Numerical Linear Algebra with Applications, Vol. 0(0), 0ś0 (1996)

The Potential Fluid Flow Problem and the Convergence Rate of the Minimal Residual Method

JiÏrÂõ MaryÏska, Miroslav RozloÏznÂõk, Miroslav TÊuma

Institute of Computer Science, Academy of Sciences of the Czech Republic, Pod vodÂarenskou vÏeÏzÂõ 2, 182 07 Prague 8, Czech Republic

In the paper the potential ŕuid ŕow problem in porous media using the Darcy’s law and the continuity equation is solved. Mixed-hybrid őnite element formulation based on general trilateral prismatic elements is considered. Spectral properties of resulting symmetric indeőnite system of linear equations are examined. Minimal residual method for the solution of systems with a symmetric indeőnite matrix is applied. The rate of convergence and the asymptotic convergence factor which depend on the eigenvalue distribution of the system matrix are estimated.

KEY WORDS Potential ŕow problem in porous media Mixed-hybrid formulation trilateral prismatic elements Symmetric indeőnite linear systems Minimal residual method Rate of convergence Asymptotic convergence factor

1. Introduction

The potential ŕow of polluted groundwater in porous media is usually modelled by a mixed or mixed-hybrid formulations which allow more accurate treatment of the velocities of the studied contaminant in comparison to primal formulation. Moreover, in some applications, the model must reŕect the complex geographical and geological structure of the considered area. Layers of stratiőed rocks with substantially different physical properties must be modelled using the appropriate discretization of geological region. The ŕow domain is usually fairly large (several squared kilometres) in comparison to the vertical thickness of sedimented layers (several metres). These characteristics can be correspondingly described by trilateral prismatic elements with vertical faces and general nonparallel bases. Detailed description of this element type and a corresponding mixed-hybrid formulation of the problem has been presented in [1], where existence and uniqueness of the approximate solution from the resulting system of linear equations is proved. The mixed-hybrid formulation gives rise to the solution of a linear system with a matrix which is symmetric, but due to the

1070ś5325/96/000000ś01$5.50 Received 00 May 1995

cfl1996 by John Wiley & Sons, Ltd. Revised 30 April 1996

zero diagonal block necessarily indeőnite. Since the classical conjugate gradient method for such symmetric indeőnite systems is inapplicable, the related minimal residual method (MINRES) can be applied. Because the system matrix is normal, the rate of convergence of the MINRES method depends on its eigenvalue distribution. In particular, the estimate for the relative residual norm is given by the best minimal polynomial approximations on a set of eigenvalues of the system matrix. These are usually estimated by the solution of a continuous problem on an optimal inclusion set for the spectrum of the matrix. The solution of such approximation problem for the case of inclusion set with two disjoint intervals on the positive and negative part of real axis, respectively, is well deőned, but unfortunately there is no explicit expression for the optimal polynomial in general. Instead, the asymptotic convergence factor is considered. It is given by the Green’s function for the complement of the corresponding inclusion set. For the particular case of two disjoint intervals, this function can be expressed in terms of elliptic functions. This approach enables the determination of the asymptotic convergence rate of the MINRES method and its dependence on the mesh size from the discretization of the formulation can be derived.

The outline of the paper is as follows. In Section 2, we brieŕy recall the deőnition of the problem and describe the őnite element discretization resulting in the system with symmetric indeőnite matrix. In Subsection 2.1, the spectral properties of the positive deőnite diagonal block are analyzed. Using graph theory tools the singular values of the off-diagonal block of the system matrix are estimated. In particular, the dependence on the mesh size parameter is studied. In Subsection 2.3 these quantities are related to the eigenvalue distribution of the whole indeőnite matrix. Section 3 introduces the minimal residual method. In Subsection 3.1 the theoretical rate of the method applied to the system is estimated using the derived eigenvalue distribution. Subsection 3.2 includes the estimation of the asymptotic convergence factor similar to one used by Wathen, Fischer and Silvester in [2] for our particular case of an inclusion set dependent on the mesh size parameter. In Section 4 numerical experiments illustrating the previous theoretical results are presented. Finally, Section 5 contains some concluding remarks, open questions and directions for the future work.

2. Mixed-hybrid őnite element approximation of the problem

Let Ω be a bounded domain in R^3 with a Lipschitz continuous boundary ∂Ω. Potential ŕuid ŕow in saturated porous media can be modelled by the velocity u given by Darcy’s law

Au = −∇p, (2.1)

where p is the piezometric potential and A is the symmetric and uniformly positive deőnite second rank tensor of hydraulic permeability of the porous medium. We assume [A(x)]_{ij} ∈ L^∞(Ω) for all i, j ∈ {1, 2, 3}. Consider also the continuity equation for the incompressible ŕow ∇ · u = q, (2.2)

where q represents the density of potential sources in the medium. The boundary conditions are given by p = p_D on ∂Ω_D, (2.3)

u · n = u_N on ∂Ω_N , (2.4) where ∂Ω = ∂Ω_D ∪ ∂Ω_N are such that ∂Ω_D ∩ ∂Ω_N = ∅ and n is the outward normal vector deőned (almost everywhere) on the boundary ∂Ω.

Assume that the domain Ω is a polyhedron and is subdivided into a collection of subdomains such that every subdomain is a trilateral prism with the suitably chosen vertices x_1, x_2, x_3, x_4, x_5, x_6 (see Figure 1),

x_1 = (x_1, y_1, z_1) , x_2 = (x_2, y_2, z_2) , x_3 = (x_3, y_3, z_3) , x_4 = (x_1, y_1, z_4) , x_5 = (x_2, y_2, z_5) , x_6 = (x_3, y_3, z_6) .

