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1. INTRODUCTION

Suppose the observations are independent identically distributed three-dimensional vec-
tors (Y11, Y1, X1)7, ..., (Yin, Yon, X;n) T from (Y7, Ys, X)T with cumulative distribution func-
tion H(y1,y2, ). The contributions in this paper are valid for the case of random design (X
is a random variable) and fixed regular design (X is not random), with the design density
satisfying some assumptions (see also Section 2.3). In this paper we are interested in studying
the dependence structure between the variables Y7 and Ys conditionally upon X. We start by
motivating the problem via an example. From the World Factbook of the Central Intelligence
Agency (CIA) we retrieved a data set consisting of life expectancies of males and females and
under-five mortality rates (referring to the total risk over five years) per thousand life births
for 221 countries. In Figure 1 we present the life expectancies of males and females using
different symbols for countries for which the logarithm of the under-five mortality rates is:
(1) less than 1, (2) between 1 and 1.5 and (3) larger than 1.5. From this figure it is clear
that there is a relationship between the life expectancies of males and females, but that the
strength of the relationship is not the same for the three categories of countries: the data-
points are more scattered in the second category and less scattered in the last category when
compared to the first category (with lowest under-five mortality rate).

The life expectancies of males and females (over all countries) are strongly associated with
a Kendall’s tau equal to 0.86 and a Pearson correlation coefficient of 0.98. The under-five
mortality rate does not only strongly influence the life expectancies, but it is often used as one
of the measures characterizing the development status of a given country. Thus, it seems quite
natural to explore whether the relationship of life expectancies of males and females is the
same for countries with ‘low’” and ‘high’ under-five mortality rate. The observation made in
Figure 1 is further explored in Figure 2(a) where the life expectancies of males and females are
plotted in function of the logarithm of the under-five mortality rate from which it is clear that
there is a relationship between life expectancies (of males and of females) and the under-five
mortality rate in a country. Gijbels et al. (2011) suggested two nonparametric estimators of
the conditional dependence function and showed how the corresponding association measures
may be constructed. Figure 2(b) presents the resulting estimates of the conditional Kendall’s
tau association measure (see also Section 3.2 of this paper) of life expectancies of males and

females as a function of the under-five mortality rate. While the estimator taul is based
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on original observations, the estimator tau2 uses observations which are transformed to the
uniform, through (4). For both estimators a bandwidth 0.5 was used. A first observation
is that the estimated conditional Kendall’s tau clearly changes with the under-five mortality
rate (i.e. is far from a constant). Further, the most striking feature of both estimators seems
to be a sharp increase in the dependence of life expectancies of males and females for countries
with under-five mortality rate between 1014 = 25 and 10'® = 63. This ‘local’ feature of the
conditional association of life expectancies thus complements Kendall’s partial correlation
coefficient introduced in Kendall (1942), which equals 0.68 and which gives us only a ‘global’

measure of association of life expectancies when adjusted for under-five mortality rate.

Life expectancies at birth
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FI1GURE 1. Life expectancies of males and females for three different categories
of countries (indicated by the symbols “+”7, “A”and “0”) according to the

logarithm of the under-five mortality rate (mort).

Let us now formally introduce the setup and the problem. Denote the joint and marginal

distribution functions of (Y1,Y2)T, conditionally upon X = z, as

Hy(y1,y2) = P(Y1 <1, Y2 <2 | X = 2),

Fio(y1) =PY1 <y | X =x), Fou(y2) =PYo<y2| X =1).
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FIGURE 2. Life expectancies of males and females as a function of the loga-

rithm of the under-five mortality rate (mort).

If Fix(y) and Fy,(y) are continuous in y, then according to Sklar’s theorem (see e.g. Nelsen

(2006)) there exists a unique copula C, which equals
Ca(ur,up) = Ha(Fy;' (u1), F,' (u2)), (1)

where F.'(u) = inf{y : Fi.(y) > u} is the conditional quantile function of ¥; given X = x
and F{zl is the conditional quantile function of Y5 given X = x. The conditional copula C,
fully describes the conditional dependence structure of (Y7,Y2)T given X = .
Based on the sample of observations we have the following empirical estimator for H,(y1,y2):
n
Hon(y1,92) = Y wpi(w, hy) {1 < y1, Yai < g2}, (2)
i=1
where {wp;(x, hy)} is a sequence of weights that smooth over the covariate space and hy, > 0
is a bandwidth tending to zero as the sample size increases. The weights do not need to be
positive, but throughout the paper we assume that P{lr<niié1n wpi(x, hy) < 0} tends to zero as
n tends to infinity. Further, in (2), I{A} denotes the indicator of an event A. Gijbels et al.
(2011) suggested the following empirical estimator of the copula C; (0 < uy,ug < 1),

Cun(ui,ug) = Hyy (Fl_x%(ul)v F2_xiz(u2))
= > wailw, ha) Y1y < Fj (w), Yai < Fyj (u2)}, 3)
i—1

where I, and Fb,p, are corresponding marginal distribution functions of H,,. They observed

however that this estimator may be strongly biased if any of the marginal distributions is
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influenced by the covariate. To remove this influence they suggested the following estimator.

First, transform the original observations to reduce the effect of the covariate by
(U13,U2i)" = (Fixig, (Y1), Poxigy (Y2i))', i=1,...,m, (4)

where

n
Fixg(y) = anj(Xivgln)]I{Ylj <y},
=1

Pox,g(y) = anj(XiaQQn) {Ys; <y},
j=1
and g1 = {g1n} (0 and g2 = {g2n} (0. Second, use the transformed observations (UM, Uzi)T

in a similar way as the original observations, and construct
Con(u,u2) = Gap, (G;;h(ul), Gz}lh(W)) ; ()

where

n
Gon(ut,uz) =Y wni(2, hn) U1 < ug, Uzi < ua},

i=1
and Gigp and Gagp are its corresponding marginals.

Gijbels et al. (2011) compared the estimators C,;, and C,p, in a Monte Carlo study and
showed that the variances of the estimators are approximately the same, while C,j, has in
some situations a dramatically lower bias.

In this paper we provide a detailed theoretical study and we compare asymptotic biases
and variances of the estimators. We show that while the asymptotic variances of the estima-
tors Cyp, and C’mh are the same, the expression for the asymptotic bias of the estimator CN’xh
consists only of those terms in the asymptotic bias of C, which do not include partial deriva-
tives of the conditional marginal distribution functions Fi, and Fb, with respect to the value
of the covariate.

The paper is organised as follows. In Section 2 we state the main theoretical results and
discuss the regularity conditions. In Section 3 we show how the results of Section 2 can be ap-
plied to find the asymptotic distribution of some conditional measures of association. Further
discussions are in Section 4. The proofs of the asymptotic results are given in Appendices A

and B in the supplementary material on the journals web site.
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2. MAIN THEORETICAL RESULTS
The aim of this section is to establish asymptotic representations for the estimators, to de-

rive weak convergence results, and to evaluate asymptotic bias and variance of the estimators.

More precisely, we are interested in the asymptotic properties of the following processes

CE(ur,up) = V/nho(Conlur,ug) — Co(ug,ug)), (0 <up,ug <1), (6)
CSE?(“DUQ) — V nhn(ézh(ul,UQ) - Cx(u17u2))7 (0 S Ui, u2 S 1) (7)

All the theoretical results provided in this section are for a fixed but arbitrary value of x,

and are uniform with respect to u; and wo.

2.1. The process (Cgi). Suppose
hp = O(n=1/%), n h, — 00. (8)

Note that (8) allows for h, ~ n~/° which is often the optimal rate for bandwidths in
nonparametric problems. All other conditions are given in Sections 2.3 and 2.4.

