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1. Introduction and statistical framework

Main aim of this work is to continue and extend our study in Chochola et al. [7] concerning the robust monitoring of
CAPM portfolio betas. The Capital Asset Pricing Model (CAPM), introduced by Sharpe [18] and subsequently modified by
many authors (see, e.g. Lintner [14], Merton [15] and others), is a still very popular and widely used model for evaluating
the risk of a portfolio of assets with respect to the market risk. However, it is also well-known that the pricing of assets and
predictions of risks may be incorrect and misleading if the model parameters §; are varying over time. As in Aue et al. [3],
we adopt here the arguments of Ghysels [9] and study a (piecewise) unconditional CAPM, rather than a conditional version
of the latter (cf., e.g., Andersen et al. [1] for a comprehensive review), since in many cases misspecified conditional CAPMs
tend to produce larger pricing errors. For a more extensive discussion of this fact, we refer to Aue et al. [3], Sections 1 and 2,
and the references mentioned therein.

Indeed, contributing to avoid pricing and prediction errors was the main motivation for Aue et al. [3] in constructing a
sequential monitoring procedure for the testing of the stability of portfolio betas. The corresponding stopping rules in [3]
are based on comparing the (ordinary) least squares estimate (OLS) of the beta from a historical data set (training period) to
that from sequentially incoming new observations, and they were able to take high-frequency data into account which is a
typical situation in nowadays’ market analyses (see also Chochola et al. [7] and the references mentioned therein).
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Since OLS estimates may be sensitive with respect to outliers, we tried to “robustify” the Aue et al. [3] approach in [7]
by making use of M-estimates instead of least squares estimates and so are able to deal with heavier tail distributions than
the OLS procedure. In a first step, however, we confined ourselves there to a study of the CAPM without high-frequency
observations. Aim of our present work now is to extend the latter study to the Functional Capital Asset Pricing Model (FCAPM)
taking also high-frequency observations into account. It will turn out that, even in this more general situation, some moment
conditions may be relaxed (cf., e.g., (B.4) below compared to the corresponding assumption in [7]), but that, on the other
hand and similar to Aue et al. [3], certain smoothness conditions have to be added concerning the model’s intra-day behavior
over time (see, e.g., (A.1)-(A.3), (B.5) and (B.7) below).

Note that, via L,—m-approximability type conditions (cf. (B.4)-(B.5) below), our model is suitable for covering general
types of weak dependencies rather than strong dependencies in the sense of long memory. Monitoring procedures in the
latter situation are still open for future work. On the other hand, in contrast to [3], our present approach is now applicable to
data sets under heavy-tailed (leptocurtic) and contaminated distributions observed at high frequencies, which is certainly
more useful in real data applications. The price to pay, however, is that more involved techniques than those used in Chochola
et al. [7] are required now and the computational complexity increases as well. Nevertheless, a similar robust sequential
monitoring procedure can be constructed for the FCAPM portfolio betas, now also covering a high-frequency situation as
described below.

We would like to mention, however, that our focus here is on the methodological and theoretical side, trying to extend
the work of Aue et al. [3] by using a robust approach and that of Chochola et al. [7] by including high-frequency situations.
Moreover, for the sake of illustration and comparison, we used the same data set as in [3] for our application and a similar
setting in the small simulation study of Section 3.

Our statistical framework in the sequel will be as follows. We consider the model

ri(s) = ai + Biryy () +ei(s), i€Z, se[0,1], (1.1)
wherer;(s) = (1;,(s), - . ., rl-_’d(s))T is a d-dimensional vector of (functional) log-returns at (say) “day” i and “intra-day time”
s, Ty (s) is the log-return of the market portfolio at day i and time s, and &;(s) = (&;,(s), .., ¢; d(s))T are d-dimensional

(functional) error terms. The e;’s and B;’s are d-dimensional unknown parameters, and the f;’s are the parameters of interest,
usually called the “portfolio betas”. Note that the sequence {(r;(-), r;,(-))} is a (d 4+ 1)-dimensional (functional) time series
satisfying certain conditions to be specified below.

We assume that a training sample of size m with no instabilities is available, i.e.,

G=...=an=0p=,....,aD)", Bi=...=Bn=B= ....8)", (1.2)

where & and 8, are unknown parameters. The problem of the instability of the portfolio betas is formulated as a testing
problem, that is, we want to test the null hypothesis

Ho : ﬂlz"':ﬂm:ﬂm—H ="
of “no change” versus the alternative
Hy: By = "':ﬂm+k* #ﬁm+k*+1 =

of a “structural break” at an unknown change-point k* = k' .
For later convenience we reformulate our model as follows:

1) = o + Blriy () + (o + BTy NSml{i > m+ K} +6,5(5), j=1,....d, i=1,2,...,5€[0,1], (13)
where k* = k;, is the change-point and a}), jo, ozjl, B1, 8, are unknown parameters.

As in [7], our test procedures will be generated by convex loss functions g1, . .., 04 with a.s. derivatives ij = y; called

score functions having further properties to be specified later. The estimators Gj;, = ®jm (¥;), Bjm = Ejm(lﬁj) of oz;’, /3]9 based
on the training sample are defined as minimizers of

DY i js0) — a5 — birgy(s,)) (1.4)

i=1 v=1

w.r.t.aj, by, forj=1,...,d wheres, =v/n,v =1,...,n,arenequidistant intra-day time-points.
The test procedure constructed below will be based on functionals of partial sums of weighted M-residuals, which are
defined as follows:

Y@Ei(5) = W1 @160 -5 Ya @ g(s0))T (1.5)
with
/e\i(sv) - (gi,](sv)s e 72‘\,"11(511))-[7

:9\,‘_]‘(51)) = ri,j(su) - 67]m - Emrim(sv)- (1.6)
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A suitable test statistic based on the first m + k (functional) observations is

m-+k n m-+k n
Qk,m) = (% ) - > i GOFE ) Ty (% > - > TSV @Ei(5))) (17)

where n = n(m) (see below) and the matrix fm is an estimator of the asymptotic variance (matrix)

1 m 1
=1l — E - i(s)d 18
lim_ var{ﬁ 1-_1f0 T () ¥ (ei(s)) S} (1.8)

based on the first m observations. Details will be discussed later.
For notational convenience and later use, we introduce the notations, fori € Zandn € N,

Zi=(z....29) = /01 ra (¥ (i(s))ds, (1.9)

R L ;érm(s»m(sm, (1.10)

Zi=Z,=QG, ... = ;irm(s»wei(sv», (1.11)
so that -

Qk,m) = (}1212)T3;1<%,§12) and

1 m
Y = lim var{— z-}.
m—oo ﬁ; !

Similar to [7], we reject the null hypothesis as soon as the test statistic exceeds a critical level for the first time, i.e., when

Q(k, m)/q, (k/m) > ¢

for an appropriately chosen ¢ = ¢, («), where q, (t), t € (0, 00), is a suitable boundary (weight) function. In this case
we stop the procedure and confirm a structural break, otherwise we continue monitoring. The associated stopping rule is
given by

T = Tw(y) = inf{1 < k < [mT] : Q(k. m)/q, (k/m) = c}. (1.12)

with inf@ := oo. Here T is a fixed positive number, that is, for practical reasons, we have a so-called closed-end procedure
again. The following class of weight functions q, can be used, e.g.,

2 t 2y
4, ) =(1+1) (m) , t€(0,00), (1.13)

where y is a tuning constant taking values in [O, 1/2). The critical value c will be chosen such that, under Hy, for o« € (0, 1)
(fixed),

lim P(rm < oo) = «a, (1.14)

m—00

i.e.,, the overall asymptotic level (false alarm rate) is & and, under Hy,

lim P(tn < 00) = 1, (1.15)
m—0o0
i.e., the test is consistent (has asymptotic power 1).

The rest of the paper is organized as follows. The main results including the assumptions and limit properties of the
test procedures are presented and discussed in Section 2. Section 3 reports on the results of a small simulation study and an
application to a real data set. The proofs of our main results are given in Section 4, whereas Section 5 contains some auxiliary
lemmas to be used in the proofs.

