Limits of sequences 1

Definition

Let a € R and let {a,},. ; be a sequence of real numbers. We say, that a is the limit of the sequence {a, }, ., (and
write lim a, = a), if
n— oo
Ve Ing e NVneNn>ng: |a, —a| <e.

Theorem 1 (Arithmetics of limits). Let li_}rn an = a and li_)rn b, =b. Then

1. lim (a, +b,) =a+Db.

n—oo

2. lim (a, —b,) =a—0.

n—oo
3. Let € R. Then li_>m (c-ap)=c-a.
4. nl;rrgo(an “bp)=a-b.

Q

n

SalS]

5. Ifb#0, then lim
n—oo

=

Theorem 2 (two policemen). Let {an},— . {bn},—1, {cn},o, be three sequences. Let
1. dng € NVn € N such that n > ng : a, < b, < c,, and

2. lim a, = lim b, = a.
n—oo n— o0

Then 3 lim ¢, = a.
n— o0

Theorem 3 (Binomial formula). For all n € N and for all a,b € R the following is true:

n " /n krnk n\ n! B B
(a+b) Z(k>ab , where <k‘)k"(n—k‘)" nl=1-2-...-n, 0=1.

k=0 :

Known limits

1. lim c¢=c¢; 3. lim ¥/n=1,;
n—oo n— o0
2. lim L =0; 4. lim (—1)" does not exist.
n— oo n— o0
Exercises
. 2n%4n-3 . 142434+ s (n+4)1%—(n43)"0
1. nlLH;o potc 4. nh_}rrgc (T” — %) 7. nl;rrgowg)u)—o_,m
. 2n°+3n—2 . 124224324 .. .4n? i n
ol S 5 &
: 2n%46 : 1342343% 4. . 4n?
3. lim 6. Jim L2t
Exercises
; n/on n . 3" +n5 vam + bn
9. lim /2" +4 1. lim S 12, lim Y2 % S0
n—oo b 4+ n! n—oo {/q2n 4 p2n
n
10. lim — 13. lim (vVn+1-+/n)

(n® + n?)20 — (n2 + )30
(n+1)70 — (n—-1)7

i YVl (n* +n)®0 — (n +1)200

n—oo +/n+1— \/ﬁ (n + 1)202 — n202

14. lim (\3/n75 4+ nb0 — /n7 — nGO) .

15.



Exercises

: 3 _ 3 3/n3 — 31 3/ 2 —In2L2
16. nh_}rgo(\/n—i— Vn) 18, lim 3\/n +n \fn + 20. lim 3\/n +n \én +2n
n—oo /3 4+ 2n — I/nd +n n—oo /n2 4+ 3n — V/n2 —5n
VnZ+7—Vn2+1 o Vn+2-Vn+1
17. lim 19. lim - n ; _1\n ) _
n— o0 W* 13/,”2 n—oo 3/Tl—|— _ % f 21. nlggo( 1) \/ﬁ( n 4+ \/ﬁ)
Exercises
2. tim ({/mi+ - Vnd) ([Vn+1)+ 20— 1) + ...+ [nd/n+ (C)F1) ).
n o0
23.

li nyni/(n+1)" +nntt
im _
oo [V + 2vn] + ... + [ny/n]
24. lim A+ 2 +&+...+22)

n—roo

25. lim ((1-%)(1-%)(1=2%) ...-(1-%))

n—oo

Sequences given recurrently.

Find the limit of a sequence a,, given recurrently

26. a1 =0, apqq = 2=t2

an—2

27. a1 = 42, Ap+1 = 5

28. a1 = \/5, an+1 = V2 + ay.

29. a; > 0 arbitrary, a,4+1 = % (an + 1 )

Qn



Solutions 9 -15

9.

10.

11.

12.

13.

14.

15.

lim /2™ + 4™. Here we will use the Theorem about two policiemen. The idea is that 2™ is negligible
n—oo

compared to 4™, so the limit will be 4. It remains to find two cops. For every n € N, it holds that

Van < on 4 4n < {2 4n,

Apparently lim /4" = lim 4 = 4. And thanks to Theorem of Arithmetics of limits,
n—oo

n— oo

Jim Wz(nm C/i)(lim ?/47):14:47

n—0o0 n—0o0 n— oo

where we used the known limit. So we have two cops, they both go to the same constant, and thus

lim /27 44" = 4.

n— oo

lim — =0
n—oo n!

] 3n + n5
lim —— =

n—oo ’n,6 —+ n!

lim ———

, a>b> 0. Here, similar to exercise 9, we use two cops. It holds for every n € N that
noo /g2n 4 p2n

a  Yar < vamn + b < V2a™ a2
a2wi {’/2a2n - {L/a2n+b2n - Yg2n a2

. . . . Vam +b"
Since lim = lim 2%2 = %, then also lim ————— = 1.