We will denote the discretization of the domain Ω by E_h and for every element e ∈ E_h we deőne h^e_1 = max_{x_{i,}x_{j ∈e}}[(x_{i1}−x_{j1})^2+(x_{i2}−x_{j2})^2]^12 and h^e_2 = max_{x_{i ,}x_{j ∈e}} |x_{i3}−x_{j3}|. Deőne the parameters of horizontal and vertical discretization by

h_1 = max_{e∈Eh} h^e_1, h_2 = max_{e∈Eh} h^e_2,

and denote by σ the maximal angle of the prismatic discretization σ = max_{e∈Eh} σ^e, where σ^e is the maximal angle between the lower and upper base of the element e. Introduce also the collection of faces of elements e ∈ E_h which are not adjacent to the boundary ∂Ω_D by Γ_h = ∪_{e∈Eh} ∂e − ∂Ω_D.

Figure 1. General trilateral prismatic element

?

6

x_1 x_3 x_4 x_6

x_2 x_5

n^e_1 n^e_2

ZZ} @
       @R

         ææ>

n^e_4 n^e_5 n^e_3

The velocity function u is approximated by the vector functions linear on every element e ∈ E_h. We deőne the Raviart-Thomas space

RT^0_{−1}(E_h) = {v_h ∈ L^2(Ω); v^e_h ∈ RT^0(e), ∀e ∈ E_h}, (2.5)

where RT^0(e) is the subspace spanned by the linearly independent basis functions v^e_j , j = 1, ..., 5, of the form

v^e_i = k^e_i 0 0 x_3 − α^e_{i3}

, i = 1, 2, v^e_i = k^e_i x_1 − α^e_{i1} x_2 − α^e_{i2} β^e_i x_3 − α^e_{i3}

, i = 3, 4, 5 (2.6) such that F_j(v^e_i ) = ∫ f^e_j n^e_j · v^e_i dS = δ_{ij} , i, j = 1, ..., 5. (2.7) Here f^e_j denotes the j-th face of the element e and n^e_j = (n^e_{j1}, n^e_{j2}, n^e_{j3}) its outward normal vector (with respect to the element e).

From the conditions (2.7) for i = 1, 2 we have

α^e_{i3} = x_{T 3}(f^e_j ), k^e_i = {n^e_{i3}[x_{T 3}(f^e_i ) − x_{T 3}(f^e_j )]|f^e_i |}^{−1}, j = 1, 2, j ≠ i (2.8)

where |f^e_i | denotes area of the i-th face of the element e and x_{T i}(f^e_j ) denotes the i-th component of the centre of gravity of the j-th face of the element e.

For i = 3, 4, 5 we obtain the system of equations for the unknowns α^e_{i1}, α^e_{i2}, α^e_{i3} and β^e_i :

n^e_{j1}α^e_{i1} + n^e_{j2}α^e_{i2} + n^e_{j3}α^e_{i3} − n^e_{j3}x_{T 3}(f^e_j )β^e_i = n^e_{j1}x_{T 1}(f^e_j ) + n^e_{j2}x_{T 2}(f^e_j ), j = 1, 2 n^e_{j1}α^e_{i1} + n^e_{j2}α^e_{i2} = 0, j = 3, 4, 5; j ≠ i. (2.9)

The piezometric potential p will be approximated by the space M^0_{−1}(E_h) which consists the element-wise constant functions and by the space M^0_{−1}(Γ_h) of the functions constant on every face from Γ_h. Let e_j ∈ E_h, j = 1, . . ., J, be the numbered system of prismatic elements and f_k, k = 1, . . ., K, be the numbered system of interelement faces from Γ_h. The őnite-dimensional space RT^0_{−1}(E_h) is then spanned by 5 × J linearly independent basis functions v_i, i = 1, . . . , I = 5×J. Consequently, from the Raviart-Thomas approximation of the problem (for the details we refer to [1]), we obtain the system of linear algebraic equations of the form A B C B^T C^T u p λ = q_1 q_2 q_3

, (2.10)

where u = (u_1, ..., u_I)^T , p = (p_1, ..., p_J)^T , λ = (λ_1, ..., λ_K)^T are unknowns and the matrix blocks are given by

A_{ij} = (Av_i, v_j)_{0,Ω}; i = 1, . . ., I, j = 1, . . ., I, (2.11) B_{ij} = −(∇ · v_i, 1)_{0,ej} ; i = 1, . . ., I, j = 1, . . . , J, (2.12) C_{ik} =< n_k · v_i, 1 >_{fk} ; i = 1, . . . , I, k = 1, . . ., K. (2.13) Here n_k is the outward normal vector to the face f_k with respect to the element corresponding to the support of the function v_i. The right-hand side vector satisőes

(q_1)_i = − < p_{D,h}, n_i · v_i >_{∂ΩD} ; i = 1, . . ., I, (2.14) (q_2)_j = −(q, 1)_{0,ej} ; j = 1, . . ., J, (2.15) (q_3)_k = < u_{N,h}, 1 >_{fk} ; k = 1, . . ., K. (2.16)

2.1. The spectrum of the symmetric positive deőnite block A The matrix block A is symmetric positive deőnite and is composed of diagonal blocks A^e ∈ R^{5,5}, where [A^e]_{ij} = (Av^e_i , v^e_j )_{0,e}, i, j = 1, . . ., 5. Since the matrix A^e is independent of the translation and rotation, we choose the coordinate system so that for some i the vertices x_i, x_{i+3} belong to axis x_3 and the centre of gravity of lower base belongs to the plane spanned by x_1 and x_2. From (2.7) for some positive constants c^e_α, c^e_{k,1} and c^e_{k,2} we have

α^e_{13} = 0, α^e_{23} = c^e_αh_2, k^e_i = c^e_{k,i}(h^2_1h_2)^{−1}, i = 1, 2. (2.17)

From (2.9) it follows α^e_{i1} = α^e_{i2} = 0 for i = 3, 4, 5. Using (2.9) and that x_{T 3}(f^e_1 ) = 0 we have

n^e_{13}α^e_{i3} = n^e_{11}x_{T 1}(f^e_1 ) + n^e_{12}x_{T 2}(f^e_1 ) = |x_T |. sin σ^e, (n^e_{13} + n^e_{23})α^e_{i3} − n^e_{23}x_{T 3}(f^e_2 )β^e_i = (n^e_{11} + n^e_{21})x_{T 1}(f^e_1 ) + (n^e_{12} + n^e_{22})x_{T 2}(f^e_1 ).

