NMST 434, Exercise session VI: M-estimators
April 1,2019

SetOptions[Plot, BaseStyle -» FontSize - 16];

Example: S, as an M-estimator

Clear[M];
$Assumptions = t > © && 02 > 0;
Wlu_, 02_, t_]1 = {x-u, (x-p)?-02, Vo2 -1};
D[¢[u, 02, ], {{u, 02, T}}] /. X>pu
Ai = Inverse[%] /. o - 4/ 02;
B =
((outer[Times, ¥[u, 02, tl, ¥[u, 02, t]] // Expand) /. Table[x*I > M[4-j], {j, @, 4}])
Ai.B.Transpose[Ai] /. {M[1] - u, M[2] » 02+ u?, 02 » t*} // Simplify // MatrixForm

1
» ~1}}
202
{{#?-2umM[1] +M[2], P+ 102+ 3P M[1] - 02M[1] -3 uM[2] +M[3],
~uNo2 +pt+o2 M) - TM1]}, (-4 + o2+ 32 M[1] - 02M[1] -3 uM[2] +M[3],
pr-2p202+022-41PM[1] +4u02M[1] +6 2 M[2] -202M[2] -4 uM[3] +M[4],
2oz —02¥2 -t rr o2t -2un02 M[1] +2uTM[1] +V 02 M[2] - TM[2]},
{—u\/072+ut+\/072M[1] ftM[l],uz\/072—023/2—u2t+02t7
2pu~02 M[1] +2pTM[1] ++/02 M[2] - TM[2], 02-2~/02 T+ %)}

{{_1) e) 0}) {6: _11 0}) {0)

12+3 4 02-M[3]
02 ~3 -3 02+M[3] _ w3 2"2”3
T
4 2 2 4
13 -3p02+M[3] 3pf+6u202-202T2+ T -4uM[3] +M[4] b 02*202;” R
T
_ WB+3 4 02-M[3] 3446 1% 02-2 02 t*+1*-4 U M[3]+M[4] 3446 1% 02-2 02 t*+1*-4 U M[3]+M[4]
2t 2t 4t?

Direct use of a A-theorem
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Clear[M]

gla_, b_] = {a) b_aZJ ’\/(b_az)}.;

(3= (prgla, b], {{a, b}}] /. {a—>M[1], b>M[2]})) // MatrixForm

Z = Table[M[i+j] _M[i] M[j]: {iJ 1, 23, {J) 1, 2}];

J.=.Transpose[J] // Simplify // MatrixForm

Ai.B.Transpose[Ai] /. {u > M[1], 02 > M[2] -M[1]%, T > +/ (M[2] -M[1]?)} // Simplify //

MatrixForm
1 0
-2M[1] 1
M[1] 1
\/—M[1]2+M[2] 2\/—M[1]2+M[2]
-M[1]%+M[2] 2M[1]3-3M[1] M[2] +M[3] 2M[113-3
2/
2M[1]3 - 3M[1] M[2] +M[3] —-4M[1]%+8M[1]2M[2] -M[2]2-4M[1] M[3] +M[4] ﬂw—u—“’“mf
24/ -l
2M[113-3M[1] M[2]+M[3] —4M[11%+8M[1]12M[2]-M[2]2-4M[1] M[3]+M[4] 4M[114-8M[1]2M[2
24/ -M[1]%2+M[2] 24/ -M[1]2+M[2] 4Ml
-M[1]2+M[2] 2M[1]3-3M[1] M[2] + M[3] 2M[11%-3
24/
2M[1]3 - 3M[1] M[2] +M[3] -4M[1]%+8M[1]2M[2] -M[2]2-4M[1] M[3] +M[4] ﬂmz—mf
24/ -l
2M[113-3M[1] M[2]+M[3] —4M[11%+8M[1]12M[2]-M[2]2-4M[1] M[3]+M[4] 4M[114-8M[1]2M[2
24/ -M[1]%2+M[2] 24/ -M[1]2+M[2] 4Ml

Special case of normal distribution

M[k_] = Moment [NormalDistribution[u, o], k];
J.=.Transpose[J]] // Simplify // MatrixForm
Ai.B.Transpose[Ai] /. {u > M[1], 02 » M[2] -M[1]?%, T > 4/ (M[2] -M[1]?)} // Simplify //

MatrixForm

o? 2} 0

o 20* (02)%?
P <02>3/2 02_2
o? 0 0

0 20 (0?)%?
) <02)3/2 o?

