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Priklad

@ Data zaznamenavaji rychlosti odrazu 432 divek a 364 chlapcl ve
véku od 6-19 let.

@ Cil: nalézt vék, ve kterém se rychlosti odrazu mezi divkami a
chlapci ve stejné vékové kategorii zaéinaji lisit.
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Priklad

Age girls boys

cat. | Vi (1) mi| Ya (52) m2

1.89 (0.17

7 3311.87(0.18
-8 12.00(0.21

9

1

4311.98(0.20
3312.06(0.21
4212.14(0.18
10-1112.19(0.22) 422.17(0.19) 45
11-1212.23 (0.15) 30(2.31(0.23) 37

(0.17) (0.18) 19
(0.21) (0.20)
(0.21) (0.21)
(0.18) (0.18)
(0.22) (0.19)
(0.15) (0.23)
12-132.26 (0.13) 41(2.35(0.23) 40
(0.22) (0.21)
(0.23) (0.19)
(0.17) (0.22)
(0.19) (0.28)
(0.18) (0.16)
(0.17) (0.10)

38
38
29

2.01 (0.21
—1012.06 (0.18

13-1412.30 (0.22) 322.53(0.21) 36
14-1512.28 (0.23) 31[2.66(0.19) 20
15-1612.37(0.17) 29(2.72(0.22) 26
16-1712.33(0.19) 17]2.83(0.28
17-1812.35(0.18) 25]2.76 (0.16
18-1912.33 (0.17) 34]2.87(0.10

13
14
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Dvojvybérovy t-test a Bonferroni

@ Muzeme testovat 13 dvouvybérovych t-testu.

@ VyuZijeme korekce na vicenasobné testovani - Bonferonni a
Benjamini- Hochberg.

@ Zaznamenavame rozdil pro chlapce ve véku 13 a vyse.

@ Zvazime jiny pristup: Change point.

4/23 Eliska Vlkova a Anna Svarcova Change point - postupné zmény



Dvojvybérovy t-test a Bonferroni

Age girls boys p-values

cat. Yi (G1) mi| Ya (G2) no| t-test Bonferroni BH ‘

1.89(0.17

7 3311.87(0.18
-8 12.00(0.21

9

1

4311.98(0.20
3312.06(0.21
4212.14(0.18

1910.780 1.000 0.780
3810.646 1.000 0.763
3810.369 1.000 0.479
2910.081. 1.000 0.117
10-1112.19 (0.22) 42(2.17(0.19) 45(0.713 1.000 0.773
11-1212.23(0.15) 30(2.31(0.23) 37]0.062. 0.800 0.100

(0.17) (0.18)
(0.21) (0.20)
2.01 (0.21) (0.21)
(0.18) (0.18)
(0.22) (0.19)
(0.15) (0.23)
12-13]2.26 (0.13) 41 |2.35(0.23) 40[0.047%  0.615  0.088.
(0.22) (0.21)
(0.23) (0.19)
(0.17) (0.22)
(0.19) (0.28)
(0.18) (0.16)
(0.17) (0.10)

-1012.06 (0.18

13-1412.30(0.22) 32|2.53(0.21) 36|0.000%** 0.00L*** 0.000%**
14-15(2.28 (0.23) 31|2.66(0.19) 20|0.000%** 0.000%*** 0.000%**
15-16]2.37(0.17) 29]2.72(0.22) 26|0.000*** 0.000%** 0.000%***
16-17]2.33(0.19) 17]2.83(0.28) 9]0.001*** 0.006** 0.001**
17-1812.35(0.18) 25|2.76(0.16) 13]0.000*** 0.000%** 0.000***
18-19(2.33(0.17) 34|2.87(0.10) 14]0.000%** 0.000*** 0.000%**
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Predpoklady

@ Méjme predpoklady

(A1) pozorovani Yjy jsou ziskéna v Case i,
(A2) VSechna pozorovani jsou nezavisla,
_ i— K .
(A8) E(Vi-Va) =+ 0(752) (1= 1)
+

(A4)  Var(Yjyx) = o5 >0,

kde p, § jsou neznamé parametry, ko = nfly pro néjaké
6o (0,1),j=1,2i=1,...,mk= 1,...,[7/','.

@ Budeme vyuzivat znadeni a, = max(a,0).
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Homoskedasticky pripad
Odhady

@ Dodateény predpoklad:

(A4*) Var(Ys; — Ya)) = &, 02 > 0 je neznamy parametr a m
muze zaviset na n.