Consequently, for some constant c^e_σ

α^e_{i3} = |x_T | tan σ^e = c^e_σ h_1, −n^e_{23}x_{T 3}(f^e_2 )β^e_i = (2.18) = (n^e_{11} + n^e_{21})x_{T 1}(f^e_1 ) + (n^e_{12} + n^e_{22})x_{T 2}(f^e_1 ) − (n^e_{13} + n^e_{23})|x_T | tan σ^e (2.19)

hold. For the coefőcient β^e_i we obtain

β^e_i = c^e_β h_1 h_2 sin σ^e, (2.20)

where c^e_β is a positive constant independent of the discretization. Note that β^e_i ≠ 0 if and only if the bases are nonparallel. Finally we evaluate the coefőcients k^e_i , which are equal to

k^e_i = [n^e_i · x_T (f^e_i )]^{−1}|f^e_i |^{−1} = c^e_{k,i} 1 h^2_1h_2

(2.21)

for some positive constants c^e_{k,i}, i = 3, 4, 5. Assuming the diagonal tensor of permeability we őnally get the estimates for components of matrix A^e in the form

(Av^e_i , v^e_j )_{0,e} = Ãc^e_{i,j} h_2 h^2_1

, i, j = 1, 2, (2.22)

(Av^e_i , v^e_j )_{0,e} = Ãc^e_{i,j} 1 h_2

, i, j = 3, 4, 5, (2.23)

(Av^e_i , v^e_j )_{0,e} = Ãc^e_{i,j} 1 h_1 sin σ, i = 1, 2, j = 3, 4, 5. (2.24)

where Ãc^e_{i,j} are positive constants independent of the discretization parameters h_1, h_2 and σ. For any vector function u = (u^1, u^2, u^3, u^4, u^5) such that

∑_5 i=1(u^i)^2 = 1 it follows

(A^eu, u) = 5∑ i,j=1 u^iu^j(Av^e_i , v^e_j )_{0,e} ≤ Ãc^e h_2 5∑ i,j=1 u^iu^j ≤ 5Ãc^e h_2

, (2.25) where Ãc^e is given as Ãc^e = max_{i,j} Ãc^e_{i,j}, i, j = 1, . . . , 5. The minimal eigenvalue of the matrix A^e will be estimated using the estimate for the maximal eigenvalue of the matrix inverse (A^e)^{−1}. The maximal eigenvalue of the latter is bounded by the maximum norm. Let us estimate the maximal element of the matrix (A^e)^{−1} using the direct approximation of algebraic complements. It is easy to see that for some positive constants Äc^e |(A^e)^{−1}_{ij} | ≤ Äc^e h^2_1 h_2 , i, j = 1, . . ., 5. (2.26) Consequently, for any vector u ∈ R^5 with ‖u‖ = 1 we have

((A^e)^{−1}u, u) ≤ 5Äc^e h^2_1 h_2

. (2.27)

Using the estimates (2.25) and (2.27) for the extremal eigenvalues of the matrix A^e we obtain σ(A^e) ⊂ [ h_2 5Äc^eh^2_1 , 5Ãc^e 1 h_2

]. (2.28)

Introducing the parameter ϱ = h_2/h_1 < 1, which relates the parameters of vertical and horizontal discretization and denoting h = h_1 we get the inclusion set for the eigenvalues of the matrix block A in the form σ(A) ⊂ [c_1 1 h , c_2 1 h ], (2.29)

where c_1 = min_{e∈Eh} ϱ/(5Äc^e) and c_2 = 5max_{e∈Eh} Ãc^e.

2.2. Singular values of the matrix block (B|C)

It is easy to see that the system matrix of the system (2.10) is nonsingular if and only if the block (B|C) has a full column rank. In order to get the eigenvalues of the symmetric indeőnite matrix (2.10) it is important to estimate the extremal singular values of the matrix block (B|C).

From the deőnition of the blocks B and C one can easily derive that their euclidean norms satisfy the relations ‖B‖ = √ λ_{max}(B^T B) = √ 5 and ‖C‖ = √ λ_{max}(C^T C) = √ 2, where λ_{max}(X) denotes the maximal eigenvalue of the matrix X. Consequently, for the euclidean norm of the block (B|C) we get the estimate of the maximal singular value σ_1 of the matrix (B|C) in the form ‖(B|C)‖ = σ_1((B|C)) ≤ √ 5 + √ 2. The standard approach in the mixed őnite element method for estimating the minimal singular value of the corresponding nondiagonal block is to apply the discrete version of the BabuÏska-Brezzi condition (see e.g. [3], [4]). The situation with the hybrid mixed formulation is much more complicated, the BabuÏska-Brezzi condition cannot be used and direct analysis of the structure of the matrix block (B|C) must be considered. We estimate the minimal singular value of the rectangular matrix (B|C) by the expression inf ‖(p^T ,λ^T )‖=1 sup_{‖v‖≤1}((B|C)(p^T , λ^T )^T , v). (2.30)

Consider i-th row of the matrix (B|C) which deőnes the situationon i-th face of the element e. The nonzeros in the i-th row are in the column of B which corresponds to the element e (with the value -1) and in the columns of C that correspond to faces of the element e (with the value 1). Note that the outer faces with the Dirichlet boundary conditions do not induce the columns of C (see [1]). Let us extend the matrix C to cover also the faces that correspond to Dirichlet part of boundary ∂Ω_D and denote the extension of the matrix block C with zero columns by ÄC. Further, deőne the functional with the extended variable vector Äλ ÄF(p, Äλ, v) = ((B| ÄC)(p^T , Äλ^T )^T , v). (2.31)

It is easy to see that the supremum of the functional ÄF(p, Äλ, v) for a given vector (p, Äλ) and ‖v‖ ≤ 1 is achieved for the vector in the form

v^{e(i)} = Äλe(i) − pe √∑ e∈E_h ∑_5

i=1 |Äλ^{e(i)} − p^e|^2

. (2.32)

Its value is equal to ÄH(p, Äλ) = ∑ e∈E_h 5∑ i=1 |Äλ^{e(i)} − p^e|^2. (2.33)

Here p^e denotes the component of the vector p corresponding to the element e, v^{e(i)} is the component of the vector v which corresponds to the i-th face of the element e and, similarly, Äλ^{e(i)} denotes the component of the unknown vector Äλ corresponding to the i − th face of the element e. The desired estimate of (2.30) can be obtained from the lower bound of ÄH(p, Äλ) with respect to the condition

‖(p^T , Äλ^T )‖ = 1. (2.34)

To compute this bound we need to introduce some graph theory tools; for the basic graph terminology we refer, e.g., to [5]. Consider the following deőnition.