2. Assumptions and main results

Compared to [7], the assumptions on the sequence {(¢; ; (), ..., & 4(*), Ty;(-))}icz and on the loss functions o, . . ., 04
(or equivalently on the score functions /4, . . ., ¥4) have to be extended as follows.
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We assume on v;, the distributions of g j(s) and A;(x; s) = —El//j(soqj(s) —x),j=1,...,d,s€[0,1],x € R'.
(A.1) v are nondecreasing functions, A;(0, s) = 0, AJ/.(O, -) is continuous on [0, 1], Ajf(x, s) = %)\j(x, s) exists in a neighbor-
hood of O forall s € [0, 1],
|Aj(x,s +2) = 4j(0,54+2)| < Dolx|, x| <xo, 5,s+2€[0,1], |z] <2z,
and
2;(0, x +5) — 2;(0,5)| < Dolx|, [x] <xo, x+s,5€[0,1],
for some xg, zg, Dg > 0;
1., 1, 2 1, 2
(A2) [/ 10, 5)ds [} 1/(0, ) Erow(s)* ds > ( S 300, ) Erom (s) ds) ;
[Note that, via the Cauchy-Schwarz inequality, we have at least “>" in the latter condition, so we just assume nonde-

generacy.]|
(A3) sup,cio1) E¥;(eg(5)[* < oo and

2
E| (g0 () + t) — Yi(ee () + )|” < Gile — ], |1, 62| < co, s € [0, 1],
for some ¢y, C; > 0.
For later applications, let us briefly recall some of the most often considered v;-functions. The classical choice ¥;(x) = x,
x € R, leads to the ordinary least squares (OLS) and L,-residuals. A choice of Yi(x) = signx, x € R', leads to L;-estimators
and L-residuals. Huber [12] introduced v;(x) = xI{|x| < K} + K signxI{|x| > K}, x € R!, for some K > 0, which is one of

the most often used score functions, usually known as the Huber function.
For a vector-valued random variable X define

X1, = (EIXP)"?, p=>1,

the L,-norm of X, where |X| denotes the Euclidean norm of X.
Concerning the assumptions on {r;,(-)} and {&;(-)} we follow the setup in Aue et al. [3], but instead of fourth moment
assumptions used there it typically suffices here to have second or (2 + A)-moment conditions:

(B.1) Foranyi € Z, ry,(-) = h(&(-), §_,(-), ...), where h(-) is a measurable function, {§;(-)} is a sequence of i.i.d. random
functions, and supsco 17 Elroy, $)]® < oo.
[Note that {r;,(-) : i € Z} is a stationary and ergodic sequence.]

Remark 2.1. For the sake of simplicity, we assume a third moment condition in Assumptions (A.3) and (B.1). With some
more technical effort, the latter can be replaced by a (2 + A)-moment condition with some A > 0 (cf. Lemma 5.1(i)-(ii)).

(B.2) Foranyi € Z, &(-) = g(&;(-), ¢;_1(-), ...), where g(-) is a measurable function, {¢;(-)} is a sequence of i.i.d. random
functions having some further properties to be specified later.
[Note that {e;(-) : i € Z} is also a stationary and ergodic sequence.]

(B.3) The sequences {&;(-)} and {¢;(-)} are independent.

(B.4) Foralli € Z,

oo
Sup ; Irag () — iy ()11, < 00,

where
réwL)(-) = h(éi(~), 5;‘—1(')’ cee 5;‘—L+1(')» Eff)L(-), Ei(i)Lq(')’ s

with £, (), €&, (), ... being i.i.d. with the same distribution as &,(-) and independent of {&;(-)}.

[Note that r? () 2 r,,(-) 2 ry,(-) foralli € Zand L > 1.
(B.5) With ¥(&i(1) = (¥1(£;1 (), - - -, Yale; o(-), for all i € Z, it holds that

sup sup Y [|[9(ei(s) — @) — Y(e{’(s) — @), < 00
s€[0,1] laj<ap =7
for some ay > 0, where
EI(L)() = g’(;l()’ gifl(.)’ e ey ci*l_+1(.)’ CI(?L()’ C,‘(?L_](')a L -)7
with £, (), ¢, (), ... being i.id. with the same distribution as ¢,(-) and independent of {Z;(-)}.

Remark 2.2. Assumption (B.5) could be weakened as follows, but then the proofs would require somewhat more techni-
calities:

(B.5') imsup, oo + Y0 SUP|azay Yoroy 1 (ei(5)) — @) — ¥(ef” (5,) — )|, < o0

for some aqy > 0, withs, =v/n,v=1,...,n,and {st)(~)} asin (B.5).
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As in Aue et al. [3] and Chochola et al. [7], the above assumptions are motivated by the work of Hérmann and
Kokoszka [10] on the concept of L,-m-approximability, but could be relaxed here to a certain extent.

The following conditions, assuming that the processes under consideration are smooth functions of the intra-day
parameter s € [0, 1], are weakened versions of the corresponding conditions in Aue et al. [3].

First we also make the following “high-frequency” assumption:

(B.6) Weletn = n(m) — coasm — oQ.

Secondly, we assume smoothness of the r;, (-)’s and (e j(-))’s:

(B.7) Forallie Z,j=1,...,d, withs, = 1/n as above and n = n(m) — oo,
(a) limm—)oo(IOg m)% Z]njzl Suphe[o,]/n] ”riM (Sv) - r,‘)\/[(sv - h)”z =0
and

(b) limy— o (l0g M) 3 D=0, SUPheo, 1/m 1¥5(1(50)) — Yj(eij(sv — M)l = O,

Remark 2.3. It will be obvious from the proofs below that, if the L,-approximability conditions in Assumptions (B.4) and
(B.5) are replaced by corresponding L, ,-approximability (with some A > 0), then the convergence rate condition in (B.7)
can be avoided, i.e., (B.7) can be replaced by

(B.7) Forallie Z,j =1, ...,d, withs, = 1/n as above and n = n(m) — oo,
(a)dlimm»oo % ZC:] Suphe[o,l/n] ”ruw(sv) - TiM(SU - h)||2+A =0
an

(D) iMoo 2 D01 SUPpeqo.1/m I1¥(€15(50)) — Wi(Eij(sy — W) llp 0 = 0.

Remark 2.4. The theoretical results below as well as the applications to the real data set work with equidistant grid points
being the same for all components. Nevertheless, going through the proofs this assumption can be relaxed, e.g., working
with more general s, j’s,j = 1, ..., d, under accordingly modified assumptions. Moreover, having a closer look at the test
statistic defined through (1.7), (1.10) and (2.4), we realize that the test procedures depend on the observations through

%= ;; i (5) Y Ei(5),

that are averages over time grids s,, i.e., averages over the intra-day behavior, which also work for asynchronous data.
Next we present our results on the limit behavior of the test procedures, both under the null hypothesis Hy as well as
under the alternative Hy.

2.1. Asymptotic results

Theorem 2.1. Let Assumptions (A.1)—-(A.2), (B.1)-(B.7) and (1.13) with y € [0, 1/2) be satisfied and

T — X =o0p(1) (Mm— 00), (2.1)
where, with the z;’s from (1.9),
»1 m o0
T = lim var{ﬁ Zz,»} = Elzozg] + Y Elzoz] + 2], (2.2)

m—00 n ©
i=1 i=1

and X is a positive definite matrix. Then, under the null hypothesis H,

d
~ S WA(t)
(Q(k,m)> o (1:1 ’ )
max | ——— | — sup _— (m — 00),
1<k<|mT)\ q, (k/m) 0<t<T/(T+1) £

where {W;(t), t € [0, 1]}, j =1, ..., d, are independent (standard) Brownian motions (Wiener processes).

The proof of Theorem 2.1 is postponed to Section 4.

It follows from Assumptions (A.1)-(A.2) and (B.1)-(B.5) that {r;,(-)} and {¥(&;(-))} are independent sequences. Then
Lemma 2.1 and Theorem 4.2 in Hérmann and Kokoszka [10] imply that the series in (2.2) converges (component-wise)
absolutely.

Now we turn to the model under local alternatives, i.e.

ri(8) = o + By () + (o 4+ Bl ryy(Ndnlli > m+ K} 4 6,5(5), j=1,....d, i=12,...,5€[0,1], (23)
with §;; — 0and k* < |mT].
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Theorem 2.2. Let Assumptions (A.1)-(A.2), (B.1)—~(B.7) and (1.13) with y € [0, 1/2) be satisfied and
fm —X=o0p(1) (Mm— 00),
where ¥ is as in Theorem 2.1. Then, under (2.3), with 85 — 0, [§,[m'/> — 00, liminfy,_, oo (LmT] — k*)/m > 0, and g} # 0
for at least one j,
a(k, m)

max ( )—P>oo (m — 00).
1<k=<[mT]\ q,, (k/m)

The proof of Theorem 2.2 is also postponed to Section 4.