@ Dostavame LSE odhady :

K. — arg max | 1zt O = X0)(Vii = Ya)}®
' ke(,m iy (X — Xi)? ’
5 _ Lict (X = X) (Vi — Yai)

m
Z7=1 (Xif( - Xf()za

n

o1 — o= e
f= 52%— Yai) = 0u%:
=
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Homoskedasticky pripad
Odhady

@ Za predpokladu, ze = 0 mame

b —arg moe | i x,km, =2dl
ke(1,n) E/ 1 X
g = Sy X (Yai — Yai)
il X5
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Homoskedasticky pfipad
Asymptotické rozdéleni

@ Plati nasledujici

Vv nmﬁ
a

l/\
0o(1 —6o) | "k, —ko 4
1+ 360 n

V- _090)2 (1 +1§0°) (&, — 8) =2 N(0,1).
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Homoskedasticky pripad
Graf

asymptotic and simulated distribution of K,
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Obrazek: Hustoty asymptotického rozdéleni a histogramy 1000 simulovanych
hodnot k, a ko pron=20,02=1,m=20,.=0,0 =1,k € {2,4,...18}.
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Heteroskedasticky pripad
Odhady

2.
hi

—— — 2
o 7 = Var(Yy — Yoi) = 715 + 72,

Naj
Ko(72) = arg max 2 xu(Yai — Yai)/77)2
= = ,
ke(1,n) Do xl.i/rl?
L O;;;i gnz_zli’

=arg max) T, »(K).

ke(1,n

Ko(72) = arg max (2 Xl Vai — Yai) 77}
U ke(1.n)

2;7:1 Xi%(/’ri2
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Heteroskedasticky pripad
Bootstrap algoritmus

@ Odhadneme parametry ¢ a ko

@ Spoéteme vyrovnané hodnoty D; = 6, (%) (i=1,..,n)
+
@ Prob=1dob=B8B:

o Generujeme Df = D, + #ie; (i =1,

=1,..,n), ¢ ~ N(0,1)jsou
nezavislé

e Spocteme change-point odhad kAg z bootstrapového vybéru
D;,...,D;

@ Spotteme empiricky kvantil g z ki — k, ...,k — k pro a € (0,1)
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Simulace
Algoritmus

@ Zvolime n, change point 6y = &nl, n; a aﬁ, proje{1,2}a
i=1,..,n

v 2 0-2, 0-2,
@ Vypocteme rozptyl 7= = T e

@ Pros=1dos=S:
@ Proi=1doi=n:
@ Generujeme D; = Y;; — Ya; (normalini rozdéleni)
@ Generujeme 72 (x2 rozdéleni)
e Spocteme I?o(s) odhad change point
e Spocteme 95% interval spolehlivosti pro k; pomoci algoritmu
Bootstrap

@ Spocteme odchylku, MSE a pravdépodobnost pokryti
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Simulace

Homoskedasticky pfipad

6o agunled 5121
ke ke BT k() | ke ke BT k(7Y
01[8ss 952 033 040 |805 939 937 045
02924 959 928 0490 | 917 048 943 956
we—qo | 04| OL1 023 020 01O | 055 024 933 020
i 06| 928 932 926 924 | 939 899 922 902
08 | 904 905 90.0 908 | 80.6 877 892 801
09 | 781 783 792 784 | 801 748 764 760
n=10 01[939 920 o044 921 [951 928 946 930
02| 963 928 056 024 |954 927 958 047
w90 | 04| 035 020 023 0Ll | 027 0L6 920 008
" 06 | 876 901 901 898 |893 ST1 889 884
08 | 888 800 807 87.8 |800 860 872 884
09 | 721 704 749 701 | 724 709 726 703
01[965 943 040 049 | 049 935 958 031
02971 941 950 937 | 969 930 950 936
m—qp | 04 | 940 937 038 030 | 944 021 930 0238
" 06| 932 909 027 027 | 919 921 917 918
08| 948 956 943 953 | 938 045 925 937
09 | 841 843 848 840 | 831 818 844 809
n=0 01[97.3 950 944 949 [97.0 935 934 953
02| 951 943 041 043 | 935 939 941 940
me—op | 04| 930 931 031 020 | 936 936 931 047
i 06| 919 907 028 028 | 917 936 920 914
038|932 919 913 907 | 918 925 915 803
09 | 795 814 834 793 | 823 S04 824 824
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Simulace
Heteroskedasticky pripad