Denote by C’él)(ul,uQ) and C;S;Q) (u1,uz) the first order partial derivatives of the cop-
ula Cy(u1,uz) with respect to u; and ug respectively. The following theorem is proved in

Appendix A.

Theorem 1. Assume (8), (R1)-(R2) and (W1)—-(W6). Then it holds uniformly in (u1,us) €
[0,1]?

C) (ur,u9) = V/mhy Y wni(@, hn) &(u, ug) + op(1), (9)
=1
where
&i(ur,uz) = I{Vy; < FM(un), Yo; < Fyt(ug)} — Co(un, uz)
— O (ur,ug) [{Y1 < FMw)} — wn] — CF) (un, ug) [[{Vai < Fy,'(u2)} —ug] . (10)

Define a process Zy, = vV/nhy > iy wni(z, hy) &, where &’s are given in (10). As (W5)
holds, typically there exists a finite positive constant V such that

nhy Y wki(w,hy) = V2 + op(1).
=1
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Then for all 0 < uq,us,v1,v9 <1
cov (Zyn(u1,u2), Zan(v1,v2)) — V? cov (§e(ur,uz),&e(vi,v2)), asn — oo, (11)

where

Ex(ur,ug) = {F1,(Y1z) < up, Fog(Yaoz) < wug} — Cyp(ug, ug)

— C (g, u9) [{ Fio(Yia) < w1} — wa] — CP) (ur, up) [[{ Fao (Yar) < up} — ug].

Thus with the help of (11) it is straightforward to verify the finite dimensional convergence
of the process {Zu,(u1,us), (u1,us2) € [0,1]2}. As the asymptotic tightness of this process is
(in a more general setting) verified in Step 1 of the proof of Theorem 1, we deduce that Z,,
converges weakly to a Gaussian process Z,.

Further suppose that there exists H such that (nhd) — H?, with H > 0. Typically
hy, ~ n~ /% so that H > 0. In that case, using Taylor expansion and assumption (R1) we
can approximate the expectation of the limiting process Z, and find out that (uniformly in
(w1, u2))

EZpn(ur,ug) = H [DK Cour,u2) + 25 By (u1,u2)| + o(1), (12)

with Dy and Ex being constants depending on the chosen system of weights {wy,;} and on

the type of the design (see (W12) and (W13) in Section 2.3) and

Ba(ui,u) = Hy(FHwh), FyH(u2)) — C8 (un, u2) Fig (Fipt (u1)) — CP) (u, un) Fog(Fyyt (us))
= Co(ur,uz) + 2 C (ur, u2) Fig (Fp' (u1)) + 2 CP (ur, us) Foy (Fyy (un))
. 2 . 2
+ O o) [Fua (P ()| + 2D (u,uz) | Fon(F (u2)) (13)

+2C8 (ur, up) Fro(F, (1)) Pao(Fiy (u2)),

where a dot indicates a derivative with respect to the covariate z, e.g. Fz(ul) = %Fz(ul),

C’Z(ul,uQ) = %Cz(ul,w); the symbol (9 indicates a derivative with respect to u;, e.g.
.o 2 . (7 2
Cé”j)(ul’w) = PCa(uiug) gftfg;’]w); and O (uy,uz) = ca %2(15;7;“2), which is a mixture of the above

notational rules.

Corollary 1. If (11), (nh3) — H?, (W12), (W13) and the assumptions of Theorem 1 hold,
)

then the process (Cgi converges in distribution to a Gaussian process Z,, which can be written
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as
Zo(uruz) =V { Wa(ur, u2) = CED (ur, ) Wo(ur, 1) = C2) (ur, ua) Wa (1, us) | + R, u2)

where W, is a bivariate Brownian bridge on [0,1]? with covariance function

E [Wx(ul, UQ)WQC(’Ul, ’UQ)] = C’x(ul N v, u2 A ’UQ) — C’x(ul, UQ)CI(U]_, Ug). (14)

and
Ry (u1,us) = H |Dg Cy(u1,uz) + 25 By(ur,uz)| . (15)
Proof. The proof follows from Theorem 1 and the reasoning given above. U

The constants V', D and Ex in general also depend on x, but for simplicity this is not
made explicit in the notations.

It should be mentioned that to prove Corollary 1 it is only needed that assumptions (W12)
and (W13) hold without supremum (for z = z) and for a,, = hy,.

2.2. The process (@SEL) In the following we suppose that for j = 1,2

V' hy, gjzn = 0(1), ;—Z =0(1), n min(hy, gin, gon) — 0. (16)

Note that (16) allows for the same rates of h,, as in (8). Further, h, ~ n~'/5 implies that

Gjn ~ n=/5 for j = 1,2 as well. All other conditions are given in Sections 2.3 and 2.4.

Theorem 2. Assume (16), (W1)~(W13) and (R1)-(R3), fori=1,...,n, put (U, Us)T =
(Fix, (Y1), Fox,(Y2:)) T, then uniformly in (u1,us)

CE (ur,u) = V/nhy Y wni(, h) &(ur, ug) + op(1), (17)
=1

where

&i(ur,ug) = {U, < wup, Ui < ug} — Cplur, us)

— CM (g, ug) [T < ur} — wa] — CP (uy, ug) [[{Uni < ug} — ug], (18)

Similarly as in Section 2.1 we can state the following corollary.
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Corollary 2. If (11), (nh3) — H? and the assumptions of Theorem 2 hold, then the pro-
(E) :

cess Cyy, converges in distribution to a Gaussian process Zy, which can be written as

Zo(un,uz) = V {Waur,uz) = OO (ur, o)W1, 1) = C2(un, ug) Wi (1, uz) b+ R, o)
where Wy, is a bivariate Brownian bridge on [0,1] with covariance function (14) and

Rx(ul, uz) = H |Dg C‘I(ul,uQ) + ETK Bx(ul, uQ)} , (19)
with By (uy,us) = Co(u1, us).

Thus comparing the limiting processes Z, and Z, from Corollary 1 and 2 we see that the
only difference is in the bias terms. This difference is a consequence of different random
variables that are involved in the Bahadur representations of the processes v/n hy, (C’xh - Cy)
and /nhy, (Cpp — Cy). The original observations (Yi;,Y2;)T in (10) are replaced by the
unobserved (Uy;, Us;) T in (18). The key point is that the conditional marginal distributions
of (U, UQ,’)T are uniform for each value of the covariate X; and thus do not depend on the
values of the covariate, which results in a much simpler expression for the asymptotic bias

given in (19).

Remark 1. There is no guarantee that the asymptotic bias expression for the estimator Cyj,
given by (19) is always closer to zero than that for C,;, given in expression (15). Suppose
for simplicity that Dx = 0, which holds for example for a local linear system of weights (see
Section 2.3). Then B, (u1,us) of (15) may be closer to zero than B, (uy,us) if the additional
terms in (13) turn out to be of opposite sign of the first term C, (uy,uz). For example, suppose
that the covariate is standard normal distributed and we are interested in the point X = 1.
The copula which joins the margins (Y7, Y2) is taken to be a Frank copula with the parameter
depending on the value of the covariate X = z as 0(z) = 5+ p sin((z_Tl)W). Further, the
margins are taken to be normal with unit variances and mean functions p;(z) = pe(z) =
sin(z).

Consider two values of the parameter p. The case p = 1 represents a situation where the
conditional dependence structure is only very mildly affected by the value of the covariate.
The plot of the diagonals of the functions B, and B, in Figure 3(a) clearly indicates that

in terms of bias the estimator Cyy, is in this situation strongly preferable. This is further
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FIGURE 3. Diagonals of the functions B, and B, for p =1 (a) and p = 7 (b).

confirmed by calculating Ly ([0, 1]?)-norms of the functions B, and B, which equal 0.014 and
0.001 respectively.

