Limits of sequences 1
Definition

Let a € R and let {a,},. ; be a sequence of real numbers. We say, that a is the limit of the sequence {a, }, ., (and
write lim a, = a), if
n— oo
Ve Ing e NVneNn>ng: |a, —a| <e.

Theorem 1 (Arithmetics of limits). Let lim a, =a and lim b, =b. Then

1. lim (ap, +b,) =a+b. 4. lim (a, - b,) =a-b.
n—oo n—oo
2. lim (a, —b,) =a—0b.
n—oo
3. Let € R. Then lim (c¢-an)=c-a. 5. If b#0, then lim 3= = 7.
n— oo n—oo "N

Theorem 2 (two policemen). Let {an},— . {bn}r—1, {cn}o, be three sequences. Let
1. dng € NVn € N such that n > ng : a, < b, < c,, and

2. lim a, = lim b, = a.
n—oo n— o0

Then 3 lim ¢, = a.
n— o0

Theorem 3 (Binomial formula). For all n € N and for all a,b € R the following is true:

n N\ pnk n\ n! B B

k=0

Some known limits

: _ . 0 L. N i T 1\
1. nlLII;OC—C, 2. nl;rr;o — = 0; 3. nl;rrgc Yn = 1; 4. nhﬁrr(;( 1)™ does not
exist.

Scale of growth of sequences

log,n << n°® << ™ << nl << " a>0,b>0,c>1
Exercises
o 2n° + 2" —3n —2
1. nh_}rrolo o 3. lim not n

n—oo nd® —3n3 +1—2n

2n? + sin(n!) —n — 3 + 2n3 2n3 + 6n + cos(n® — n)

o V3n—4—-+3n-1 o oV2n—=3—-vV2n+3
5. lim 6. lim :
n—oo \/2n 4+ 2 —+/2n —1 n—oo /3n+4— /3n—1
4)10 _ 10 1249224324, .. +n2
7. lim (NFY_—(n+3) 05 fim L2 I A
n—oo  (n 4 2)10 —nlo n—oo n3
) 14243+...4n n o 134234334 4 nf



