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Introduction

Motivations:

a) Develop a general method for solving operator eqns, especially
ill-posed,

b) Develop a general method for constructing convergent iterative
processes for solving such eqns.

Fluy—f=0 (1), F:H—H, 3y:F(y)—f=0

Original author's assumptions were:

sup  [[FU(u)|| < Mj(R),j <2, B(ug, R) :={u: [[u—uo|| < R}.
u€B(uo,R)

Current progress: in many cases j < 1 is sufficient.
Well-posed (WP):  sup  ||[F'(u)] "} < m(R)

u€B(ug,R)

[ll-posed (IP): not well-posed.
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DSM: {“ = 2(tw),
u(0) = up.

(+) Su(t) on [0,50); Fu(oc);  Flu(s0)) = f

For what classes of equations F'(u) = f can one find ® such that
(%) holds?
How does one choose ®7?

In general, the solution u does not exist globally.
We give sufficient conditions for the global existence of u, among
many other things.
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Theorem 1. For any WP eq. (1) one can find ® such that (x)
holds and

[ut) — u(co)|| < re”;

17 (u(t)) = Il < 1 F(uo) = flle™ . ()

Here c1,r > 0 are constants.
Examples:

a) @ = —[F'(w)] '[F(u) - f],
b) & = —[F'(ug)] ' [F(u) — f],
c) ®=-T1A*[F(u) — f], A:=F'(u), T:=A*A,
d) & = —A*[F(u) — f].
a) Newton-type method, b) Modified Newton-type method,
c) Gauss-Newton-type method, d) gradient-type method.
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Theorem 2. For any linear IP equation:
Au—f=0, (1)

where A is a linear, closed, densely defined operator, and equation
(1) is solvable, one can find ® such that (x) holds,

ut) 539

holds for any ug, and y is the unique minimal-norm element of the
set N := {u: Au— f = 0}.
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For instance, one can take (using a Newton-type method):

b= —u+ TE‘(tl)A*f, T=AA, T.=T+¢l,

0 <e(t) \ O, /Ooe(s)ds = 00.

For unbounded A the element f may not belong to D(A*). In this
case, the element TE_(tl)A*f, with (t) > 0, can be defined by
considering the closure of the operator TE_(;)A* with the domain
D(A*). This operator is closable, its closure is a bounded
operator, defined on all of H, and

1

220

e(t) > 0.

1T A" <
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It is possible to replace element TE_(tl)A*f by the well defined
element A*Qa_(i)f, with

Q= AA".

The operator A*Qs_é) is a bounded linear operator defined on all of
H, and

147 QI < (1) > 0.

1
2v/e(t)’
These assumptions allow one, among other things, to handle
differential operators on unbounded domains in the cases when the
spectrum of such operators is continuous and contains the point
A=0.
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An example.

If A= A*>m >0 and
u=—(Au—f), u(0)=uop,

then .
uw=e Muy+ / e_(t_S)Afds.
0

One has limy_,« ||e "4 ug|| = 0 and

t o0
lim [ e (4fds = lim / dEAf(1—e ™) /N=A""f =y,
t—o0 0 t—o0 m

where Ay = f.
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Equations with monotone operators.

Theorem 3. For any eq. F(u) = f with F' > 0, one can find ®
such that the conclusion of Theorem 2 holds.
For example, one may take

o = —Ag_(i)[F(u) — f+e(t)ul, A:=F'(u), A.:=A+cel,

. 1 .
0<eN0, @Sf, H—>O as t— oo.
€ 2 €

Another choice (simple iterations):
® = —[F(u) +a(t)u— f]
Yet another choice (gradient method):
O =—(A"+at)))[F(u) + a(t)u — f],

. /
where A := F'(u).
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Noisy data 1

If f5is given, ||fs — f|| < 0, then one solves the problem:

Us(t) = — A7 [F(us(t)) — f5 +e()us(t)],  us(0) = o,

sets us := us(ts), and finds ¢5 from the equation (a discrepancy
principle):

|F(us(ts) = f5ll = €67, Ce(1,2), ye(0,1). (D)

[ F(us(t)) = foll > €67, Yt <.
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Theorem 3’. (a posteriori stopping rule: discrepancy
principle)