When p = 7 the conditional dependence structure is strongly influenced by the covariate.
Figure 3(b) shows that for this model it is not so easy to judge which estimator should be
preferred. At some points B, is closer to zero and at other points it is the other way around.
The Lo([0, 1]2)-norms of the functions B, and B, now equal 0.011 and 0.012 indicating that
the estimator C;, might be slightly preferable if the interest is in estimation of the whole
copula function and the mean integrated squared error is taken as the criterion for the quality
of the estimate.

Our experience is that it is rather difficult to construct models where the estimator Cyj,
is (more than slightly) preferable to Cyh. In such models, both conditional marginals as well
as the conditional dependence structure have to be strongly dependent on the value of the
covariate. Further it must be the case that by a ‘lucky coincidence’ the additional terms
in (13) help to reduce the effect of C,. As this is difficult to predict, one stays on the safe

side by using the estimator Cy,.

Remark 2. The proofs of Theorems 1 and 2 are rather technical and are given in Appendices A
and B of the supplementary material posted on the journals web site. While the proof of the

weak convergence of the empirical process associated with H,p is quite straightforward, the
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difficulties in copula estimation arise from the fact that the empirical distribution function
estimator Hyy, is evaluated at the estimated quantiles F, ) (u1) and F,} (us) leading to a
double stochastic structure of the estimator C,j. Similarly as in Omelka et al. (2009) we find
the decomposition (A7) useful. Now Theorem 2.11.1 of van der Vaart & Wellner (1996) is
used to show that the first term A”» is negligible, while an adaptation of Lemma 4 of Omelka
et al. (2009) helps to treat the term C». The proof of Theorem 2 is even more involved as the
estimated conditional marginal distributions used in transformation (4) differ fori =1,...,n.
A crucial point of the proof is that thanks to assumption (W11) it is sufficient to consider
only such transformations (Fix,q,, F2x,4,) Whose X;’s are in a neighbourhood of the point
with radius of order O(h,). Thus we can prepare everything to make use of the methodology
developed in Ghoudi & Rémillard (1998), which helps us to tackle the most difficult term
A, in (B6). Combining the above, also the other terms B, and E, can be proved to be
asymptotically negligible giving us (B1). Theorem 1 is then used to conclude the proof of
Theorem 2.

2.3. Some common choices of weights. As the list of conditions on the weights given in
Section 2.4 might be rather discouraging in particular for readers who are less interested in
technical details, we comment on several commonly used weight schemes.

Assume for concreteness that a kernel density function K has support [—1, 1] and is symmet-
ric and continuously differentiable. Further suppose that h, ~ n~1/® and g1, ~ gon ~ n=1/5.

It can be shown that for Nadaraya- Watson weights (see Nadaraya (1964) or Watson (1964)),

which are defined as

oy KCED
Wni\Ty MNn :—nx.,v t=1L5L...,n,
S K(57)

assumptions (W1)—(W13) hold, provided

(F1) fx = F% is continuous and positive at the point z,

(F2) f% = F¥ is continuous in a neighbourhood of the point z,

where Fx is the (marginal) distribution function of the covariate X.
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Another system of weights, very commonly employed, is a local linear [LL] system of weights

(see e.g. p. 20 of Fan & Gijbels (1996)), which is given by

e KD (Sne = %2 50)
Wi (x, hy) = S 5., 52 , 1=1,...,n, (20)
n, n,

n,l

where
1 < j
Sng=—— > (%2) K (%2), =012

The nice thing about LL weights is that thanks to " | wyi(x, hy)(X; —x) = 0, it is sufficient

to assume only (F1).

In a fixed regular design case (see e.g. Miiller (1987)), there exists an absolutely continuous

distribution function Fix (with associated density fx) such that z; = Fy 1 (nL) In this case

the design points are ordered, that is 21 < x9... < x,. In this setting Gasser-Miiller [GM]
weights (see Gasser & Miiller (1979)) are quite popular. Consider fixed, but arbitrary values

xo < 1 and zp41 > x,. Then GM weights are defined as

Si+1

Wiz, hy) = ﬁ K(%%)dz, where s; = (x;+xi—1)/2, i=1,...,n. (21)

hn
Si

In a fixed regular design case, we conjecture that to verify (W1)—(W13) it is sufficient to

assume (F1).

2.4. Regularity conditions. Let us denote b, = max{hn, gin, 92n}, I,,E") = {i : wpi(z,by) #
0} and JQE”) = [minz’elﬁgm X, max; () Xi]. Let a, stand for a sequence of positive constants
such that (na,) — co and a, = O(n~1/5). The following is a listing of assumptions on the
system of weights {wy;; ¢ = 1,...,n} in random design. The conditions for a fixed design,

may be derived easily by replacing X; by x; and omitting the symbol P in the index.

). (W2 é;mﬂahM—1:OP&%my

(W1) Imxmmﬁmn:@(

1<i<n nhn

(W3) zn:wm(%hn)(Xi —1z)=0p (\/ann) , (W4) Zn:wm(:c,hn)(Xi — 22 =0p ( nlhn> ’
i=1

i= i=1

(W5) Zw%i(x,hn) =0Op (ﬁ) ; (W6) max X; — min X; | = op(1),
im1 " ier{™ ier{™
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n

(W) > wni(w, ha)| = Op (1), (W8)  sup

i=1 zGJ(")

Zwm z g]n) -1

- OP (g]n) b

(W9)  sup Zwm z gjn)] =Op <ng ), (W10) sup Z Wy (2, 9in)]° = Op ("é;?n)’

zGJ(n) i=1 zEJ(n> i=1

(W11) Jocoo P | sup nax. |wni(z, hn) I{| X — 2] > C hyp}| > 0] = o(1),

zeJ("> L=
n
(W12) I <00 Van SUP | Y wni(2,a0)(X; — 2) — ap Dic| = op (a3,) ,
zei" [i=1
(W13) g <o Ya,, su%)) Zwm (2,a0)(X; — 2)* — a2 Ex| = op (a2)
z€Jy " i=1

where w],(2, gjn) denotes the derivative with respect to z.

Conditions (W7)-(W13) make a finer control on the behaviour of the weights not only
at the point = but also in a (shrinking) neighbourhood of this point. This better control
is needed to justify that the transformation (4) is ‘painless’. Nevertheless, as argued in the
previous section, these conditions hold under usual regularity conditions on the distribution
of the covariate X.

Further, we require the conditional copula C, and the conditional marginals Fi, and F5,

to satisfy:

(R1) The functions H.,(F},

1z

Yuy), Fyl(ug)) and H,(F'(uy), Fy,' (ug)) are uniformly con-
tinuous in (z,u1,uz), where z takes value in a neighbourhood of x.

(R2) The first order partial derivatives ngl), c?

are continuous on [0,1]%\ {(0,0), (0,1),(1,0),(1,1)}

(R1) C.(up,up) = %Cz(ul,w), C.(u1,uz) = E?—;C’Z(ul,uz) exist and are continuous as

with respect to u; and wuo respectively

functions of (z,u,u2), where z takes value in a neighbourhood of z;

(R2) The functions Cél)('UQ,UQ) and C? (u1,u2) are uniformly continuous in (z,ui,u2) €
U(z) x ([0,12\ {(0,0),(0,1),(1,0),(1,1)}), where U(z) is a neighbourhood of the
point x.

(R3) For j = 1,2: FjZ(FJQI(u)), FjZ(FJQI(u)), FjZ(FJQI(u)) are continuous as functions of
(z,u) for z in a neighbourhood of , where Fj,(y) = 8z Fi.(y), Fj.(y) = g—; Fi.(y).



