Asymptotic results
Assume that

(A.l) Xq,...,X,, are i...d. random variables with
EX; = 0,0 < var X; = o° and E|X;|¥ < oo with
somer > 2 (mostlyr = 4).
Under this assumption the processes

! | (n+1)t]
Vn,l(t) — ﬁ ; Xia t € (07 1)7
converge in distribution to a Wiener procdsg’(¢), ¢t €
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and the processes
| (n+1)t]

Vo)== 3 (Xi=Fu). te.),
1=1

converge in distribution to the Brownian bridg&(t), ¢t €

(0,1)}.




Theorem 1(Darling, Erdds , 1953) Under the above
assumptions for al

k
. T —
i, P(otosm) ] 506 =Ko

(-1)

<t + b1(log n)) — exp{—2¢" '}

a(t) = +/2logt, logt >0, (.2)

1 1 |
bi(t) = 210gt+§log logt—§log(7r), logt > 0. (.3) oo
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Theorem AJnder the above assumptions for all

B k
dn P (C(0-0) A X

_ B(?)]
=P, gy <7)

wheres € (0,1/2), {B(t);t € (0,1)} is a Brownian
bridge and

Sx)

(-4)
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ZLn+1tJ X, —Yn)/\/ﬁ
nh—>moop(/0 ‘ t(1—0) ldtéx)

B(t)] )
- P(/O<t<1 (t(l _ t))vdt = x)7

where € (0,1/2), v < 3/2, {B(t);t € (0,1)} is a
Brownian bridge.




Auxiliary results

Law of iterated logarithm

Hajek-Renyi-Chow inequality

Invariance principles:
Komlos-Major-Tusiady (1975,1976)
Einmahl (1987, 1989)
Skorochod representation
Strassen (1967)

Extreme value theorems

Hajek’s inequality for rank statistics (1961)
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Law of iterated logarithm and its consequences

Let X¢,...,X,,... be L..d. random variables with
Zero mean, unit variance, then,ras— oo,

lim sup ZX|<C

n—00 \/n 0g 1ogn

with someC > 0.
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Law of iterated logarithm and its consequences

Let X¢,...,X,,... be L..d. random variables with
Zero mean, unit variance, then,ras— oo,

lim sup ZX|<C

n—00 \/n 0g 1ogn

with someC' > 0.
Consequences:

- X;| =0 log 1
s frz 1 = Op(y/IogTogn)
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and ash; — oo, asng — ny — 00,
k

max %| ZzleZ| =Op(1+ V/log log(ny/n1))

eventually, it is valid for triangular arrays




Then

k
1
(12n]?§n7|ZX’ max ﬁ|;Xi|)

logn<k<n/logn

1
Py, =) 2 i




Hajek-Renyi-Chow inequality

Chow, Teicher Probability Theory, 1988,p. 247 — 248.
(i) Let {S, = > ;L Xi, A, \ > oo} be a nonnenaga-
tive submartingaleE'S,, be finite,v,, > v,.; > 0,
then for anyA > 0

n
P( ax vS >A) < A'SNT Bui X,
1I§nk;{n ERk = > Zz; 1<\q

(i) Let {5 = 375, Xi, A\, \ >} be martingale, let
vp > vpa1 > 0, then for anyA > 0
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(i) Let {Sp, = >3y X;, Fy\, \ > oo} be a submartin-
gale, leth be a nonnegative, increasing convex func-
tion, then for anyA > 0 andt > 0

) - Eh(tSh)
= ThitA)
e.g.h(t) =t'"P t > 0,p > 00rh(t) =exp{t}, t >0

P( max Sp > A
1<k<n
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Remark

1. Notice that forl < m < n < oo
n n

Z vjaj — Z (?JJ — ’Uj_|_1)(ILj + UmQm—1 + Unan

]=m ]=m

2. If Xq,..., X, satisfy (A.1), thedz XYk =
1,...,n forms submartingale

k+1
(B(Y X1, >\2X\”as)
1=1
and, as1 — oo, i
LIL
I msjz;\erli(a-llr?senyirinci les
B Y Xil” = 0p(nF?),