Nr. of observations (1;;)

nji =m | m{1+31(G odd)}/2 | m{l+3I(i>n/2)}/2

0j; constant (0j; = o) HO1 HO02
oji = o(1+21(i > ko)) H10 H11 H12
0ji = o(1+ 2[(i even)) H20 H21 H22
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Simulace

Heteroskedasticky pripad

n=10 n =20
o GRooted % 7.
ke ko KT k@) | ke ke BT ko) | ke ko KT Ro(72)
0.1 651 668 580 67.0 [88.1 925 025 032 [97.5 031 051 038
HOL 04699 689 67.7 70.7 |963 047 057 922 [041 933 044 051
08747 712 722 685 |885 865 86.7 884 [059 049 052 014
00|81 828 77.0 805 |786 774 T88 781 |775 804 08 789
01605 632 50.6 65.6 |83.7 942 025 939 (053 93.0 950 931
Hoo|04[ 659 654 639 60.6 906 884 010 030 |036 925 028 032
08694 695 741 729 904 892 901.0 863 |89.6 834 00.7 904
09800 782 712 837 |768 TLO T56 758 |826 842 823 819
0.1[90.0 939 924 04.0 888 946 034 028 [026 940 931 053
0| 04[971 906 997 097 027 915 043 L1 |046 949 049 933
0.8[80.0 936 933 022 |91.6 925 90.7 89.0 [953 914 048 005
09941 875 87.5 685 |024 888 86.1 734 |87.5 866 80.1 823
01656 654 556 69.9 [80.9 931 01.8 9031 [904 955 OL7 042
HIl 04710 672 674 708 |924 948 032 019 [9037 924 031 033
08790 787 761 71.0 (922 843 900.7 898 [968 059 064 89.3
09955 925 846 73.1 |93.1 903 875 662 |88.4 868 863 80.1
01589 639 49.9 64.0 [883 9056 020 942 |88.8 044 024 031
H12 0.4 703 683 653 69.5 [00.0 87.1 88.6 015 [945 03.0 947 029
08|706 775 788 722 |01 001 027 870 |030 885 013 888
09932 883 81.7 780 |91.3 852 857 743 |88.6 873 009 822
01800 024 010 004 |821 015 880 085 |07.0 072 080 003
H20 0.4 (938 046 9032 098 |03.0 89.6 89.9 037 |974 9054 066 09.2
08|780 755 7001 741 |782 Tr4 T62 738 |932 006 OL1 9041
09906 862 848 783 |00.0 865 833 775 |79.0 784 837 T44
0.1|588 638 488 669 |766 887 S0.7 045 |87.8 874 810 033
121 0.4 606 628 61.9 652 |83.9 820 833 884 |85.0 854 842 008
08733 70.7 68.0 69.3 |79.9 794 769 798 |84.7 848 843 881
09933 887 81.8 825 |87.6 854 81.3 789 (811 81.9 79.7 774
01498 584 304 69.1 |61.6 844 737 048 |79.0 832 804 93.0
H22 04571 612 56.0 725 |741 682 756 902 |780 81.9 810 933
08726 67.5 721 67.6 |82.6 79.0 749 735 |76.7 754 755 804
09922 866 79.2 79.9 003 837 832 821 (839 787 819 768
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Zaokrouhlovani

@ Méjme i- tou kategorii tzn. vék od i — i + 1 a kp € (0, n).

@ Vime, ze o
E(Yii— Ye)) =0 pro i< ko,

— o o(i — kK .
E(Yyi— Yai) = ( - 0) pro > [kol.