Deőnition 2.1. Let G = (V, E) be a mixed graph (a graph with both directed arcs and undirected edges). Suppose that V = V_1 ∪ V_2, V_1 ∩ V_2 = ∅, V_1 ≠ ∅, |V | = n, E = A_1 ∪ E_2,

A_1 ⊂ V_1 × V_2, E_2 ⊂ ( V_2 2 ) . Let d : V −→ R and w : E −→ R be mappings such that

(∀ϑ ∈ V_1)(d(ϑ) = 0) and (∀ϑ_i, ϑ_j such that e = {ϑ_i, ϑ_j} ∈ E or e = (ϑ_i, ϑ_j) ∈ E)(w(e) = d(ϑ_j) − d(ϑ_i)). The mixed graph with these mappings we will call a mixed potential network.

The following lemma uses depth őrst search trees of graphs. The basic tree terminology can be found in [6].

Lemma 2.1. Let G = (V, E) be a mixed potential network. Let D_V be its potential deőned by D_V = ∑ ϑ∈V d^2(ϑ). Let W_E be its weight deőned by W_E = ∑ e∈E w^2(e). Let T = (V, ÃE) be a set of the disjoint depth-őrst search trees (a depth-őrst search forest) rooted in V_1. Then the weight W Ã_E of the graph T satisőes

W_{ÃE} ≤ W_E .

Proof Since all the terms which contribute to the values of W Ã_E and W_E are nonnegative and since T is a subgraph of G we get the statement. We note that the potentials of G and T are equal.

The following lemma estimates the value of the weight of a tree with the őxed value of its potential.

Lemma 2.2. Let T = ( ÄV , ÄE) be a mixed potential network such that T is a rooted tree rooted in ϑ_r ∈ ÄV_1. Let k be the length of the longest path in T and D_V = K be the potential of T . Then there exists a constant Äc_0 such that W Ä_E ≥ Äc_0Kk^{−2}.

Proof Construct the rooted level structure for ϑ_r (see [6]). Then each vertex of ÄV is in some level set. The level l_{ϑr} of ϑ_r is zero. The level l_ϑ of a vertex ϑ being the neighbour of ϑ_r is equal to 1. The level l_ϑ of a vertex ϑ is equal to the length of a unique path from ϑ_r to ϑ in T . Consider potentials of the vertices in ÄV . Let ϑ ∈ ÄV be the vertex in the l_ϑ-th level of the rooted level structure. Then using the Schwartz inequality we can write

d(ϑ)^2 ≤ l_ϑ ∑ e∈P (ϑ_r ,ϑ) w^2(e),

where P (ϑ_r, ϑ) is the unique path from ϑ_r to ϑ in T . Summing up these inequalities for all the vertices from ÄV we obtain D_V ≤ ∑ ϑ∈ ÄV (l_ϑ ∑ e∈P (ϑ_r ,ϑ) w^2(e)).

On the right-hand side, the coefőcient by any w^2(e) for e ∈ ÄE is at most of the order k^2. A trivial manipulation provides the relation W Ä_E ≥ Äc_0Kk^{−2} for a positive constant Äc_0. It has to be proved.

Theorem 2.1. Let G = (V, E) be a mixed potential network with |V | = n. Let the potential of G be D_V = 1. Let T be its depth-őrst search tree rooted in V_1 having the maximal depth among all such trees. Denote its value by k. Then there exists a constant c_0 such that

W_E ≥ c_0k^{−2}.

Proof The result is a direct consequence of the depth-őrst forest relaxation from Lemma 2.1. and the estimate of the weight of a tree in Lemma 2.2..

The structure E_h can be represented by the graph G_{Eh} . The set V_1 corresponds to the outer faces with the Dirichlet boundary conditions. Set V_2 corresponds to the elements and remaining faces of the structure. We take V = V_1 ∪ V_2. Edges and arcs correspond to the topology of the structure. Deőne the mapping d : V −→ R as follows: d(ϑ) = { Ä λ^{e(i)} where ϑ corresponds to the i−th face of the element e, Äp^e where ϑ corresponds to the element e.

Then G_{Eh} with the deőned vertices and edges, with the mapping d and with the mapping w related to d is a mixed potential network.

Using the Theorem 2.1. and its notation we obtain the lower bound for the functional ÄH(p, Äλ) with respect to the the condition (2.34) in the form ÄH(p, Äλ) ≥ √ c_0k^{−2}.

Considering uniformly regular mesh reőnement, there exists a positive constant Ãc such that k = Ãch^{−1}. From the deőnition of the functional ÄH(p, Äλ) it follows inf ‖(p^T ,λ^T )‖=1 sup_{‖v‖≤1}((B|C)(p^T , λ^T )^T , v) ≥ √ c_0 Åc h. (2.35)

Denoting the constants c_4 = √ 5+ √ 2 and c_3 = √ c_0/Åc for the singular values of the matrix block (B|C) we have sv(B|C) ⊂ [c_3h, c_4]. (2.36)

2.3. Eigenvalues of the resulting symmetric indeőnite matrix

In this subsection we consider the result presented by Winther and Rusten in [7], which relates the eigenvalues of the resulting symmetric indeőnite system (2.10) to the spectrum of the positive deőnite block A and singular values of the nondiagonal matrix block (B|C). We consider the following lemma.

