfy
—~Z w
m |Z, W~ Ng(m?, 0> V?), m |Z, W~ Ny (@, > V7)),
where
mlo ﬁ 0
=7 _ VZ — . :
— 1
Me1 ﬁ 0
m" = , VW=
MeH 0 ﬁ

Proof.  All parameters Tge, g = 1,...,G, and Tep, h = 1,..., H are linear combinations of the
group means (of the response mean vector p = E(Y | Z, W)) and hence their LSE is an appropriate linear
combination of the LSE of the group means. With balanced data, we get for the the considered models

(calculation shown only for LSE of e, g = 1,...,G):

(i) Interaction model

1 & 1L 1 & 1L o -
mgo = E mg,h = E Zyg,ho = Hij Z JYg,ho = Tige an,h Yg,ho = Ygoc
h=1 h=1 h=1 h=1
(ii) Additive model
1 & 1 &
Mge = = Zﬁ%,h == Z(Yq. +Ye - Y)
h=1 h=1
B 1 o 1 H
:Yg.+ﬁzY.h—Y:Yg.+HGJZGJY.h—Y
h=1 h=1
1z
= Yg. + — Z NenY en —Y = Ygo
h=1

Z, W) = Tnge follows from properties of the LSE which are unbiased or from direct

1 H J
Z, W) = var[JH SN Yons

h=1j=1

Further, ]E(?g.
calculation. Next,

0.2

var(Y g Z, W] -

JH
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follows from the linear model assumption var(Y ’ Z, W) = ¢21,,. This also implies cov (791., 792. | Z, W) =
0 for g1 # g and zero off-diagonal elements of the matrix V7.

Finally, normality of Y, in case of a normal linear model, follows from the general LSE theory.

9
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13.2.4 Sums of squares and ANOVA tables with balanced data

Sums of squares
As already mentioned in Section 13.2.2, the considered models form two sequence of nested submodels:

i) Mg C Mz C Mziw C Mzw;
(i) Mg C My C MZ+W C Mzw.
Corresponding differences in the residual sums of squares (that enter the numerator of the respective

F-statistic) are given as squared Euclidean norms of the fitted values from the models being compared
(Section 8.1). In particular, in case of balanced data (ng, =J,g=1,...,G, h=1,..., H), we get

J (?g,h,o - ?go - ?oh, + ?)27

Ma
M=

SS(Z+W+Z:W|Z+W) =

g=1h=1
G H G H
SSZAWIW) =S T (Ve t Var -V - Va) = N I (Ve - V),
g=1h=1 g=1h=1
G H ) G H )
SS(ZAW|Z) =D Y T (VgetYVer =Y =Yy) => > JYer-Y)",
g=1h=1 g=1h=1
G H
$Sz|1) =" J (Y, -Y)",
g=1h=1
G H

Q
Il
—
>
I
—

We see,
SS(Z+W|W) =s5(2]1),
SS(Z+W|Z) = SS(W|1).
Nevertheless, note that this does not hold in case of unbalanced data.

Notation (Sums of squares in two-way classification).

In case of two-way classification and balanced data, we will use the following notation.
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Notes.
® Quantities SSz, SSy, SSzw are differences of the residual sums of squares of two models that differ by
terms Z, W or Z:W, respectively.

® Quantity SSt is a classical total sum of squares.

® Quantity SSfW is a residual sum of squares from the interaction model.

Lemma 13.3 Breakdown of the total sum of squares in a balanced two-way clas-
sification.
In case of a balanced two-way classification, the following identity holds

SSt =SSz + SSw + SSzw + SSZW.

Proof.

Decomposition in the lemma corresponds to the numerator sum of squares of the F'-statistics when testing
a series of submodels
Mo C My C MZ+W C Mzw

or a series of submodels

Mo C My C Mz+W C Mzw.
Let Mg, Mz, My, Mziw, Mzw be the regression spaces of the models Mg, Mz, My, Mz 1w, Mz,
respectively.

That is, SS7 = ||U°||?, where U are residuals of model My and
Uy= D, + Dy + D3 +U”",

where Dy, Dy, D3, U?" are mutually orthogonal projections of Y into subspaces of R™:

(i) D;: projection into Mz \ My, ||D1]|?> = SSz.
(i) Dy: projection into Mz w \ Mz, || D2||?> = SSy.
(iii) Ds: projection into Mzw \ Mziw, |D3||* = SSzw.
iv) U*W: projection into R™ \ Mz (residual space of Mzy).

From orthogonality: SS7 = SSz + SSw + SSzw + SSZY.
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ANOVA tables

As consequence of the above considerations, it holds for balanced data:

(i) Equally labeled rows in the type I ANOVA table are the same irrespective of whether the table is
formed in the order Z + W + Z:W or in the order W + Z + Z:W.

(i) Type I and type Il ANOVA tables are the same.

Both type I and type II ANOVA table then take the form

Degrees Effect Effect
Effect of sum of  mean
(Term) freedom squares square F-stat. P-value
Z G-1 SSz * * *
W H-1 SSw * * *
Z:W GH-G-H+1 SSzw * * *

Residual n—GH SSZW &




13.3. HIGHER-WAY CLASSIFICATION 321

13.3 Higher-way classification

Situation of three or more, let say p > 3 factors whose influence on the response expectation is of interest
could further be examined. This would lead to a linear model with p categorical covariates. Each of the
covariates can be parameterized by the means of (pseudo)contrast as explained in Section 4.4. In general,
higher order (up to order of p) interactions can be included in the model. Depending on included interactions,
models with different interpretation with respect to the structure of higher-order classified group means are
obtained. Nevertheless, more details go beyond the scope of this course. More can be learned, for example,
in the Experimental Design (NMST436) course or in Seber and Lee (2003, Section 8.6).
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Simultaneous Inference in
a Linear Model

+
As usual, we will assume that data are represented by a set of n random vectors (Yi, X : ) , X; =

(Xi,o, cee Xi’k,l)—r, i=1,...,n, that satisfy a linear model. Throughout the whole chapter, full rank and
normality will also be assumed. That is, we assume that

Y | X~ N, (XB, 0%L,),  rank(Xpxi) =k <n,

-

where Y = (Yl,...,Yn) , X is a matrix with vectors XlT,...,XTTL in its rows and B = (ﬁo,...,
T

,Bk_l) € R* and 02 > 0 are unknown parameters. Further, we will assume that a matrix L,y (m > 1)

with rows 1, ..., 1! (all non-zero vectors) is given:

0=18=1/8,....11.8)" =61,...,60,)"

Our interest will lie in a simultaneous inference on elements of the parameter . This means, we will be
interested in

(i) deriving confidence regions for a vector parameter 6;

(ii) testing the null hypothesis Hy: 8 = 6° for given 8° € R™.

322
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14.1 Basic simultaneous inference

If matrix IL,,, «% is such that

D m <k

(i) its rows, ie., vectors 1y, ..., 1,, € R” are linearly independent,
s y y p

then we already have a tool for a simultaneous inference on 6 = LL3. It is based on point (x) of Theorem 6.2
(Least squares estimators under the normality). It provides a confidence region for 6 with a coverage of
1 — o which is

T _ -1 —
{oerm: (6-8) {MS.LX'X)'LT} (6-8) < mFuns(l-a)}, 14.)
where 6 = ]LE is the LSE of . The null hypothesis Hy: @ = 6" is tested using the statistic

—~ _ -1
Qo=—(@-6"" {Ms.LxTx)TLT} (8- 6"), 14.2)
m
which under the null hypothesis follows an 7, ,,— distribution and the critical region of a test on the level
of o is

Cla) = [Frnn—ir(l — @), o). (14.3)

The P-value if Qo = qo is then given as p = 1 — CDF £ ,,, »,—k(qo). Note that the confidence region (14.1)
and the test based on the statistic ()9 and the critical region (14.3) are mutually dual. That is, the null
hypothesis is rejected on a level of « if and only if 8° is not covered by the confidence region (14.1) with
a coverage 1 — a.
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14.2 Multiple comparison procedures

14.2.1 Multiple testing

The null hypothesis Hy: 6 = 0° 8° = (9?, e 9%)1—) on a vector parameter 6 = (91, e Hm)T can also
be written as Hy: 61 =6 & - & 6, =00,

Definition 14.1 Multiple testing problem, elementary null hypotheses, global null
hypothesis.
A testing problem with the null hypothesis

H: 60=0 & ... & 0,=0, (14.4)
is called the multiple testing problem' with the m elementary hypotheses?
H: 0,=6% ..., Hy: 6, =26°.

Hypothesis Hy is called in this context also as a global null hypothesis.

Note. The above definition of the multiple testing problem is a simplified definition of a general multiple
testing problem where the elementary null hypotheses are not necessarily simple hypotheses. Further, general
multiple testing procedures consider also problems where the null hypothesis Hy is not necessarily given
as a conjunction of the elementary hypotheses. Nevertheless, for our purposes in context of this lecture,
Definition 14.1 will suffice. Also subsequent theory of multiple comparison procedures will be provided in
a simplified way in an extent needed for its use in context of the multiple testing problem according to
Definition 14.1 and in context of a linear model.

Notation.

® When dealing with a multiple testing problem, we will also write

HO = H1 & ‘e & Hm
or
HO = Hl, ey Hm
or
m
Hy = ﬂ H;.
j=1

¢ In context of a multiple testing, subscript 1 at H; will never indicate an alternative hypothesis. A symbol
C will rather be used to indicate an alternative hypothesis.

¢ The alternative hypothesis of a multiple testing problem with the null hypothesis (14.4) will always be given
by a complement of the parameter space under the global null hypothesis, i.e.,

HS: 6, #£6 OR ... OR 6, #6°,
= B} OR ... orR H®,

where HE' D05 # 9?, j=1,...,m. We will also write

2

v problém vicendsobného testovini elementdrni hypotézy
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o Different ways of indexing the elementary null hypotheses will also be used (e.g., a double subscript)
depending on a problem at hand.

Example 14.1 (Multiple testing problem for one-way classified group means).
Suppose that a normal linear model Y | X ~ N, (X,B, UQIn) is used to model dependence of the response Y

on a single categorical covariate Z with a sample space Z = {1, ..., G}, where the regression space M (X)
of a vector dimension G parameterizes the one-way classified group means

my=E(Y|Z=1), ..., mg=E(Y|Z=0G).

If we restrict ourselves to full-rank parameterizations (see Section 4.4.3), the regression coefficients vector is
T\ T T .
8= (ﬁo, 3% ) , 37 = (61, e Bg_l) and the group means are parameterized as

mg:60+c;ﬂza g:]-a"'aGa

where
el
C=1:
<G
is a chosen G x (G — 1) (pseudo)contrast matrix.
The null hypothesis Hy: m1 = --- = mg on equality of the G group means can be specified as a multiple

testing problem with m = (C;) elementary hypotheses (double subscript will be used to index them):
Hio:my=mo, ..., Hg-1G:mMg-1=mg.

The elementary null hypotheses can now be written in terms of a vector estimable parameter

0= (01,27 ey aGfl,G)Ta
eg,h:mg_mh:(cg_ch)—rﬁz, g:17"'aG_17 h:g+177G

as
Hi:012=0, ..., Hg-16:0g-1,6=0,

or written directly in term of the group means as
Hio:mi—mp=0, ..., Hg_i1g:mg—1—mg=0,
The global null hypothesis is Hy: @ = 0, where @ = L3. Here, L is an (g) x G matrix
0 (01 — cz)T
L=1: f
0 (cG_1 — c(;)T
Since rank((C) =G — 1, we have rank(]L) = G — 1. We then have

o ForG>4,m= (g) > G. That is, in this case, the number of elementary null hypotheses is higher than the
rank of the underlying linear model.

e For G > 3, the matrix L has linearly dependent rows.
That is, for G > 3, we can

(i) neither calculate a simultaneous confidence region (14.1) for 6;

(ii) nor use the test statistic (14.2) to test Hy: @ = 0.

In this chapter,
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(i) we develop procedures that allow to test the null hypothesis Hy: 1,3 = 8° and provide a simultaneous
confidence region for & = L3 even if the rows of the matrix IL are linearly dependent or its rank is
higher than the rank of the underlying linear model;

(ii) the test procedure will also decide which of the elementary hypotheses is/are responsible (in a certain
sense) for rejection of the global null hypothesis;

(iii) developed confidence regions will have a more appealing form of a product of intervals.

14.2.2 Simultaneous confidence intervals

Suppose that a distribution of the random vector D depends on a (vector) parameter 8 = (1, ...,
am)T €0 x---x0,, =0CR™

Definition 14.2 Simultaneous confidence intervals.
(Random) intervals (GJL, 9?),]' =1,...,m, where F)jL = HjL(D) and QJU = Hy(D), j=1,...,m, are called
simultaneous confidence intervals® for parameter  with a coverage of 1 — v if for any ° = (67, ..., 921)1— €
9)

P((0F,67) x -+ x (05, 05)26% 0=6") = 1.

Notes.

e The condition in the definition can also be written as
i Y

P(Vi=1,om: (08, 07) 2000 =6") >1-a.

® The product of the simultaneous confidence intervals indeed forms a confidence region in a classical
sense.

Example 14.2 (Bonferroni simultaneous confidence intervals).

Letforeachj =1,...,m, (HJ-L, Qy) be a classical confidence interval for ; with a coverage of 1 — . That is,
o 0 ) L pU 0.9 _ g0 @
Vi=1...om w09 €0;: P((0F.07)30% 0, =07) =1 .
We then have o
C_ 0 ) L U 0.p. _ g0
Vi=1,...,m, V60 c®,: P((ej,ej)zej,ajfej)ga

Further, using elementary property of a probability (for any 8° € ©)

P(3j=1,.com: (05, 0))#0%0=06") < iP((&},@f)g@?;ozoo)

j=1

m
Sz%za.

j=1
Hence,
P(Vi=1,om: (0}, 07)>0%:0-6") > 1-a.
That is, intervals (HJL , HJU), j=1,...,m, are simultaneous confidence intervals for parameter 6 with a coverage

of 1—a. Simultaneous confidence intervals constructed in this way from univariate confidence intervals are called
Bonferroni simultaneous confidence intervals. Their disadvantage is that they are often seriously conservative,
i.e, having a coverage (much) higher than requested 1 — .