14 NOEL VERAVERBEKE!, MAREK OMELKA2 AND IRENE GIJBELS3

3. CONDITIONAL MEASURES OF ASSOCIATION

In many situations researchers try to characterize the dependence between variables by just
one number. As copulas are invariant to strictly increasing transformations of the marginal
distributions, most traditional nonparametric measures of dependence may be expressed as
functionals of copulas.

In the following let us observe the vector (Y1, Ys, X )T and put F} and F; for the (uncondi-
tional) marginal distributions of Y7 and Y5. Further, let C' be the (unconditional marginal)
copula corresponding to Y; and Y5. Next, C’xh will stand either for the estimator Cy;, or C’wh
and similarly for the bias function R. Finally, (Z1i, Z2;)T will be either the original observa-

tions (Y1;, Ya;)' or the transformed ones (ﬁli, Ugi)T.

3.1. Blomgqvist beta. Blomqvist (1950) proposed and studied the following simple measure

of association
B=P[(Y1—F'(0.5)) (Y — F;'(0.5)) > 0] — P [(Y1 — F]1(0.5)) (Y2 — F5 '(0.5)) < 0],

which is often also called the medial correlation coefficient. Let C be the copula corresponding
to Y7 and Y. Then S can be expressed simply as § = 4C(0.5,0.5) — 1 (see pp.182-183 of
Nelsen (2006)). In the presence of a covariate we can consider Blomqvist beta conditionally

on X = z and define it as 8, = 4C;(0.5,0.5) — 1. The considered estimator is then
Bun = 4 Cpp(0.5,0.5) — 1

With the help of Corollary 1 (or 2) it is straightforward to show that /1 fo,(Ben — Be) is
asymptotically normal with the variance equal to 16 C5(0.5,0.5)(1 — C;(0.5,0.5)) and the
mean 4 R(0.5,0.5).

3.2. Kendall’s tau. Kendall’s tau is definitely one of the most popular nonparametric mea-

sures of association. Gijbels et al. (2011) suggested to estimate its conditional version by

A 4 n n
Tn(x) = T Zn lu) (,cc N ) ;;wm(m,hn) wnj(fl‘,hn) H{Zh‘ < le,Zgi < ZQj} — 1.

With the help of assumption (W5) this equation may be further rewritten as

N A A 143 z,hn)
#20(2) = tosorbr / Con Gy — AT )y / CoandCp — 1+ Op(-1).
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Provided that the estimator Cjy, is v/nhy-weakly convergent, the asymptotic normality of
Vnhy, (7o (z) — 7(z)) follows by Hadamard differentiability of the functional C'+— [[ CdC at
the point C' = C,, (tangentially to the set of continuous functions on [0, 1]?). This Hadamard
differentiability is verified in Lemma 1 at the end of Section 3. Finally, the mean p of the
asymptotic distribution of v/n hy,(7,(z) — 7(x)) equals

// (u1,uz) dCy(u1,u2) //C uy, uz) dR(uy, ug —2/ Rul,u2 ) dCy(uy,ug),

where we have used the following formula for integration by parts

/01 /01 Cy(uy, uz) da(uy, ug)
_04(1,1)+/01 /Ola(ul,uQ)dCx(ul,uQ)—/Ola(u,l)du—/ola(l,u)du, (22)

which can be taken as a definition of the integral [ C, dow when the function « is continuous

on [0,1]2.

3.3. Other measures of association. There are some other measures of association that
may be expressed as functionals of a copula (see Chapter 5 of Nelsen (2006)). Among others

let us mention

Spearman’s rho p= 12/ C(u1,uz) duy duy — 3.,
Gini’s coeflicient v = 2// [lur + ua — 1| — |ug — ual] dC(u1,u2),
dependence index d2 =90 // [C(u1,us) — u1 uz]2 duidus.

We can consider conditional versions of any of these measures simply by substituting the con-
ditional copula C, for C'. The asymptotic distribution of the estimators of these conditional

measures can be derived similarly as discussed for Kendall’s tau.

3.4. Hadamard differentiability of Kendall’s tau. The following lemma is a slight gen-
eralization of Lemma 3.9.17 of van der Vaart & Wellner (1996).

Lemma 1. The map ¢ : C — [[ CdC is Hadamard-differentiable at every point C, which is

a copula, tangentially to the set of functions that are continuous on [0,1]2. The derivative is

:/C'da—i-/adC,

given by
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where [[ Cda is defined via integration by parts (see formula (22)) if o is not of bounded

variation.

Proof. Let oy — a (uniformly on [0, 1]?) and put C; = C +t ay. As the variation of copula C
equals one, we can consider only perturbations such that C} is of variation bounded by 2.

Expanding

//CtdCt://Cd0+t//atd0+t//0dat+t//atd(0tC)

gives us

HEAC 1€ [ i [[ can

://(at—a)d0+//0d(at—a)+//atd(Ct—C).

The first term on the right-hand side of the above equation converges to zero as oy — «

uniformly and C' is of bounded variation. For the second term we apply the same reasoning

after using the integration by parts (see formula (22)). The third term may be further

//atd(Ct—C’)://(at—a)d(Ct—C)—l—//ad(Ct—C).

The first term on the right-hand side of the above equation converges to zero, as a; — «

rewritten as

uniformly and C; — C is of variation bounded by 3. Finally, we will use the continuity of
the function o to bound the second term. For a given € > 0 let us find partitions 0 = tg <
1 < ... <ty =1land 0 =59 < 51 < ... < Sy, = 1, such that a varies less than € on
each rectangle [t;—1,t;] X [sj_1,s;]. Let & be the discretization that is constant and equal to

a(ti—1,8j—1) on [ti—1,t;] X [sj—1,s;]. Then we can bound

mi1 mg
‘/ad(Ct — C)| < Blla—dlleo+ YD laltio1,si-1)| // d(Cy — C)
[ti—1,ti] X [s5-1,85]

i=1 j=1

A

< 3e+4dmima|lallc||Cr — Clleo — 3¢,

where || - [ stands for the supremum norm. As we can choose ¢ arbitrarily small, we have

just proved that [ «ad(C;— C) converges to zero which concludes the proof of the lemma. [
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4. FURTHER DISCUSSION

We derived the asymptotic distribution of the estimators of the conditional copula proposed
in Gijbels et al. (2011). As illustrated in Remark 1 our results clearly indicate why the
estimator CN'rh may have a dramatically smaller bias than the ‘straightforward’ estimator Cp,.
On the other hand, the estimator C,;, involves the choice of only one smoothing parameter
(in contrast to three smoothing parameters needed for C,,) and hence might be preferable in
situations where the conditional marginal distributions do not change with the covariate.

For a triplet (Y1, Y2, X) of random variables several natural questions arise: (1). What is
the relation between Y7 and X7; and between Yo and X7; (2). Is there a relation between Y;
and Y57; (3) Is there a relation between Y7 and Y3, when X is accounted for?; (4). What is
the relation between Y7 and Ys when X is accounted for? In this paper we deal with the last
question, but question (1) automatically pops up when we wonder whether the conditional
marginal distributions change or not with the covariate. Question (2) is for example asking
for estimation of an unconditional copula function; see Omelka et al. (2009). Question (3)
means that we would look into tests for conditional independence. Further interesting open
issues are testing problems related to conditional dependencies, such as for example testing
for constancy of the conditional Kendall’s tau. These kind of questions are quite challenging
and the subject of current research by some of the authors.

A general strategy for conditional copula estimation in not very large samples may be
as follows. First, check the scatterplots of the pairs (X,Y1)T and (X,Y2)T. If there is no
obvious pattern, then the estimator C,;, may be used. If this is not the case, we recommend
to try to transform the variables Y; and Y5 such that the influence of the covariate on the
conditional marginal distributions is suppressed. This might be done in several ways. The
transformation (4) is very general and in view of Theorem 2 it cannot be improved if we
aim at eliminating the effect of the covariate on the marginals. The price we have to pay
is that we have to specify two new bandwidths g1, and g¢o,. Fortunately, the Monte Carlo
simulation results of Gijbels et al. (2011) indicate that the rules for bandwidth selection in
nonparametric regression may be employed or if h,, is already fixed then using g1, = gon = hn
for Cyp usually results in an estimator which is at least as good as Cpp.