Lemma 2.3. Let 0 < μ_1 ≤ μ_2 ≤ . . . ≤ μ_I be the eigenvalues of the positive deőnite matrix A ∈ R^{I,I}, σ_1 ≥ σ_2 ≥ . . . ≥ σ_{K+J} > 0 the singularvalues of the matrix (B|C) ∈ R^{I,J+K} . Then for the eigenvalues of the matrix A = A B C B^T C^T (2.37)

we have

σ(A) ⊂ [^1_2(μ1 −^√μ^2_1 + 4σ^2_1),^1_2(μI −^√μ^2_I + 4σ^2_{K+J} )] ∪

∪ [μ_1, 1 2 (μ_I + √ μ^2_I + 4σ^2_1)].

Proof see [7], Lemma 2.1, pp. 3-4.

From results of previous two subsections, the statement of Lemma 2.3. and omitting the terms with higher order of the parameter h one can easily obtain the inclusion set for the eigenvalues of the system matrix (2.10) depending on the mesh size parameter in the form [− c^2_4 c_1 h, − c^2_3 c_2 h^3] ∪ [ c_1 h , c_2 h ]. (2.38)

3. The minimal residual method One of the most known and widely used iterative schemes for the solution of symmetric indeőnite systems is the minimal residual method (MINRES) presented by Paige and Saunders in 1975. Consider the system of linear algebraic equations of the form

Ax = b, (3.39)

where A is a symmetric indeőnite nonsingular matrix of order N and b is an N -dimensional right-hand side vector. The minimal residual method starts with an initial guess of the solution x_0 and computes the n-th approximate solution x_n in the form x_n ∈ x_0 + K_n(A, r_0), (3.40) where r_0 = b − Ax_0 is the initial residual and K_n(A, r_0) is the n-th Krylov subspace generated by the matrix A and the residual r_0, K_n(A, r_0) = span {r_0, Ar_0, . . . , A^{n−1}r_0} (3.41) and satisfying the minimal residual norm property ‖b − Ax_n‖ = min

u∈x_0+K_n (A,r_0) ‖b − Au‖. (3.42) For implementation details as well as for different possible variants of the method we refer to the original paper [8] and other papers [9], [10] and [7].

3.1. Theoretical rate of convergence From (3.40) it is clear, that the error of the n-th approximation x − x_n and the n-th residual r_n = b − Ax_n can be written as

x − x_n = P_n(A)(x − x_0)

r_n = P_n(A)r_0, (3.43) for some P_n ∈ Π_n, where Π_n denotes the set of polynomials P (λ) of degree at most n satisfying P (0) = 1. Then (3.42) can be equivalently reformulated to ‖P_n(A)r_0‖ = min_{P ∈Πn} ‖P (A)r_0‖. (3.44) Consider the set of eigenvalues {λ_1, λ_2, ..., λ_N } of the symmetric indeőnite matrix A in the form λ_1 ≤ λ_2 ≤ . . . ≤ λ_p < 0 < λ_{p+1} ≤ . . . ≤ λ_N (3.45) and denote by {u_1, u_2, . . . , u_N } the set of corresponding normalized basis eigenvectors. Considering the expansion of the initial residual r_0 = N∑ j=1 ζ_j u_j (3.46)

and substituting to (3.44) for the n-th residual norm we obtain

‖r_n‖^2 = N∑ j=1 ζ^2_j P^2_n(λ_j ) = min_{P ∈Πn} N∑ j=1 ζ^2_j P^2(λ_j ). (3.47)

Consequently, ‖r_n‖ ≤ min_{P ∈Πn} max_{λi∈σ(} A)^{|P (λi)| ‖r0‖ (3.48)}

holds. The estimate (3.48) is sharp, i.e., that for each n, there is an initial residual vector r^0 (depending on n) for which the equality holds (see e.g. [11]). In view of this sharp estimate the convergence of the minimal residual method depends strongly on the distribution of eigenvalues of the matrix A. To estimate the convergence rate of the MINRES method, we consider the approximation problem

max_{λ∈G} |R_n(λ)| = min_{P ∈Πn} max_{λ∈G} |P (λ)|, (3.49)

for some polynomial R_n(λ) of degree at most n and where G is the minimal inclusion set for the spectrum σ(A) which does not contain the origin (0 ∉ G).

Since the matrix A is symmetric indeőnite (and nonsingular) the set G must have the form of two disjoint intervals on the positive and negative real axis, respectively. Assume therefore the inclusion set of the form G = [−c, −d] ∪ [a, b], where a, b, c and d are positive numbers. The approximation problem (3.49) always has a unique solution (cf. e.g. [12]), but unfortunately, it is known only for the special cases of two disjoint intervals. One of them is the case of the inclusion set of the form G = [−b, −a] ∪ [a, b]. Then for the relative residual norm generated by the MINRES method at n-th iteration, we have the bound ‖r^n‖ ≤ 2 ( b a − 1 b a + 1

)^{⌊n/2⌋} ‖r^0‖. (3.50)

Considering the symmetric inclusion set for (2.38) we obtain for the relative residual norm the bound ‖r^n‖ ‖r^0‖ ≤ 2 (

1 − (c_3/c_2)^2h^4 1 + (c_3/c_2)^2h^4

)^{⌊n/2⌋}. (3.51)

3.2. The asymptotic convergence factor The bound for the convergence rate (3.51) is clearly a rough overestimate. The convergence rate can be much more satisfactorily described by the asymptotic convergence factor

γ(G) = lim_{n→+∞}[ min_{P ∈Πn} max_{λ∈G} |P (λ)|]^{1n} . (3.52)

It is known that the asymptotic convergence factor is given as by the Green’s function for the complement of G with a logarithmic singularity at the point of inőnity (for details see [13], [14] and references therein). In the following text assuming the inclusion set of the form (2.38) and using the results of Wathen, Fischer and Silvester in [2] (see also [14]) we give a bound for the asymptotic convergence factor in terms of the discretization parameter h. It is well known (see, e.g., [14]) that optimal polynomial R_n(λ) deőned by (3.49) has at least n + 1 and at most n + 2 extremal points on the inclusion set G, where G is the union of two disjoint intervals. The sets G for which the optimal polynomial has n + 2 extremal points are of particular interest for the problem (3.49). These sets are explicitly known and the solutions are given in terms of elliptic functions. For details we refer to [14] and references therein. Consider now, for simplicity, the inclusion set G(h) = [−ah, −bh^3] ∪ [ c h , d h ], (3.53)

where a = c^2_4/c_1, b = c^2_3/c_2, c = c_1 and d = c_2. Following [2], we normalize the set (3.53) using the map ℓ(x) = 2x − (d/h − ah) d/h + ah . (3.54)