3 simultanni intervaly spolehlivosti
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14.2.3 Multiple comparison procedure, P-values adjusted for mul-
tiple comparison

Suppose again that a distribution of the random vector D depends on a (vector) parameter § = (61, ...,

Gm)T €0 xX:-x0, =0 CR™ Letfor each 0 < o < 1 a procedure be given to construct the

simultaneous confidence intervals (OJL (), GJU(oz)), j=1,...,m, for parameter 0 with a coverage of 1 — .
Let for each j = 1,...,m, the procedure creates intervals satisfying a monotonicity condition
l—a1<1—ao - (HJL(OQ), QJU(OQ)) - (9}(052), HJU(OZQ))

Definition 14.3 Multiple comparison procedure.

Multiple comparison procedure (MCP)* for a multiple testing problem with the elementary null hypotheses
Hj: 0; = 09, j=1,...,m, based on given procedure for construction of simultaneous confidence interuvals for
parameter 0 is the testing procedure that for given 0 < o < 1

(i) rejects the global null hypothesis Hy: 0 = 6° if and only if
(65 (), 67 (a)) x - x (.(a), 67, () Z 0%
(i) for j =1,...,m, rejects the jth elementary hypothesis H; : 6; = 9? if and only if

(07 (a), 67 () 7 69.

Note. since (0 (), 0¥ (a)) x -+ x (0% (), 0% () # 6" if and only if there exists j = 1,...,m,
such that (Qf(a), Oy(a)) 7 0%, the MCP rejects, for given 0 < o < 1, the global null hypothesis Hy: 6 =
6" if and only if, it rejects at least one out of m elementary null hypotheses.

Note (Control of the type-I error rate).

Classical duality between confidence regions and testing procedures provides that for any 0 < o < 1, the
multiple comparison procedure defines a statistical test which

(i) controls the type-I error rate with respect to the global null hypothesis Hy: 6 = 8°, i.e,,
P(HO rejected; 6 = 00) <

(i) at the same time, for each j = 1,...,m, controls the type-I error rate with respect to the elementary
hypothesis H; : 6; = 0;.), ie.,
P(Hj rejected; 0; = 9?) < a.

Definition 14.4 P-values adjusted for multiple comparison.

P-values adjusted for multiple comparison for a multiple testing problem with the elementary null hypotheses
Hj: 0; = 9?, j=1,...,m, based on given procedure for construction of simultaneous confidence interuvals for

parameter @ are values pi” , ..., p®¥ defined as

p?dj = inf{a (08 (@), 07 () # 99}, j=1,...,m.

* procedura vicendsobného srovndvini
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Notes. The following is clear from construction:

¢ The multiple comparison procedure rejects for given 0 < o < 1 the jth elementary hypothesis H;: 6; =
09 (G =1,...,m) if and only ifp?dJ < a.

e Since the global null hypothesis Hy: 6 = 8" is rejected by the MCP if and only if at least one elementary
hypothesis is rejected, we have that the global null hypothesis is for given « rejected if and only if

. dj dj
mln{p?], ...,pfn]} < a.
That is,
dj . & dj
p*Y = min{pl¥, ..., pi¥

is the P-value of a test of the global null hypothesis based on the considered MCP.

Example 14.3 (Bonferroni multiple comparison procedure, Bonferroni adjusted
P-values).

Let for 0 < o < 1, (Gf(a), GJU(a)), j =1,...,m, be the confidence intervals for parameters 01, ..., O,,,
each with a (univariate) coverage of 1 — =-. That is,

. 0 ) L U 0.p9. _ o0 @
Vi=1..m 09 €0, P((0F(a), 0)(a) 5600, =08) > 1- =
As shown in Example 14.2, (0} (), Gy(a)), j =1,...,m, are the Bonferroni simultaneous confidence intervals

for parameter 6 = (61, ..., Hm)T with a coverage of 1 — a.

Letforj=1,...,m, p;-”’i be a P-value related to the (single) test of the (jth elementary) hypothesis H;: 0; = 9]0
being dual to the confidence interval (0 (at), 6 (cv)). That is,

= nt{ (0 a), 07 ) 305},

m

Hence,
rnin{mp}mi7 1} = inf{a : (HjL(oz), QJU(OA)) ] 0?}

That is, the P-values adjusted for multiple comparison based on the Bonferroni simultaneous confidence intervals
are

pf = min{mp}mi, 1}, Jj=1...,m.

The related multiple comparison procedure is called the Bonferroni MCP.

Conservativeness of the Bonferroni MCP is seen, for instance, on the fact that the global null hypothesis Hy: 6 =
6" is rejected for given 0 < o < 1 if and only if, at least one of the elementary hypothesis is rejected by its
single test on a significance level of a/m which approaches zero as m, the number of elementary hypotheses,
increases.



14.2. MULTIPLE COMPARISON PROCEDURES 329

14.2.4 Bonferroni simultaneous inference in a normal linear model

Consider a linear model
Y | X~ N, (XB, 0%L,),  rank(Xpxk) =k < n.

Let
0=1L8=18 ....1,8) =0 ... 00"

be a vector of linear combinations of regression coefficients. At this point, we shall only require that 1; # 0y,

for each j = 1,..., m. Nevertheless, we allow for m > k and also for possibly linearly dependent vectors
L, ..., 1,
As usual, let 8 = ]LB' (l—rf)'7 e m,@)T = (é\l, ce m) be the LSE of the vector @ and let MS, be

the residual mean square of the model.

It follows from properties of the LSE under normality that for given «, the (1 — —) 100% confidence
m

intervals for parameters 61, ..., 6,, have the lower and the upper bounds given as
6k(a) = 1B - \/MS 1 (XTX) 7't k(1 - Qi)
" (14.5)
~ -1 « .
W) = UB+ Ml () oy (1-55),  i=1m
By the Bonferroni principle, intervals (Qf(a), 0% ()), j =1,...,m, are simultaneous confidence intervals

for parameter 6 with a coverage of 1 — a.

For each j = 1,...,m, the confidence interval (14.5) is dual to the (single) test of the (jth elementary)
hypothesis H;: 0; = 9;-) based on the statistic

13— 6"
\/MS 1 (xTx) '

9

(which under the hypothesis H; follows the Student t,,_;, distribution) while having the critical region of the
test on a level of ar/m as

65 = (=0 tra(1= 5) | U [t (1- 55 ),

The related univariate P-values are then calculated as
punt = =2CDF; ,,— k( |tj_yo|),

where ¢, is the value of the statistic Tj(ﬁg) attained with given data. Hence the Bonferroni adjusted
P-values for a multiple testing problem with the elementary null hypotheses H; : 6; = 69, j = 1,...,m,
are
B _ . .
D; —mln{QmCDth_k(— \tj70|), 1}, j=1,....,m.
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14.3 Tukey’s T-procedure

Method presented in this section is due to John Wilder Tukey (1915 - 2000) who published the initial version
of the method in 1949 (Tukey, 1949).

14.3.1 Tukey’s pairwise comparisons theorem

Lemma 14.1 Studentized range.
Let Ty, ..., Ty, be a random sample from N'(u, 02), 0® > 0. Let

R= max T; — min T;
1 J ] J
j=1,....m j=1,....m

be the range of the sample. Let S* be the estimator of o2 such that S* and T = (Tt,... ,Tm)—r are
independent and

52
V—z ~ X2  forsome v >0.
o
Let R
Q-

The distribution of the random variable Q) then depends on neither i, nor o.

Proof.

o We can write:

1 , Ti—p\ . (Ti—p
R E{mjax(Tj —p) — mjln(Tj - p)} mjax( . ) mjm( .
S S N S '
o

¢ Distribution of both the numerator and the denominator depends on neither p, nor o since

L=k N, 1),

e Forall j=1,...,m

S
e Distribution of — is a transformation of the x? distribution.
o

® At the same time, numerator and denominator are independent and hence also their joint distribution
depends on neither y, nor 0. Consequently, also distribution of their ratio depends on neither y, nor o.

Note. The distribution of the random variable Q = % from Lemma 14.1 still depends on m (the sample
size of T') and v (degrees of freedom of the x? distribution related to the variance estimator S2).
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Definition 14.5 Studentized range.

R
The random variable Q = — from Lemma 14.1 will be called studentized range® of a sample of size m with v

degrees of freedom and its distribution will be denoted as qyy, ..

Notation.

e For 0 < p < 1, the p100% quantile of the random variable @) with distribution gy, , will be denoted as
Am.v (D)-

¢ The distribution function of the random variable @) with distribution q,,, will be denoted CDFg . ., (+).

lllustrations
Studentized range: distribution functions
For m = 3,10,20 and v = m — 1, R: ptukey(q, m, nu)

o
—
«© _|
=}
m=3
© | m =10
o m =20
-
Vi
o
o <
s
N_
=}
o
S -
T T T T T I
0 2 4 6 8 10

S studentizované rozpéti
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llustrations
Studentized range: selected quantiles

For m = 3,10,20 and v = m — 1, R: qtukey(p, m, nu)

p <- <(0.025, 0.05, 0.1, 0.25, 0.5, 0.75, 0.9, 0.95, 0.975)
quants <- data.frame(p = p,

q3 = round(qtukey(p, 3, 2), 4),

q10 = round(qtukey(p, 10, 9), 4),

q20 = round(qtukey(p, 20, 19), 4))

colnames (quants) <- c("p", paste("m = ", c(3, 10, 20), sep = ""))
print (quants)

P m = m=10 m= 20
1 0.025 0.3050 1.5291 2.2698
2 0.050 0.4370 1.7270 2.4650
3 0.100 0.6351 1.9800 2.7087
4 0.250 1.1007 2.4726 3.1664
5 0.500 1.9082 3.1494 3.7626
6 0.750 3.3080 4.0107 4.4724
7 0.900 5.7326 5.0067 5.2315
8 0.950 8.3308 5.7384 5.7518
9 0.975 11.9365 6.4790 6.2498

Theorem 14.2 Tukey’s pairwise comparisons theorem, balanced version.
LetTy,...,T,, be independent random variables and let T; ~ N (uj, v?0?), j = 1,...,m, where v> > 0 is

a known constant. Let S? be the estimator of o* such that S* and T = (Tl, e ,Tm)T are independent and
52
V—2 ~ X2  forsome v > 0.
o
Then
P(forallj U T =T — (py— )| < ama(1—a) Vo2 52> =1-«
Proof.
T — s
o It follows from the assumptions that random variables 37#], j =1,...,m, are iid. with the
v

distribution A/ (0, o).

T — 11 T: — 1
® Llet R= maX(J'u]) — mln(]'u])
J v J v

R
= E§ ~Adm,v-

® Hence for any 0 < a < 1 (g, is a continuous distribution):

T — . T — 1.
mx(%) _ min(y%)
l1—-a=P J v J v

S

< gmp(l—a)
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max(Tj - p) — min(Z; — )

:P ,/1—
v S < o @)

= P(m]ax(Tj — ;) — mjin(Tj — ;) < vSgm(1— a))

= P(for all]#l |(,Tj 7”]') - (Tl*/Ll)| < USqu(l*OL))

= P(for all j#1 (T, —T — (w5 — )| < qmw(l—a)\/vQSQ).

Theorem 14.3 Tukey’s pairwise comparisons theorem, general version.
Let Ty, ..., T, be independent random variables and let T; ~ N (y;, vj2»02), j=1,...,m, where v]2- > 0,

. _ <
j=1,...,m are known constants. Let S* be the estimator of o* such that S* and T = (Tl, . ,Tm) are

independent and
v S?

5 ~ X2  forsome v >0.
o

Then

_ v? 4o}
P fOT a”] #l ’Tj -1 - (.uj - Ml)| < qm,v(l - a) T S? > 1—a.

Proof. Proof/calculations were skipped and are not requested for the exam.
See Hayter (1984).

Notes.

® Tukey suggested that statement of Theorem 14.3 holds already in 1953 (in an unpublished manuscript
Tukey, 1953) without proving it. Independently, it was also suggested by Kramer (1956). Consequently, the
statement of Theorem 14.3 was called as Tukey-Kramer conjecture.

® The proof is not an easy adaptation of the proof of the balanced version.
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14.3.2 Tukey’s honest significance differences (HSD)

A method of multiple comparison that will now be developed appears under several different names in the
literature: Tukey’s method, Tukey-Kramer method, Tukey’s range test, Tukey’s honest significance differences
(HSD) test.

Assumptions.
In the following, we assume that

T=(Ty, ..., Tp) ~ N, 6>V),

where

o = (Hh ce ,um)T € R™ and 02 > 0 are unknown parameters;

e Vis a known diagonal matrix with v?, ..., v2 on a diagonal.

That is, T4, ..., T, are independent and T; ~ N (u;, 0?v;), j = 1,...,m. Further, we will assume that

an estimator S of o2 is available which is independent of T and which satisfies v 5% /0% ~ x?2 for some
v > 0.

Multiple comparison problem.

A multiple comparison procedure that will be developed aims in testing m* = (') elementary hypotheses
on all pairwise differences between the means p1, ..., pm,. Let

050 = 1y — pu, ji=1....om—=-1,1=5+1,...,m,
0= (612, 015, ., Oy 1.m) -
The elementary hypotheses of a multiple testing problem that we shall consider are
H;j;: Qj,l(:pj—,ul)zﬂgﬁl, ji=1L....om-=-11=j41,...,m,

for some ° = (092,095, ..., 00 )T € R™". The global null hypothesis is as usual Hy: 8 = 6°.

m—1m

Note. The most common multiple testing problem in this context is with 8° = 0,,,» which corresponds
to all pairwise comparisons of the means p1, ..., . The global null hypothesis then states that all the
means are equal.