If v €(0,1), and ||F(uo) — fs5]| > Cd7, then (D) has a unique
solution ts such that t; — oo as  — 0, and ug converges to y,

ie., lims_,o||us — y|| = 0, where y is the minimal-norm solution to
the eq. F(u) = f, us := us(ts).
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Noisy data 2

Theorem 3”. (a priori stopping time rule)
If limgs_yq % =0 and limg_,g ts = 0o, then

lims_o ||us(ts) — y|| = 0, where y is the minimal-norm solution to
the eq. F(u) = f.
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Theorem 4. Consider the equation Au = f. In Theorem 2 the
DSM vyields a stable approximation to y in the following sense: if
Ilfs — fll <0, and the data are {4, f5, A}, then there exists a ts
such that lim llus — y|| = 0, where us := us(ts), and us(t) solves
eq. (2) W/th f replaced by fs.

s U5+T(t)A o,

us(0) = uo,

where T := A*A, T, =T + 1.

A priori and a posteriori stopping rules for finding t5 are found.

Eg.,
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Stopping rules

A priori stopping rule (an equation for finding t5):
6% =¢€(t), 0<qg<l.
A posteriori stopping rule (a DP (discrepancy principle) ):
||Aus(t) — fs||=Co", Ce(1,2), ~€(0.9,1).
In both cases the result is
lim [[us(ts) —yl| = 0.

There is actually no need to solve the DP equation for t = ts,
because the DP equation can be checked as t grows.
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New discrepancy principle.

Theorem. Assume that A is a bounded linear operator in a Hilbert
space H, equation Au = f is solvable, y is its minimal-norm
solution, || fs — f|| <0, and || fs|| > C§, where C > 1 is a
constant. Then equation ||Aus. — fs|| = C6 (x) is solvable for €
for any fixed 6 > 0, where us . is any element satisfying inequality
Fluse) <m+(C? —1—0)6% F(u) = [|A(u) — fol|> + el [u]%,

m = m(d,€) == inf,F(u), b= const >0, and C? > 1+b.

If € = €(5) solves (x), and us 1= us(s), then lims o [lus — y|| = 0.

Significance of this result:

One does not need the exact minimizer of the VR functional: an
approximate minimizer can be used in the discrepancy principle if it
gives to the functional value sufficiently close to the infimum.
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Spectral assumption

Assume that the set
{z:|argz—7m| <d<7/2, |z|] <ep, eo=const>D0,
consists of the regular points of the operator A(u) := F'(u). Let

Flu)+eu=f (1), F: X - X, X is a Banach space.

(S) Spectral assumption: ||AZ!|| < E, c=const >0, 0<
e < €o, €

A= F'(u), Ae:=A+el.
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Solvability theorem

Theorem 6. If (S) holds and eq. (1) has a solution, then it can be
solved by a DSM, that is, (*) holds.

For example, one can take

® =AY (F(u) +eu — f).

€
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Singular perturbation problem: convergence as ¢ — 0.

Theorem 7. If (S) holds and F(y) = 0, then one can choose w
such that equation

Fue) + e(ue —w) =
is solvable for every ¢ € (0,¢q), and

li —yl| =0.
lim [uz — | = 0

Example of the choice of w:

y—w=Av, ||| <2Mec(1+¢)"", A:=F(y).
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Unbounded F'. Semilinear elliptic problems

If F(u) = Lu+ g(u), L is linear, closed, densely
defined operator, and |L~!|| < m,
then equation F'(u) = 0 is equivalent to

u+ L7 g(u) = 0. (1)

Example (semilinear elliptic problems):

L=-V% gu)=u* H=L*D).
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Theorem 8. Assume that

sup [ + L7 (w)] 7| < ma(R),
u€B(ug,R)

and
Juo + L™ g(uo)||mi(R) < R.

Then (%) holds for the problem:

{ﬂ = —[[+ L7 (w)] M u + L™ g(u)],
u(0) = up.
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Theorem 9. If F' is monotone, i.e., (F(u) —
hemicontinuous, D(F) = H, and F(y) = f,
then (x) holds for the problem:

{u = —F(u) —e(t)u+ f,
u(0) = o,

F(v),u—wv) >0,

C1

where 0 < (t) \ 0, e(t) = o+ 07
0

co,c1 = const > 0.

0<b<1,
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Criteria for surjectivity and global homeomorphism

Theorem 10. /f

R>0 m(R)

then eq. F(u) = f is solvable for any f € H.