Remark 2.5. (a) By Theorem 2.1, the assertion (1.14) holds true if ¢, (o) satisfies

d
> WE()
P sup = >c, ()
— 2@ | =a,
0<t<T/(T+1) t2v Y

where ¢, (o) can either be obtained by simulation of the limit distribution or by an application of a suitable form of bootstrap
based on the training sample.
(b) Theorem 2.2 implies the consistency of the test, i.e., the validity of (1.15) (asymptotic power 1).

2.2. Estimation of the variance matrix

In this section we deal with an estimator of the asymptotic variance (matrix) ¥ as given in (2.2). Notice that ¥ =
> e Tk, where Ty = E[zpz] ] fork > 0and T = T}.
We consider an estimator of X based on the first m (functional) observations defined as

Zn= Y T, (2.4)
[kl<q

where g = q(m), wq(k) = w(k/q) and w is a kernel specified below, and fk is the kth lag sample covariance corresponding
to I'y, i.e.,

1 m—k
T
~ — ) zizi,, k=0,
T,=1{m ; ik (2.5)
fzk, k<0,

with the Z's as defined in (1.10), based on the 1 (+)'s from (1.1) and ¥ (€;)’s according to the M-residuals as given in (1.5)
and (1.6).

Theorem 2.3. Let Assumptions (A.1), (A.2), and (B.1)-(B.7) be satisfied. Let fm be the estimator of X given in (2.4) with a kernel
wq(k) = w(k/q) satisfying the following conditions:

(i) w(0) = 1;

(ii) w is a symmetric and Lipschitz-continuous function;

(iii) w has bounded support;

(iv) the Fourier transform of w is also Lipschitz-continuous and integrable;
(v) g(m) = O(logm) (m — o0).

Then

-~

Yn=X+o0p(1) (m— 00).

We can work, e.g., either with the Bartlett kernel
o) = (1—[xD{]x| < 1} (2.6)
or with the flat-top kernel
1
1, x| < =,
] 2
CO=N20- ). g <<, 27)
0, x| > 1.
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3. Applications and simulations

In this section we present some results from a small simulation study as well as an application to a real data set in order to
illustrate the finite sample performance of our monitoring procedure based on the test statistic (1.7) with boundary function
(1.13).

First we discuss some aspects which are common to both the simulation study and the application. Since the asymp-
totic distribution of the test statistic given in Theorem 2.1 coincides with the one derived in Chochola et al. [7] (cf. also
Remark 2.3), we can use the critical values given in Table 1 of [7].

The question of the choice of the tuning constant y has also been discussed in [7] and the recommendation given there
remains valid, i.e., if a change is to be expected “early” after the training period, then y near to 0.5 is advisable, whereas
for “late change scenarios”, small y’s are recommended. A choice of y = 0.25 provides a reasonably good balance between
these two scenarios and is thus used here.

We consider the L, Huber and L; ¥ -functions and always apply the same function to all coordinates.

It remains to choose the kernel function and especially its bandwidth q in the estimator of the variance matrix suggested
in (2.4). In this aspect, we use the results of Chochola [6] which show that it can be difficult to set a proper q a priori for
the Bartlett or the flat-top kernel, because it depends on the degree of dependency of the data. Thus better results can be
obtained using a data-driven adaptive choice of the bandwidth based on the work of Andrews [2] and implemented in the
statistical software R as described in Zeileis [19]. Differences between possible kernel choices are not too big, so that we
always use the Bartlett kernel here.

As an illustration of a possible application of our robust monitoring, we investigate the data set used in Aue et al. [3] in
more detail. Recalling this data set, it consists of five stocks from different sectors of S&P 100, namely Boeing (BA), Bank of
America (BAC), Microsoft (MSFT), AT&T (T), and Exxon Mobile (XOM). As the market portfolio, the S&P 100 index itself is
used.

The intra-day behavior of the process {r;(s) : s € [0; 1]; i € Z}, which is defined at time s as the difference between the
log-prices of the stocks at time s and s 4 15 min, is thus sampled every 15 min during any trading day i. The process r,(-)
is defined analogously.

The historical training period starts on January 29, 2001 and consists of 120 trading days for which the values of the
portfolio betas under consideration appear reasonably stable. The choice of the beginning of the period is motivated by the
fact that, prior to January 29, 2001, the tick size (i.e. the smallest value the price can change) was different. The monitoring
horizon for the closed-end procedure was selected as 360 days, corresponding to T = 3 for our stopping rule in (1.12). This
covers the 9/11 event, the influence of which we want to study.

The stability of the historical portfolio betas was checked via moving windows estimates presented in Fig. 1. The figure
shows Huber estimates of portfolio betas based on moving windows of 10 trading days for each company throughout the
historical and monitoring periods, but the figures look similar for L, estimates. The solid black vertical line marks the end
of the historical period (120 days), whereas the dashed black line marks the last day, when the estimate is not influenced
by the observations from the monitoring period. The gray lines refer in the same way to the 9/11 event. Since “no change”
during the historical period is assumed, we tested for a change in this period via L, and Huber retrospective procedures and
this assumption could be confirmed.

The BAC and T estimates seem to be stable throughout the whole period, whereas there is a small temporary influence
of the 9/11 event on MSFT and a very big one on BA. Finally there seems to be a shift in the portfolio beta of XOM right after
the end of the training period. We come back to these observations later on. R

Next we discuss the robust monitoring itself. Fig. 2 shows values of the normalized test statistic, i.e., Q (k, m)/(co.25(0.05)
q, (k/my)), for the L, (dashed line), Huber (solid line) and L, (dotted line) monitoring procedure and for various combinations
of stocks, which are given in the heading of each chart. On the x-axis the number of trading days is shown starting from the
beginning of the monitoring. A vertical gray dashed line marks the September 11, 2001, terrorist attack, the horizontal one
(at value 1) indicates the critical line, due to the normalization of the statistic.

When all companies are considered together, we get the same results as in Aue et al. [3] for the L, procedure. The critical
value is extremely exceeded. For the Huber and L; procedures the crossing still occurs, but in a much more moderate way.

It is possible to get further insight by looking at the stocks individually. In view of the conclusions from Fig. 1, we ex-
amined Boeing (BA) and Exxon (XOM). Portfolio betas of the three remaining companies (BAC, MSFT and T) do not show
any sign of a change as can be seen from the last chart. For Boeing (BA) we can see the extreme influence of the 9/11 event
on the L, monitoring procedure. In case of robust procedures this has a much smaller impact, the critical value, however,
is still crossed right after the event. For Exxon (XOM) and robust monitoring, the critical line is crossed already before the
9/11 attack—there is a steady increase in the test statistic from the beginning of the monitoring on, which is in line with
the conclusions from Fig. 1. By applying the retrospective procedure to the XOM data for the first 120 and 240 trading days,
respectively, it turned out that no change could be detected based on the period of length 120, but using 240 days a change
was indicated close to trading day 110. This explains why the critical line is already crossed before the 9/11 event.

It is of further interest, whether the change in Boeing’s (BA) portfolio betas after the 9/11 was only temporary or
persistent. In order to find out, we use the same monitoring procedure, but exclude 5 or 10 trading days after the 9/11 from
the monitoring. This can be seen in Fig. 3. We can see that, if 5 days are excluded, then the crossings are much smaller and, if
10 days are excluded, then the terrorist attack has no impact at all and the change is not indicated until mid of March 2002.
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Fig. 1. Huber estimates of portfolio beta based on moving windows of 10 trading days. Black solid vertical line marks end of training period, gray one
marks the 9/11 event. Dashed lines indicate the beginning of moving windows that are already influenced by these events.

Table 1
Empirical sizes at nominal level « = 5% under Hy.
Tim & m L, Huber L,
B; B; 100 84 7.0 5.9
200 53 4.8 4.1
B; Mix 100 25.7 7.4 5.8
200 145 46 3.9
AR(1;0.1) B; 100 84 7.0 5.0
200 64 54 44
AR(1;04) B; 100 93 76 6.2
200 6.7 6.1 5.6

In order to further quantify the finite sample properties of the monitoring procedure, a small simulation study has been
conducted. We simulated data according to the model (1.1), withd = 2, a9 = (1/2, 1/2)7, B, = (1, 1)T for simplicity. Var-
ious settings have been used for the market portfolio log-returns r;, (-) and the error terms &;(-). The r;,(-)’s were either in-
dependent standard Brownian motions (denoted B;) or, similarly as in Aue et al. [3], chosen as a functional AR(1) process, i.e.,

1
T (8) = p/ K(s, Orim(t)dt + ni(s), s e[0,1],
0

where {n;(-) : i € Z} denotes a sequence of independent standard Brownian motions and K (s; t) = c exp(—|t — s|), with
¢ such that the norm of K equals one. We chose p = 0.1 and p = 0.4 as the dependency coefficient and denote the models
as AR(1;0.1) or AR(1;0.4). The random errors, in both coordinates, are either standard Brownian motions or, to illustrate the
robustness of the monitoring procedures, we use a 5% contamination with Brownian motion having larger variance, i.e. 10B;
(denoted Mix).