. theorems
1=1



3. Under (A.1) for any4d > 0

(mﬂl%inT'ZX' > 4)

< CA7Y(1+log(n/m))
with someC' > 0




Invariance principles

Komlios- Major-Tus@ady type results( 1975, 1976):
1. Let Xy, ..., X,, ... belidrandom variables with
Zero mean, unit variance and

FE exp{tX 1} < o0

in a neighborhood of. The there exists i.i.dN (0, 1)
random variabled/y, . .. such that for alh > 1 and all
x>0

k

P(lrgnl?%{n | Z(Xi—]\fi)\ > Clogn+z) < Cyexp{—Csz}

fé p— 1 Abymptotic results
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2. Let Xy,...,X,,... bell.d random variables with
Zero mean, unit variance and

) ‘Xl‘y < O

with somer > 2. Then there exists i.i.dV(0, 1) ran-
dom variablesVy, ... such that for alln > 1 and all
x > 0

k

P X — N)| >2) < Cinx™ ¥
(1?13%{71';( i — Nj)| > ) < Cyna

with some positive’; depending only of d.f. of;.
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3. Define the proces(t) = Syj,¢ > 0,5(0) = 0.
Then under the assumptions in 1. there exists a Wiener
process{WW)(t),t > 0} such that for alll’ > 1 and
r > 0 we have
P(OISI]%XT 1S(t)—W(t))| > CslogTHx) < Cyexpd C’7w}‘
and analogously when only moment assumptions are
considered.

Reference e.g. Weighted Approximations in proba-
bility and Statistics, G&gd and Honath (1993).
4. There Is multivariate version, expected assertions
holds true. Einmahl 1989, 1987, Strassen 1967 Daring-Ers
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Conseqguences

(a) 2. implies that there exists Wiener proc€gs(¢); t >|
0} such that, as — oo,

ZXZ — W(n) =" O(nl/y)
i=1
and
k
—1/v
s K S X = W) = Op(y
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(b) We can consider the triangular artdy,,, . . . , Xyun,
1.i.d. for each fixedn, £FXy, = 0, var Xy,, = 1,
E|\ X1, < C with someD > 0. Then there exists
a sequence of Wiener procesgég(t);t > 0}, such
that, asn — oo,

k
—1/n X. _ |
e \; in — Wa(k))| = Op(1).

foranyn < v.
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S

Lemma. Let Xy ,,..., X, belld. random vari-
ablesforeach =1,2,...,. LetEX; ), = 0,varX; , =
1 andE|X; ,|* < D < oo with someD > 0. Then we

can define a sequence of Wiener proce$$gs (¢), 0 <|
t < oofp and{Wp,o(t), 0 < t < oojn such that
{Wni(t), 0 <t <oo}and{Wp,a(t), 0 <t < oo} are
Independent for each and

1
/r'__
n2 1<I]£12X/2 > Xin—Wyi(k)]  (.6)
SRS .
1 S t S k Asymptotic results
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|
n' 72 max Z Xin—Wnaln—=k)| (7)
k<i<n

(8) o

forany0 <r < 1/4,

( )

and




max | Y Xjp — Wialk)| = op(n!/*) (9)

n/2<k<n k<i<n

foranye > 0.
The proofbased on the Skorokhod embedding sche
(cf. Breiman(1968)).




By the Skorokhod embedding scheme, thewflsn(t); 0 g‘

t < oo and L.I.d. random variables, 1, 7, 9, ... such
that

> Xip= il > Tl 1<k <n/2

1<i<k 1<i<k
(.10)

Er,1=1, Er;, <CEX}, (.11)
with someC > 0.
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Then by the Hjek—Renyi-Chow inequality for any
B >1/2andx >0

¢ )
1
P{ max — Z (Thi— 1| >z (.12)
k1§/~c§n/2 kb i<k ;
1 2 9 _9
<SB(ma—17 ) k<0
1<k<n/2
with someC' > (0. Hence
LS (1| = 0p()
11ax — Tn’i — — P . gz;r/lriw:];;t_cl)_:tir(éﬁrssults
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Note that the distribution dﬁ/T(Ll) does not depend on

n. Lemma 1.2.1 of G&gd and Revesz (1981) yields
that

max  sup [Wi (k)= WA (k+s)|/ (67 (10g k) 1/?)
1<k<n/2 s|<C
(.13)
=Op(1).
Now (.10) and (13 yield that