@ Oznacime si ip = ko] @ do = ko — o @ spoCteme si

-4

n
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Zaokroulovani

ko kg
0 | msE coverage | MSE  bias  coverage
020 | 0124 936% | 0.112  —0.010  94.6%
022 | 0113 954% | 0.113  —0.016  95.3%
025 | 0125 915% | 0.023  —0.010  92.9%
025 | 0122 912% | 0.133 0011 90.3%
w10 | 080 | 0116 93.9% | 0.131 0001  95.0%
e 0.70 | 0.432 92.7% 0.365  —0.041 93.3%
0.72 | 0.466 94.0% 0.498  —0.065 91.7%
0.75 | 0.678 89.6% 0.726  —0.138 88.4%
0.78 | 0.936 % 0971 —0.123 91.5%
10 0.80 1.160 91.3% 1255  —0.224 91.8%
"= 020 | 0053 941% | 0052 0002  93.2%
022 | 0054 95.4% | 0.050 0003  98.4%
025 | 0053 958% | 0.060 —0.017
025 | 0059 928% | 0054  —0.009
ooy | 030 | 0.063 926% | 0060 0011
=1 om0 | oarr 56.9% | 0.073  0.001
072 | 0191 % | 0091 0024 95.6%
0.75 | 0.246 0.230 —0.052 91L.7%
0.78 | 0.319 0302  —0.034 93.2%
0.80 | 0.399 0.506  —0.092 96.9%
020 | 00514 0050 —0.004
022 | 0056 0057 —0.003
025 | 0056 0050 0003
025 | 0061 0055 —0.009
=10 | 030 | 0063 1% | 0.060  —0.012
=" o | 01s0 93.7% | 0.158  0.001
072 | 0175 93.9% | 0.163  —0.033
0.75 | 0200 933% | 0.078  —0.023
078 | 0220 940% | 0229 —0.026
2 0.50 | 0263 94T% | 0216 —0.022  93.5%
"= 020 | 0027 040% | 0026 0004  93.3%
022 | 0026 043% | 0024 0010  98.0%
025 | 0030 933% | 0.020 93.6%
028 | 002 95.8% | 0.030 95.9%
=20 | 030 | 0033 93.9% | 0.031 0. 94.1%
I 90.7% | 0072 —0000  94.1%
072 | 0089 96.7% | 0075 —0001  95.9%
0.75 | 0093 90.6% | 0.095 —0.006  93.4%
078 | 0112 953% | 0.103  —0.012  943%
0.50 | 0114 90.0% | 0111 —0.012  95.7%
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Znaceni

Index (k)  Label Meaning Interpretation Y: (51) Y, (52)
1 6 6-7 years ~ 6.5 years 1.89 (0.17)  1.87 (0.18)
2 7 7-8 years ~ 7.5 years 2.00 (0.21)  1.98 (0.20)
13 18 18-10 years  ~ 18.5 years  2.33 (0.17)  2.87 (0.10)
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Obrazek: Funkce Tz,;z(k) a T:‘ig(k) pro data rychlosti odrazu.
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Testovani

Age girls boys p-values Age
cat. Y1 @1) m Ya (G2)  n2| t-test Bonferroni BH /1;0(?2) 250(?2)

6-7 [1.89(0.17) 33|1.87(0.18) 19[0.780 1.000 0.780 }888 }888 g
7-8 12.00(0.21) 43]1.98(0.20) 38|0.646 1.000 0.763 1'000 1'000 8
8-9 [2.01(0.21) 33(2.06(0.21) 380.369 1.000 0.479 0'999 0'997 9
9-10{2.06 (0.18) 422.14(0.18) 29|0.081. 1.000 0.117 0.861 0'846 10
10-11]2.19(0.22) 42]2.17(0.19) 45/0.713 1.000 0.773 0'113 0'117 11
11-12]2.23(0.15) 30|2.31(0.23) 37|0.062. 0.800 0.100 0'003** 0'003** 19
12-13]2.26 (0.13) 41]2.35(0.23) 40|0.047* 0.615 0.088. 0'000*** 0'000*** 13
13-1412.30 (0.22) 32]2.53(0.21) 36 |0.000%** 0.001*** 0.000%** 0.000*** 0'000*** 14
14-15]2.28 (0.23) 31]2.66(0.19) 20 |0.000%** 0.000%** 0.000*** 0.000*** 0'000*** 15
15-16]2.37(0.17) 29]2.72(0.22) 26 |0.000%** 0.000%** 0.000*** 0'000*** 0'000*** 16
16-17]2.33(0.19) 17]2.83(0.28) 90.001*** 0.006%*  0.001** 0'000*** 0'000*** 17
17-18]2.35 (0.18) 25]2.76 (0.16) 13|0.000%** 0.000%** 0.000*** 0'000*** 0'000*** 18
18-19]2.33(0.17) 34|2.87(0.10) 14 [0.000%** 0.000%** 0.000%** |~ ’
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Ovéreni

means
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Dékujeme za pozornost!
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