Finallym = 100 or m = 200 and T = 5 were chosen, with a tuning constant y = 0.25 in the boundary function, nominal
level @ = 5%, and the Bartlett kernel is used with an adaptive choice of the bandwidth g, as discussed at the beginning of
this section. All results are based on 2000 repetitions.

First we have a look at the empirical levels presented in Table 1. We can see that the levels are approximately kept for the
Huber and L; procedures in all scenarios considered. This, however, is no longer true for the L, procedure, especially in the
case of the contaminated model. So, in order to compare the different procedures one would have to adjust them to possess
the same empirical size.

In order to illustrate the properties of the test under the alternative hypothesis, we chose k* = 10 and a unit change in
both parameters & and # and in both coordinates. Fig. 4 shows the densities of the detection delays t,,, —k* for various choices
of distributions of 1; ; and €;. As long as both are standard Brownian motions (B;, B;), the L, procedure performs better than
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Fig. 2. Normalized test statistics for the L, (dashed line), Huber (solid line) and L, (dotted line) monitoring procedures, various combinations of stocks—
given in the heading of each chart. x-axis shows number of trading days from the beginning of the monitoring on.
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Fig. 3. Boeing stock, normalized test statistics for L, (dashed line), Huber (solid line) and L; (dotted line) monitoring procedures. 5 or 10 days excluded
from the monitoring after the 9/11.

Huber and L,, while in case of (B;, Mix) the L, procedure is outperformed by the robust ones, in particular by the Huber
procedure. The latter effect is even more visible if all procedures are adjusted to the same empirical size (see also Table 1).

In conclusion, in certain situations the robust monitoring procedures suggested in this work show definite advantages
over the much more sensitive L, approach. They usually avoid overrejection of the test and are able to keep the approximate
size. A choice of Huber's 1/-function seems to provide a good balance between robust and sensitive monitoring. If no prior
knowledge is available on where to expect a possible change, a choice of the tuning constant y = 0.25 in (1.13) appears to
be appropriate.

4. Proofs

Proof of Theorem 2.1. Similar to Chochola et al. [7], the proof can be given in three steps. Let us recall that we work with
the model

ri) = o+ By () + (@ + BTy )Snlli > m+ K} +25(5), j=1,....d, i=12,...,5€[0,1], (41)
as defined in (1.3).
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Fig. 4. Densities of the detection delays for L, (dashed line), Huber (solid line) and L; (dotted line) monitoring procedures.

1. In a first step we make use of asymptotic representations of the estimators &, /:3\1111 of ozjo, ﬂjo, j=1,...,d, from(14).
These estimators are based on the training sample only, so that we are in a non-sequential setup and can proceed in the same
way as in treating the behavior of multivariate M-estimators. However, we need to take care of the dependency structure
of the random error functions. R

In the following it is convenient to introduce auxiliary estimators @, and B, as minimizers of

m n
DY ojteijls) — af//m = bl (s,)/+/m) (42)
i=1 v=1
W.I.t. aj’f and b]’f, forj=1,...,d, wheres, =v/n,v=1,...,n. Clearly,
@y = M@m — af). E;,; = VMBjm — BY). (43)
Usually, the estimators &‘j and B; ", can be obtained as solutions of the equations
m n
Y witeis) — (@ + biran(s,))/v/m) =0, (4.4)
i=1 v=1
m n
D witeis — (@ + bt (s,) /v miTm =0, (45)
i=1 v=1

W.I.t. a],bj*,forj: 1,...,d.
_ Lemmas 5.2 and 5.3 below ensure that 6?];" = 0p(1) and Aj’;n = Op(1) and, moreover, we get the asymptotic representa-
tions, as m — oo,

1 f X(0, 2)Erg,, (2)dz

= ds — T 0p(m™), 46

m = o, z)dzf / V(s —, 0. 2)dz pim) (46)
T oy i) (1) — B PO as

= +0p(m™"), (4.7)

(fa # ©.2)En (z)dz)2
0 s oM

1., 2 _
Jo (0, 2)Ergy (2)dz T o0

with some n > 0 (cf. Remark 5.1).
2. Next, as a consequence of Lemmas 5.2-5.4 in combination with Remarks 5.1-5.2, we observe that the limit behavior of
the weighted partial sums

m+k

o~ o~ o~ ] 1
H(m, k) = (Hy(m, k), ..., Hy(m, k))" = Z =D )Y Es)), k=1, (mT],

1 m+1 v=1
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is the same as that of

m+k n m n
H(m, k) = —( > - LS ) eis)) — & Z % > E)), k=1, (mT],
i= m+1 v=1 =1 v=1

In view of Lemma 5.5(ii) together with Assumption (2.1), this further implies that the limit behavior of
max_ Q (k. m)/q, (k/m)

1<k<|mT]

is the same as that of

max Q(k m)/qy (k/m),

1<k<|mT
where
Q(k,m) = H(m, k)T~ 'H(m, k), (4.8)
with
m+k
H(m, k) = — / rim(S)¥(ei(s))ds — — Z/ rim (S) ¥ (e; (s))ds) k=1,...,|mT].
1 m-+1

3. In order to obtain the limit behavior of

max Q(k m)/qy (k/m),

1<k<[

with Q (k, m) from (4.8), we follow the lines of proof of Theorem 2.1 in Chochola et al. [7]. We just have to replace the random
sequences and processes {Z;}, {Zi(L)} and {Z,,(t)} introduced there by

1
z,»=(z,~,1,...,zi,d)T=f ru¥(es)ds, i=1,2,...,
0

zV = (zf?,...,z,.ff})T:/ r )yl s), i=1,2,..., and

Lmt ]

1
zm(r)_sz,, 0<t<T+1,

where fol is to be taken componentwise.
The main step, that is, the weak convergence in the Skorokhod space D4[0, T + 1]

D0.74+1]
Zn (") Ws (),

where {(Wx(t) : t € [0, T + 1]} is a centered Gaussian process with covariance function E[Wz(t)W£ (s)] = min(t, s)X, is
again a consequence of Billingsley [5], Theorem 21.1. An application of the continuous mapping theorem then completes
the proof. For details we refer to Chochola et al. [7], pp. 383-385. O

Proof of Theorem 2.2. It suffices to show that
Qk,m) »
- —
qy (k/m)

for suitably chosen k. We take k = k* + (mT — k*) /2. In view of our assumptions on fm and the choice of k it suffices to
treat

k
Z %an(svmr (51))
i=k*

ﬁ\

Z Zrlm(sv)w] £1j(5) — @2 + BryTan (5u))/~/m + (@ + Briaa (5,))m)

1 k*+1 v=1

where ?i;ju. = 0p(1) and ﬂ,’;j = Op(1). Therefore it is enough to study

1 n
Z Z ria () (81(50) — (@ + briw (1)) //m + (@] + BT (5,))8m)

1 k*+1 =1
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for |a| + |b] < C, C > 0. Proceeding analogously to the proof of Lemma 5.4 and recalling that §,, — 0, but |§;,]4/m — o0,
we get

1 k 18
Ee 30 D ) ¥s(eis(s) — @+ brn )V + (@) + Bl ()8m)| —> oo
ALLE S L

and

1 k 1
N D =D rms)Y(eig() — @+ brau(s)/vm + (e + Bl (sv»am)] = 0p(1),
i=k*+1 v=1

uniformly in |a] 4+ |b] < C,C > 0.
From here, after some standard steps, we receive the desired assertion. [

var*[

Proof of Theorem 2.3. Let z,-,'z\,- and 71 be as given in (1.9)-(1.11), respectively. Recall fk from (2.5) and further define, for
k>0,

and, fork < 0, put T, = sz and fk = IN{,{, respectively.
Let X,,, be as given in (2.4) and put