1 1
max | S X, — W (k)| R
Isksn/2 | 52k Daring Ers
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Invariance_ [t)i::igciples
— Op ( max k9127 (log k)1/2> —Op(1), ™

1§]€§n/2 theorems




since > 1/2 can be as close tb/2 as we wish.
Q.E.D.




5. The following holds true: the following assertions
are equivalent

lim sup W(t)/q(t) < 00, a.s.

t—0
lim sup |W(t)/q(t)| < 00, a.s.
t—0
lim sup W (t)/q(t) = B, a.s.
t—0

with somel < § < oo. The last assertion holds true

for
q(t) = (t(1 —1))!
Wlth fy < 1/2 Asymptotic results
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Rank statistics

Consider partial sums of simple linear rank statistic-
s. LetUy,,...,Uy, be Li.d. with uniformd.f. on
(0,1). Let Ryy, ..., Ryn be corresponding ranks. Let
Ulin)s - - -+ Unp) be the ordered sample. Lef(1), . . ., an(n))
be a vector of scores such that

=3 (anli) — ) =1 (14)

1<i<n
. 1 4.
lim sup 3 E a, (i) < 0o. (.15)
n—oo .
1 < [/ < n Asymptotic results
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Denote
SenR) = Y (ap(i)—a@n), k=1,...,n. (.16)

1<i<k
Notice thatS,, ,(R) = 0,
1
{n — kSkm(R), o(Rip,...,Rp,), k=1,2,...,n}

((Sun(R) — Sp.(R)

7O_<Rnn,...,Rk_|_17n), k =N — 1,77/—2,...,1}
form martingales.




Lemma

nrzrén?gnk(n;f)‘(% 3y an(gz.)_nik S an(Ry)

" 1<i<k k<i<n
1 1
1<i<k k<i<n
k kNN —3+T
8 (—(1 N —>) = 0p(1),0<r <1/2
n n
and
= Op(logn),fr — 1/2.
WhereZi)n — an(l + [nU2<n>]> . an §:a_)r/|ri1:];;t_cl>_:tirc£§sults
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It is a special case of Theorem 3 of gkova (1997).
21y -5 Znpare lild., we also have

max \/ k(”n_ ’“)‘ S (an(Ry) — )

1<
<k<n 1 <i<k

= Y (Zin—Zn)|=0p(n™"
1<i<k
with somen > 0.
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Limiting extreme value distributions

Proposition 3.1 Consider a zero mean, unit variance,
stationary Gaussian proceg& (¢) : t > 0} with auto-
correlationr(7) = E X (t) X(t+7), t, 7 > 0. AsSsume
that

lim r(7)logT =0,

T—00
r(t)=1—-C7%4o(7%), ast |0.
Then

im Plap sup X(t) <z +bp | =exp(—e *),
T—> o0 O § t S T Asymptotic results

(. 17) Darling-Erdbs
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2_
bp = 2log T + — 2

log log T’

Flog (CV/ Ho(2m)1292-00/2a))

H, asin Remark 12.2.10 of Leadbetter et al (1983),
Hi=1, H2:1/ﬁ.
Proof. Confer Leadbetter etal (1983), Theorem 12|3.5.
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Proposition 3.2. Consider{X(¢) : t > 0} as in
Proposition 3.1, and let — r(7) be regularly varying
of index 2, asr | 0. Definev = vy to be the largest
solution of the equation

(21og T) (1 . (%)) _1 (.18)

Tovar \
W) C(19)

and set

U= Up = (210g
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Then,

lim P <uT sup X(t) <z + u2T> =exp (—e /),

T'—o0 0<t<T
(.20)

for all x.