Alternatively, in small samples we may try to stabilize the estimator by specifying a simple

parametric model for the pairs (X,Y;)T and (X,Ys)T. For instance, suppose simple linear
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regression models
Yii=ag+ a1 X; +e1, Yo = Po+ P1 Xi + €2, (23)

where €1; and e9; are independent of X;. Then it seems natural to replace the original
observations (Y1;,Ya;)T with the estimated residuals from models (23). As the estimators
of the unknown parameters converge at rate n~/2, the estimator based on the estimated
residuals may be shown to be asymptotically equivalent with the one based on the unobserved
residuals (14, Ezi)T and thus the main effect of the covariate on the marginal distributions is
usually removed.

A further step towards the general transformation (4) may be to assume nonparametric

models
Ylj:ml(X)+€1i7 Yzj:mQ(X)+€2i, izlw”a”?

where £1;, £9; are independent of X and m1(-) and ma(-) are unknown, but sufficiently smooth
functions. Let m; and 7o be corresponding nonparametric estimators. Then in view of the
results of Akritas & van Keilegom (2001) and methods to prove these results, we conjecture

that the estimator C; based on the estimated residuals
(214,800) T = (Yii — 1 (X3), Yai — i (X)))T i=1,...,n (24)

will have the same asymptotic properties as the estimator based on the unobserved (e1;, €2z‘)T.
However, such an estimation procedure involves the same number of smoothing parameters
and the model does not adjust for heteroscedasticity. Allowing (24) for possible heteroscedas-

ticity would result even in five smoothing parameters.

We are only at the beginning of the theoretical as well as applied research on conditional
copulas. Comparing with the well explored field of nonparametric regression several research

issues arise. We only mention a few of them.

e Our results are only pointwise in the covariate x. Uniform results are surely of interest.
As the distributions of the estimator of the conditional copula at different points
are asymptotically independent, we cannot hope that there may be convergence of
{(CSEL),% € I} to a limiting Gaussian process (with parameters (x,ui,uz2)). But we
may hope that rates for uniform consistency similar as in nonparametric regression

may be obtained.
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e As usual in statistics, one would like to construct confidence intervals for quantities
of interest, e.g. Blomqvist beta or Kendall’s tau. Our experience is that it is not so
difficult to estimate the variance, but it is not at all clear how to take into consideration
possible bias, which is extremely difficult to estimate. One obvious way to kill the bias
is to choose a bandwidth h,, such that nh> — 0, implying H = 0 and the asymptotic
biases in (15) and (19) diminish. However such a choice excludes theoretically optimal
bandwidths, and relies on asymptotic (large sample) results.

e The bandwidth selection problem is in fact a completely unexplored area in this
setup. Although a lot of work has been done in nonparametric regression, it is not at
all straightforward how the methods should be modified or extended for conditional

copula estimation.
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Estimation of a conditional copula and association measures

Noél Veraverbeke, Marek Omelka and Iréne Gijbels

Supplementary material

APPENDIX A — PROOF OF THEOREM 1

Some preliminary considerations.

Random design versus fixed design. We prove Theorem 1 for fixed design. This is justified as
follows. Let £ > 0 be given. With the help of (W1) we find a sequence &,, of constants going

to zero such that for all sufficiently large n

. En _ &
P <lr£?§)§1‘wm(x7hn)‘ < m) >1 G° (Al)
Let us denote (the sequence of) events
— . En —
Ay, = Lrélzag}%]wm(a:,hn)] < m} , n=12....
Similarly we construct sequences of events As,, ..., Agn, which are related to the other con-

ditions (W2)—(W6) needed in Theorem 1. The proof for the random design can then go
conditionally on the sequence of events A, = Ay, N ... N Agn, as A, has the probability
greater than 1 — ¢ for all sufficiently large n.

Thus in the following we for simplicity write x; instead of Xj.

Estimation of a conditional marginal distribution. Using the well known inequality of Singh

(1975) and assumption (W5) we deduce that for each € > 0

lim P |sup |Fjzn(y) — E Fjzn(y)| > €| =0, j=12. (A2)

n—o0 yeR

Further by assumptions (W6) and (R1)

lim sup |E Fjzn(y) — Fjz(y)| =0, j=12. (A3)

n—oo yGR
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Combining (A2) and (A3) yields

n—oo yER

lim P (Sup |F’jxh(y) - Fjw(y)| > 5) =0, J=12 (Ad)
Thus by assumption (W1) and standard arguments we prove that for each € > 0 (for j = 1, 2)
P [sgp (FJ;}L(u) - Fjgcl(u + 5)) > O] <P [sgp ( — Flan(Fj, Yu + ))) > 0]

< P

sup (Fjz(y) — Fjzn(y)) > ;] — 0, for n — oo. (Ab)
yeR

Similarly, we can show

lim P [mf( jxh( )—Fjgcl(u—e)) < O} =0,

n—o0 u

which together with (A5) yields for each € > 0

lim P[F (u—e) < F:

n—o0 jxh

W) < Fpl(ue)ue0,1]) = 1. (A6)

Ezpectation with a substitution of a random function. In the rest of this section the expec-
tations of the form E f(Y;1, Yio; Fizh, Forn) have to be understood in a way that the func-
tions Fy.p, Fo.p are fixed (nonrandom) and the expectation is computed only with respect

to Y;1 and Yjs. Formally

Ef(Yh,YiQ;th,FMh):/ Fy1,y2; Fioh, Foan) dHy, (y1,92),

whenever the integral on the right-hand side exists. The reason for this notation is to simplify
the presentation of the proof. This notation as well as the following decomposition apply the

ideas of van der Vaart & Wellner (2007).

Decomposition. Let us decompose the copula process v/n h,(Cypp, — Cy) as
—_— hTL hTL h7L
Vnhy (Con — Cy) = Apn + By + Cr, (A7)
where Afn = DIn — E Dhn | with
Dh" (uy,uz) = v/nhy Zwm x; hy) ]I{YM < F];}L(Ul),YQZ < Fth( 2)}

—I{Y1; < F, (w), Yo < Fy,'(ug)}] , (A8)
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and
Bl (uy, ug) = \/nhy, Zwm‘(l’; ha) I{Y1i < FH(u1), Yai < Fy'(ug)} — Colug, ug) | (A9)
i=1
Cp(ug,ug) = E DR (ug, ug) = \/nhy, Zwm(w;hn) [BI{Y1; < Fpj (u1), Yai < Fyj (ug)}
i=1
~EI{Y1; < F,M (w1), Yo < Fy.M(ug)}] . (A10)

The proof is divided into two steps. In Step 1, we show that the term A”» is asymptotically
negligible uniformly in (u1,u2). In Step 2 we find the asymptotic representation of the pro-
cesses C'». This asymptotic representation together with B/» gives us the statement of the

theorem.