Em= ) (k)T

[kl<q

and

Zn=) oK

[kl<q
Then we have
Em =ZXn+ (Em - Em) + (Em - 2:m)-

First, let us consider X,,. Note that {z; : i € Z} is a stationary, L,-approximable, centered sequence with E||zy > < oo,
which follows from Assumptions (B.1)-(B.5) together with Lemma 2.1 in Hérmann and Kokoszka [10]. With a kernel wg
satisfying conditions (i)-(v), all assumptions of Theorem 16.6 in Horvath and Kokoszka [11] are fulfilled. According to the
latter theorem, we get

Tn —> ¥ asm — oo. (4.9)

In the next step we will show that

S — Zm = 0,(q(mym™4). (4.10)

Here we can proceed quite analogously to the corresponding part of the proof of Theorem 2.3 in Chochola et al. [7]. Obviously,

’im - Em = Z wq(k)(fk - fk)

[kl<q

and, since

55T 55T I~ 5 AT >\3T ~ > \T

2z}, — 22, = @ — 2) @k — Zn)' + @ — 27 + 2@k — Zin)
we have

> (T —T) =S+ 5, +53,

0<k<q

where

n n

1551
Si= D ogW—> =D Y TGV E)) = PEEDIYEinis) — eI,

0<k<q i=1 n=1v=1
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S, = qu(k) Z ZZr,M(sM>r,+kM<sv [V (@i(su) — Y(i(s))]P(Eisr(s,)

0<k<q n=1v=1

S3= D ok Z ZZr,M(sM>r,+kM(sv)w<e SPEi(s0)) — lerrs )]

0<k<q n=1v=
Fors € [0, 1], set di(s) = a + bry,(s), where a = (ar,...,aq)", b = (b1,...,by)T, di(s) = (di1(5), ..., diq(s))T, and
introduce

m—k

s} = quuo Z ZZnM(su)erM(sv)[v/f(e(s,» di(s,)/~/m) — ¥(ei(s,))]

0<k<q i=1 n=1v=1

X [¥(&irk(sy) — i+k(5u)/f) — Yok
S5 = quuo Z ZZr,M(s#)r,HM(sU)w(e(s,» di(s,)/v/m) — ¥(ei(s:))] X Ylei(s)),

0<k<q pn=1v=1
m—k
$i= 2 wa<’<>*Z 3 S SV Er(50)
0<k<q n=1v=1

x [¥(&iri(sy) — digi(sy)/v/m) — P(eipk(s)]"
Now, forany 1 <j, ¢ <d,

ETipg (50T S0 [ (81(5,) — dij(5) /+/m) — i(ei(5,))]
X [We(Eisie () — digie(50)/v/M) — Ye(Eiree (50))]]
< Elig (50T S E*|W5(e15(5,) — dij(5,0//m) — W(ei(s,0) 15 V2

X (E* e (8,0 (50) — diiee (5)/8/mM) — Yre(eisne(su)H)? < Cm™172,
uniformly in @, b such that max;<j<q(|a;| + |bj|) < C for some constant C > 0, where we have used the rule of iterated
expectations (with E* being the conditional expectation given ryy,i = 1, ..., m), independence of {r;,,(-)} and {¥(&;(-))}
(cf. Assumption (B.3)), the Cauchy-Schwarz inequality, Assumptions (B.1) and (A.3) and the boundedness of w,. From here
we can conclude that, as m — oo, each (j, £)th element of ¥ is 0,(q(m)m~1/2), and so is §?, uniformly in @, b such that
maxi<j<d(|a;| + |bj]) < C, with some C > 0.

Proceeding in the same way, we obtain §) = 0,(q(m)m~"*) and 8J = 0,(q(m)m~'/*), as m — oo, uniformly in a, b

such that maxq<j<q(|aj| + |b;j]) < C for some constant C > 0.

Since € j(s) = &ij(s) — @y, //m — Bjj;r,-M(s)/ﬁ and &, = Op(1), * = 0p(1),forallj =1, d (see (4.6) and (4.7),
respectively), we obtain, due to the monotonicity of the s, that §; + Sz + 83 = Op(q(m)m‘l/ 4). Combining this with the
corresponding estimates for —q < k < 0, we get

Ty — Zp = 0p(g(mm~"*) (m — o0),

i.e. (4.10). _
It remains to estimate X, — X,.
First, notice that, for k > 0,

- 1 m—k
D =T =— Z[(Ei —2) @ik — 2" + @ — 202y + 2Gi — z0)' 1.
i=1

Further, fori € Z,n € N,

Foz=- Zr,,v,(sm/f(e s ))—Z f (5 (&,(9)ds
- Z / [ GV (Ei(52)) — g ()P, (5)) s

=Z / [ (5) — ,M<s>]~/f(e(su>>ds+2 T SV (i(5.)) — Ty (5) ¥ (e,(5)) 1ds

Sv—1
= u, -|—Vl.
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Thus,
Z wq(k)(fk —Ty) = A1 +A; + As,
0<k<q
where
1 m—k
Av= D og)— > [wtl +uvl + v+ vivl ], (4.11)
0<k<q i=1
1 m—k
Ay =) w0 — ) (i +vZy, (4.12)
0<k<q n11:1
m—k
As= ) wq<k)— Zzz<u,+k + Vi) (4.13)
0<k<q

Since all the matrices appearing on the right-hand side of (4.11) are of the same type, we shall only treat one of them.
Consider, for example, the (j, £)th element of the matrix uiviTJrk. We have

n

UijVitke = ) Z / f [T (51 = T OIS s OV (i (50)) — Ve (e, z(f))])def
n=1v=1 Sy—

and from here, using the independence of {r;,(-)} and {¥(&;(-))}, the Cauchy-Schwarz inequality and stationarity,

E [tivisie| < ZZ/ (I = g Ol - I Ol

pn=1v=1"Y5u-1YSv-1

X 1¥jeij(su)llz - Ve (Eire(sv)) — 1/fz(8f+k,e(t))llz)d5dt

I A

/ Sup li(eij(DIlz - sup |y (su) = Tig (5 — W2

= 1]} 1 v—1 ‘s€[0, he[0,1/n]

X sup Irig m©ll2 - sup  [[¥e(eivke(sv)) — YelEivre(Sy — h))||2)der
te[0,1] he[0,1/n]

n

1
sup [[¥j(e0,j(s))ll2 - sup llrgy (D2 =Y sup oy (s,) — roy(su — Wll2
s€[0,1] te[0,1] n =1 hel0.1/n]

n

1
x =Y sup [[Ye(eo.e(sy) — Ye(Eoelsy — W) lla.

N 7= helo0,1/n]

Now, using Assumptions (A.3), (B.1) and (B.7a)-(B.7b), together with the fact that w, is bounded and g(m) = O(log m), we
can easily deduce that

m—k

1
D @) — Y ijvisie = 0p(1) (= 00).
i=1

0<k<q

The same result holds for all elements of the matrix A;. Concerning the matrices A, and Az, we can proceed in the same way.
It suffices to write z; = Z'szl f;”ﬁ1 T ()W (ei(s))ds and make use of Assumptions (A.3) and (B.1) again together with either

(B.7a) or (B.7b). Combining all the asymptotics above with the corresponding estimates for —q < k < 0, we get
T — Zm=0,(1) (m— 00), (4.14)
which together with (4.9) and (4.10) concludes the proof. O

5. Some auxiliary results

In the sequel, C and D denote generic positive constants, which may vary from case to case.
For the sake of brevity, we let {x;(-)} denote any of the sequences {r;,(-) — Er;, ()}, WJ(SLJ( )} or {riM(~)wj(sij(~))} and

write {x( )( -)} for the corresponding counterparts of{r(”( ) = Eri(L)( 9} {wj(e(”( )} or {rI(L)( Y (S(L)( -))}, respectively.
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Lemma 5.1. Under the assumptions of Theorem 2.1, possibly extended to an L, o-approximability condition in (B.4) and (B.5)
(cf. Remark 2.5),

(i) thereis a constant C > 0 such that, for every £ € Z,K € N, and s € [0, 1],

4K P
D xi(s)| <Csup [x@)IPK"?, 2<p<2+A4,
i=t+1 s€l0.1]
and,forb1 sz > e ZbK > 0,
£+k 2 K
E max |by xi(s)| < C sup ||xo(s)|I? (logK)? ) " b2, (5.1)
k=K ,«:;1 ' o I;
otk p K
E max |b x(s)| <C sup x@|2 Y Bk, 2<p<2+ A (5.2)
1<k<k i:ZZ+1 ' 5€[0,1] N ; k
(ii) forsomeD > Oandallm € N, s € [0, 1],
m+k 2
E Xi(s <D sup |x(s)]|? (logm)?, 53
<]<k<\_mTJ f(k/m) I;H i) ) se[p o ”2 8 (5:3)
1 m+k p
E[ max —— xi(s) ) <D sup [|x®)|°, 2<p=<2+A4; (5.4)
(lsksLmTJ /m (k/m)r i:;] 1 o]

For the proof of (5.2) and (5.4), however, it is necessary to replace the L,-approximability conditions in Assumptions (B.4)
and (B.5) by a corresponding L, 5-approximability assumption, with some A > 0.