2

Example: Sample correlation coefficient as an M-estimator

For a general, properly integrable distribution. We find the joint distribution of the sample means
of Xand Y, sample variances of X and Y, sample average of XY, and the sample correlation coeffi-
cient.

For the joint distribution, WLOG centered distributions with unit variances does not apply (compare
with the example Sessionl.nb). We must compute in full generality.



Clear[M];
$Assumptions = Element [ux, Reals] & Element [uy, Reals] &&
Element [uxy, Reals] & ox2 > 0&& oy2 > 0&& -1<p < 1;
YLux_, uy_, uxy_, ox2_, oy2_, p_] = {X—IJXJ Y-HuYy, Xy - uxy,
UXY - puxuy _ }.
k)

(X - ux)2-ox2, (y-uy)?-oy2,
+/ (ox2 oy2)
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A@ = D[Y¥[ux, py, uxy, ox2, oy2, pl, {{uX, uy, uxy, ox2, oy2, p}}] )3

(

(A = A /. {x->M[1,0],y> M[O, 1]});
(A=A/.puxy->M[1,1]) // MatrixForm
(Bo

(

(

/. uxy »M[1, 1] // Simplify) // MatrixForm

= Outer[Times, Yy[ux, ny, uxy, ox2, oy2, pl, ¥[ux, uy, uxy, ox2, oy2, p]l ).;
B = (B@ // Expand) /. Flatten[Table[x*Jy** > M[4-], 4-k], {j, @, 4}, {k, 0, 4}]]);
B=B

ux? -2 uxM[1, @] +M[2, 9]

ux (py -M[@, 1]) - uy M[1, @] +M[1, 1]
-M[1, @] M[1, 1] +M[2, 1]

(ux-M[1,0])

0 OoX2 0y2+4+] oX2 0y2  (uX y-M[1,1]) ]

ox2 oy2

Asymptotic variance matrix for general distributions.

-1 0 ] ] 0
0 -1 ) 0 0
0 0 -1 0 0
-2 (-ux+M[1, @]) 0 0 -1 0
0 -2 (-uy +M[0, 17) 0 ) -1
__uy _ UX 1 _oy2 (-pxupy+M[1,1]1)  ox2 (-uxuy+M[1,1])
ox2 oy2 | ox2 oy2 | ox2 oy2 2 (ox2 oy2)3/2 2 (ox2 Uy2)3/Z

- +3ux? M1, @] - 0x2M[1, @] + ux (0x2 - 3M[2, @] ) +M[3, @]

© OO0

~ux (uy? - oy2 -2y M@, 1] +M[@, 2]) + y?M[1, @] ~oy2M[1, @] - 24y M[1, 1] +M[1, 2]

- oX2
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(Var = Inverse[A].B.Transpose[Inverse[A]] // Simplify) // MatrixForm

Var /. {ux > M[1, @], uy -» M[0, 1], ox2 » M[2, @] - M[1, ]2, oy2 » M[@, 2] -M[@, 1]2} //

Simplify // MatrixForm

2 [ox2oy2 (ux-M[1,0])

UX

P OX2 0y2++] 0X2 0y2 (ux py-M[1,1]) |-20X2 (ux 0y2- (uy-M[0,1]) (uxpy-M[1,1])) (ux (uy-M[@,1])-uyM[

M[1,1] M[1,2] (M[1,0]2-M[2,0])-M[0,1]3 (M[1,0]2M[2,0]-2M[2,0]%+M[1,0] M[3,0])+M[0,2] (M[1,0]3M[1,1]-2M[1,0]2M[2,1]+2M]

Asymptotic variance of the sample correlation coefficient.