A1l. Step 1 — Asymptotic negligibility of A’». For (uj,us) € [0,1]?> and G, G2 nonde-

creasing functions from R to [0, 1] define the stochastic processes
Zni(u1,ug, G1,G2) = /1 by wni(, h) Y1 < GTH(w), Yo < Gy (ug)}, i=1,...,m,

and Z,, = Y1 | Z,;. Equivalently, we can view the process Z, as a process indexed by the

family of functions from R? to R given by

F = {(w1,w2) = Hwy <Gy (wr),wa < Gyl (ug)};

(u1,us) € [0,1)%, G1,G2 : R — [0, 1] nondecreasing}. (A11)

Thus each function f € F may be formally identified by a quadruple (u1,us,G1,G2). The
introduction of the process Z,, is motivated by the fact that

Dl (u1,ug) = Zn(fn) = Zn(f), where fn = (w1, ug, Fizh, Farn), | = (u1,ug, Fia, Fap). (A12)
Finally, let us equip the index set F with a semimetric p defined as
PP (f, ') = | Fra(G7 (1)) — le(Glfl(ui))‘ + ‘FQZ‘(GQ_l(UQ)) — Fy,(Gy ' (uh))
and note that the semimetric space (F, p) is totally bounded.

Lemma 2. The process Z, = Z, —E Z,, indexed by (F, p) is asymptotically p-equicontinuous.
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Proof. 1t is sufficient to verify the following conditions of Theorem 2.11.1 of van der Vaart &
Wellner (1996):

S ENZuil 3T Zuillr > 1} - 0, for every 5> 0, (A13)
i=1
n o

sup Y E (Zn(f) = Zui(f))” — 0,  for every 5, | 0, (A14)

p(fof")<bn =1

On

V1og N(g, F,d,) de L 0, for every 6, | 0, (A15)

0

where |||z stands for the supremum over the set F and N(e, F,d,) is the corresponding
covering number of the set F with a random semimetric d,, given by

. 2
i=1
The first condition (A13) is satisfied as (W1) immediately implies max;—1, . || Zni|| 7 = op(1).
To verify (A14) we make use of assumption (W5) and the well known inequality

|Cur, uz) — Cluy, ug)| < Jur — uy| + [uz — ).

Thus with the help of (R1) and (W6) we can estimate

n

E an f _Zm’ f/
p(fi}}i&n; (Zni () = Zui(f"))

< s nhe Y wkiesha) [[FulGr () - Rl (wh)
p(f,f")<bn i—1

<O(1) sup  max [|Fu(GT (1)) ~ P (G (wn))]
p(f.f1)<On icI{

+ [ Fiz(GT (W) = Fra (G (W) + [Fra (G (W) — Fra(G ()
+ | Foi (G5 H(ug)) — Far (G (u2))] + | Fau (G5 H(uz)) — Fau (G (uh))]
[ Pan (G (1)) — PG5 ()

=0(1) (o(1) +62) = 0, asn — oc.
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To show (A15) we use Lemma 2.11.6 of van der Vaart & Wellner (1996). We rewrite
(Zai(f) — Zui(f)))? = / [{w < Gy wn), we < Gyt (ug)}
—{wy < Gy (), wy < Gy (uh) ] d pn (wr, w2),
where fin; = nhy w2, (x, hy,) d(v1,,v2;) With 0 being a Dirac measure. As the set of functions
G = {(w1,wn) = Huwi < a,wp <b}; (a,b) € R?}

is a VC-class with envelope F' = 1 and F C G, the set of functions F is a VC-class as well
with the same envelope. Thus it satisfies the uniform entropy condition (2.11.5) of van der

Vaart & Wellner (1996). Moreover,
n n
Z pniF? =nhy, Z w2 (z, hy) = O(1).
i=1 i=1

We have just verified all the assumptions of Lemma 2.11.6 of van der Vaart & Wellner (1996).
Applying this lemma verifies condition (A15). O

Lemma 2 implies that for Ve,n > 0 36 > 0 such that

limsup P ( sup | Z,(f) — Zo(f)] > 5) <. (A16)
oo \p(ff)<

Further uniformly in (uq,us)

p? (w1, u2, Fion, Fogn), (u1, u2, Fiz, Foz)) (A17)
= | Fie(Fp}, (1)) — w1 | + | Far (Fyy, (u2)) — g

= | Fra(Fi (1)) = Fian(Fry, ()| + | Fao(Fay), (u2)) = Fagn(Fagy, (u2))| + O()

P
< sup ’le(y) - leh(y)‘ +sup ‘F2x(y) - FQxh(y)| + O(ﬁ) — 0.
Y Y

Combining (A12), asymptotic p-equicontinuity (A16) and (A17) yields that

sup DI (uy,uz) — E DI (u1,u2)| = op(1), (A18)

uy,u2

AZ(ul, uz)’ = sup

ul,u2

which finishes the first step of the proof.
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A2. Step 2 — Asymptotic representation of C"». With the help of (W3), (W4) and
(R1) we calculate

CM (uy, ug) = /nhy wam (, hn) [Hay (F 3 (), Foph (u2)) — Hay, (F1(un), Fy,' (u2))]

= v/ nhy (Cpi(ur,u2) + Cpa(ur, ug) + Crs(ui, uz)), (A19)
with
Choa (1, u2) Zwm @, hn) [Ho(Frg)(ur), By (u2)) — Ho(Fr (w), Foy' (u2))]
Cras (1, us) Zwm 2, ) (i = @) [Ha (P (), Pyt (u2)) = Ha(FGH ), il (u2))] |
Coa (1, u2) Zwm ) (s = @)? | Hey, (Fygh (), Figh () = e (P (), Pt ()|

where z;, z; lie between x; and z. By assumption (R1) and by (A6) we get

max sup | Ko, (Fij, (u1), Fyj, (u2)) = Ho (F (w), Py, (u2))| = op(1),

z‘elg(c") U1,uU2

which together with (W4) yields the asymptotic negligibility of the process v/n hy, Cyp3. Sim-
ilarly we can argue that the process v/n h,, Cy2 is asymptotically negligible.

Thus using (A19) together with (W2) we deduce
CM (uy, ug) = /nhy [C (F]_I(Flz‘}l(U]_)),FQ‘T(F2;]"I(’U,2))) — Cp(ur,uz)] +op(1).  (A20)

Substituting 1 for u; (or ug) in the decomposition (A7) together with asymptotic negligibility
of the process A" and (A20) yields (uniformly in u for j = 1,2)

Vit [Fja (B () = u] = —v/nha [ Fan(F () = u] + 0p(1). (A21)

The process Yj,(u) = vVnhy { Fian(F, (w) —u} is asymptotically p-equicontinuous with
p*(u,v) = |u —v| and the expectation of this process can be made arbitrarily small by taking
u close to either 0 or 1 and n sufficiently large. Thus a straightforward modification of

Lemma 4 of Omelka et al. (2009), (A21) and (A20) implies
Cln(ur,up) = —CO(ur,u2)Yip(ur) — CP (ug, up)You(u) + 0p(1).  (A22)

Now, combining (A7), (A18), (A22) gives us the representation (9).



ESTIMATION OF A CONDITIONAL COPULA 7

APPENDIX B — PROOF OF THEOREM 2

Put
Goon(u,ug) =Y wni(w, ) UL < g, Uzs < ug}.
i=1
In the following we show that uniformly in (u,u2)

éxh(ula UQ) = G:ch(Gl_xlh(ul)v GQ_gclh(UQ)) + OP( L )7 (Bl)

nhn

where G, and Gayp, are the corresponding marginals of G.. Theorem 2 then follows from

Theorem 1 and (B1).

By a similar argument as was used in the proof of Theorem 1 it is sufficient to consider

only the fixed design.
B1. Auxiliary results
First we investigate how close a pseudo-observation Uji is to an unobserved Uj;. For
j=1,2 put
Ey (zu) = Frag, (F (W) —u,  wel0,1], (B2)

J Jz
and note that 8](;) (24,Uji) = Uji — Uy Tt is useful to explore E;Z)(z, u) when z is ‘close’
to z. By assumption (W11) (for all sufficiently large n) we can assume that for z € )
the weight w,;(z, h,,) is positive, only if z; € [z — C h,, 2z + C h,], where C' is a finite

constant.