Some derivations

Using either of the Tukey’s pairwise comparison theorems (Theorems 14.2 and 14.3), we have (for chosen
O<a<l)

. vi + o7
Plforall j #1 |Tj =T — (u; — )| < dmn(1— ) s ) = 1-a
with equality of the above probability to 1 — o in the balanced case of v} = --- = v2,. That is, we have,

T =T — (py — )

V2402
J l 2
\ L5 S

Pl forall j#1 <gmu(l—a)] > 1-o.
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Let for j # [ and for Qol eR

T, — T, — 6°
Tj,z(gg,z) = — L
vj + vj g2
2
That is
l—a <P (for all j #1 1},1(6’?’[)’ <Amy(1—a); 0= 00> (14.6)
= P|forall j#1 w<q (1-a); 06=20"
/v?+vl2 S2 m,v i
V2
= P(for all j #1 9 JL(a), 9% (o )) > 9”, 0 = 00) 14.7)
where

TL [ v +vi
0;1 () =T; -1 — qmu(l —a)y/ 5+ S
QTU . 1))2.—&-11,? 2 .
(@) =T =T+ dmu(l—a)y/ 25+ 8% j<l

Theorem 14.4 Tukey’s honest significance differences.

Random intervals given by (14.8) are simultaneous confidence intervals for parameters 0;; = p; — p, j =
1,....m—11=741,...,m with a coverage of 1 — .

(14.8)

In the balanced case of vi = - -- = v2,, the coverage is exactly equal to 1 — q, ie., for any 8° € R™

P(forallj;él (egjf(a), 07V (o )) 56%,; 6= 00> - 1-a

Related P-values for a multiple testing problem with elementary hypotheses H; ;: 0, = 69

i 9 L ER, <,
adjusted for multiple comparison are given by

phi=1- g (|8)). i<t

T;—T1—06° . L
% attained with given data.
ve4v

j__1 2
5 S

where t?,l is a value oijvl(a.?al) -

Proof.

The fact that GflL (o), HflU () ), j <, are simultaneous confidence intervals for parameters 6; ; = 1; — i

with a coverage of 1 — « follows from (14.7).

The fact that the coverage of the simultaneous confidence intervals is exactly equal to 1 — « in a balanced
case follows from the fact that inequality in (14.6) is equality in a balanced case.

Calculation of the P-values adjusted for multiple comparison related to the multiple testing problem with the

elementary hypotheses H; ;: 0;; = Hj » J <, follows from noting the following (for each j < I):

(0@, 01V (@) 8, = |Tu(0)] 2 a1 - a)

It now follows from monotonicity of the quantiles of a continuous Studentized range distribution that

pzl = inf{a : (HflL(aL GJTIU(a)) 7 9?,1} = inf{a : ‘Tj’l(H?J)‘ > O, (1 — oz)}
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is attained for p}jl satisfying
’Tj,l (Gg,l) ‘ =Adm,v (1 - ijl)

That is, if t?_ ; is a value of the statistic Tj (9?.1) attained with given data, we have

b= 1= R (JE01]).

14.3.3 Tukey’s HSD in a linear model

In context of a normal linear model Y ’ X~ N, (X[i 0’2In), rank(ank) = k < n, the Tukey’s honest
significance differences are applicable in the following situation.
IT

’  m?

. . . T
® I« is a matrix with non-zero rows 1; , ...

n;:ﬂﬂ::UIﬁP.WILﬁYFZ(nh-~7%ﬂT-

® Matrix I is such that )
— ™) 1. T —
Vi=L(X'X) L' = (1),
is a diagonal matrix with vjz =v5i=1...,m
With 8 = (XTX)_leY and the residual mean square MS, of the fitted linear model, we have (condi-
tionally, given the model matrix X):

(n — k)MS,

TZ:?]: (llTBy 7121//6\)1—:}141/6\'\“/\/?71(777 UQV)v 2 NXiflw

o
7 and MS, independent.
Hence the Tukey’s T-procedure can be used for a multiple comparison problem on (also estimable) parameters
T .
O o=mn—m=(1-1L) B, Jj<l

The Tukey’s simultaneous confidence intervals for parameters 6, ;, j < [, with a coverage of 1 — o have then
the lower and the upper bound given as

~ P 02 tu?
0"71:[[, (Ot) My —m — qm,n—k(l - Ol) \/m7
TU ~ ~ v24v? i
0;0 (@) =0 =M+ dmn—n(l —a)\/ 5+ MS.,  j<l

Calculation of the P-values adjusted for multiple comparison related to the multiple testing problem with
elementary hypotheses

Hju: 0;0=0%, j<l
for chosen 9?7 ; € R, is based on statistics
ﬁ' - ﬁl - 9% .
Tpa(09) = ———2=,  j<l
v? + v?
JTZ MS,

The above procedure is in particular applicable if all involved covariates are categorical and the model
corresponds to one-way, two-way or higher-way classification. If normal and homoscedastic errors in the
underlying linear model are assumed, the Tukey’s HSD method can then be used to develop a multiple
comparison procedure for differences between the group means or between the means of the group means.
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One-way classification

LetY = (Yl,h R YG,nG)T, n= 2521 ng, and
Yg’j ~ N(m97 02)7
Y, ; independent for g =1,...,G, j=1,...,ng,

We then have (see Lemma 13.1, with random covariates conditionally given the covariate values)

Yy 1

Yl mq e e 0
T:=|:@|~AMNg N A

A 1

Moreover, the mean square error MS, of the underlying one-way ANOVA linear model satisfies, with v, =
n— G,
v, MS, 9

2 "~ Xue MS, and T independent
(due to the fact that T is the LSE of the vector of group means m = (ml, RN mg)T). Hence the Tukey’s
simultaneous confidence intervals for 6, , = mg—mp, g=1,...,G—1, h=g+1,...,G with a coverage

of 1 — o, have then the lower and upper bounds given as

— 1/1 1
Yg—Yh + qun_g(la)\/Q (;‘anh) MSE, g<h.
g

In case of a balanced data (n; = --- = ng), the coverage of those intervals is even exactly equal to 1 — «,
otherwise, the intervals are conservative (having a coverage greater than 1 — «).

Calculation of the P-values adjusted for multiple comparison related to the multiple testing problem with
elementary hypotheses
Hgnt g = 92,;” g<h,

for chosen 92 n € R, is based on statistics

Yo=Yn—0),

1,1 1 ’
\/(+)Mse
2\ng  ny

Note. The R function TukeyHSD applied to objects obtained using the function aov (performs LSE based
inference for linear models involving only categorical covariates) provides a software implementation of the
Tukey’s T multiple comparison described here.

Tg,h(egﬁ) =

g < h.

Two-way classification

T G H
Let Y = (Yi11, -, Yo Hnon) »1N = > g=1 Dh=1"g,h and
Yynj ~ N(mgn, o°),
Y, n;independent for g =1,...,G, h=1,...,H, j=1,...,ngp,

Let, as usual,

H 1 Homen
Nge = E Ng,h, Yge = E , E :nghm
Nge ;
h=1 9® h=1j=1

H H

_ 1 ot 1

Mge = 77 E Mg h, Mge = — E Ng h Mg, h, g=1,...,G.
h=1 9% p=1
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Balanced data

In case of balanced data (ng;, = J for all g, h), we have nge = J H, W;t = . Further,

Ylo ml. J% 0

T = NNG s 0'2 )
N — 1
YG. mgae 0 TH

see Consequence of Lemma 13.2. Further, let MS?"" and MSZ*" be the residual mean squares from the
interaction model and the additive model, respectively, v = n — G H, and v?*W =n -G - H + 1
degrees of freedom, respectively. We have shown in the proof of Consequence of Lemma 13.2 that for both
the interaction model and the additive model, the sample means Y1,, ..., Y e are LSE’s of estimable
parameters T1,, - .., Mge and hence, for both models, vector T is independent of the corresponding
residual mean square. Further, depending on whether the interaction model or the additive model is

assumed, we have

vr MS; 9
0_2 ~ XV;7
where MS? is the residual mean square of the model that is assumed (MS?" or MSZ™") and v* the
corresponding degrees of freedom (2" or vZ*W). Hence the Tukey’s simultaneous confidence intervals

for 04, g, = Mge —Mgoey g1 =1,...,G =1, go = g1 + 1,...,G have then the lower and upper bounds

given as
— — /1 N
Ygl. — Ygg. + qG,V;(l — Oé) ﬁ MSe,

and the coverage of those intervals is even exactly equal to 1 — c.

Calculation of the P-values adjusted for multiple comparison related to the multiple testing problem with
elementary hypotheses

. _ 0
Hy, 9o 01,9 = 04, 9.5 g1 < g2,

for chosen 9_217 5 ER s based on statistics

Ygl' - ?920 —0)

g1,92

) g1 < g2.
J ms
JH ¢

With unbalanced data, direct calculation shows that

Tor.9: (05, 4) =

91,92

Unbalanced data

Yie my ni ... 0
. . 2
T .= : ~ Ng : , o :
i —wt 1
Yg. m&”. 0 TGe
Further, the sample means Yie,...,Y ce are LSE’s of the estimable parameters m}*’f, - mgt, in both

the interaction and the additive model. This is obvious for the interaction model since there we know the
fitted values (= LSE’s of the group means m, ). Those are Y, , i = Y he, g =1,...,G, h =1,..., H,
j=1,...,n4 (Lemma 13.2). Hence the sample means Y1, ..., Y ge, which are their linear combinations,
are LSE’s of the corresponding linear combinations of the group means m, j,. Those are the weighted means
of the means ij, e mgi To show that the sample means Yie, ..., Y e are the LSE’s for the estimable

parameters mﬁ”j, o, mgi in the additive model would, nevertheless, require additional derivations.

For the rest, we can proceed in the same way as in the balanced case. That is, let MS: and v} denote the
residual mean square and the residual degrees of freedom of the model that can be assumed (interaction
or additive). Owing to the fact that T is a vector of the LSE’s of the estimable parameters for both models,
it is independent of MS?. The Tukey’s T multiple comparison procedure is now applicable for inference on
parameters

ogit’gz zmlg”f,—mg’;,, g1 217...,G—1, ggzgl—Fl,...,G.

Beginning of
skipped part
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The Tukey’s simultaneous confidence intervals for 991 g2 = mgl. - mg2,, g=1....G—-1,¢9g0=¢g1 +
1,..., G, with a coverage of 1 — «, have the lower and upper bounds given as

_ 1 1 1
Y91'7Y920 + qG,ug(]-Oé)\/ ( + )MS;

2 Ng,e Ngae

Calculation of the P-values adjusted for multiple comparison related to the multiple testing problem with
elementary hypotheses

wt __ pwt,0
91792 9g1 g2 egl g2 g1 < g2,
for chosen 0;"1'5 ;)z € R, is based on statistics
N N wt,0
T (ewt,O ) _ Yoo = Yge— 001,(]2
91,92\ g1,92/ —

1 1 1 ) g1 < g2
—( + ) MS?
2\nge  nNg,e

Notes.
® Analogous procedure applies for the inference on the means of the means

G

1
— _ —wt
Meh = a E Mg h, Mep =
g=1

by the second factor of the two-way classification.

® The weighted means of the means m;"f or MY} have a reasonable interpretation only in certain special

situations. If this is not the case, the Tukey’s multiple comparison with unbalanced data does not make
much sense.

e Even with unbalanced data, we can, of course, calculate the LSE’s of the (unweighted) means of the means
Tge OI Tep. Nevertheless, those LSE’s are correlated with unbalanced data and hence we cannot apply
the Tukey's procedure.

Note (Tukey’s HSD in the R software).

The R function TukeyHSD provides the Tukey’s T-procedure also for the two-way classification (for both the
additive and the interaction model). For balanced data, it performs a simultaneous inference on parameters
04,9 = Mg, e — Mg,e (and analogous parameters with respect to the second factor) in a way described
here. For unbalanced data, it performs a simultaneous inference on parameters 63" =~ = mgf, — m;;, as
described here, nevertheless, only for the first factor mentioned in the model formula. Inference on different
parameters is provided with respect to the second factor in the model formula. That is, with unbalanced
data, output from the R function TukeyHSD and interpretation of the results depend on the order of the
factors in the model formula.

TukeyHSD with two-way classification for the second factor uses “new” observations that adjust for the effect

of the first factor. That is, it is worked with “new” observations Y* > given as

g*,h.,j: g,h,j_?go+?; g:].,...,G, }LZZI.,...7]:I7 jzl,...,ng,h.

The Tukey’s T procedure is then applied to the sample means

G
?:h == ?.

Ye+Y, h=1,. H,

Ne
g 1

whose expectations are

1 G H
e t
Mo, — —— E nq,hmw + n E E Ng,hz2Mg,hos h=1,....H,

g=1ho=1

hich, with unbalanced data, t 1 to L.
‘whnic W1 unpbalance ata, are no equa (0] m,h End Of

skipped part
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14.4 Hothorn-Bretz-Westfall procedure

The multiple comparison procedure presented in this section is applicable for any parametric model where
the parameters estimators follow either exactly (as in the case of a normal linear model) or at least asymp-
totically a (multivariate) normal or t-distribution. In full generality, it was published only rather recently
(Hothorn et al., 2008, 2011), nevertheless, the principal ideas behind the method are some decades older.

14.4.1 Max-abs-t distribution

Definition 14.6 Max-abs-t-distribution.
Let T = (Tl, .. ,Tm)T ~ mvtm_yl,(E), where 3. is a positive semidefinite matrix. The distribution of
a random variable
H= wax [T
j=1,....m
will be called the max-abs-t-distribution of dimension m with v degrees of freedom and a scale matrix 3 and
will be denoted as h,, ,(3).

Notation.

e For 0 < p < 1, the p100% quantile of the distribution h,,_,,(3) will be denoted as h,,, ., (p; ). That is,
ho.. (p; 3) is the number satisfying

¢ The distribution function of the random variable with distribution h,,, ,,(2) will be denoted CDFy, ,, ., (-; ).

Notes.
o If the scale matrix ¥ is positive definite (invertible), the random vector T' ~ mvtm,l,(E) has a density
w.r.t. Lebesgue measure

v4m

A AN
} , t e R™.