(iii) uniformly ins € [0, 1] and for any g,, — 0o,

max _|ra(s)] = Op(m'"?), (5.5)
1<i<|m(T+1)]

sup P( max  |rm(s)| = gnm'?) — 0. (5.6)
se[0,1] 1=iSIm(T+1)]

Proof. (i) Making use of the L, 4,-approximability from Assumption B.4 (with A > 0, cf. Remarks 2.1 and 2.3), the first
bound has been obtained in Berkes et al. [4], Proposition 4. Observe that, in our case,

%), = %" )l < sup Ix0(®)l,, for2<p=<2+4, selo.1l
se|0,
Similarly, for the two other bounds confer, e.g., Kirch [13], Theorems B.1 and B.3, which are based on earlier results of

Moricz [16] and Moéricz et al. [17] in combination with Fazekas and Klesov [8].
Note that the sequence {r;,(s)¥;(s; j(s))} also satisfies the L, ,-approximability condition, uniformly in s € [0, 1], since

g (Wi (e 1(8)) — iy V(e (D)l 1
(g () — T (s))wj(su(s»nm + I (5) (Wi(ey(5)) — wj(s(“ ON]
S[L(l)p” Irag () — iy (S)IIM sup ||¢,(8,](S))IIZ+A+ sup lIriy (S)IIM sup 1¥;(e;;(8)) — w;(sﬁ?(s))llzw

IA

IA

where, for the second inequality, we have used the independence of the sequences {riM (s)} and {y; (&1 (s)}-
(ii) It follows immediately from the fact that the sequence {x;(s)}, s € [0, 1] fixed, satisfies Assumptions (B.1) and (B.4)
together with the estimates in (5.1) and (5.2).
(iii) By (i),
4K
E’ > (rm(s) — Erin on| =c sup lrow(s) — Erom(s)[3 K>, s € [0, 1].
i=0+1

We also have, for s € [0, 1],

‘max  |ry(s)| < max |riM(5)_EriM(s)|+ max IEruw(S)I and
1<i<|m(T+1)] 1<i<|m(T+1)] <i<|m(T+1)

lm(T+1)]

3 13 1/3
> rw® —Er®F)  Im(T + 1],

max i) ~ B ) =D(
i=1

1<i<|m(T+1)]
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Since, by our assumptions, for fixed s € [0, 1], {rim(s) — Er(s)} is a stationary and ergodic sequence and sup¢(o, 1) Elrim () —
Erm(s)]? < oo, the ergodic theorem implies, as m — oo,

1 [m(T+1)]
T D] ; [(rim (5) — Er ()P — El(rom(s) — Erom(s)|* < s:[tép”Elrom(S) — Erou(s)?

Combining all these we get (5.5), which immediately implies (5.6). O

In the following E* and var* denote the conditional expectation and conditional variance givenrjy (-),i =1, ..., m; m+
1, ..., mT]. We omit the index j, i.e., we write &;(s), ¥, ... instead of &; ;(s), ¥;(s), . . ..
Lemma 5.2. Let the assumptions of Theorem 2.1 be satisfied. Then, as m — oo,

sup |Zpn(a, b) — E*Zy(a, b)| = Op(m_"),
|a|+|b|<C

EZa@ b = -3 0 S 0 by 50)? 4 0n(m 4 1),

v=1 2 i=1
and
A'(0,s,) 1
su Zm(a, b) — a—+ br; (s) ‘_O(m OR
\a|+|bl|)§C n ; 2 mz ( M :

for some np > 0, where

Z(a, b) = ZZ (p(ei(s0) — a//m = briyg(s,) //m) — p(ei(s,)) + (a/5/m + briw(s,) /v M)V (£i(5,)) ).

vll—

Proof. The lines of the proof are quite standard. We just need to derive a proper approximation for the conditional expec-
tation and variance of Z,,(a, b).
Whenever convenient we use the short-hand notations

di(s,) = a+ bry,(s,) and
g(&i(s,), x, di(s,)) = signd;(s,) (—¥ (ei(s,) — xsigndi(s,)) + V¥ (&i(s,))). i€ Z.
Note that, for any d,

|d]
p(ei —d) — p(ei) +dr (&) = Signd/ (=¥ (e —xsignd) + Y (e))dx = 0, i€Z.
0

Direct calculations in combination with Lemma 5.1 result in

[d;(sv)//m
EZn(a,b) = ZE* Z / g(ei(5,), X, di(5.)dx

fZZuo sv>d2<sv>—+op( 33 sl 3/2)

v=1 i=1 v=1 i=1

Z ~3(0, su)<a+zab Zrm(suwbz ZrM<su>+op(m—"(|a|3+|b|3>),

v=1

for some > 0 and uniformly in |a| 4+ |b] < C.
For the conditional variance we obtain

n m

dj(sv)|//m
var*{Zn(a, b} = E(% Yy [0 (g(ei(s0), %, dif5,)) — E*g(si(51), %, cL-(sv)))ctx)2
v=1 i=1

n Idi, G5y 1//)
v 3 SY(f (86t (501). %, diy (50,)) = E"g o1y (511, %, dy (5,,))) )

1<ij<ip<m =~ v1=1

ldiy Gu)l// 2
§ i (e 500, .6y (5) — E'g e (5. . dy 50))) )
0
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1 n |d12 (5112)‘/\/>
(G (86 651), ¥, i (651,)) — E'8 o1y 51,). 7. iy 51,0y}
n vy=1 0

=L+ (say).
Using Assumption (A.3) together with the Cauchy-Schwarz inequality, we get

n_pldip Gwl/vm 2
I = 25( Z /0 (8, (500, % diy (51)) — E'gei, (52, %, i, (5,))) dx)
1 Idiy (0)1//m 2
E(= Z / 860, 5), % di (5)dx)

n ldiy (sup)1/+/T0
( / (i, (50), X, d; (stx)D

PP
><(’/Oldll(sm/fg(sh(suz)’z’di‘(SVZ))dZ‘)]

DZ > Z[(ld,msm/f m) (I st/ vim) |

i1=1 V11

3/2
DG) (IaPm + 1P Z( erumml)l”) 0r((laf* + [bP)m ™),

i1=1 =1

i

IA

uniformly in |a| + |b] < C.
Concerning I, we have, due to the independence of {rj,(s)} and {&;(s)},

m—1m-i Idiy Sr)I/v/m - pldig4iy )|/ /M
1 i1 8y 1+ %2
DNV /
i1=11i= = r1 1

(E (& (&1, (5r)- X diy (572 (E* (=¥ (B4, 5ry) — ) + W (&, (5r,) — )

1/2
+E(— we,1+,2<sr2>>+w<sf;2+),2(sr2>))2)) dxdy

DZ Z Zm,l(sr])/f /241

i1=1 T21 T]]

IA

m11

1/2
X D iy 50/ sup (B (e 50) = @) = Y (el 50) = 0)°)
=1 al<ap
3/2 = i 2\1/2
< D- Z Z 3/22|d,1<sr1 ) sup Z|d,1+,2(sr2>|( weo(sr2>—a>—w<eo(sr2><'2>—a)))
r2 ] ri=1 i1=1 al=ag ip=1
= 0p(m™"),

where we used the fact
1/2
Eldiy 11y 5ry) /2 1y 51| = (Eldi ) PER s, )
On combining the above estimates for E*Z,(a, b), I, I, we conclude that Lemma 5.2 holds true. O

Lemma 5.3. Let the assumptions of Theorem 2.1 be satisfied. Then, as m — o0,

sup [Mp(a, b) — E*Mpn(a, b)| = Op(m™"),
la|+|b]<C

1 1 1 ¢ 1 ¢ T
* _ ’ _ X _ . _ 2 -
E*Mp(a,b) = n?:]“o’s")@“m ,-2:1 rin (5,), 4— ?:1 rim(51) + b— ?:1 () +0p(m),
and

sup
lal+[b|=C

Mp(a, b) + ~ Z (0, sv>(am+bZnM(sv) aZr,M(svaZrM(sv )T\ = 0p(m™"),
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with some n > 0, where
1 1 &
Mu(@.b) = =Y —= > (Lrw(s) (¥(ei(s)) = @+ brau(s.))/v/m) — ¥ (i(s,))).
n v=1 \/ﬁ i=1