Clear[M]
Short[ (Var[[6, 6]] /. {ux > M[1, @], uy » M[@, 1],
ox2 » M[2, @] - M[1, @]%, oy2 » M[@, 2] -M[@, 1]°}) // Simplify]
var[[6, 6]] /. {ux > M[1, @], uy » M[0, 1], ox2 - M[2, @] - M[1, @]?,
oy2 - M[@, 2] -M[@, 1], p » @} // Simplify

M[@, 4] M[1, 1]* (M[1, @]*-M[2, 01)2-4 <12 «<1>2 ((-1+0%) M[1, 0] -p*M[2, 0] ) +

«T>> + <<15> - 2M[0, 1] (<<1>>))/(4 (M[e, 11 -M[e, 2])° (M[1, @]2-M[2, 0])3)
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1
4 (M[e, 112-M[0, 2])° (M[1, 0]2-M[2, 0])°
(M[O, 4] M[1, 1]% (M[1, @]*-M[2, 0])2+4M[0, 2]% (M[1, 0]%-M[1, @] M[2, 01)2
2M[e, 2] M[1, 1] (M[1, @]*-M[2, @]) (2M[1, @] M[1, 1] M[1, 2] -2M[1, @]*M[1, 3] +
2M[1, 3] M[2, @] +2M[0, 3] (M[1, 0] -M[1, @] M[2, @] ) -M[1, 1] M[2, 2]) +
M[@, 1]® (4M[1, @]°-8M[1, 8]"M[2, @] +4M[2, @]°-4M[1, @] M[2, @] M[3, @] +
M[1, @] (3M[2, 8] +M[4,0])) +
M[@, 2] (-8M[1, 8]°M[1, 2] +4M[1, 0]> (4M[1, 2] M[2, @] -3M[1, 1] M[2, 1]) +
4M[2, @]*M[2, 2] +M[1, 0]* (11M[1, 1]2+4M[2, 2]) -4M[1, 0]
(2M[1, 2] M[2, @)%+ M[1, 1] (-3M[2, 8] M[2, 1] +M[1, 1] M[3, @])) - 4M[1, 1]
]

(-3M[

M[2, @] M[3, 1] -4M[1, @]* (3M[1, 1]*>M[2, @] +2M[2, @] M[2, 2] -M[1, 1] M[3, 1] ) +
M[1, 1]% (4M[2, 0]*>+M[4, @])) +M[0, 1]* (11M[1, 1]?M[2, 0]% -
4M[1, 0]% (M[1, 2] M[2, @] +M[1, 1]

(1 1M

4M[1, @] (M[1, 2] M[2, @]*+M
(4

11M[2, 1]) +6M[1, @]*M[2, 2] +4M[2, @]*M[2, 2] +
11 M[2 [2, 1] -M[1, 1]°M[3, @] ) -4M[1, 1]

M[2, @] M[3, 1] -2M[1, @]?2 [ 1) [ 0] +5M[2, @] M[2, 2] -2M[1, 1] M[3, 1]) +
M[1, 1]°M[4, @] -2M[0, 2] (4M[1, 8]°-7M[1, 8]*M[2, 0] +4M[2, 0] -
4M[1, O] M[2, @] M[3, @] +M[1, 0]2(2M[2, 012 +M[4,0]))) +

M[@, 1] ((M[1, @]>-M[2, @]) (M[@, 4] (M[1, @]*-M[1, @]*M[2, @]) +
2M[1, 1] (-2M[1, @] M[1, 1] M[1, 2] +2M[1, @]*M[1, 3] -2M[1, 3] M[2, @] +
2M[e, 3] (M[1, @]°-M[1, @] M[2, @] ) +M[1, 1] M[2, 2])) +M[@, 2]? (3M[1, 0]° -
4M[1, 0]*M[2, 0] +4M[2, @] -4M[1, @] M[2, @] M[3, @] +M[1, O]*M[4, O] ) +
2M[0, 2] (4M[1, 0]1°M[1, 2] +M[1, @)% (-6M[1, 2] M[2, @] +8M[1, 1] M[2, 1]) -