R -3
fT(t)—W|E| {1 +

o3

* The distribution function CDFy, ,, ,,(-; ) of a random variable H = max;—1, .., |T}| is then (for » > 0):

CDFp o (h; X) = P( max || < h) - P(Vj =1,...,m |Tj| < h)

j=1,...,

h h
:/ / Fr(te, ... tm)dty - dtp,.
—h —h

e That is, when calculating the CDF of the random variable H having the max-abs-t distribution, it is
necessary to calculate integrals from a density of a multivariate t-distribution.

¢ Computationally efficient methods not available until 90’s of the 20th century.
® Nowadays, see, e.g., Genz and Bretz (2009) and the R packages mvtnorm or mnormt.

¢ Calculation of CDFy, ,,, ,(+; 3) is also possible with a singular scale matrix 3.
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14.4.2 General multiple comparison procedure for a linear model

Assumptions.

In the following, we consider a normal linear model
Y | X ~ N, (XB, 0°L,), rank(X,xx) = k.
Further, let
17
1
Lixk =

lT

be a matrix and . .
0:=18=18...,1,8) =0,...,0m) ,
11#0](?7"'717774#0]6'

Notes.

® The number m of the estimable parameters of interest may be arbitrary, i.e., even greater than k.

® The rows of the matrix I may be linearly dependent vectors.

Multiple comparison problem.
A multiple comparison procedure that will be developed aims in providing a simultaneous inference on m

estimable parameters 61, ..., 0,, with the multiple testing problem composed of m elementary hypotheses
Hjl 9]‘:9?7 jil,...,m,
for some 0° = (9?, cee e?n)T € R™. The global null hypothesis is as usual Hy: 6 = 6°.

Notation. in the following, the following (standard) notation will be used:
e 3= (XTX)AXTY;

b—1B= (5. 1B)
V=LEX"X) LT = (v;,)

T

= (61, ..., 0,)": LSE of 6;

gl=1,....m’

. 1 1
D:dlag( S );
v/ V1,1 VvV Um,m

MS.: the residual mean square of the model with v. = n — k degrees of freedom.

Reminders from Chapter 6

® For j =1,...,m, (both conditionally given X and unconditionally as well):
0; — 6,
Vo2 vj

o Further (conditionally given X):

0, — 0

—L__ ~ o,
\/MSevj,j "

Zj = ~ N(0, 1), T =

Z=(Z1,..., Zn) =

T=(Ty,....,Tn) = D(@—6) ~ myty, . i(DVD).




14.4. HOTHORN-BRETZ-WESTFALL PROCEDURE 342

Notes.

® Matrices V and DVD are not necessarily invertible.

o If rank(]L) = m < k then both matrices V and DVD are invertible and Theorem 6.2 further provides
(both conditionally given X and unconditionally as well) that under Hy: 6 = 6°:

Q=2 (@-0") (M%) (@-0") = L2 (OVD) T ~ Fpur

m

This was used to test the global null hypothesis Hy: 6 = 6° and to derive the elliptical confidence sets
for 6.

e It can also be shown that if mg = rank(]L) then under Hy: 6 = 6°:

Q= (@-0°) (M5,9) (0 0%) = LT (DVD)' T ~ Fop

(both conditionally given X and unconditionally), where symbol + denotes the Moore-Penrose pseudoin-
verse.

Some derivations

Letfor@?ER,j:l,...,m,

70— % =1
J(j)_ MS U“7 J=4 , M
V € ~1J

Then, under Hy: 6 = 0°:

T(6°) := (Ty(69), ..., T(6%)) " ~ mvt,, , x(DVD).
We then have, for 0 < a < 1:

1—a = P max |T;(09)] < hu,n 4(1— s DVD); 6 = 6°)

J=1,.

_ P(for all j=1,...,m |T;(69)] < by n_i(1 —a; DVD); 0 = 90)

. i, 0
= P(forallj=1,...,m |—== < hm n-ik(l—a; DVD); 6 =6
VMScvj
= P(for alj=1,...,m <9§ﬂ(o<)7 HfU(a)) 99?; 0:00>, 14.9)

where

(14.10)
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Theorem 14.5 Hothorn-Bretz-Westfall MCP for linear hypotheses in a normal lin-
ear model.

Random intervals given by (14.10) are simultaneous confidence intervals for parameters 0; = le B,j=1,...,m,

T
with an exact coverage of 1 — a, i.e., for any 8° = (0(1), cee 921) eR™

P(for allj=1,...,m (QJHL(OZ), er(Oé)> E) 9;-); 0= 00) =1-a.
Related P-values for a multiple testing problem with elementary hypotheses H; : 0; = 99, GJO» eERj=1,...,m,
adjusted for multiple comparison are given by
p]H =1- CDFh,'rrL,n—k(|t9|; DVD)? .7 = 17"'7ma

0 = . 0\ 53—05] . . .
where t; is a value of T;(0;) = e attained with given data.

Proof.

The fact that (9;{ L(a), 95{ U(a)), j = 1,...,m, are simultaneous confidence intervals for parameters
0; = le B3 with an exact coverage of 1 — « follows from (14.9).

Calculation of the P-values adjusted for multiple comparison related to the multiple testing problem with

the elementary hypotheses H; : 6; = 9?, j = 1,...,m, follows from noting the following (for each
j=1...,m)

(efL(a), an(a)) 300

T;(63)

> hm, n—k(l - ]D)V]D)

It now follows from monotonicity of the quantiles of a continuous max-abs-t-distribution that
pll = inf{a : (9;IL(Q), e;fU(a)) = 9;?} - inf{a : ’Tj(ag)’ > by, (1 — DV]D))}

is attained for pf satisfying

‘Tj (9?) = hm, n—k'(l - pf]; DVD).

That is, if t? is a value of the statistic T} (99) attained with given data, we have

pi=1- CDFh,m,n_k(]tﬂ; ]DV]D)).
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Note (Hothorn-Bretz-Westfall MCP in the R software).

In the R software, the Hothorn-Bretz-Westfall MCP for linear hypotheses on parameters of (generalized) linear
models is implemented in the package multcomp. After fitting a model (by the function 1m), it is necessary
to call sequentially the following functions:

() glht. One of its arguments specifies the linear hypothesis of interest (specification of the IL matrix).
Note that for some common hypotheses, certain keywords can be used. For example, pairwise
comparison of all group means in context of the ANOVA models is achieved by specifying the
keyword “Tukey”. Nevertheless, note that invoked MCP is still that of Hothorn-Bretz-Westfall and it is
not based on the Tukey’s procedure. The “Tukey” keyword only specifies what should be compared
and not how it should be compared.

(ii) summary (applied on an object of class glht) provides P-values adjusted for multiple comparison.

(iii) confint (applied on an object of class glht) provides simultaneous confidence intervals which,
among other things, requires calculation of a critical value h,, ,_x(1 — ), that is also available in
the output.

Note that both calculation of the P-values adjusted for multiple comparison and calculation of the critical
value hy, ,—1(1 — ) needed for the simultaneous confidence intervals requires calculation of a multivariate
t integral. This is calculated by a Monte Carlo integration (i.e., based on a certain stochastic simulation) and
hence the results slightly differ if repeatedly calculated at different occasions. Setting a seed of the random
number generator (set.seed()) is hence recommended for full reproducibility of the results.
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14.5 Confidence band for the regression function

T .
In this section, we shall assume that data are represented by i.i.d. random vectors (YZ-, Z ;r ) ,i=1,...,n,

being sampled from a distribution of a generic random vector (Y, Z T)T € RP, 1t is further assumed
that for some known transformation ¢ : R? — R¥, a normal linear model with regressors X; = t(Z;),
i =1,...,n, holds. That is, it is assumed that for the response vector Y, the covariate matrix Z and the
model matrix X, where

i z| X t'(Z)
Y = ) 7= ) X= = )
Y, z! x! t'(Z,)
we have
Y |Z ~ N,(XB, 0 1,) (14.11)

for some 3 € R¥, 62 > 0. Remember that it follows from (14.11) that
}/i | ZZ ~ N(Xjﬁv UQ)a

and the error terms ¢, = Y; — X/ 8,i=1,...,n are iid. distributed as € ~ AV(0, o2). The corresponding
regression function is

E(Y|X =t(2) =E(Y |Z=2) =m(2) =t (2)B, =z€eR"

It will further be assumed that the model matrix X is of full-rank (almost surely), i.e., rank(ank) = k. As

it is usual, B will be the LSE of a vector of 3 and MS,, the residual mean square.

Reminder from Section 6.3

Let z € R? be given. Theorem 6.3 then states that a random interval with the lower and upper bounds
given as

1

@B+ toi(1-5) VMS T (2) (XTX) 't (2),

is the confidence interval for m(z) = t' (z)3 with a coverage of 1 — c. That is, for given z € RP?, for any
B e R¥, 02 >0,

1

P(t7(2)B + tui(1-3) VMS T (2)(XTX) 't(z) 5 tT(2)8% B =B, 0® = o) = 1-a

Theorem 14.6 Confidence band for the regression function.

Let (Y,-, ZZ-T)T, i =1,...,n, be iid. random vectors such that' Y | Z ~ N, (X,@, oQIn), where X is the
n x k model matrix based on a known transformation t : R? — RF of the covariates Z, ..., Z,. Let
rank (X,,xx) = k. Finally, let for all z € RP t(z) # 0y. Then for any BY € R¥, o2 > 0,

P (for all z € R?

1

£ (2)B £ ki k(l-a)MS.tT(2) (XTX) (=) 3 £7(2)8% B=p" 0" =0}

=1-—a.
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Note. Requirement t(z) # 0y, for all z € R? is not too restrictive from a practical point of view as it is
satisfied, e.g., for all linear models with intercept.

Proof. Proof/calculations were skipped and are not requested for the exam.

Let for 0 < a < 1)

K={Ber": (3-H) (X'X)(B-B) < kMS, Fin i(1-a)}.

Section 6.2: K is a confidence ellipsoid for 3 with a coverage of 1 — q, that is, for any 3° € R¥, 62 > 0,

PK2B% B=p"0*=0})=1-a.

KC is an ellipsoid in R*, that is, bounded, convex and with our definition also closed subset of R”.

Let for z € R?:

L(z) = mf t'()8,  Ulz) = sup t'(2)8.

From construction:

Bek = VzeRP L(z) < t'(2)8 < U(z).
Due to the fact that I is bounded, convex and closed, we also have

VzeRP L(z) < t'(2)B < U(z) = BeK.

That is,
Bek & VzeRP L(z) < t'(2)8 < U(z).

and hence, for any 3° € R¥, 03 > 0,

l1-a=P(K>3p" B=p")=P(foralze R? L(z) < t'(2)8° < U(z); B=7", 0> =03).
(14.12)

Further, since ¢ ' (2)/3 is a linear function (in 3) and K is bounded, convex and closed, we have

L(z) = inf t'(2)8= min t' ()8, Uz)= sup t'(2)8= glg%tT(Z)ﬁ,

and both extremes must lie on a boundary of K, that is, both extremes are reached for 3 satisfying

(B-B) (X7X) (8- B) = kMS. Frni(1-a).
Method of Lagrange multipliers:
o8N =17(2)8 + 3M(B-B) (XTX) (8-B) — kMS, Fip (1~ )}

(% is only included to simplify subsequent expressions).

Derivatives of ¢:

Oy _ T 7

fo(@ A) = %{(ﬁ ~B) (XTX) (8- B) — EMS, Frn_i(1 —a)}.

With given A, the first set of equations is solved (with respect to 3) for
~ 1 -1
B =B — 1 (XTX) " ¢(2).
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Use B(A) in the second equation:

1 _ _
1t () (XTX) 'XTX(XTX) "' #(2) = kMS, Frn k(1 — ),

B t7(2)(XTX) t(z)
>\ o :t \/k MSe fk,n—k(l — Oé) '

Hence, 3 which minimizes/maximizes ¢ ' (z)3 subject to

B-B) (XX) (8- B) = kMS, Fyn_r(1—a)

is given as

IBmin = B - \/k MSe Fk’ﬂ_k(lli a) (XTX)ilt(z)v

t7(2)(XTX) " t(2)
~ EMS, Fin—i(l — -1
ﬁmam = ﬁ + T k k(71 ) (XTX) t(Z)
t'(2)(XTX) t(2)
Note that with our assumptions of ¢(z) # 0, we never divide by zero since (X—'—X)f1 is a positive definite
matrix.
That is,

— T (B + MS.tT(2)(XTX)(2) k Fri(l—a).

The proof is finalized by looking back at expression (14.12) and realizing that, due to continuity,

l-a=P(orall ze R? L(z) < t'(2)8° < U(2); B=0°)
=P(forall z € R” L(z) < t'(2)8° < U(z); B=5")

= P(for all z € RP

t'(2)8 + \/k:}'k’n,k(l —a)MS.t' (2) (XTX)_lt(z) > t'(2)8% B=p%02= Ug).

3
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Terminology (Confidence band for the regression function).

If the covariates Z1,...,Z, € R, confidence intervals according to Theorem (14.6) are often calculated for
an (equidistant) sequence of values z1,...,2zy € R and then plotted together with the fitted regression
function m(z) = ¢" (z)ﬁ, z € R. A band that is obtained in this way is called the confidence band for the
regression function °® as it covers jointly all true values of the regression function with a given probability of
1—a.

Note (Confidence band for and around the regression function).
For given z € R:

Half width of the confidence band FOR the regression function (overall coverage) is

VEFini(1—a) MS, t7(2)(XTX)"¢(2).

Half width of the confidence band AROUND the regression function (pointwise coverage) is

ti(1-5) VS, £7(2) (XTX)14(2)

— Pkl — ) MS, £7(2)(XTX)"¢(=),
since for any v > 0, tlz,(l - %) =F1,(1—a).

For k > 2, and any v > 0,
k]:k)l,(l —a) > .7:1’,,(1 — a)

and hence the confidence band for the regression function is indeed wider than the confidence band around
the regression function. Their width is the same only if £ = 1.