Proof. Again one has to get suitable approximations for the conditional expectation My, (a, b) and the conditional (2 x 2)-
variance matrix

var*{My(a, b)} = E*(My(a, b) — E*My(a, b)) (My(a, b) — E*My(a, b))

We start with the conditional expectation

Z er,M(s» —A(di(s,)/~/m, s,))

- ; a”(o’ 5) ;(1, rin(5,))di(5,) + op( X:j —~

_% Z %N(O, sy) Z(a + briy(s,), ara(s,) + briy,(s,))

E*M] (a, b)

(1 Iran 52)1) 2 (5.)1)

m
i=1

+op(a m ]/2+b2nz — Z|r,M(sv)| ) = 0p((a® + B)m™"),

uniformly in |a] 4+ |b| < C, where the rates above are to be understood componentwise.
For the conditional variance matrix we only calculate one term. The calculation of the others is similar and will therefore
be omitted. We have

Il 1 &
var {H;ﬁ; i (50) (V@15 (2) — di()/3/m) = Wi(eij(s) |

1 /1 ¢ 2
=t (= D2 s (¥ i) = dis,)/+/m) = Yr(ei(s.)) + Ay(di(s,)/v/m. 5.)))

v=1

1.1 1"
+25 X_: n Z m Z . Tina (Sey )it m (Sr,)

x E* (Y(eij(sry) — di(sr) /v/m) — (i j(sr,)) + Aj(di(sp) /v/m, s1,))

x (Y (8i45(Sr,) — dij(Sr,) /M) — Wi (Eii(5r,)) + Aj(digi(sry) /v/M, 51,))
=J1+25 (say).

In view of Assumption (A.2), a similar estimate as that for I; in the proof of Lemma 5.2 gives

1T &R 1 1L
= *Z*Z*Zrim(su)rim(sr)
miDZni3ns

E* (¥ (gi(sy) — di(s,)/v/m) — ¥ (&i(s))) + A(di(s,)/+/m, s,))
x (¥ (ei(sy) — di(sy)//m) — Y (ei(sy)) 4+ Adi(s,) /v/m. s;))

1 TGRS
DD a 2 2 sl (s
1/2
x E*((ei(s,) — di(s,)/~/m) — v (ei(s))E* (W (i(sy) — disy)/~/m) — w(gi(sr))z)

< D% Z( Z|riM<su)||di(sv>/\/ﬁ|‘/2)2

i=1 v=1

IA

IA
=

1
Dy — Z I (5,) P 1di(s,) //m)| = Op(m™").

v=1 i=1

S|=
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Concerning J, we obtain

n 1 m m—i
Z §: >t (se)risgm(sr,)
m
r1 1 rz i=1 j=1

X E*(¥(eisry) — di(sr)/v/m) — ¥ (eilsp,)) + A(di(sry) /V/m, s1,)
X (W (Eij(5r,) = digj(sr,) /M) — ¥ (804 (5r,)) — (lﬁ(é‘,ﬂ(srz) ditj(sry)/v/m) — w(8,+j(5rz))))

and, uniformly in |a| + |b] < C,

11 1 &
L Dl =) 3 |nM(sr1>r,+,M<sr2>|<|d(sr1)|/f>”2

x{E*(We,-ﬂ-(srz)—di+j(sr2>/m>—weiﬂ»(srz)) W (€0, (5,) — digj(5,) VM) — Y (si)

n n m m—i

1 1
< D- Z P ZZ (@' 4+ B2 1ry (5, D) Irina (57, (51,
n ]Tl 1m i=1 j=1
X sup (E( (s0(sr) — @) — ¥ (&0 (s,,) — @))?) 2
aj<ap

= Op((@"? +b"*m™).
Now, a similar estimate as that for [; in the proof of Lemma 5.2 gives

sup || = Op(m™"),
lal+Ib|=C

with some 7 > 0, so that altogether we have

14 1 &
sup var*h; T 2T (V65 i)/ ~ ¥ eitsr)) | = 0p(m ),

lal+[b|=C

forsomen > 0. O

Remark 5.1. Inserting b?;jm and :3:*,11 (as defined in (4.3)) for a, b into the assertion of Lemma 5.3 and omitting the index j for
the sake of simplicity, we receive

Z le(s» V(i) — @ + Bt (5))/v/m) — Y (i(5,)))

» . m N 1 m 1 m T B
+- ZX(O, sv)(am + R D rw(s0). @ — Yt (5) + Bm— ZrﬁM(sv)) =0p(m™").
n=4 mi3 mi3 mi3
Due to the definition of &, and ’E,;q and by our assumptions, we have the following asymptotic representation:

e 1 AP} z)ErOM(z)dz
_ d
m = f) 30, 2)dz f / v (E()ds ~ B, J) 30, 2)dz

1 (0,2)Eroy (2)dz
T L @) (o) — Bl )

Jo ¥ (0.2)dz

+op(m™7),

T )2 +op(m™").
1., 5 _ Jo ¥ (0,2)Ergy (2)dz

Jo (0, 2)Ergy, (2)dz B ST
The last two relations are important for getting the limit distribution of our test procedure.

The next lemma follows along the arguments of Lemma 5.4 in Chochola et al. [7], modified along the lines of the proofs
of the previous lemmas. So the proof will only be sketched and not be given in detail.

Lemma 5.4. Let the assumptions of Theorem 2.1 be satisfied. Then, forany T > 0, as m — oo,

<|{Nk,m(a, b) — E*Nim (@, b)} ozt *|) — O,
(k/m)r

max
1<k<|mT]
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for some n > 0, where @, :5,",‘1 are as in (4.3), and

m+k

Nim(a, b) = Z f D rm(s) (W (Eilsy) — a/v/m = briu(s,) /v/m) — ¥ (ei(s,)).

i=m+1
Proof. Lemma 5.4 is related to Lemma 5.3, but it is somewhat more complicated.
Direct calculations give

m+-k

—72 f > rin(s)A((@+ briw(sy), 5,)/+/m)

i=m+1

E*Akdﬂ(aab)

m+-k m+-k

—%ZN(O,SU)l( D rm+b Y ,M(sv))
v=1

i=m+1 i=m+1

m+k

+op(;;} S Il @+ i (s,))//mP),

i=m+1
uniformly for |a| + |b| < C, with some n > 0. In fact we need to study more carefully the properly standardized remainder

m+k m+-k

1T /1 1 1T 1 1 s
max — (- E — E v (S, max - E — E riv (s ).
1<k<(mr) (k/m)Y <n = m3/2 i:m+1| im ( )|> + 1<k<(m7| (k/m)Y <n e m3/? i:m+l| v (S0)| )

Both terms above are Op (m~") for some n > 0.
Next, we try to get an upper bound for var*{Ny (a, b)}. We have

m+k

var* (N m(a, b)} = — Z E*( Zr,M(sv)xw(al(sv) di(sy)/+/m)
1 m+1 v=1
2
— U (Eis)) — BV (Eis,) — dis,)/vm) )
m+k n
+2— Y- Zrm(srl)f*( (61(5r,) — di(s,) /~/m)
i= m+1 r=1

m+k1 n

— W (Eisr)) = B Ceilsry) — dilsry)/vm)) x > ; Z es

X (Y (i (5r,) — digan(51,)/V/M) = Y (e, (5r,)) — E*w(s,@u (512) = disa(5)/+/) )
= L+ 2L (say),
and, along the lines of the proof of Lemma 5.3 (see the estimation of the terms J1, J, there), we get

k
L= Em_1/2(|a| + 1b1)0p (1),

1
Lokl = — 577 (1l 2k + b1 2K)0p (1),
uniformly in |a] 4+ |b| < Candin 1 < k < |mT]. So, altogether we have
k
var*{Nym(a, b)} = m "(la] + [bDOp(1),

uniformly in |a] 4+ |b| < Candin 1 < k < |mT], with some > 0.
Quite similarly we get, for£ =1, 2, ...,

£ _
var*{Nit¢,m(a, b) — Ny m(a, b)} = om "(lal + [bDOp(1).
Then, on applying Theorem B.4 of Kirch [13],

1 2
m 2 E* max (—|Nm (@, b) — E*Np «(a, b)l)
1<k<[mT|\KY ’ ’

)
= m~ "% (logm)* Zim "(lal + b)Op(1) = (logm)*m~"(lal + |b])Op(1).
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We need to replace a, b by the estimators 6?,’;, :5;’,‘1 However our Ni (a, b) depends on &1(-), . ..
replace Ny ,(a, b) by something that is asymptotically equivalent, but does not depend on £1(-), ...