_a
n—oo a2 V2 n—oo @ n—oo {/q2n 4 ph2n a

lim (\/n +1-— \/ﬁ) . In this type of example, we will use a trick that we will call standard procedure from
n—oo

now on. Namely, we will use the relation (a — b)(a + b) = (a? — b?), and we multiply our sequence by the
so-called “smart one™

i (VT = Vi) = Jim (VT ) Y

. n+l—n 1
= lim

1
nooo 14+ yn noeo/n [ 7

We used (several times) Theorem of arithmetics of limits, theorem that the limit of (square) roots is the
(square) root of the limit.

3 4 22120 2 30

- 87 o _ o ey, (W An)T (T AT,
lim (Y0 400 — J/n™5 —nf0) - D =
i Vi +yn+1 (0t +n)* —(n+1)%° vy

n=oo \/n+1—/n (n + 1)202 — p202 101




Solutions 16-21

16.

17.

18.

19.

20.

21.

lim (\S/n +1-— \9/5) Here, as in previous cases, we need to transform the expression using the formula
n—oo

a® — b = (a — b)(Va? + Vab + Vb?). Then

+1-—n
lim (vVn+1—¥n) = lim i
Jm ( )= Jim, (Vn+1)+ Vn+1n+ (n)

= lim — 1 =0-. 1 =
" nh (Y1) + i+ v (9D)°) ' ((VTH0) + VTH 0 + (V1))

We used (several times) Theorem of arithmetics of limits, theorem that the limit of (third) roots is the (third)
root of the limit.

VN2 +T7-Vn?+1 . . . .

lim : . We need to transform the expression, as in the previous example, both in numerator
n—o0  n2 46— V/n?
and denominator. The answer is 1.

Vnd +n—Vnd+1

im
n—o0 /n3 +2n — Vnd +n
numerator and denominator. The answer is 1.
I vn+2—+vn+1
nl—{rolo wg/n +3 - \3/17
the formula a* — b* = (a — b)(a® + a®b + ab? 4+ b?), and in the denominator we use the formula a® — b® =
(a —b)(a® + ab + b?). After substituting and cancelling the largest factor, we get the result 0.

. Again, we need to transform the expression, as in the previous example, both in

. Here it is just as simple, although a little more laborious. In the numerator we use

El
Jim (=1)"y/n (Vn+1-y/n).

This limit does not exist. First, observe that lim /n (\/n +1-— \/ﬁ) = % Now we can select two subse-
n—oo

quences: with n odd and n even, and they have different limits.



Solutions 22-26

1
22, 1

23.

24.
25.
26.

. Hint: Prvni zavorka:

n vn = n
< e \ﬁ) Yh + )2 + Y/t + Yn/nt +VnF 3T

kde a,, je néjaka posloupnost ktera konverguje k 1, takze lim,,_, a, = 1.

Ted odhadneme druhou zavorku zdola a shora, a potom pouzijeme VODP.

Odhad shora: [z| >z, a v/n—1< /n+ 1, a pak

(A1) + 200 = 1)+ oot n¥fn+ (D7) < (1424 wm:@-e/m.

Odhad zdola: |z] >x —1,a v/n+ 1> v/n—1, a pak

(Lﬁjﬂzﬁj anj)2(1+2+...+n)m—nzmn7m-m—n.

2. Navod: V jmenovateli odhadneme pomoci z — 1 < |z] < z, s tim abych pouzit VODP:

Il + 12V + ... + [nvin) §\/ﬁ(1+2+...+n):w\/ﬁ

lVn)+[2vn]+.. +[nvn] > (VR —1)+2vVn—1)+.. +(nvn—1)=(1+2+4+...4n)Vn—-n=———

V ¢&itateli upravime n-ou odmocninu: vytkneme (n + 1)"
Vin+ 1) +nntl = (n+1 "l—i—nin.
(i 1) (1) {14t

|
<¥itn — 1

3.Hint: 2k+1=(2k—1)+2. Then S, =2 + (A + & + ... + 52=1) + 3Sn-1.

3. Hint: 1 — 5 = 2=1. ol
n n n

1. We want to use a theorem about the limit of a monotone sequence.
We have

1
Ap+1 — Ap = 1- Cln), 1- Ap+1 = g(an—i-l - a'n)v

1
hence 0 < a, < an4+1 < 1, and there exists a limit a of a,,. Taking the limit in the recurrent relation, we
obtain a = 1a + 3.