Illustrations
Kojeni (n = 99)
bweight ~ blength

5000

— — Conf. band FOR
- — Conf. band AROUND

Birth weight [g]
3000 3500 4000 4500

2500

2000

46 48 50 52 54

Birth length [cm]

8 pis spolehlivosti pro regresni funkci
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General Linear Model

We still assume that data are represented by a set of n random vectors (Yi, X iT)T, X, = (Xi,o, e

T . T
Xi,k—l) ,i=1,...,n, and use symbols Y for a vector (Yl, R Yn) and X for an n x k matrix with
rows given by the covariate/regressor vectors X1, ..., X,,. In this chapter, we mildly extend a linear model
by allowing for a (conditional) covariance matrix having different form than o2 I,, assumed by now.

Definition 15.1 General linear model.
The data (Y , X) satisfy a general linear model' if

E(Y |X)=X8, var(Y|X)=0>W,

where 3 € R¥ and 0 < 0 < co are unknown parameters and W is a known positive definite matrix.

Notes.
¢ The fact that data follow a general linear model will be denoted as

Y |X~ (X8, c°W ).

® General linear model should not be confused with a generalized linear model® which is something different
(see Advanced Regression Models (NMST432) course). In the literature, abbreviation “GLM” is used for
(unfortunately) both general and generalized linear model. It must be clear from context which of the two
is meant.

Example 15.1 (Regression based on sample means).

~ ~ T
Suppose that data are represented by random vectors (YM, oy Y1, X I) ,

ey

(Y;L,la <. 'aYn,wna XI)T

such that for each i = 1,...,n, the random variables Y; 1, ...,Y; ., are uncorrelated with a common condi-

tional (given X ;) variance o.

Suppose that with respect to the response, we are only able to observe the sample means of the “Y'” variables
leading to the response variables Y1, ..., Y,, where

1 &Ko 1 &
leazyl,j7 sy Ynzwfzynﬂj-
j=1 " =1

U obecny linedrni model * zobecnény linedrni model

349
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The covariance matrix (conditional given X) of a random vector Y = (Yl, ce Yn)T is then
L0
w1
var(Y | X) = g2
1
O Wn,
W71

Theorem 15.1 Generalized least squares.

Assume a general linear model Y | X ~ (Xﬁ, UQW’l), where rank(ank) = k < n. The following then

holds:

(i) A vector N L
Y =XX'WX) X"Wy

is the best linear unbiased estimator (BLUE) of a vector parameter p := IE(Y | X) = X3, and

var(Yg | X) = o? X(XTWX) T'xT,

If further Y | X ~ N, (X8, 0?W~1) then
Yo |X~ N, (X8, o X(XTWX) T'XT).
i) Letl € RF 1+ 0y and let
Be = (XTWX) X TWY.

Then B¢ = ITBG is the best linear unbiased estimator (BLUE) of 6 with
var(B | X) = 01" (XTWX) 'L,

If further Y | X ~ N, (X8, 0?W~1) then
fo | X ~ N (0, 0?17 (XTWX) ).

(iii) The vector R
Be = (XTWX)T'XTWY
is the best linear unbiased estimator (BLUE) of 3 with
var(Bg | X) = o (XTWX) .
If additionally Y | X ~ N, (X3, 0?W~!) then
Be | X ~ Ni(8, 0 (XTWX) ).

(iv) The statistic
SSe.c

MSe,G = n— k,

where )
SSeqi= [WH(Y = Yo)| = (¥ - ¥o) 'W(Y - Vo),

is the unbiased estimator of the residual variance 2.

If additionally Y | X ~ N, (X8, 0?W~1) then

SSS,G 2
~ Xn—kv

o2

and the statistics SS. ¢ and Y are conditionally, given X, independent.
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Proof. Matrices W~ and W are positive definite. Hence there exist Wz such that

1 i\ T
W =Wz2(Wz) , eg, Cholesky decomposition
Wl =W (Wh)
() Let Y* = W2Y.
Then E(Y*|X)=W:E(Y|X)=W:X3,
var(Y* | X) = Whvar (v | X) (Wh) | = 571,
———
oW1
That is, we have a linear model M*
M*: Y*|X ~ (WX, 02L,),
X*
where rank(X*) = rank(W%X) = rank(X) =k.

The hat matrix for model M* is

H = Wix(XTWX) X (W)

where the matrix XT WX is, given our assumptions, invertible.

The fitted values in model M* are then calculated as

~*

Y = Y = WiX(XTWX)T'XTWY.
By Gauss-Markov theorem (Theorem 2.4), the vector l//\'* is the best linear unbiased estimator (BLUE)
of the vector E(Y* | X) = W2 X3 with

T

var(P7|X) = o?H* = 2 WiX(XTWX) X (W3)

By linearity, the vector

~

Yo = Wiy = X(XTWX)'X"WYy

is the BLUE of the vector L
W 2W2X3 = X3 = IE(Y | X),

and
-

var(Yg|X) = W ivar(Y7[X) (W™2) = o2X(XTWX) ' X7,

If additionally Y ’ X ~ Ny, (X,@, 02W*1), then by properties of a normal distribution (both Y and

}A/G are linear functions of Y’), we have
VTIX ~ N (WEXS, o2 WEX(XTWX) TXT (W) '),
Yo|X ~ N(X8 , PX(XTWX)'XT).

(ii) By relationship between the least squares and normal equations, we have that

Y = X*B* — ,@* solves normal equations in model M*
> B solves X* ' X*b = X*'Y*
— B solves XTWXb = X WY
= B = XWX) 'XTWy.
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(iii)

(iv)

Remember that X* = W3 X, Hence,
Y = wixg3 ifandonlyif 3 = (XTWX) XTWY.
Further, remember that }/}G = Wféf’*. Hence,
Yo = W2W:X3 ifandonlyif 37 = (XTWX) X TWY.

That is, R R R . .
Yo = XBg ifandonlyif B;:=8 = (XTWX) X'Wy.

Then, by Gauss-Markov theorem (Theorem 2.5),

~

0G = /9\* = ITBG
is BLUE of the parameter § = 1" (3. Furthermore,
var(B | X) = var(6* |X) = 021" (XTWX) 'L,

If additionally, Y’ | X ~ N, (X,B, 0'2W71) then by properties of a normal distribution (only linear
transformations are involved to calculate (9\0 from Y'), we have

O |X ~ N (6, 0217 (XTWX) ).
Suppose that for an m x k matrix, the parameter & = L3 is a vector parameter being given as non-

trivial linear combinations of regression coefficients of the model M: Y ’ X ~ (X,@, o? W‘l). By
analogous steps as in (ii), we show that

6 = LBg, Bg = (XTWX)'XTWY
is BLUE of 6. Furthermore,
var(8g |X) = o?L(XTWX) LT,
and under assumption of normality,
06 |X ~ Niu(0, 2 L(XTWX)'LT).

Now, if rank(X) = k, the matrix X' WX is invertible. Moreover, by taking I = I}, we obtain that
the BLUE of the vector 3 is

Be = (XTWX)'XTWY,
var(Bg | X) = o (XTWX) ',
and under assumption of normality,
B |X ~ Niu(B, 0 (XTWX) ).
Let us first calculate the residual sum of squares of the model M* : Y™ }X ~ (X*,@, o? L,,),
where Y* = W2Y, X* = WzX, rank(X*) = rank(X) = k. We have (remember further that
Y —W3iYy)
sst = (Y -¥) (v - P = (WY —WiPe) (WiY - WiV
— (Y -Y¢) WY -Ys) = SSeq.
By Lemma 2.7, we have

E(SSe,c) = E(SS;) = (n—k)o® = E(SS;|X) = E(SS.¢|X).
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That is, s
MS. g = &G
G n—=k

is the unbiased estimator of the residual variance o2.

Furthermore, if normality is assumed, Theorem 6.2 applied to model M* provides that

SS*
0_28 ~ X?L*k}'
Since SS; = SS.. ¢, we have directly
SSec
0_2 Xn—k-

Finally, Theorem 6.2 also provides (conditional, given X) independence of }A’* and SS}. Nevertheless,

since f’g —W-3Y" and SSe, =SS, we also have (conditional, given X) independence of IA’G
and SS. .

3

Note. As consequence of the above theorem, all classical tests, confidence intervals etc. work in the same
way as in the OLS case.

Terminology (Generalized fitted values, residual sum of squares, mean square,
least square estimator).

o The statistic Y = X (XTWX) “'XTWY is called the vector of the generalized fitted values.

1 g 2 ~ —~
o The statistic SS. ¢ = HV\V5 (Y — Yg) H = (Y — Yg)—r W (Y - Yg) is called the generalized resid-

ual sum of squares.*

5

® The statistic MS, ¢ = % is called the generalized mean square.

¢ The statistic ,@G = (XTWX) “'XTWY in a full-rank general linear model is called the generalized least
squares (GLS) estimator® of the regression coefficients.

Note. The most common use of the generalized least squares is the situation described in Example 15.1,

where
1
o - 0
wl=1|:
0 e
We then get

XTWy = zn:iniXi, XTWX = zn:szzX;r,
i=1 =1

SSe.q = sz (Vi — }/}G,i)2~
i=1

The method of the generalized least squares is then usually referred to as the method of the weighted least
squares (WLS)."

3 4 5

zobecnéné vyrovnané hodnoty zobecnény rezidudlni soucet ctvercii zobecnény stiedni étverec  © odhad metodou

zobecnénjch nejmensich ctvercti 7 wiZené nejmensi ctverce
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Hustrations

Kojeni
e Data on n = 99 newborn children.
o Y birth weight (bweight).
e X: birth length (blength)

¢ Only (nine) discrete values 46, 47, ..., 54 [cm] appear in data due to rounding.
wKojeni
e n=0

e Y average birth weight of all children from data Kojeni with the same birth length.
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Hlustrations
Data Kojeni and wKojeni
Kojeni wKojeni
o o
o _| o
o o
< <
o o
= 2 4 = 2 4
2 & 2 9
= =
2 =)
(] (]
= =
£ o £ o
= S = o ]
a 3 o 8
o o
o _| o _|
[Te] [Te]
N N
o o
o _| o |
o o
N T T T T N T T T T
46 48 50 52 54 46 48 50 52 54
Birth length [cm] Birth length [cm]
Data Kojeni and wKojeni
Kojeni wKojeni
o o
o _| o _
o o
< <
o o
= 2 4 = 2 4
2 K 2 o
= <
2 =)
[ [
= =
£ o £ o
= 8 - = 8 -
o g n &
o o
o _| o _|
Te) [Te)
N N
o o
o _| o |
o o
N T T T T N T T T T
46 48 50 52 54 46 48 50 52 54

Birth length [cm] Birth length [cm]
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Mustrations

Data Kojeni
bweight ~ blength

Ordinary least squares using complete data Kojeni

ml <- 1m(bweight ~ blength, data = Kojeni)
summary (m1)
confint (m1)

### summary(mi):
Call:
Im(formula = bweight ~ blength, data = Kojeni)

Residuals:
Min 1Q Median 3Q Max
-685.93 -152.83 -30.76 196.83 664.07

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -7905.80 895.45 -8.829 4.52e-14 **x
blength 224.83 17.69 12.709 < 2e-16 **x

Residual standard error: 271.7 on 97 degrees of freedom
Multiple R-squared: 0.6248, Adjusted R-squared: 0.6209
F-statistic: 161.5 on 1 and 97 DF, p-value: < 2.2e-16

### confint(ml):

2.5 97.5 2.5 % 97.5
(Intercept) -9683.0226 -6128.5847 blength 189.7184  259.9372
Data wKojeni
bweight ~ blength
Weighted least squares using averaged data wKojeni
wml <- lm(bweight ~ blength, weights = w, data = wKojeni)
summary (wm1)
confint (wml)
### summary(wml) :
Call:
Im(formula = bweight ~ blength, data = wKojeni, weights = w)
Weighted Residuals:
Min 1Q Median 3Q Max
-396.28 -234.90 10.75 223.76 403.12
Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) -7905.80 975.42 -8.105 8.39e-05 ***
blength 224.83 19.27 11.667 7.68e-06 *x*
Residual standard error: 295.9 on 7 degrees of freedom
Multiple R-squared: 0.9511, Adjusted R-squared: 0.9441
F-statistic: 136.1 on 1 and 7 DF, p-value: 7.676e-06
### confint (wml):
2.5 97.5 % 2.5 % 97.5
(Intercept) -10212.3079 -5599.2995 blength  179.2623  270.3934
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Mustrations

Data Kojeni and wKojeni

Confidence band around the regression line

— — Averaged data (n =9, WLS)
— — Original data (n =99, OLS)
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Data Kojeni and wKojeni

Confidence band around the regression line

— — Averaged data (n =9, WLS)
— — Original data (n =99, OLS)
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Mustrations

Data wKojeni replicated
bweight ~ blength

Ordinary least squares for data replicated from wKojeni

replKojeni <- data.frame(bweight = rep(wKojenil[, "bweight"], wKojenil, "w"l),
blength = rep(wKojeni[, "blength"], wKojenil[, "w"]))

mirepl <- lm(bweight ~ blength, data = replKojeni)

summary (mlrepl)

confint (mirepl)

### summary(mirepl):
Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -7905.804 262.033 -30.17 <2e-16 **x
blength 224.828 5.177 43.43 <2e-16 ***

Signif. codes: 0O ‘*xx’ 0.001 ‘**> 0.01 ‘x’> 0.05 “.” 0.1 ¢ > 1

Residual standard error: 79.5 on 97 degrees of freedom
Multiple R-squared: 0.9511, Adjusted R-squared: 0.9506
F-statistic: 1886 on 1 and 97 DF, p-value: < 2.2e-16

### confint(mlrepl):
2.5 % 97.5 % 2.5 % 97.5
(Intercept) -8425.8658 -7385.7416 blength  214.5539  235.1018

Data Kojeni and wKojeni
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S Confidence band around the regression line
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— — Averaged data (n =9, WLS)
— — Original data (n =99, OLS)
= — — Replicated data (n = 99, OLS)
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Asymptotic Properties of the
LSE and Sandwich Estimator

16.1 Assumptions and setup

Assumption (A0).