For j = 1,2 denote

ZO (t,u) = Fiopg, (F . (1), where 2 =2 +tChy, (t,u) € [-1,1] x [0,1], (B3)

and note that for z € [ — C hy,z + C hy): S;Z)(z, u) = Zq(lj)(é_}fb,u) — .

The following lemma uses the concepts of asymptotic tightness and asymptotic
equicontinuity in probability (see p.21 and 37 of van der Vaart & Wellner (1996)) in
the space of bounded functions ¢*°([—1, 1] x [0, 1]) that is equipped with the supremum

metric pPoo.

Lemma 3. Under assumptions (16), (W1), (W9), (W10) and (R3) the processes
VT Gin (ZT(Lj) — EZT(Lj)) are asymptotically tight for j = 1,2.
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Proof. Tt is straightforward to verify that for each (t,u) € [—1,1] x [0, 1] the random
variable /1 gj, (Zy(lj ) (t,u)—E AL (t,u)) is asymptotically tight. Thus by Theorem 1.5.7
of van der Vaart & Wellner (1996) it is sufficient to show that the process \/n gj, (Zx 0 _

EZY )) is asymptotically uniformlyp-equicontinuous in probability, where p is a metric
such that the metric space ([—1, 1] x [0, 1], p) is totally bounded. For our purposes it is

convenient to take the following semimetric
pg((tlﬂ U’l)7 (t27u2)) = |t1 - t2|2 + |U1 — U2|.

To prove the asymptotic equicontinuity we again use Theorem 2.11.1 of van der Vaart

& Wellner (1996). Note that Z%) = 32" ZY) where

ny

Z9 (t, 1) = wyi(z1, gjn) Y5 < F3H ()},

Jzt

As the first and the third assumption of the theorem may be verified similarly as in the
proof of Lemma 2, it is sufficient to make a closer inspection of the second assumption.
Let 6, \, 0, fi = (t1,u1), fo = (t2,uz). With the help of (16), (W9), (W10) and (R3)
we estimate

sup - N gjn ZE <Z(j Z’r(zjz:)(f2)>2

p(f1,f2)<6n

= sup N gjn ZE (wnz(ztlagjn) H{)/]z > ]ztl (u1>}
p(f1,f2)<én

ity 050) LY < Pz (u)})

® i 2”“”"( s Sl Ol — P B
p(f1,f2)<on 2€[z—C hn,a+Chn] 51

+ sup Z[wm(z, gjn)]2 (Jlug —us| + 0(1)))

2€[x—C hn,z+C hy] i1

= O0(1) sup (|ti —to> +|ur — ua| +0(1)) = o(1),
p(f1,f2)<bn

which finishes the proof of the lemma. O
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Remark 3. The asymptotic tightness stated in Lemma 3 implies that for each n € (0,1)
there exists a compact subset K, of (*°([—1,1] x [0, 1]) such that for every ¢ > 0

liminf P [\/n gjn (Zflj) - EZflj)) e K| >1—mn,

n—oo
where K = {(t,u) € [=1,1] x [0,1] : p((t,u), K;) < £} is an ‘e-enlargement’ around
K,. Thus there exists a decreasing sequence €, ~\, 0 such that

liminf P [\/ng;, (28 —EZY) e K;*] > 1 -1,

n—oo

Moreover, as the set K, is compact, for each j € N the set K, can be covered with
finitely many balls of radius 2¢; with centres in K, which are continuous functions.
This further implies that K’ is uniformly bounded and that there exists 6 > 0 such
that
p((tr, ), (t2,u2)) < 0= sup |f(tr,u1) — f(t2, u2)| < 5egj.
feK,?
Lemma 4. Under assumption (16) and (W7) we have for each n € (0,1), uniformly

m U, Usg

XT;—X XT;—X

- AEZE U F2(B=E Uy
sup | V/nhn Y wi(z, ) {EH {Uu <uy 4 =Gl C%nl’ Uy < uy + —Gla==s C/%nz}
=1

f1,f2€ K"

FCEE ) Fa(EE u)
o (o 2B, g 2R \ —o(l)  (BY)

Proof. Let € > 0 be given. Thus we can find n, such that

sup ~ sup  sup |f(Z7U) — f(Z, U)| < €.
ek lu—v[<d 2€[-1,1]

Further as the sequence of sets K is decreasing and the set X! is uniformly bounded,

for all sufficiently large n it holds

. sy I

. < 0.
feK:me 2u \/n min(gin, gon)
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Thus for all sufficiently large n and with the help of (16) and (W7) we can bound the
left-hand side of (B4) uniformly in u;,us by

v/ nh, Z Wi (T, hy)
i=1

sup
f1,fa€K ™

fi((zi—2)/(C hn),v1) fo((zi—) /(C hn),v2)
//|u1—’01§5 Juz—va| <6 [H {Ul sm Vi gin V2 S Uz V1 gan }

—1 {vl < uy + fl((w"_%éih")’ul), vy < ug + fQ((I"_le/éih")’W) }] dCy, (v1,v9)

< \/nhnz [wni(x, )| (\/S—Eﬁ + \/;?—;ﬁ> =e0(1),
i=1
which proves the statement of the lemma as the term O(1) does not depend on the
particular choice of uy, uy and € can be taken arbitrarily small. O

B2. Main part of the proof of Theorem 2

Notation. In the rest of the Appendix it will be convenient to generalize the nota-
tion already introduced in the proof of Theorem 1. We will often use the expectations
of the form E f(Uil, Uig; leigu F21’i92; Glxh; szh; élxha égxh) which have to be under-
stood in a way that the functions leigl,ngiQQ,Glxh,GQIh,élxh,égm are considered
fixed (nonrandom) and the expectation is computed only with respect to Uy and Uss.
Formally
E f(Uilu Ui2; F11B¢g17 F2zigg; Glz}u GQ:ch; éla:hu é2wh)
://f(u17u2;Fl:cigpFQa:igz;leh,G2zh;él:chaélvh) dCy, (uqy, uz),

whenever the integral on the right-hand side exists.

Decomposition. As the quantity 1 in Remark 3 can be taken arbitrarily small, in the

following we will work conditionally on the event

[Vagm (ZM —EZD) € Kiv, g (22 —EZP) € K], (B5)

where the processes Z\" and Z\” were introduced in (B3).
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With (B5) in mind we make the following decomposition

= An(uhuQ) + Bn(ula 'LL2) + En(u17u2)7 <B6)
where

An(ur,ug) = by Y wpilw; ) [H{ﬁu < Gip(w), Us < Goly(uz)}  (BT)
=1

—I{Uy; < Gy (w1), Us; < GQ_xlh(UQ)}] :

Ap(ug,ug) = Ap(ug,ug) — E A, (ur,u)
Bu(ur,us) = v/mhy Y wai(w;hy) []I{Uu < Grap(w), Ui < Gogy(uz)} (BS)
=1
—I{U; < Gy (1), Uni < Gy (u2)}]

B, (u1,u2) = By(ui,u2) — E By (ur,us),

En(ul,'l,bg) = EAn(ul,U2)+EBn(U1,U2). (Bg)

The proof will be divided into three steps in which we subsequently show that A,, B,

and FE,, are asymptotically negligible uniformly in (uq, us).

