
Limits of sequences 1

Definition
Let a ∈ R and let {an}∞n=1 be a sequence of real numbers. We say, that a is the limit of the sequence {an}∞n=1 (and
write lim

n→∞
an = a), if

∀ε ∃n0 ∈ N ∀n ∈ N n ≥ n0 : |an − a| < ε.

Theorem 1 (Arithmetics of limits). Let lim
n→∞

an = a and lim
n→∞

bn = b. Then

1. lim
n→∞

(an + bn) = a+ b.

2. lim
n→∞

(an − bn) = a− b.

3. Let ∈ R. Then lim
n→∞

(c · an) = c · a.

4. lim
n→∞

(an · bn) = a · b.

5. If b 6= 0, then lim
n→∞

an

bn
= a

b .

Theorem 2 (two policemen). Let {an}∞n=1, {bn}
∞
n=1, {cn}

∞
n=1 be three sequences. Let

1. ∃n0 ∈ N ∀n ∈ N such that n > n0 : an ≤ bn ≤ cn, and

2. lim
n→∞

an = lim
n→∞

bn = a.

Then ∃ lim
n→∞

cn = a.

Theorem 3 (Binomial formula). For all n ∈ N and for all a, b ∈ R the following is true:

(a+ b)n =

n∑
k=0

(
n

k

)
akbn−k, where

(
n

k

)
=

n!

k!(n− k)!
, n! = 1 · 2 · . . . · n, 0! = 1.

Some known limits

1. lim
n→∞

c = c; 2. lim
n→∞

1
n = 0; 3. lim

n→∞
n
√
n = 1; 4. lim

n→∞
(−1)n does not

exist.

Scale of growth of sequences
loga n << nb << cn << n! << nn, a > 0, b > 0, c > 1

Exercises

1. lim
n→∞

n

2n

2. lim
n→∞

2n2 + sin(n!)− n− 3 + 2n3

n3 + 1

3. lim
n→∞

2n5 + 2n − 3n− 2

n5 − 3n3 + 1− 2n

4. lim
n→∞

2n3 + 6n+ cos(n3 − n)

n3 − 7n+ 7

5. lim
n→∞

√
3n− 4−

√
3n− 1√

2n+ 2−
√
2n− 1

6. lim
n→∞

√
2n− 3−

√
2n+ 3

3
√
3n+ 4− 3

√
3n− 1

7. lim
n→∞

(n+ 4)10 − (n+ 3)10

(n+ 2)10 − n10

8. lim
n→∞

(
1 + 2 + 3 + . . .+ n

n+ 2
− n

2

)
9.∗ lim

n→∞

12 + 22 + 32 + . . .+ n2

n3

10.∗ lim
n→∞

13 + 23 + 33 + . . .+ n3

n4

1


