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Notation

X = (X1, . . . ,Xn) ≡ random sample from FX

θX = τ(FX ), θ̂ = θ̂(X) estimator of θX such that
√
n(θ̂ − θX )

D→ N
(
0, σ2

)
Φ, ϕ ≡ CDF and PDF of N (0, 1), respectively
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Edgeworth Series – Motivation

We want to know how precise the normal approximation is

Expand the CDF of
√
n(θ̂ − θX ) as a power series in 1/

√
n :

P(
√
n(θ̂ − θX )/σ ≤ x) = Φ(x) + ϕ(x)

∞∑
j=1

n−j/2pj(x)

pj ’s are polynomials with coefficients depending on the cumulants of θ̂ − θX
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Cumulant

Let Y be a random variable and ψ(t) = EeitY , t ∈ R, and assume that logψ admits an

expansion logψ(t) =
∑∞

j=1 κj
(it)j

j!

Definition

The j-th cumulant κj of Y is defined as the coefficient of (it)j

j! in the power series expansion of
logψ around 0.

κ1 = EY , κ2 = VarY , κ3 = E(Y − EY )3

For j > 3, κj is a j-th degree polynomial in the first j (central) moments of Y
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Edgeworth Expansion for Standardized Sample Mean

Denote µ = EX1, σ
2 = VarX1 ∈ (0,∞), and consider θX = µ, θ̂ = X n

Tn =
√
n(X n − µ)/σ =

√
n(θ̂ − θX )/σ

D→ N (0, 1)

Let ψn be the characteristic function of Tn, then ψn(t) → e−t2/2, n → ∞, t ∈ R

Let Y = (X1 − µ)/σ and ψ the c.f. of Y , then ψn(t) = ψ(t/
√
n)n, t ∈ R

Let κj denote the j − th cumulant of Y , then κ1 = 0, κ2 = 1 and

ψ(t) = exp
( ∞∑
j=2

κj
(it)j

j!

)
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Edgeworth Expansion for Standardized Sample Mean

Combining the previous results and using the series expansion of exp yields

ψn(t) = ψ(t/
√
n)n = exp

(
− t2/2 +

∞∑
j=3

n−(j−2)/2κj
(it)j

j!

)
= e−t2/2

(
1 +

∞∑
j=1

n−j/2rj(it)
)

rj ’s are polynomials of degree 3j with real coefficients that depend on κ1, . . . , κj+2 but
not on n

rj is even when j is even, and odd when j is odd

Particularly, r1(u) =
1
6κ3u

3, and r2(u) =
1
24κ4u

4 + 1
72κ

2
3u

6
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Edgeworth Expansion for Standardized Sample Mean

Using the formula for ψn derived above and the equalities

ψn(t) =

∫
R
eitxdP(Tn ≤ x), e−t2/2 =

∫
R
eitxdΦ(x), t ∈ R,

we find that

P(Tn ≤ x) = Φ(x) +
∞∑
j=1

n−j/2Rj(x),

where Rj is a function such that
∫
R eitxdRj(x) = rj(it)e

−t2/2

Using repeated integration by parts on the formula for e−t2/2 above, it can be shown that
Rj(x) = pj(x)ϕ(x), where pj is a polynomial of degree 3j − 1 that is even for odd j , and
odd for even j

Particularly, p1(x) =
1
6κ3(1− x2)
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Edgeworth Expansion for Standardized Sample Mean

Overall, we get the desired expansion

P(Tn ≤ x) = P(
√
n(X n − µ)/σ ≤ x) = Φ(x) + ϕ(x)

∞∑
j=1

n−j/2pj(x)

Note that this expansion rarely converges as an infinite series

Under the conditions E|X |j+2 <∞ and lim sup|t|→∞ |ψ(t)| < 1, we have

P(Tn ≤ x) = Φ(x) + n−1/2p1(x)ϕ(x) + · · ·+ n−j/2pj(x)ϕ(x) + o(n−j/2), n → ∞,

where the remainder is uniform in x

The latter condition is called Cramér’s Condition, it is satisfied e.g. for continuous
distributions
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Bootstrap Notation

Fn(x) =
1
n

∑n
j=1 I[Xj ≤ x ], x ∈ R ≡ ECDF of X1 based on X

X∗ = (X ∗
1 , . . . ,X

∗
n ) ≡ random sample from Fn

X
∗
n = 1

n

∑n
j=1 X

∗
j

σ̂2 = 1
n

∑n
j=1(Xj − X n)

2

Tn =
√
n X n−µ

σ , T ∗
n =

√
n X

∗
n−X n

σ̂

Hn(x) = P(Tn ≤ x), H∗
n(x) = P(T ∗

n ≤ x |X), x ∈ R
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Bootstrap Convergence Rate for Standardized Sample Mean

Assume FX is absolutely continuous

Theorem

If E|X1|3 <∞, then √
n sup
x∈R

|H∗
n(x)− Hn(x)|

a.s.→ 0.
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Bootstrap Convergence Rate for Standardized Sample Mean

Proof (Sketch).

We saw that under the assumptions of the theorem,

Hn(x) = Φ(x) +
1

6
√
n
κ3(1− x2)ϕ(x) + o(1/

√
n), n → ∞,

where κ3 = E(X1−µ
σ )3 and the remainder term is uniform in x .

It can be shown that

H∗
n(x) = Φ(x) +

1

6
√
n

α̂3

σ̂3
(1− x2)ϕ(x) + o(1/

√
n), n → ∞,

where α̂3 =
1
n

∑n
j=1(Xi − X n)

3 and the remainder term is uniform in x .

Combining the results and noting that α̂3 and σ̂ are consistent estimators of α3 = E(X1 − µ)3

and σ, respectively, we obtain the desired result.
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Normal Approximation

Theorem (Berry–Esséen)

Assume EX1 = 0, E|X1|3 <∞. Then there exists C ∈ (0,∞) such that

sup
x∈R

|Hn(x)− Φ(x)| ≤ C E|X1|3

σ3
√
n
.

The constant C does not depend on n, nor the distribution of X1.

The Berry–Esséen theorem states that supx∈R |Hn(x)− Φ(x)| = O(1/
√
n)

Furthermore, this bound cannot be improved

The bootstrap approximation is more accurate than the normal approximation!
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Bootstrap Convergence Rate for Studentized Sample Mean

σ̂2∗ = 1
n

∑n
j=1(X

∗
j − X

∗
n)

2

Sn =
√
nX n−µ

σ̂ , S∗
n =

√
nX

∗
n−X n

σ̂∗

Gn(x) = P(Sn ≤ x), G ∗
n (x) = P(S∗

n ≤ x |X), x ∈ R

Theorem

Let EX 6
1 <∞. Then √

n sup
x∈R

|G ∗
n (x)− Gn(x)|

a.s.→ 0.
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Thank you for your attention!

Adam Vinklárek Edgeworth Series & Bootstrap February 23, 2026 15 / 15


	Edgeworth Series
	Motivation
	Edgeworth Expansion for the Standardized Sample Mean

	Relation to Bootstrap
	Convergence Rate of Bootstrap of Standardized Sample Mean
	Convergence Rate of Bootstrap of Studentized Sample Mean