Step 1: Treatment of A,. First note that

sup | A (u1, us)| < sup |Dn(u1,u2)

u1,u2 uy,u2

where D,, = v/n hn(éxh — Gyp) and D, = D, — ED,,.
Recall the definition of 8};)(:@, U,i) given in (B2) and note that we can rewrite the

Y

process G, as
éxh(ul,UQ) = Zwm‘(ﬂ?, hn) 1 {Uu <wu — 51(2)(%, Uri), Uzi < ug — 52(;)(551', UQi)} .
i=1
By Taylor expansion of ES;Z)(Z,U), and assumptions (W8), (W12), (W13), (R3)
for any C' < oo, we get :

sup sup  [BE(z,u) — g2, RO(u)] = o(g2,), (B10)
u€(0,1] |z—z|<C hp
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where

RY(u) = Dy Fjo(F;, (u) + E2 Fip(FMw),  j=1,2. (B11)

Let us define 5’5-7;)(2, u) = 5;3)(z,u) - EE};)(Z, u) + g3, RY(u) and
n (U1, uz) anz N {Uu <wup — 5,57;)(%, Uri), Uzi < ug — 5/52)(%, U2i)} -

The proof of Step 1 will be divided into two parts. First,we show that D! = D! —~E D/, =
op(1), where D!, = \/n hy (G4 — Gop). Then we prove that D, — D!, = op(1).

Part 1. Process D!,. Now we are ready to use the machinery introduced in Ghoudi &
Rémillard (1998). Mimicking the proof of Lemma 5.2 of that paper we can show that
for given f1, f» € C([—1,1] x [0,1])

sup |%(U17U2, f17f2) - E%(Ulaum f1; f2)| - OP(l)a

ui,u2

where

Talur, uz, f1, f2) = v nhnzwm‘(% hu)
=1

h(Gq, V) (G, U2i)
{H{Uu <u+ %, Ugi < ug + %} —H{Uu < up, Uy < g}

As 5( (z¢,u) = quj)(t,u) — u, where z; = x +tCh, and t € [—1,1], and by the
properties of the sequence of sets Ki» of Remark 3, we know that with probability
arbitrarily close to one and for arbitrarily small € for all sufficiently large n the processes
{ygm(€E (n)(zt, u)—E 5};)(@, w)), (t,u) € [—1,1]x[0, 1]} take values in a set that can be
covered with finitely many balls of radius € and whose centres are continuous functions

n [—1,1] x [0,1]. Further, as the functions RV, R® given by (B11) are continuous
on [0, 1], the same hold true for the processes {\/Wé"gz)(zt, u), (t,u) € [-1,1] %[0, 1}}.
That enable us to mimic the proof of Lemma 4.1 of Ghoudi & Rémillard (1998) and
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show that
sup | D/ (u,u2)| = sup |D,(u1, uz) — E D, (ug, us)] (B12)
ul,u2 U1 ,uU2

= Ssup ’yn(ulvu%g/lg 75/ ) E*}/n(uhu%g/gz),g/éz)) = OP(l)

uy,u2

Part 2. Process D,, — D!,. With the help of (B10) for each ¢ > 0 for all sufficiently

large n we can bound (uniformly in wuy, us)
Dy (uy,ug) — D) (ug,usg)
= /nh, [éxh(ul,ug) - é;h(ul,m)] (B13)
< Vnh, [éixh(ul +egl,) — Glp(w) ] + \/_[ hon (U2 + € g3,) — Gl (u2)
Now with the help of Lemma 4 we get

nh,

lxh U’+6gln - 1xh ‘ =&y nh g]n - : (B14)

Using (B12), (B14) and the asymptotic p-equicontinuity of the processes /n hy, (G jzn —
E Gj.,) with respect to the metric p?(u,v) = |u — v| yields that for j = 1,2 (uniformly
in ;)
V nhn [G]zh(uj + gg%n) - ~;'cch<u’j)]
= Vnha [Gon(u; + € 91,) = Gian(wy)] = Vnh B [Gian(uj + € g3,) — Gian(uy)]
nh, E [é;xh(Uj + eg]?n) - ~;~xh(u )] +op(1) (B15)

= OP(l) + 60(1)
As € can be chosen arbitrarily small, combining (B13) and (B15) yields that

sup (D, (u1,u3) — Dl (u1,u2)) < op(1).

u1,u2

Analogously we can prove that

inf (D, (uy,us) — D, (ur,us)) > op(1),

ui,u2
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as well as

sup |E Dy, (uq,u) — E D; (ug,ug)| = o(1), (B16)

u1,u2
which finishes Step 1 of the proof of the theorem.
Step 2: Treatment of B,. This part of the proof follows from Step 1 of the proof of
Theorem 1 (for C,;) provided we prove that for j = 1,2

]xh( ) G;:clh(u) = 0P<1)' (B17)

From the previous step of the proof we know that sup,,, ,, | Dy (u1, u2)| = op(1). Putting

u; =1 (or ug = 1) then Lemma 4 implies that for j = 1,2 uniformly in u

Vihy (Granlw) = Gian(w)) = —/nhy Zwm (2, ) €8 (2,u) +0p(1).  (BIS)
Thus Lemma 3 together with (16), (W2), (B10) and (B18) yield that uniformly in
Vnh, (éjxh(u) - szh(“))
= —WZwm z, hy) [ (:cl, u) — E(‘:](;L])(LCZ,’LL) + ESJ(;L])(:cl,u) + 0p(1).
= Vnhy Op( =) + v/nh, O(g},) = Op(1). (B19)

The convergence in (B17) now follows from (B19), (W1) and the following bound

]xlh( ) ijh( )‘ < Sup|G]xh( ) u| +Sup|G]:ph _u|

< sup |G jon (1) — | + sup [Gjan(u) — ul + op (\/ann>

< sup |Gan(1) = Gian(w)| +2 5up [Gan () = ul + 0p (= ) = Op (7 ) -(B20)

Step 3 : Treatment of F,. For simplicity of notation for ¢ = 1,...,n and j = 1,2
put eg-n)(xl, u) = 5 (%an_mh( u)). Lemma 4 yields that

En<U1,UQ) = EA (Ul,UQ> +EB (Ul,UQ)
= /b, Zwm 2 h) |G (Gl () = e (s, w), Gl (2) = 7 (1)

— Co (G (ur), Gop (u2)) |-
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In the following it is useful to note that thanks to (W1)

\/n_hn (éxh(ula 1) = Gan(Gr,(w), nglh(l))>
i (Cran(Gih(w)) = Gran(Gi(w))) = 0,(D)
W

Thus, putting u; = 1 (or uy = 1) in (B6) together with assumption (W2) and the

asymptotic negligibility of processes A,, and B, yield that (for j = 1,2)

sup
u€[0,1]

nh, Zwmwh ) |G () - §-’<xi7u>—G;;h<u)}‘=op<1>. (B21)

Now, let € > 0 be given. As we can bound E,, by

B, uz)] < Vi 3 fwni(a, )| |Gty () = e @i, ) = Gib ()
i=1

|Gt (a) — (i) — Gyl (1)

|

with the help of (16), (WT), (B10), (B18), (B20) and Lemma 3 we can find 6. > 0

such that for all sufficiently large n

P

(u1,u2)€As,

sup | En(uy,ug)| > 5] <eg, (B22)

where Aj. is a union of open d.-neighbourhoods of the points {(0, 0), (0, 1), (1,0), (1,1)}.
Further making use of Taylor expansion, (B21) and (R2) we get that uniformly in
('LLl, u?) € [07 1]2 \ Aée

E,(uq,uz) vnhy, Zwmxh

{c;?(G;;h(ul), G () |G () = e (i) = Grh ()|

+ CPO (G (us), Got (us)) |:G2_xlh(u2) — s (@, uz) — G2_a:1h(u2)]

+or (i) }




16 NOEL VERAVERBEKE!, MAREK OMELKA2 AND IRENE GIJBELS3

— \/ nhn anl(x7hn)
i=1
{CO(GTh ), 633, (w2) |Gt () = e (@, w) = Gl ()]
+CP (G, (ua), G (u2)) [é;xlh(uQ) — eV (i uz) - Ggﬂ”lh(m)]

+op <\/an">} +0p(1)

= op(1),

which together with (B22) finishes Step 3 of the proof of the theorem.