It is easy to see that if R_n(λ) has n + 2 extremal points on the normalized set I(h) = [−1, ℓ(−bh^3)] ∪ [ℓ(c/h), 1] then R_n(λ) has also n + 2 extremal points on G. Introduce the modulus m = 2(ℓ(c/h) − ℓ(−bh^3)) (1 − ℓ(−bh^3))(1 + ℓ(c/h))

and compute the argument of the elliptic sine with respect to m ϱ(m) = −sn^{−1}( √ (1 − ℓ(−bh^3))/2; m). (3.55)

The argument ϱ(m) satisőes ϱ(m) ∈ (−K(m), 0), where K(m) is the complete elliptic integral of the őrst kind. Considering the Proposition 3.1 in [2] (see also [15]) we have

Theorem 3.1. The polynomial R_n(λ) has n + 2 extremal points on the set I(h) if and only if there exists a number k ∈ {1, 2, . . ., n − 1} such that ϱ(m) = − k n K(m).

Since ϱ(m) ∈ (−K(m), 0) for every n there exists j_n ∈ {0, 1, . . ., n − 1} such that ϱ(m) ∈ [− j_n + 1 n K(m), − j_n n K(m)]. (3.56)

Following Wathen et al. in [2] we deőne Äϱ(m) = − j_n + 1 n K(m) and nonnegative quantities ε^b_n and ε^c_n by

ℓ(−bh^3 − ε^b_n) = 1 − 2sn^2( Äϱ(m)) (3.57)

ℓ(c/h − ε^c_n) = 2sn^2(K(m) + Äϱ(m)) − 1. (3.58) Since sn is a continuous function, we have obtained the following proposition.

Theorem 3.2. For any h and ε > 0 there exists a number n_∗ such that the polynomial R_n(λ) has n + 2 extremal points on the set [−ah, −bh^3 − ε^b_n] ∪ [c/h − ε^c_n, d/h] for all n ≥ n_∗ and some 0 < ε^b_n, ε^c_n ≤ ε. Consequently [−ah, −bh^3 − ε^b_n] ∪ [c/h − ε^c_n, d/h] → G(h) as n → +∞. Applying this procedure to the slightly enlarged set [−ah, −bh^3 + h^4] ∪ [c/h, d/h] and redeőning ε^b_n = h^4 − ε^b_n we obtain that the optimal polynomial ÄR_n(λ) deőned on the set ÄG(h) = [−ah, −bh^3 + ε^b_n] ∪ [ c h − ε^c_n, d h ] (3.59)

has n + 2 extremal points for all n ≥ n_∗ with 0 ≤ ε^b_n, ε^c_n ≤ h^4. Moreover, G(h) ⊂ ÄG(h) and therefore min P ∈Π_n max λ∈G(h) |P (λ)| ≤ min_{P ∈Πn} max_{λ∈ ÄG(h)} |P (λ)| = max_{λ∈ ÄG(h)} | ÄR_n(λ)| = Äe_n. (3.60)

It is known [2] that the extremal polynomialwith n+2 extremal points has all four boundary points of the set ÄG(h) extremal and satisőes the ordinary differential equation d ÄR_n(λ) dλ = −n(λ − Äf_n)( ÄR^2_n(λ) − Äe^2_n)^{1/2} [(^d_h − λ)(λ + ah)(λ + bh^3 − ε^b_n)(^c_h − ε^c_n − λ)]^{1/2}

, (3.61)

where Äf_n is the unique point in the interval (−bh^3 + ε^b_n, c/h − ε^c_n) with ÄR^′_n( Äf_n) = 0. Similarly to [2], separating the variables and integrating from y to z, where −bh^3 + ε^b_n < y ≤ z < c/h − ε^c_n we obtain ∫_z y (λ − Äf_n)dλ [(^d_h − λ)(λ + ah)(λ + bh^3 − ε^b_n)(^c_h − ε^c_n − λ)]^12 = ln | | | | ÄR_n(y) + [ ÄR2_n(y) − Äe2_n]^12 ÄR_n(z) + [ ÄR2_n(z) − Äe2_n]^1_2 | | | | 1 n .

From the properties of the optimal polynomial ÄR_n(λ) it follows lim z↗c/h−ε^c_n y↘−bh^3+ε^b_n ∫_z y (λ − Äf_n)dλ [(^d_h − λ)(λ + ah)(λ + bh^3 − ε^b_n)(^c_h − ε^c_n − λ)]^{1/2}

= 0.

(3.62) Dividing (3.62) into two parts and applying the integral mean value theorem we obtain lim z↗c/h−ε^c_n g_1(h) ∫_z Äf_n (λ − Äf_n)dλ [(λ + bh^3 − ε^b_n)(^c_h − ε^c_n − λ)]^{1/2} +

+ lim y↘−bh^3 +ε^b_n g_2(h) ∫ Ä_{fn} y (λ − Äf_n)dλ [(λ + bh^3 − ε^b_n)(^c_h − ε^c_n − λ)]^{1/2} =

= [ g_2(h) − g_1(h) ] { ( Äf_n + bh^3 − ε^b_n)( c h − ε^c_n − Äf_n) }_{1/2} + + [ g_2(h) + g_1(h) ] π 2 { 1 2 ( c h − ε^c_n) − 1 2 (bh^3 − ε^b_n) − Äf_n } +

+ [ g_2(h) − g_1(h) ] { 1 2 ( c h − ε^c_n − bh^3 + ε^b_n) − Äf_n } arcsin (_c h − ε^c_n − bh^3 + ε^b_n − 2 Äf_n c h − ε^c_n + bh^3 − ε^b_n ) , where g_1(h) and g_2(h) satisfy the inequalities

g_1(h), g_2(h) ∈ [ h [dc]^{1/2} + O(h^2), 1 [(d − c)a]^{1/2} + O(h) ] . (3.63)

Lemma 3.1. The unique turning point Äf_n for large n satisőes Äf_n = O(^1_h ).