Proof. This is a special case of Berman (1992), The-
orem 10.6.1. Note that, in (3.3.24) of Berman (1992),

w=1//7.
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Proof of Theorem 3.1\We first note that, ass — oo,
\zﬁ:ﬂk i) 7,
Imax

2<k<logn 1/2

\zi; (i~ (i - 1)) $h 7]

—  max
2<k<logn k—1 1/2
(Zz | Z204)
k“(kloglog k)l/z 1/2
= Op <2<1]?§1>5gn Y = Op ((1og log log ) - )
= ((log logn) L/ 2) E'L,lkgREj

Invariance principles

which means that it suffices to investigate the max oveét: =

reme valu

k € [logn,n] only. | ) .



We now puts = ¢, and consider the proce$x (t) :
t > 0} given by

!
(20 + 1) 20 [y 22 W (et — 2)x
X(t) = tat+1/2) (-21)

20+ 1)1 20 [€ (¢! — y)OW(y)
6t(oz+1/2) '

Note that{ X (¢) : t > 0} is a zero mean Gaussian
process with covariance function

e’/ s o1 N
Jo (€ =y)* (e —y)*y |
es(a+1/2) pta+1/2) Sl

LIL

cov(X(s), X(t)) = 2a+1)
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xtreme =valu
O theorems

Placvihhy, [V /72 0 4~ N) i ~tatim~nmmearis vandtla s 0vnid v 5 e



(3.7) is satisfied for ang > 0.




Proof of Theorem 3.1\We first note that, ass — oo,
‘Zﬁ:ll(k — 1) Z;

2§§fn£1>§gn k—1 94 1/2
(Zz‘:1 ‘ )
‘Zf:_f(io‘ — (i —1)%) Zflf Zj‘
B QS?S%gn k—1 -2q 1/2
(Zz‘:1 ‘ )
N 1/2

= Op (2<?§§gnk (k};gjf/gf) / ) = Op ((log log log ’n)l/Q)
= op ((1og log n)l/ 2) : :;L’lkg:zpl

Rank statistics

which means that it suffices to investigate the max ovefene v
k € [loen.n| only.



In view of Corollary 2.1, the corresponding asymp-
totics can be derived from those of

|04 Jo v Walt —y) y‘
sup
81 << (ft 20 )1/2

~1
a oy Walt —y)y
‘ fo "(2044—1)1/2.
(t2a+1)1/2

— sup
logn
o <t<l1l
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This is equivalent to investigating
a ) W (s — ) X
sup
log n<s<n (SQOz—I—l) 1/2

by substitutions = nt, x = ny.

(2a + 1)1/2




This is equivalent to investigating
S, .a—l1

84 i S—x)X

sup } Jo W ( ) ‘

(20 + 1)1/?
log n<s<n (52044—1)1/2

by substitutions = nt, x = ny.
We now puts = ¢, and consider the proce$éx (t) :
t > 0} given by

t
(2a 4+ 1)/2a I W (el — ) X
X(t) = Jtla+1/2) (-23)

t
— <2@ —"_ 1)1/2& foe <€t B y>aW(y) Asymptotic results
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Note that{ X (¢) : ¢ > 0} is a zero mean Gaussian
process with covariance function

J§ (e* =) (! - y)*y
esla+1/2) tla+1/2)

cov(X(s), X(t)) = 2a+1)

1
_ (20 +1)els1/2 / (-2 (12
0




Clearly,{ X (¢) : t > 0} is stationary with unit vari-
ance, and, in order to get the limiting extreme value

distribution, it will be enough to check the behaviour
of r(¢), where

r(t) —1 = cov(X(s), X(s +1t)) — 1 (
= (2a + 1)e_t/2/ (1—2)%1—ze H¥z—1
0

1
= (2a+ 1) {et/Q/O (1—2) ((1 — ze_t)o‘ — (1 —2)°

1
+(€_t/2 —1) / (1—2)%* z} Daving Ers
0 - LIL

Hajek-Renyi
Invariance principles
Rank statistics
Extreme valu
theorems



Obviously, since(t) = O(e~/2) ast — oo, condi-
tion (3.7) Is satisfied for any > 0.

Concerning the asymptotics for— 0, we prove the
following lemma.
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