(i) Let (Y1, XI)T, (Ya, X;F)T7 ... be a sequence of (1 + k)-dimensional independent and identically
distributed (i.i.d.) random vectors being distributed as a generic random vector (Y, X T)T, (X =
(X0, X1, ooy Xe1) |, X = (Xigy Xty ooy Xigon) 5i=1,2, ..

(i) Let 3 = (Bg, cee 6k_1)T be an unknown k-dimensional real parameter;

(i) Let E(Y | X) = X '8.

Notation (Error terms).
We denote ¢ =Y — XT,B,
=Y —-X/B i=12,...

Notes.
¢ In this chapter, all unconditional expectations must be understood as expectations with respect to the

joint distribution of a random vector (Y, X T)T (which depends on the vector 3).

® From assumption (A0), the error terms €1, €3, ... are i.i.d. with a distribution of a generic error term e.
The following can be concluded for their first two (conditional) moments:

E(s| X) =E(Y - X8| X) =0,
var(e| X) = var(Y —XTB’X) :var(Y‘X) = 0?(X),
E() = E(E(| X)) =E(0) =0,

var(z) = var(E(e | X)) + E(var (=] X)) = var(0) + E{o*(X)} = E{o*(X)}.

359
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Assumption (A1).

Let the covariate random vector X = (XO, o X k,l)—r satisfy
0 E|X; Xi| <oo, 4, 1=0,...,k—1
(ii) ]E(X X T) = W, where W is a positive definite matrix.

Notation (Covariates second and first mixed moments).

Let W = (wj’l)j,l:O,...,k—l' We have,
wi =w;; =E(X7), j=0,...,k—1,
wij1 ZE(Xj Xl), j#l
Let

V= W_l = (fvjvl)jJ:O,...,k’—l'

Notation (Data of size n).

Forn > 1:
Y, X/ W, =X1X, = > X. X[,
Y, =| '], X, = 5 , i=1
T _
Yo Xy, V,, = (XTX,) 7" (Gf it exists)

Lemma 16.1 Consistent estimator of the second and first mixed moments of the
covariates.

Let assumpions (A0) and (A1) hold. Then

1 a.s.
-W, =5 W as n — oo,
n
a.s.
nvV, — V as n — oo.

Proof. The statement of Lemma follows from applying, for each j = 0,...,k—1andl =0,...,k—1,
the strong law of large numbers for i.i.d. random variables (Theorem C.2) to a sequence

Zija = Xij Xig, i=1,2,....
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LSE based on data of size n

Since %XIXH 2% W > 0 then
P(there exists ng > k such that for all n > ng rank(Xn) = k) =1
and we define (for n > nyg)
B, = (XIx,) 'xTy, = (Zn: Xixj)f1 (zn: Xiy)
i=1 i=1
Yo -
i=1

1 —~
X/ B,)%

n—=k

1
n—k 4

MSem, - HYn - XﬂlanHQ =

which are the LSE of 3 and the residual mean square based on the assumed linear model for data of size n.

M, : Y, X, ~ (XoB8, 0% 1,).

Further, for n > ng any non-trivial linear combination of regression coefficients is estimable parameter of
model M,,.

® For a given real vector 1 = (lo, I, ..oy lk,l)T = 0 we denote
0=18  0,=18,.

® For a given m X k matrix IL with rows 11T #£00, ..., ll # 0] we denote
¢=18, §&,=LB,

It will be assumed that m < k and that the rows of IL are lineary independent.

Interest will be in asymptotic (as n — o) behavior of
i) B,
(i) MS...;
(iii) é\n = lT,/@\n for given 1 # Oy;
(iv) En = LBn for given m x k matrix IL with linearly independent rows;
under two different scenarios (two different truths)

(i) homoscedastic errors (i.e., model M,, : Y, ‘ X, ~ (Xn,@, o2 In) is correct);

(ii) heteroscedastic errors where var(e } X ) is not necessarily constant and perhaps depends on
the covariate values X (i.e., model M,, is not necessarily fully correct).

Normality of the errors will not be assumed.
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Assumption (A2 homoscedastic).
Let the conditional variance of the response satisfy

o} (X) :=var(Y | X) =07,

where 0o > 02 > 0 is an unknown parameter.

Assumption (A2 heteroscedastic).
Let 0%(X) := var(Y | X) satisfy E{o?(X)} < oo and also for each j,I =0,...,k—1,

E{c*(X)X; X;} < occ.

Notes.

e Condition (A2 heteroscedastic) states that the matrix
W* =E{c*(X) XX}

is a real matrix (with all elements being finite).
e If (A0) and (Al) are assumed then

(A2 homoscedastic) = (A2 heteroscedastic).
Hence everything that will be proved under (A2 heteroscedastic) holds also under (A2 homoscedastic).

¢ Under assumptions (A0) and (A2 homoscedastic), we have
E(Y;| X)) =X/, var(Vi|X;) =var(e;| X;) =0%, =12 ...,
and for each n > 1, Y3, ..., Y, are, given X,,, independent and satisfying a linear model
Y, X, ~ (Xo8,0°1,).
® Under assumptions (A0) and (A2 heteroscedastic), we have
E(Y;| X;) = X/ B, var(Y; | X;) = var(e; | X;) = 0*(X), i=1,2, ...,
and for each n > 1, Y7, ..., Y,, are, given X,,, independent with

o?(X1) ... 0
]E(Yn ’Xn) = Xn/@7 Var(Yn | Xn) =
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16.2 Consistency of LSE

We shall show in this section:

(i) Strong consistency of 3, O, En (LSE’s regression coefficients or their linear combinations).
¢ No need of normality;
® No need of homoscedasticity.

(i) Strong consistency of MS, ,, (unbiased estinator of the residual variance).

® No need of normality.

Theorem 16.2 Strong consistency of LSE.
Let assumptions (A0), (Al) and (A2 heteroscedastic) hold.

Then N
B, 58 asn — oo,
IT,Z\")’n = é\n N - lTﬂ asmn — 0o,
LBn: Enﬁf =LA asmn — oo.
Proof.

It is sufficient to show that Bn 2% 8. The remaining two statements follow from properties of convergence
almost surely.

We have
(XI%,) 7 (X]Y,)

—1
- (xx)” ()
n n

A, B,

o))
I

n

-1
1
where A,, = (XIXn> RN by Lemma 16.1.
n

Further
_ Ly IS xvoxT T
B,= XY, = n;XZ(Yl X, B+X,;B)
= lznjxvs- + lzn:XXTﬁ
- 1< i<\ .
n =1 n 1=1
C, D,

1 n
(@ C, =— E X.ie; = 04 due to the SLLN (i.i.d., Theorem C.2). This is justified as follows.
n
i=1

1 — 1 —

¢ The jth (j =0,...,k — 1) element of the vector — Z X;e;is — Z X j€i.
[ [

* The random variables X; je;, 2 =1, 2, ... are i.i.d. by (A0).

® By Cauchy-Schwarz inequality: IE|X1-J€Z-’ < ,/EXZ-QJ. Ee? < oo, because IEXZ-QJ < oo by
(AD) and Ee? = vare; = E{0?(X)} < oo by (A2).
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. E(X;e) = E(E(Xi,jgi\xi))

1 « 1
b D,=-> X;X/B = —W,8>% W3 by Lemma 16.1
n P n

In summary: ,@n =A, (Cn + Dn), where A, =3 W1,
Cn LS.) Ok;

D, =% W .
Hence

B, B WIWB =B,




16.2. CONSISTENCY OF LSE 365

Theorem 16.3 Strong consistency of the mean squared error.
Let assumptions (A0), (Al), (A2 homoscedastic) hold.

Then
MS. », A5 62 asn — oo
Proof.
We have
1 no1 < T2
MSe,n = msse,n = n—=k ﬁ ;(m - Xz’ ﬁ) .
Since li_>m — = 1, it is sufficient to show that
1 & -
72(3/1' *X:ﬂn)2ﬂ>02 as n — oo.
n
i=1
We have
IS T3 \2 IS T T T3 )2
; (Yi X'Lﬁn) :5 (}/;_Xiﬁ+Xi/g_Xi/6n)
i=1 =1
n P 1 n — 1 n n P 1 1 n
A, B, C,
1 n 1 n
(@ A, = -~ ;(YZ — Xjﬁ)Q = -~ ;522 2% 52 due to the SLLN (i.i.d., Theorem C.2). This is
justified by noting the following.

e The random variables 5?, i=1,2,...are iid. by (A0).
* E(e) =0
= E(sg) = var(si) = E{O‘Q(Xi)} = E(O'2> = g2 by assumption (A2 homoscedastic).

. E‘e?} = E(s?) = 02 < oo by assumption (A2 homoscedastic).

b) B, = % ;{XZT (,6' — [Ain)}2 2% 0, which is seen as follows.
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Now (,6 — Bn) 2% 04 due to Theorem 16.2.

1
—X"X,, %% W due to Lemma 16.1.
n

Hence
B, £ 0] Wo, = 0.

n

2 ~
© Cn==)Y (Yi-X/B8)X/] (8- B,) = 0, which is justified by the following.
n

i=1

SEEN

ZY x/p)x! (8- 8,)
2(% Zs,;xj) (8 - B,)-
=1

n
Now — Z&XZT 25 OkT as was shown in the proof of Theorem 16.2.
n
i=1
(B - ,@n) 2% 04 due to Theorem 16.2.

Hence
C, =0l 0,=0.

In summary: MS, ,, = Lk (A, + B, + C,), where 24 —1,
n—
A, 25 52
B, *%0,
C, 0.

Hence
MS..,, 2% 1 (02 +040) = o>
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16.3 Asymptotic normality of LSE under homoscedas-
ticity

We shall show in this section: asymptotic normality of ,@n, O, En (LSE’s regression coefficients or their
linear combinations) when homoscedasticity of the errors is assumed but not their normality.

Reminder. v — {E(XXT)}A.

Theorem 16.4 Asymptotic normality of LSE in homoscedastic case.
Let assumptions (A0), (Al), (A2 homoscedastic) hold. Further, lel‘E’EQ X; Xl‘ < ooforeachj, 1 =0, ..., k—1.

Then R
VB, = B) > Ni(Og, V) asn — oo,
\/ﬁ(@\n - 0) EN N1 (0, 0217V 1) asn — oo,
\/ﬁ(gn — E) EN N (0, O'QLVLT) asmn — oo.

Proof. Will be provided jointly with Theorem 16.5.

16.3.1 Asymptotic validity of the classical inference under ho-
moscedasticity but non-normality

For given n > ng > k, the following statistics are used to infer on estimable parameters of the linear model
M,, based on the response vector Y,, and the model matrix X,, (see Chapter 6):

~

6, — 0
T, = 7 16.1)
\/Mse,n 17 (XI%,) 1
‘ T R R
1 G- {Lex) LT @ -9
0, = — . 16.2)
m MS. »,

Reminder.
.V, = (XIX,) "

e Under assumptions (A0) and (Al}: n'V,, = V as n — oco.
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Consequence of Theorem 16.4: Asymptotic distribution of t- and F-statistics.
Under assumptions of Theorem 16.4:

T, 2, Ni(0, 1) asn — oo,

D
mQ, — X asmn — 0o.

Proof. 1t follows directly from Lemma 16.1, Theorem 16.4 and Cramér-Slutsky theorem (Theorem C.7) as
follows.

po_ 1B, -1s _ vu('B, —1'B) o217V
n - - — .
VMS 1T (XTX,) 71 NETRY MS., 1" {n (x7%,) " 1
D
— /\/(0, 1) p
— 1

QO = (L//B\n - Lﬁ)T{MSe’nL(XIXW‘)ilLT}_l(LBn a Lﬁ)

- Va(LB, - 18)" {MSean(XZXn)_l]LT}il (LB, — LB)va
—_———

25 N (0, o*LVLT) £ o2LVLT 25 N (0., o?LVLT)

Convergence to x2, in distribution follows from a property of (multivariate) normal distribution concerning
the distribution of a quadratic form.
4d

If additionaly normality is assumed, i.e., if it is assumed Y, | X, ~ N, (X”,B, 0'2]:”) then Theorem 6.2
(LSE under the normality) provides

Tn ~ ty_k,
Qn ~ m,n—k-
This is then used for inference (derivation of confidence intervals and regions, construction of tests) on the

estimable parameters of a linear model under assumption of normality.

The following holds in general:

T, ~t, then T, 2 N(0, 1) as v — 00,
(16.3)

D
Qv ~ Fm, v then mQ, — \2, as v — 00.

This, together with Consequence of Theorem 16.4 then justify asymptotic validity of a classical inference based
on statistics 7, (Eq. 16.1) and @,, (Eq. 16.2), respectively and a Student t and F-distribution, respectively, even
if normality of the error terms of the linear model does not hold. The only requirements are assumptions of
Theorem 16.4.

That is, for example, both intervals

1

0 V.= (én — u(l —a/2) \/MSM 1T (XI%,) 7L 6, + u(l—a/2) \/MSM 1" (ngn)‘ll);
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1

(i) 7t = (én—tn,k(l—a/z) \/MSM 1T (X1%,) 7L O+t s(1-/2) \/Mse,n 1T(ngn)’11),

satisfy, for any §° € R (even without normality of the error terms)
P(I,JLVBGO;Hzﬁo)Hl—a as n — 0o,

P(I:LBGO;H:HO)—)l—a as n — oo.

Analogously, due to a general asymptotic property of the F-distribution (Eq. 16.3), asymptotically valid in-
ference on the estimable vector parameter £ = IL3 of a linear model can be based either on the statistic
m Q,, and the x?2, distribution or on the statistic 0,, and the Fom, n—k distribution. For example, for both
ellipsoids

0 K= {gecr™: (¢~ ) {Ms..L (X;Xn)*lLT}_l (€-8) < xa(-)f;
) K= {gerR™: (€~ ) {Ms..L (XZXn)*lLT}_l (€-8) < mFunr(l-a)},

we have for any £° € R™ (under assumptions of Theorems 16.4):

P(K%B&O;ﬁzﬁo)ﬂlfa as n — 0o,

P(leBE(Jgﬁzéo)—)l—a as n — oo.
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16.4 Asymptotic normality of LSE under heteroscedas-

ticity

We shall show in this section: asymptotic normality of ,@n, O, En (LSE’s regression coefficients or their
linear combinations) when even homoscedasticity of the errors is not assumed.