4M[2, @]2M[2, 2] -M[1, @]* (4M[1, 1]%+5M[2, 2]) +
2M[1, @] (M[1, 2] M[2, @]*+2M[1, 1] (-2M[2, @] M[2, 1] +M[1, 1] M[3,0])) +
4M[1, 11 M[2, ] [3, 1] +M[1, @]% (7M[1, 1]?M[2, @] +9IM[2, @] M[2, 2] -
4M[1, 1] M[3, 1]) -M[1, 1]* (6M[2, @]*+M[4, @]))) -
2M[0, 115(4 ©]°M[1, 1] +2M[2, @] (2M[2, @] M[2, 1] -M[1, 1] M[3, @] ) -

(1,
> (2M[2, @] M[2, 1] +M[1, 1] M[3, 0] ) +
> (-5M[1, 1] M[2, @] +M[3, 1] ) +
M[1, @] (-2M[2, @] M[3, 1] +M[1, 1] (9M[2, @]*+M[4,@]))) +
M 1

]
1M[1, 2] +M[1, ©13M[1, 3] +

4M[0, 1]° (- (M[1, @]*-M[2, @] ) (M[1, @]*M[1,
M[1, 1] (-3M[1, 2] M[2, @] +M[1, 1] M[2, 1]) +
M[1, @] (-2M[1, 1]°-M[1, 3] M[2, @] +M[1, 1] M[2, 2])) +M[@, 2]
[

(5M[1, @]°M[1, 1] -M[1, @] M[2, 1] +2M[2, @] (2M[2, @] M[2, 1] -M[1, 1] M[3, @] ) -
M[1, @] (3M[2, @] M[2, 1] +2M[1, 1] M[3, @] ) +M[1, @]> (-9M[1, 1] M[2, @] +
M[3, 1]) +M[1, @] (-2M[2, @] M[3, 1] +M[1, 1] (7M[2, @]*+M[4,0])))) -
M[O, 1] (M[l 1] (M[@, 4] M[1, @] +2M[@, 3] M[1, 1]) (M[1, 0]>-M[2, e])z

ZM[B 2]( 1 ,01 [2 01)( M[1, ©]2M[1, 1] M[1, 2] -M[1, ©@]3M[1, 3] +
3] (M [1, @]°M[2, @]) +M[1, 1] (3M[1, 2] M[2, @] -M[1, 1] M[2, 1]} +
0] (2M M[1, 3] M[2, @] -M[1, 1] M[2, 2])) +

M[e 2] (9M[1, 01 [1 1] -2M[1, 0]*M[2, 1] +
2M[2, @] (2M[2, @] M[2, 1] -M[1, 1] M[3, @] ) -2M[1, @]°
(M[2, @] M[2, 1] +M[1, 1] M[3, @] ) +2M[1, @] (-7M[1, 1] M[2, @] +M[3, 1]} +
M[1, @] (-2M[2, @] M[3, 1] +M[1, 1] (8M[2, @] +M[4, e])))))

Special case of the bivariate normal distribution.
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dist = MultinormalDistribution[{ux, uy}, {{ox2, p+/(ox20y2)}, {p+/ (ox20y2), oy2}}];
M[i_, j_] = Moment[dist, {i, j}1;

Var // Simplify // MatrixForm

Var /. {ux -9, uy » 0, ox2 » 1, oy2 -» 1} // Simplify // MatrixForm

ox2 o0\ ox2 oy2 uyox2+uxpm
0\ ox2 oy2 oy2 uxoy2+uypm
LY OX2 + uX p \ 0X2 oy2 uxoy2+uypm uyzox2+<uxz+ox2+pzox2) oy2+2uxuyp\/8
0 0 2 p ox2+ ox2 oy2
0 0 2poy2+ox2oy2
) 0 - (-1+p?%) Vox2o0y2
1p 0 0 0 %]
o 1 0 0 0 %]
0 0 1+p0%2 2p 2p 1-p
0 0 2p 2 2 p? o - o3
0 0 2p 2p2 2 o - o3
0 0 1-02 p-p* p-p> (-1+p2)?