Proof Assuming that Äf_n expressed as a power of h in the form Äf_n = O(h^ψ) and since Äf_n ∈ (−bh3 + εb_n, c/h − εc_n) we have ψ ∈ [−1, 3]. Supposing ψ > −1 it follows that

arcsin (_c h − ε^c_n − bh^3 + ε^b_n − 2 Äf_n c h − ε^c_n + bh^3 − ε^b_n ) = π 2 + O(h^{min(2,} √_{ψ+1)} ). Consequently, (3.62) cannot be satisőed.

Since the turning point satisőes Äf_n > 0 taking the limits y ↘ −bh^3 + ε^b_n and z = 0 we obtain lim y↘−bh^3+ε^b_n ∫_0 y (λ − Äf_n)dλ [(^d_h − λ)(λ + ah)(λ + bh^3 − ε^b_n)(^c_h − ε^c_n − λ)]^{12} = ln Äe^{1n}n [1 + (1 − Äe^2_n)^{12} ]^{1n} . Applying the integral mean value theorem to the previous equality we get ln Äe^{1/n}n [1 + (1 − Äe^2_n)^{1/2}]^{1/n}

= −g_1(h) { (bh^3 − ε^b_n)( c h − ε^c_n) }_{1/2} +

+ g_1(h) { 1 2 ( c h − ε^c_n) − 1 2 (bh^3 − ε^b_n) − Äf_n } { π 2 − arcsin (_c h − ε^c_n − bh^3 + ε^b_n c h − ε^c_n + bh^3 − ε^b_n )} .

Table 1. Number of elements and matrix dimension mesh size h elements dimension N 1/2 16 144 1/3 54 477 1/4 128 1120 1/6 432 3744 1/8 1024 8832 1/12 3456 29664

Considering the standard asymptotics for arcsin function we have arcsin (_c h − ε^c_n − bh^3 + ε^b_n c h − ε^c_n + bh^3 − ε^b_n ) = arcsin ( 1 − 2b c h^4 + O(h^5) ) = π 2 + O(h^2).

Using Lemma 3.1. and providing that ε^b_n, ε^c_n ≤ h^4 for the asymptotic convergence factor

γ(G) = lim_{n→+∞}[ min_{P ∈Πn} max_{λ∈G} |P (λ)|]^{1n} ≤ 1 − c_γ h^2 (3.64)

holds for some constant c_γ dependent on the coefőcients a, b, c and d and independent of the mesh size parameter h.

4. Numerical example

In this section we present a numerical example that illustrates the theoretical results from the previous sections. Our test problem is the potential ŕow problem (2.1) in a rectangular domain. Dirichlet boundary conditions on two opposite faces and homogeneous Neumann conditions on the other faces of the domain are prescribed. Different values of mesh size are considered. The number of elements used in the discretization and the dimension of the resulting system for different values of the parameter h are included in the Table 1. We note that the dimension of the problem depends linearly on the number of elements used, and consequently, dependence on the discretization parameter can be estimated as N ∼ 22/h^3.

Extremal eigenvalues of the symmetric positive deőnite block A and extremal singular values of the off-diagonal block (B|C) were calculated using the double precision implementations of LAPACK and NAG subroutines [16]. These values are tabulated in Table 2. The extremal eigenvalues of the matrix block A presented in 2 correspond to the theoretical results in Subsection 2.1 The minimal singular value decreases linearly with the discretization parameter h for this problem and thus the bound for the singular values of the block (B|C) derived in Subsection 2.2 seems to be realistic.

We calculated also the extremal eigenvalues of the resulting symmetric indeőnite matrix in the form (2.10). These values are included in Table 3 and they illustrate that estimates given by Lemma 2.3. are nearly sharp. We note here that c_1, c_2 ≪ c_3, c_4 holds for this example and so the inclusion set (2.38) is valid only for very small values of discretization parameter h.

The minimal residual method (MINRES) was applied. For the implementation details of the method we refer to the original paper [8]. The initial approximation x_0 was set to zero

Table 2. Extremal eigenvalues and singular values of the matrix blocks mesh size h spectrum of A sing. values of (BjC) 1/2 [ 0.11e-2, 0.66e-2] [0.276, 2.577] 1/3 [ 0.16e-2, 0.10e-1] [0.197, 2.611] 1/4 [ 0.22e-2, 0.13e-1] [0.152, 2.624] 1/6 [ 0.33e-2, 0.19e-1] [0.104, 2.635] 1/8 [ 0.44e-2, 0.26e-1] [0.079, 2.639] 1/12 [ 0.66e-2, 0.40e-1] ÐÐ

Table 3. Extremal eigenvalues of the whole indeőnite matrix mesh size h negative part positive part 1/2 [ -2.57, -0.27] [0.13e-2, 2.57] 1/3 [ -2.60, -0.19] [0.18e-2, 2.61] 1/4 [ -2.62, -0.15] [0.23e-2, 2.62] 1/6 [ -2.63, -0.13] [0.34e-2, 2.63] 1/8 [ -2.63, -0.10] [0.44e-2, 2.64]

and an unpreconditioned algorithm was used. The convergence behavior of the method for different values of the parameter h is presented in Figure 2.

Similarly to [2] in Table 4 we consider the iteration counts after relative residual norm reduction of ε and the average contraction factor (in brackets) computed as γ_n = (‖r_n‖/‖r_0‖)^{1/n}. We have extrapolated the dependence of the average contraction factors on the mesh size parameter h for the relative residual norm^{‖rn ‖}_{‖r0 ‖} = 10^{−12} by the function y = 1 − αx^β. We have formulated the task as a general nonlinear least squares problem with constraints for the unknown variables α, β. The ‘envelope’ achieved in the form

γ_n ≤ 1 − 1.875h^{2.95}

overestimates the bound for the asymptotic convergence factor (3.64). The values of discretization parameters h considered are relatively large so the convergence rates observed (especially for h = 1/2) may differ substantially from the asymptotic convergence rate.