Reminder.
¢ V= {E(XXT)}_l.
e WX =E{s*(X)XX'}.

Theorem 16.5 Asymptotic normality of LSE in heteroscedastic case.

Let assumptions (A0), (Al), (A2 heteroscedastic) hold. Further, letIE|€2 X; Xl| < oo foreachj, 1 =0, ..., k—1
Then R
vn(B, — B) Ly Ny (0, VW*V) asn — oo,
V0, — 6) 2 N0, 1TVW*V1) asn — oo,
Vi€, — &) 2 Np(0,,, LVW*VLT)  asn — oc.
Proof. We will jointly prove also Theorem 16.4.
We have
B, = (XIx,)' Xy,
—_————
\2
n
= V, ) XY
i=1
i=1
- v, (Z XiXiT) B+ V> X
=1 =1
Vit
= /6 + Vv, Z Xe;
i=1
That is,
R n 1 n
B —B = Vo) Xiei = nVa— Y Xig (16.4)
n
i=1 i=1
By Lemma 161, n'V,, == V which implies
nV, i) \Y as n — oo. (16.5)

In the following, let us explore asymptotic behavior of the term + 37" | X e;.
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From assumption (A0), the term % 2?21 X ;e; is a sample mean of i.i.d. random vector X ;¢;, 1 =1,...,n.
The mean of the distribution of those random vectors is

IE(X z—:) = 0 (was shown in the proof of Theorem 16.2).

The covariance matrix is equal to var(X e). All elements of this covariance matrix are finite due to
assumption E|e? X; Xl| < oo foreach j, 1=0,...,k—1.
Then

var(Xs) = ]E(var(Xs’X)) + var(IE(Xs’X))

E(Xvar(c| X) XT) + var(X E(c| X))

N—_—— N—_——
o2(X) 0
= E(c*(X)XX").

Depending, on whether (A2 homoscedastic) or (A2 heteroscedastic) is assumed, we have

- o? E(XXT) = 02W, (A2 homoscedastic),
var(Xe) = E(e*(X)XX') = (16.6)
Wk, (A2 heteroscedastic).

Under both (A2 homoscedastic) and (A2 heteroscedastic) all elements of the covariance matrix var(X 5) are
finite. Hence by Theorem C.5 (multivariate CLT for i.i.d. random vectors):

\/ﬁ% Y Xiei = % S Xiei 5 N (o,w E(oQ(X)XXT)) as n — oo.
i=1 =1

From (16.4) and (16.5), we now have,

. 1 & 1
B, —B) = @_@ %;Xﬂfi N

zYA (ok, ]E(UQ(X)XXT))

That is,

Vi(B, - B) = nVy %inei
=1

Py

=NV (ok, IE(UQ(X)XXT))
Finally, by applying Theorem C.7 (Cramér-Slutsky):

\/E(Bn - B) 2z Nk<0k7 VE(UQ(X)XXT) VT) as n — oo.

By using (16.6) and realizing that VT =V, we get
Under (A2 homoscedastic)
VE(@*(X)XX )V =V WV =0?VV'V =0V
and hence
ﬁ(én - B) N N (0k, 0 V) as n — oco.

Under (A2 heteroscedastic)
VE(@?(X)XX ")V = VW*V

and hence

\/E(Bn — ,6) N Nk<0k, VW*V) as n — oo.
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Asymptotic normality of b, = lTBn and of £, = LBH follows now from Theorem C.6 (Cramér-Wold).

4

Notation (Residuals and related quantities based on a model for data of size n).

For n > ng > k, the following notation will be used for quantities based on the model

Mn: Y, | X, ~ (X,8,0°L,).

e Hat matrix: H, =X, (X} X,) ! X7

* Residual projection matrix: M, =1, — H,;

e Diagonal elements of matrix H,,;:  hAp 1, ..., Apn;

e Diagonal elements of matrix Ml,,;:  mp1=1—hn1, ..., Mpn =1—hyp;

* Residuals: U,=M,Y, = U, ..., Un’n)T.
Reminder.

.V, = (En: XZ-XZ-T)_l = (xX!x,) 7"
i=1

e Under assumptions (A0) and (AL: n'V, 2%V as n — .

Theorem 16.6 Sandwich estimator of the covariance matrix.
Let assumptions (A0), (AD), (A2 heteroscedastic) hold. Let additionally, for each s, t, j, 1 =0,...,k—1

Ele?X; Xi| <o, EleX,X;Xi| <00, E[X,X;X;X|< .

Then
a.s.

nV, WXV, 25 VW*V  asn — oo,

where forn =1, 2, ...,
Wr=> Uz, X;X] =X]Q.X,,
i=1

. 2 .
Q, = dlag(wn,ly ceey wn,n)a Wn,i = Un,iv i=1,...,n.

Proof.
First, remind that
—1 —1
vwrv = {E(xxT)} E@x)XX"){E(XXT)}
and we know from Lemma 16.1 that
-1

nV, = n(XI%)7 2% {E(xXT)} =V aaow

Hence, if we show that

1 1
—Wy = *ZngXzX;r =% E(UQ(X)XXT):W* as n — 0o,
n n ="
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the statement of Theorem will be proven.
Remember,
o} (X) = var(e| X) = E(*| X).
From here, for each 5,1 =0,...,k—1
E(*X; %) = E(E(2X; X[ X))
- E(X; XiE(*| X))
= E(c*(X) X; X).
For each j, 1 =0,...,k—1,
Ele? X; X;| < o0
by assumptions of Theorem. By assumption (A0), €; X; ; X;;, ¢ =1, 2, ..., is a sequence of iid. random
variables. Hence by Theorem C.2 (SLLN, i.i.d.),
1 n
- Z 2 Xij X = E(0* (X)X, X)) as n — oo.
n
i=1
That is, in a matrix form,
1 n
- Y Exix] 25 E(@(X)XXT) = WX asn— oo 16.7)
i=1

In the following, we show that (unobservable) squared error terms 7 in (16.7) can be replaced by squared

residuals UTQL’Z- = (Y7 - X ZTB")Z while keeping the same limitting matrix W* as in (16.7).

We have

n,i

1 n
=N U XX
n 1=1

Il
S|
iM:

*
Wn

Y, - X/B+X8 - X/B,)" X, X]
1 8"

I
S|

7

=1 i=1

N e xxT LS 5o XX (BB X XT
= S aXiX][ + -3 (6-B,) X.X[(6-5,) XX,

A, B,
Z (5*Bn)TXi€11 )(7)(LT .

i=1

SR

Cn

1 n
@ An = Y XX 25 E(*(X)XX ) = WX due to (16.7).
=1
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(b) To work with B,, = % Z (5_Bn)T XiX;.'— (ﬁ—Bn) XiX;-r, we can realize that (5_Bn)T
i=1
X : (,6’ - Bn) is a scalar quantity. Hence

B, =

S
M=

(B-8,)" X (X, X)X (B-5,)

i=1

and the (j, [)th element of matrix B,, (j, { =0,...,k— 1) is

Bn(]a l) =

S
M=

(B-B,) Xi(Xi; X)) X] (8- B,)

Il
-

3

n

B-8,)" {:L > (X Xi,l)XiXiT} (B-B.,).

i=1

* From Theorem 16.2: (3 — ,@") 2% 04, as n — oo,
® Due to assumption (A0) and assumption ]E‘XS X X; Xl‘ < ooforany s, t,7,1=0,....,k—1, by
Theorem C.2 (SLLN, i.id.), for any j, [ =0,..., k — 1:

(X X)) XX 2 E(X; X XXT).
i=1

S|

® Hence, for any j, [ =0,...,k—1, B,(4, 1) 25 OEIE(XJ» X XXT) 0; = 0 and finally,

a.s.
B, — Opxg as n — oo.

© C, = (,6 —Bn)—r X;&; XzX;r and the (j, {)th element of matrix C,, (j, I =0,...,k—1) is

n
i=1

. 2 © ~
Cn(j, 1) = - Z(ﬁ - ﬂn)TXz'&' Xi i Xiy

N 1 n
2 (5 - ,Bn)T <n ZXia?i Xi,jXq‘,,l>.
i=1

¢ From Theorem 16.2: (5 — Bn) 2% 0, as n — .

® Due to assumption (A0) and assumption E|5Xs X; Xl| < oo forany s, j,l =0,...,k—1, by
Theorem C.2 (SLLN, i.id.), for any j, [ =0,..., k — 1

% Z X XijXiy = E(XeX;X)).

e Hence, forany j, 1 =0,...,k—1,C,(j, 1) => 20, E(Xe X;X;) =0 and finally,

a.s.
C, —= Opxk as n — oo.

In summary:

nV, WXV, = nV, (—W:) nV,
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a.s..
where nV,, — V,

Ap

a.s.

= Wk,
as.

Bn — 0k:><k:
a.s.

(Cn — Opxk.

Hence
nV, WXV, =25 V(W* + Opxr + Opxr) V=VW*V  asn— .

Terminology (Heteroscedasticity consistent (sandwich) estimator of the covari-
ance matrix).

Matrix
V, WXV, = (XTX,) ' X! 2, X, (X]X,) " (16.8)

is called the heteroscedasticity consistent (HC) estimator of the covariance matrix of the LSE Bn of the
regression coefficients. Due to its form, the matrix (16.8) is also called as the sandwich estimator composed

of a bread (XIXn)fl X,! and a meat €,,.

Notes (Alternative sorts of meat for the sandwich).
o It is directly seen that the meat matrix €2,, can, for a chosen sequence v,,, such that = —1lasn — oo,
be replaced by a matrix '
n
- Qna
Un
and the statement of Theorem 16.6 remains valid. A value v, is then called degrees of freedom of the
sandwich.

® [t can also be shown (see references below) that the meat matrix €2,, can, for a chosen sequence v,,, such

that -~ — 1 as n — oo and a suitable sequence §,, = ((5”71, ey 57z,n)r n =1,2, ... be replaced by
a matrix
ﬂfc = diag(wml7 R wnm),
n U’?L,i .
Wni = — —5— 1=1,...,n.
nmy
¢ The following choices of sequences v, and &, have appeared in the literature (n = 1,2, ..., i =

1, ..., n):

HCO: v, = n, §,,; =0, that is,
wn_’i = UfL,z

This is the choice due to White (1980) who was the first who proposed the sandwich estimator of

the covariance matrix. This choice was also used in Theorem 16.6.

HCL: v, =n —k, 6,,; =0, that is,
n

n—k
This choice was suggested by MacKinnon and White (1985).
HC2: v, =n, §,,; = 1, that is,

2
Ui

Wn,i =

2
_ Un,i

Mg

Wn,i

s

This is the second proposal of MacKinnon and White (1985).
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HC3: v, =n, 0,,; = 2, that is,
U,

o n,i
Wni = —5 -
mn,i

This is the third proposal of MacKinnon and White (1985).
HC4: v, =n, 0,,; = min{4, nhn,i/k}, that is,
U?.

6n,i !

n,i

Wn,i =
m

This was proposed relatively recently by Cribari-Neto (2004). Note that k = >, hy, ;, and hence

P B
5ni:min{4, l”}, hp = — B i

n

® An extensive study towards small sample behavior of different sandwich estimators was carried out by
Long and Ervin (2000) who recommended usage of the HC3 estimator. Even better small sample behavior,
especially in presence of influential observations was later concluded by Cribari-Neto (2004) for the HC4
estimator.

e Labels HCO, HCI, HC2, HC3, HC4 for the above sandwich estimators are used by the R package sandwich
(Zeileis, 2004) that enables for their easy calculation based on the fitted linear model.

16.4.1 Heteroscedasticity consistent asymptotic inference

Let for given sequences v, and 8, n =1, 2, ..., Q7  be a sequence of the meat matrices that lead to the
heteroscedasticity consistent estimator of the covariance matrix of the LSE 3,,. Let for given n > ng > k,

VHC = (xTx,) 7 X fOx, (XIX,) "

Finally, let the statistics 77/¢ and Q¢ be defined as

~

0, — 0
\/ITVECI’

e G N LA R )

HC ._
Tn T

Note that the statistics Tf € and Q,I;I c, respectively, are the usual statistics 7;, (Eq. 16.1) and @Q,, (16.2),
respectively, in which the term MS, ,, (XI Xn)il is replaced by the sandwich estimator V€.

Consequence of Theorems 16.5 and 16.6: Heteroscedasticity consistent asymp-
totic inference.
Under assumptions of Theorem 16.5 and 16.6:

THC N N1(0, 1) asmn — oo,

D
mQHC = N2 as n — oo.
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Proof. Proof/calculations are available in the handnotes.

4

Due to a general asymptotic property of the Student t-distribution (Eq. 16.3), asymptotically valid inference
on the estimable parameter # = 1" 3 of a linear model where neither normality, nor homoscedasticity is
necessarily satisfied, can be based on the statistic 7'/ € and either a Student t,,_j or a standard normal
distribution. Under assumptions of Theorems 16.5 and 16.6, both intervals

M 7V = (én — u(l—a/2) 1T VECL 8, + u(l —a/2)4/1T VHC 1);
(i) It = (én — ty k(1= a/2) \JITVHCL B, + t,_4(1 — a/2) /1T VEC 1),

satisfy, for any §° € R:

P(I,C/BGO;Hzeo)Hl—a as n — 0o,

P(Z: 26" 6=0") —1—-a asn—ooc.