Direct use of the A-theorem (only for the asymptotic distribution of 5, see Session1.nb)

Clear([u];
(e-ab)

((e-a) (a-v))

g[a_: b_) C_» d_: e_] =

Dg =
D[g[a, b, ¢, d, e], {{a, b, c,d, e}}] /. {a»0,b>0,c>1,d>1, e->p} //Simplify;

MatrixForm[Dg] (» gradient of g at E(a,b,c,d,e) =)
Z = {{1: o, ul3, 01, pul[1, 2], u[2, 11}, {po, 1, u[2, 1], u[0, 3], n[1, 2]},

{ul3, 01, uf2, 11, u[4, 0] -1, n[2, 2] -1, u[3, 1] -u[1, 11},

{nll, 2], p[0, 31, ui(2, 2] -1, u[0, 4] -1, u[1, 3] -u[1, 11},

{H[z: 1], ul1, 2], u[3, 1] - u[1, 1], u[1, 3] - u[1, 1], n[2, 2] - ul[l, 1]2}}3
(» original variance matrix =x)
MatrixForm[X]
Dg .= .Dg // Simplify (» asymptotic variance of o5 )
Dg.=.Dg /. p-» 0 (» asymptotic variance under independence =*)

0
0
_ L
2
_ b
2
1
1 Jej u(3, 0] pull1, 2] pul2, 1]
e 1 ul2, 1] uie, 3] pll, 2]
ui3, 0] pf2, 1] -1+uf4, 0] -1+u(2, 2] -p[1, 1] + (3, 1]
ul1, 2] wule, 3] -1+uf2, 2] -1+ufo, 4] -u[1, 1] +pu[1, 3]
(l2, 1) w(1, 2] -p[1, 1) +u[3, 1] -p[1, 1) +u[1, 3] -p[1, 1)%+u(2, 2]

2p0p[1, 1] - u[1, 11%+u(2, 2] -

1 2
o (ul1, 3] +u(3, 1]) "0 (~4+p(0,4) +20(2, 2] + (4, 0])

~uf1, 112+ (2, 2]
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Example: Robust estimation of location

$Assumptions = Element[©6, Reals];

dist = {NormalDistribution[], StudentTDistribution[1],
LaplaceDistribution[], LogisticDistribution[]};

p[X_, ©_] = Log[PDF [#, x-6]] & /@dist;

D[p[x, €], @]

t#[X_: 6_] =%;

Plot [Evaluate [y [x, 31], {X, 3-2, 3+2},

PlotLegends » {"Normal"”, "Cauchy", "Laplace", "Logistic"}, PlotLabel -» "y functions"]

e x-o6:0
2
€ True 2x+20 X+6
2 (x-0) - i o 2@ 2% e X
 — » @ (1re™?)?
1+ (x-0) { " X-6>0

_ N }
True

<1+e’x+e)3 <1+e’x+e>2

1 * / —— Normal
i / Cauchy
I S e R Laplace

%3 4 S Logistic

Inverse asymptotic variance (Fisher information)

Clear[x]

-D[¥[x, 6], {6}] // Simplify

Table[Integrate[%[[j]] PDF[dist[[j]], x-©6], {X, —©, ©}], {j, 1, Length[dist]}]
2(—1+X2—2X9+62) 2 X+

{1) - ) 0)

<1+X2—2X6+92>2 (ex+e9)2

1
{1) ;) @: _}
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