Toward this note that

Ny (a, b) = fZ eri+m,m(sv>(w<e§2m(su> — di(s,)//m) = Y (ensi(5,)))

has all the properties of Ny ,(a, b) above, but it is independent of £ (-), . ..
and B implies
)2

"2 4 1B31'%)) = 0p((log m)*>m™").

—142y

1
o man (N @D~ EN @ D5

* Dw |~k
ml T 1Bl ot

= Op((log m)*>m™" max (|,

It is still necessary to show the closeness of Ny m(a, b) and N(m) (a, b). Clearly, N('") (a, b) is independent of (), .

and

E*(Nim(a, b) — N{™ (a, b)) =

=

1 k
Nim(@, b) — N{(a, b) = 75 ZZ Tirmm(5,))
> <<w <8i+m(5v _ 1+m )) < ,(l+)m u) _ 1+m(5v)
- D 1<
E*|Nim(a, b) — N{m(a, b)| < E;Z'WW Wl

x sup E(|y(go(s,) — a) —
lal<ag
n |mT]

Jmn

lal<ag

, €m(+). Therefore we try to
B gm(')-

, €m(+). This together with the consistency of &,

Em(’)

)) ~ (Ve w(s,fim(su)))) ,

¥ (ed (5,) — Ol + 1Y (e0) (51) — ¥ (g (5))))

D 1 ;
< Z Z IFismm (50)] sup E[y(go(s,) — @) — ¥r(eg’ (s,) — @),

which holds for any 1 < k < | mT]. So, in view of our assumptions,

sup  E*|Nim(a, b) — N (a, b, j)| = Op(m~"/?),

lal+|b|<C
whence
sup  E*|Ngm(a, b) — N (a, b)|
la|+|b|<C _
sup =0p(m™"),
1<k<Lmu< (k/m)” ) :

for some 1 > 0. A combination of the above estimates completes the proof of Lemma 5.4.

Remark 5.2. From Lemma 5.4 we get the following approximations:

m+k n

Z Z T (5) W (81(5,) — @/ v/m — B (50)/+/m)
l m+1 v=1
’ m-+k n m-+k n
Z Zr,msv)ws (5,)) — (am 3 ZA(O )7 (5,)
1 m+1 i=m+1 v=
m+k n
- ZA’(O SR () + Op (m ™).
i= m+1

In view of Remark 5.1, we similarly get

ﬁ Z ZTIM(SV)IP(S (51))
i=1

m n

1 i=1 v=1

i=

1 1 &1 , .
mEZInUZ”O )T (s0) + B EZEZA(o,sm,%ﬂ(sv)Jrop(m ).

O
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After some standard steps this results in

m+-k

Z Zrm(su)we (s0) = Qip/~/m = Birina (1) /~/m)
1 m+l v=1
m+k
( > - an(svw«: (5,)) — —Z Zm(svww (5) + Op(m™")).
i= m+1 v=1
Here we also used that
k m m+k
x| Zx 0.5 (5 2w -2 )
1 20 k , m+k 5 3 :
- ; ©.5)(= ;r,m(s» -2 (50| = or(1)

asm — oo (cf. Lemma 5.5 (iii)).

Lemma 5.5. Let Assumptions (B.1), (B.4), and (B.6)-(B.7) be satisfied. Then,
(i) thereis a constant C > 0 such that

1 m+k
E max — Sy) — S g :(s))ds

1<k<|mT] /m (k/m)¥ A m+] = 1/5” Tin Tin ))1//’( i)
1 n

<Cogm) =Y sup |rgy(s,) = rou(sy — Wlly; (5.7)
n = hel0,1/n]

(ii) forj=1,...,d, asm — oo,

1 m+k

Z ;- 2y)
i=m+1
> (13

i=m+1

max ——————
1<k<(mT] /m (k/m)¥

1
= max ———
1<k<|mT] /m (k/m)Y

3t Wi e(5)) / iM(s)wj(s,.,jc))ds) = op(1). (5.8)

v=1

Moreover, due to strict stationarity, the above relations also hold with maX<i<|mr) W ZE,,’;] being replaced by

Jm Lint
(iii) forj=1,...,d, asm — oo,
1 m+k 1 n
M e ,:;ﬂ - UX:;A (0.5 (1 5) — ErOM(s»)‘ = op(1); (59)
1 m+-k n
2 —
0 My ,;] ZA (0,5,)(r2,(s1) — ErOM(su))‘ = op(1). (5.10)

Moreover, the above relations also hold with maxq<i<|mr| m(k/m)V Z, 1 being replaced by % ZL

Proof. Again, for the sake of simplicity, we omit the index j in the sequel.
(i) On interchanging summation, expectation and integration, a similar argument as in the proof of (5.3) gives

1 m+k
“ b m my | mm 1/ T (50) = Tig (9)) ¥ (&(5))ds
<if {E( K<l VR mik(r (5v) — Ty ()Y (£;(5)) )2}1/2515
T s U \isksnmy /m (k/myr | £ MM i

n

1
<D(logm) sup IlY(co(s)ll, = Y sup lroy(s,) = Fop(sy — Wl
s€[0,1] n 4= hel0,1/n]

with some D > 0, where in the last inequality we made use of the independence of the sequences {r;,(-)} and {e;(-)}. Since
SUDsepo.17 1 (€0 (s))l, < o0, this proves (i).
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(ii) Consider
1
max ————
1<k<|mT] /m (k/m)Y

m+k 1 1
Z(anlmsUW(s(sv)) / iM(s)Vx(s,-(s))ds)

i=m+1 v=1

m+k
/ (Fag )W (65(50)) — g (9 (£1(5)) )
i= m+1u 1

1
= max
1<k=lmT) /m (k/m)”

m+-k

n Sy -l
<C max ———— g (Sv) — T (8
=< (;/Sl,l 15k§[§1TJ\/E(k/m)V i:Xm;Ll(lM( ) m ( ))
n Sy 1 m-+k
+ max ———— Ting (Sv &i(sv)) — ¥ (g(s)))|ds
;/sv_l 1=k=lmt| /m (k/m)Y i;ﬂ () (¥ (g:(50)) — ¥ (g,(5))) >
n Sy
= Z/ (Im(Sv, S) + Lm(sy, 9))ds. (5.11)
v=1 YSv—-1
According to (5.7) and Assumption (B.7a), as m — oo,
n Sy 1M
E(>° / (s, $)ds) < Clogm) > sup lrgy () — oy (s = W, = o(1). (5.12)
v=1Jsv-1 1 $=] hel0.1/n]
By an analogous argument,
n Sy n Sy 1 m+k
E Lm(s,,s)ds) < E max — Ting (So i(sv)) — ¥ (gi(s)))|ds
(X_;/ 2. (S15)ds) ;[ I i:mZH (5 (U (&(5) = Y (,(5))

n

1
C (logm) 5[1(1)131] rom ()1l Z Sup/ ¥ (ei(s0)) — ¥ (eisy —M)ll; =0(1),  (5.13)

v—1 he

IA

where we have used the independence of the sequences {r;,(-)} and {g;(-)} once again in combination with Assumptions
(B.1) and (B.7b).
(iii) In a first step, we replace 2 37 30, 5,)(rit; (s,) — Ergy(s,)) in (5.9)-(5.10) with

1
Xi :/ 10, 5)(riy () — Ergy(9))ds, i=1,2,...; g=1,2.
0

This can be done in a similar way as in the proof of (5.8). We even have an additional multiplication by 1/+/m here. Note
that the sequence {x;};—; .. is again strictly stationary and ergodic with Ex; = 0.

Now, it suffices to prove (5 9) and (5.10) with maxg <k<|mr; instead of max;<y<|mr) and Zl —x+1 Ieplacing Z, m+1» Where
K = K, is such that K — oo, but K/m'~" — 0, e.g., for K = log m.

In view of the strict stationarity and Exo = 0, the ergodic theorem gives, as m — oo,

m+k
max > x| =op(1).
K<k<LmTJ i—me
On observing that
; m+k 1 1 m+k
max ——— Xi| < T™7 max Xi |,
K<k<[mr| ™ (k/m)?Y i:§+1 i K<k<|mr] ¥ ,%1 l

this completes the proof of (5.9) and (5.10), respectively. O
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