Analogously, due to a general asymptotic property of the F-distribution (Eq. 16.3), asymptotically valid in-
ference on the estimable vector parameter £ = IL3 of a linear model can be based either on the statistic
mQHCY and the X2, distribution or on the statistic Q27 and the F,, ,_ distribution. For example, for
both ellipsoids

0 KX={geR™: (-8) MLVILT) T (6-8) < (-}
) k7 = {geR™: (€-8) (LVILT) ™ (€-8) < mFpns(l-a)},
we have for any £° € R™ (under assumptions of Theorems 16.5 and 16.6):
Pkx=>¢€’ €=¢") —1-a asn-— oo,

P(/Cnfaﬁo;fzéo)ﬁl—a as n — oo.
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Matrices

A.1 Pseudoinverse of a matrix

Definition A.1 Pseudoinverse of a matrix.
The pseudoinverse of a real matrix A, x . is such a matrix A~ of dimension k x n that satisfies

AATA =A.

Notes.
¢ The pseudoinverse always exists. Nevertheless, it is not necessarily unique.

e If A is invertible then A~ = A~! is the only pseudoinverse.

Definition A.2 Moore-Penrose pseudoinverse of a matrix.

The Moore-Penrose pseudoinverse of a real matrix A, x, is such a matrix AT of dimension k x n that satisfies
the following conditions:

() AAA = A;

(i) ATAAY = AT
i) (AAT) " = AAY;
(i) (ATA) = ATA.

Notes.
¢ The Moore-Penrose pseudoinverse always exists and it is unique.

® The Moore-Penrose pseudoinverse can be calculated from the singular value decomposition (SVD) of the
matrix A.
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Theorem A.1 Pseudoinverse of a matrix and a solution of a linear system.

Let A, 1. be a real matrix and let ¢,,«1 be a real vector. Let there exist a solution of a linear system Ax = ¢,
i.e, the linear system Ax = c is consistent. Let A~ be the pseudoinverse of A.

A vector Ty 1 solves the linear system Ax = c if and only if

x=A"c.

Proof. See Andél (2007, Appendix A.4).

Theorem A.2 Five matrices rule.
For a real matrix A,, 1, it holds
AATA)TATA = A

That is, a matrix (ATA) AT is a pseudoinverse of a matrix A.

Proof. See Andél (2007, Theorem A.19).
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A.2 Kronecker product

Definition A.3 Kronecker product.
Let Ay, and Cpx g be real matrices. Their Kronecker product A ® C is a matrix Dy,.pxn.q such that

a171(C CLLSC
D=A®C= = (a’i»jc)izl,..ijI...n'
ar71C ar_ys(c

Note. For a € R™, b € RP, we can write

ab' =a®b'.

Theorem A.3 Properties of a Kronecker product.
It holds for the Kronecker product:

() 0A=0A®0=0.
(i) (A1 +A)®C=(A1®C) + (A2 ®C).
(i) AR (C1+C)=(A®Cy) + (A®Cs).
i) aA®cC=ac(A®C).
® A1Ay ® CiCy = (A1 ®Cy) (A2 ® Cy).
i) (A ® (C) o Al @ C1, if the inversions exist.
wii) (A®@C) = A~ ® C, for arbitrary pseudoinversions.
wii) (A®C)  =AT®CT.
(i) (A,C) @ D=(A®D, Co®D).
(x) Upon a suitable reordering of the columns, matrices (A RC, A® ]D)) and A ® ((C, ]D)) are the same.
(xi) rank(A@ (C) = rank(A) rank((C).

Proof. See Rao (1973, Section 1b.8).
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Definition A.4 Elementwise product of two vectors.

T T , , , T
Leta = (al, . ,ap) €ERP, c= (cl, ceey cp) € RP. Their elementwise product' is a vector (a1 Cly -+’ Gp cp)
that will be denoted as a : c. That is,
ay Cq

ap Cp

Definition A.5 Columnwise product of two matrices.
Let
Apyp = (al, el a,p) and Cpxq = (cl, e cq)

be real matrices. Their columnwise product® A : C is a matrix Dy, .o such that

D:A:(C:(al:cl,...,ap:c17...,alch,...,ap:cq).
Notes.
o If we write
af cf
A= 9 (C: : 9
a, cn

the columnwise product of two matrices can also be written as a matrix rows of which are obtained as
Kronecker products of the rows of the two matrices:

clT@)alT

A:C= : . (A.D

e [t perhaps looks more logical to define the columnwise product of two matrices as

af@c]—

A:C= : :(alzcl,...,u,lch,...,a”:c1 ...,ap:cq),

)

which only differs by ordering of the columns of the resulting matrix. Our definition (A.1) is motivated by
the way in which an operator : acts in the R software.

' soucin po slozkdch * soucin po sloupcich
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A.3 Additional theorems on matrices

Theorem A.4 Inverse of a matrix divided into blocks.

Let
A B
M:
BT D

be a positive definite matrix divided in blocks A, B, .
Then the following holds:

(i) Matrix Q = A —BD BT is positive definite.
(i) MatrixP =D —BTA B is positive definite.

(iii) The inverse to M is

M,1 B Q—l _Q—lBD—l
_D'BTQ! D! + D-'BTQ 'BD!
Al + A-IBP-1BTA-! — A-!BP-!
- —PIBTAL P! '

Proof. See Andél (2007, Theorem A.10 in Appendix A.2).
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Distributions

B.1 Non-central univariate distributions

Definition B.1 Non-central Student t-distribution.

Let U ~ N(0, 1), let V ~ x2 for some v > 0 and let U and V be independent. Let A\ € R. Then we say that

a random variable
T_ U+ A

N

follows a non-central Student t-distribution' with v degrees of freedom? and a non-centrality parameter > \.
We shall write
T ~t,(N).

Notes.

¢ Non-central t-distribution is different from simply a shifted (central) t-distribution.
e Directly seen from definition: t,(0) = t,.

e Moments of a non-central Student t-distribution:

vI(5)
E(T) = )\\/; F(%) , ifv>1,

does not exist, if v <1.

u<1+A2>_uA2{F("§1)}2 oo
var(M)=¢  v=2 2L I(3) ) ’

does not exist, if v <2.

' necentrdlni Studentovo t-rozdéleni * stupné volnosti * parametr necentrality
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Definition B.2 Non-central x? distribution.

Let Uy,...,Uy be independent random variables. Let further U; ~ N (u;, 1), i = 1,...,k, for some
Uiye sty € R That is U = (Ul,...,Uk)T ~ Nk(u, Ik), where p = (ul,...,uk)T. Then we say
that a random variable

k
x=3vi=|vl
i=1

follows a non-central chi-squared distribution* with k degrees of freedom and a non-centrality parameter

k
A= =pl

i=1
We shall write

X ~ X ().
Notes.
® [t can easily be proved that the distribution of the random variable X from Definition B.2 indeed depends

only on k and A = Zle 2 and not on the particular values of 1, . .., fi.

* As an exercise for the use of a convolution theorem, we can derive a density of the x2()\) distribution
which is

e” 2 2 N k—1 1
3 B 77+.7 >07
fo) = BRI 2 @) (5)
0, z <0.

 The non-central x? distribution with general degrees of freedom v € (0, 0o) is defined as a distribution
with the density given by the above expression with k replaced by v.

* Xo(0) =x7.
e Moments of a non-central x2 distribution:

E(X)=v+ A,

var(X) =2 (v 4+ 2)).

Y necentrdlni chi-kvadrét rozdéleni



B.1. NON-CENTRAL UNIVARIATE DISTRIBUTIONS

385

Definition B.3 Non-central F-distribution.

Let X ~ x2 (\), where vy, A > 0. Let Y ~ x2_, where vy > 0. Let further X and Y be independent. Then

we say that a random variable

X

Q=—3—

vy
follows a non-central F-distribution® with vy and vo degrees of freedom and a noncentrality parameter \. We
shall write

Q ~ Fuius(A).

Notes.

e Directly seen from definition: F,, ,,(0) = Fy, 1,
e Moments of a non-central F-distribution:
A
LY R

EQ) =4 n(==-2)
does not exist, if v, < 2.

T 22 (s — 4) ”

does not exist,

5 necentrdlni F-rozdéleni

) B 2
a4 (W) (1) sy
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B.2 Multivariate distributions

Definition B.4 Multivariate Student t-distribution.
Let U ~ N,(0,, X), where ¥,,, is a positive semidefinite matrix. Let further V ~ x?2 for some v > 0 and
let U and V be independent. Then we say that a random vector

T=U,=
v
follows a p-dimensional multivariate Student t-distribution® with v degrees of freedom and a scale matrix’ .
We shall write
T ~ mvt, , (3).

Notes.
e Directly seen from definition: mvt; ,,(1) = t,.

o If 3 is a regular (positive definite) matrix, then the density (with respect to the p-dimensional Lebesgue
measure) of the mvt, ,(X) distribution is

v+p
(45" -1 e T
f(t)zi( 2p)p|21 2{1+ } ., teRP.

r(3)vint v

® Expectation and a covariance matrix of T ~ mvt, ,(X) are
0,, ifv>1,

E(T) =
does not exist, if v < 1.
v 5 3, if v>2
var(T) =< V'~

does not exist, if v < 2.

Lemma B.1 Marginals of the multivariate Student t-distribution.

Let T = (Tl, e 7Tp)T ~ mvt, , (), where the scale matrix 3 has positive diagonal elements o3 > 0, ...,
O'g > 0. Then

T . .
NV’ .]_ ""7p'
gj

Proof.
[v
e From definition of the multivariate t-distribution, T' can be written as T = U 7 where U =

(Ur,..., Up)—r ~ N,(0,, £) and V ~ x2 are independent.

® Thenforal j=1,...,p:
7.

J

15 U

14
_ = ,
Uj Uj V

e

where Z; ~ N (0, 1) is independent of V ~ 2.

8 vicerozmérné Studentovo t-rozdéleni 7 méFitkovd matice
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B.3 Some distributional properties

Lemma B.2 Property of a normal distribution.

Let Z ~ N, (0, 0°L,). Let T : R™ — R be a measurable function satisfying T (cz) = T(z) for all ¢ > 0
and z € R™. The random variables T(Z) and || Z || are then independent.

Proof.

® Consider spherical coordinates:

Z1 = R cos(¢1),
Zy = R sin(¢1) cos(¢2),
Z3 = R sin(¢1) sin(¢pa) cos(ds),

Zn—1 = Rsin(¢1) - sin(¢pp—2) cos(dpn_1),
Zy = R sin(¢1) - - sin(¢p_2) sin(¢n,_1).

e Distance from origin: R = || Z]|.

* Direction: ¢ = (¢1, . ,qﬁn_l)T.
e Exercise for the 3rd year bachelor students:
If Z ~ N, (0, 021,,) then distance R from the origin and direction ¢ are independent.

e R =|Z|| (distance from origin itself), T(Z) depends on the direction only (since T'(Z) = T'(cZ) for all
¢ > 0) and hence || Z|| and T'(Z) are independent.
4
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Asymptotic Theorems

Theorem C.1 Strong law of large numbers (SLLN) for i.n.n.i.d. random variables.

Let Zy, Zs, ... be a sequence of independent not necessarily identically distributed (in.n.i.d.) random vari-
ables. Let E(Z;) = p;, var(Z;) = 02,i=1,2, .... Let

x 2

Z%<oo.

i=1

Then

3=

Z(Zi—lh‘) L300 asn — oo.
i=1

Proof. See Probability and Mathematical Statistics (NMSA202) lecture (2nd year of the Bc. study programme).

Theorem C.2 Strong law of large numbers (SLLN) for i.i.d. random variables.
Let Z1, Zs, ... be a sequence of independent identically distributed (i.i.d.) random wvariables.

Then
1 n
— ZZi RN I asn — oo
(et
for some p € R if and only if
E|Z1| < oo,
in which case p = E(Zl).
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Proof. See Probability and Mathematical Statistics (NMSA202) lecture (2nd year of the Bc. study programme).

Theorem C.3 Central limit theorem (CLT), Lyapunov.

Let Z1, Zs, ... be a sequence of i.n.n.i.d. random variables with

E(Zz) = W, oo>var(Zi) =02>0, 1=1,2,...

Let for some 6 > 0
n 245
> :i:I IE|Zi - Mi’

2448

(Z?:l Ui2> i

— 0 asn — oo.

Then

Proof. See Probability Theory 1 (NMSA333) lecture (3rd year of the Bc. study programme).

Theorem C.4 Central limit theorem (CLT), i.i.d..

Let Z1, Zs, ... be a sequence of i.i.d. random variables with

E(Zi):u, oo>var(Z7;):02>O, 1=1,2,....

Let Zn = %Z?:l Z;.
Then

1 nZi—,u D
—E — N(0,1 —
NP (0,1) asn — oo,
Vn(Z,

— 1) i>./\f(0,02) asn — oo.

(

Proof. See Probability Theory 1 (NMSA333) lecture (3rd year of the Bc. study programme).

Theorem C.5 Central limit theorem (CLT), i.i.d. multivariate.
Let Z1, Zo, ... be a sequence of i.i.d. p-dimensional random vectors with

IE(ZZ) =, var(Zi) =3 1=1,2,...,
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N
3
Il
|=
s
st
N
~

where X is a real positive semidefinite matrix. Let

Then

If 3 is positive definite then also

Sl
M:
™
N
=
i@
=
N@O
5

Proof. See Probability Theory 1 (NMSA333) lecture (3rd year of the Bc. study programme).

Theorem C.6 Cramér-Wold.

Let Z1, Zo, ... be a sequence of p-dimensional random vectors. Let Z be a p-dimensional random vector.

D
Z, —7Z asmn — 0o

if and only if for all1 € RP

D

lTZn—>lTZ asn — oo.

Proof. See Probability Theory 1 (NMSA333) lecture (3rd year of the Bc. study programme).
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Theorem C.7 Cramér-Slutsky.

Let Z1, Z4, ... be a sequence of random vectors such that

Z, BNy as n — oo,
where Z be a random vector. Let Sy, Sa, ... be a sequence of random variables such that
P
S, — S as n— oo,
where S € R is a real constant.
Then
. D
() S, Z, — SZ asn— oc.

(ii) Sian%Z asmn — oo, if S # 0.

n

Proof. See Probability Theory 1 (NMSA333) lecture (3rd year of the Bc. study programme).

See also Shao (2003, Theorem 111 in Section 1.5).
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