Table 4. Number of iterations (average contraction factor) h krnk kr0k^{= 10}

�4 krn k

kr0 k^{= 10}

�8 krnk kr0k^{= 10} �12 1/2 58 (0.853) 78 (0.789) 98 (0.754) 1/3 164 (0.945) 245 (0.927) 365 (0.927) 1/4 229 (0.960) 389 (0.953) 520 (0.948) 1/6 350 (0.974) 669 (0.973) 1033 (0.973) 1/8 395 (0.977) 805 (0.977) 1168 (0.977) 1/12 529 (0.982) 1083 (0.983) 1682 (0.983)

2/5/1996 09:22 SAMPLE PAGES nlamrt95

5. Concluding remarks

We have concentrated on the spectral properties of the symmetric indeőnite matrices that arise from the mixed-hybrid őnite element discretization of the potentialŕuid ŕow problem. The minimal residual method (MINRES) was applied and the asymptotic convergence rate, using the approach of Wathen et al. in [2] was estimated.

The numerical experiment in Section 4 indicates that the bounds for the eigenvalue set of the positive deőnite block A as well as the bound for the singular values of the off-diagonal block (B|C) are realistic. Also the bounds for the eigenvalue inclusion set of the resulting symmetric indeőnite matrix (2.10) are nearly sharp. It is not clear, as was also reported in [2], whether the bound for the asymptotic convergence factor is pessimistic or not. We note here again that our values of the discretization parameter in numerical experiments may not correspond to the asymptotic behavior given by the bound (3.64).

The convergence rate of the method can be improved by preconditioning.As was pointed out by Silvester and Wathen in a personal communication, simple diagonal preconditioning of the block A with the matrix hI_I (I_I denotes the identity matrix of order I) gives rise to a matrix block which has eigenvalues in a őxed interval independent of discretization parameter h. For example, two sided preconditioning of (2.10) by the diagonal matrix diag(h^{1/2}I_I , I_{J+K} ) would lead to the bound for the asymptotic convergence factor in the form γ(G) ≤ 1 − c_γ h^{3/2}. Two different degrees of freedom in the choice of proper diagonal preconditioner for two corresponding matrix blocks may give a more tight analysis. Other preconditioning techniques for indeőnite systems and particularly the analysis of the symmetric indeőnite factorizations of indeőnite matrices remain an open question.

Acknowledgment

The authors would like to thank to David Silvester and Andrew Wathen for their valuable comments and suggestions that improved our eigenvalue estimates. We are also grateful to Bernd Fischer for his comments on the approximation part of the paper and to JiÏrÂõ MuÏzÂak for preparing the data for the numerical experiments. The second author is indebted to RÈudiger Weiss for the help with the computer environment at the Computing Center in Karlsruhe. This work was supported by the Grant Agency of the Czech Republic under grant 201/93/0067

REFERENCES

1. M. TÊuma J. MaryÏska, M. RozloÏznÂõk, ‘Mixed-hybrid őnite element approximation of the potential ŕuid ŕow problem’, J. Comput. Appl. Math., (63), 383+, (1995).

2. D. J. Silvester A. J. Wathen, B. Fischer, ‘The convergence rate of the minimal residual method for the stokes problem’, Num. Mathematik, (71), 121+, (1995).

3. D.J. Silvester A.J. Wathen, ‘Fast iterative solution of stabilized stokes systems, part i: Using simple diagonal preconditioners’, SIAM J. Numer. Anal., (30), 639+, (1993).

4. A.J. Wathen D.J. Silvester, ‘Fast iterative solution of stabilized stokes systems, part ii: Using block preconditioners’, SIAM J. Numer. Anal., (31), 1352+, (1994).

5. U.S.R. Murty J.A. Bondy, Graph Theory with Applications, Macmillan, London, 1976. 6. J. D. Ullman A. V. Aho, J. E. Hopcroft, The Design and Analysis of Computer Algorithms, Addison-Wesley, Reading, Menlo Park, London, Amsterdam, Don Mills, Sydney, 1976.

7. T. Rusten, ‘Iterative methods for mixed őnite elements system’, SIAM J. Math. Anal. Appl., (13), 887+, (1992).

8. M. A. Saunders C. C. Paige, ‘Solution of sparse indeőnite systems of linear equations’, SIAM J.

Num. Anal., (12), 617+, (1975).

9. R. Chandra, Conjugate Gradient Methods for Partial Differential Equations, PhD dissertation, Yale University, New Haven, 1978.

10. R. Freund J. Stoer, ‘On the solution of large indeőnite systems of linear equations by conjugate gradients algorithm’, in Computing Methods in Applied Sciences and Engineering, ed., J.L. Lions R. Glowinski, number 5, 35ś53, North Holland, INRIA, (1982).

11. L. Gurvits A. Greenbaum, ‘Max-min properties of matrix factor norms’, SIAM J. Sci. Comput., (15), 348+, (1993).

12. V. I. Lebedev, ‘Iterative methods for the solution of operator equations with their spectrum lying on several intervals’, J. Comput. Math. and Math. Phys., (9), 1247+, (1969).

13. R. S. Varga M. Eiermann, X. Li, ‘On hybrid semi-iterative methods’, SIAM J. Numer. Anal., (26), 152+, (1989).

14. B. Fischer, ‘Chebyshev polynomials for disjoint compact sets’, Constr. Approx., (8), 309+, (1992).

15. N. I. Achieser, ‘ ÈUber einige funktionen, welche in zwei gegebenen intervallen am wenigsten von null abweichen i. teil’, Bull. Acad. Sci. URSS S., 7(9), 1163+, (1932).

16. E. Anderson et al., LAPACK User’s Guide, SIAM, Philadelphia, 1992.

2/5/1996 09:22 SAMPLE PAGES nlamrt95

Figure 2. Convergence rate of the MINRES method