= 0Q,
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Theorem 11. /f
IE ()]~ < (flull),

. ) " . * ds
where 1 is a continuous positive function, and — = 00,

o ¥(s)

then F' is a global homeomorphism of H onto H.

There are many examples of local homeomorphisms which are not
global ones. There are examples of global homeomorphisms F' for
which F” is compact.
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Construction of convergent iterative processes.

Up4+1 = Up + hnq)(tnv Un), tn+1 =tn+ hn

Theorem 12. Any well-posed eq. F(u) = 0 can be solved by a
convergent iterative process with hy, = h = const and ® = ®(u).
The process converges at an exponential rate.

Other iterative schemes can be constructed, e.g., Runge-Kutta's
type, et al.
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Getting rid of the inversion of the derivative.

Assume that ||[A71|| < m. We want to solve an equation:
F(u) = 0.

A=F'(u), T=A*A, T.=T +¢l.

(2') Q =-TQ+ A,
uw(0) =wo, Q(0)=Qo,

Theorem 13. For problem (2') conclusion (x) holds.
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lll-posed problem:

i = —QIAF(u) +e(t)(u— 2)],
2") Q =-TpQ+I

u(0) =wug, Q0)=Qo.
Assume: 0 < g(t) \,0, 0 < |i|

[|v]| is sufficiently small.

<c,T(y) #0,y—2z=T(y)v,

Theorem 14. Under the above assumptions conditions (*) hold
for problem (2").
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Auxiliary results: Basic Inequalities

Theorem 15A. Let

: . dg

9(t) < = (g() +alt,g®))+5E),  t=t, g=—, 920,
(1)

0 < a(t,y) is a nondecreasing function of y on [0, oc] and

a(t,y),v(t), B(t) are continuous with respect to t on [tg, 00).

Suppose there exists a function pu(t) > 0, u € C[ty, 00), such that

B [y D)
() 0 - bl = @
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Let
p(to)g(to) < 1.

Then g(t) exists globally and the following estimate holds:

1
0<g(t) < —, Yt > to.
O ’
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How does one apply this inequality?

= f(t,u) = A1 (t)u + Az(t,u) + Ap(t).
lu@)]] = g(t),  [[Ad@Il < B(1),  (Aru,u) < —(t)g”,
(A2,u) < a(t, 9)g.
Now we get the basic inequality:
g < —(t)g+ alt,g) + B().

The choice of u(t) is often easy.
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How does one apply this inequality to stability

theory?

Lyapunov stability known result says: if

u'=f(u), u(0)=uo, (1)

u e R, A= f(0), (Au,u) < —allul|?, a >0,

| f(u) — Au|| < c2|ul|?, then the solution to (1) is exponentially
stable.

Our theory allows one to get this and new results by using
Theorem 15A. Let ¢(t) := |Jul|. From (1) we get

g < —ag + cag”.

Let p = poe®, b < a. Conditions of Theorem 15A are:

ca/p < (a—0b), npg(0) < 1. These inequalities are satisfied if
co/po < a—0b, g(0) < 1/up. Thus, by Theorem 15A, the solution
to (1) exists for all ¢ > 0 and ||u(t)|| < ce™® for any b < a.
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Discrete version.
Let

In+1 — Gn

h < _7n9n+a(nagn)+ﬁna hy > 0, 0< hn’Yn <1,
n

SO
n+1 < (1_’7nhn)9n+hna(n7gn)"‘hnﬁna n 2> 0, 0 <yhn <1,

holds, where g,,, 3, and ~, are positive sequences of real numbers.
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Theorem 15B.

Theorem 15B

. Assume that

gnJr}zi_gn < —Yngn + a(n, gn) + Bn, hp >0, 0 <hnyn <1,
n
(3)

or, equivalently,
Int1 < gn(l - hn')/n) + hna(na gn) + hnﬁn» hyp > 0, (4)
where 0 < hpvy, < 1.

If there is a sequence of positive numbers (u,,)2° ¢, such that the
following conditions hold:
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a(n, i) + 8, < 1 <% _ Mn+1_ﬂn>’ (5)

Hn Hn et
1
<=, 6
g0 < (6)
then 1
0<g, < — Vn > 0. (7)

Therefore, if lim,, o0 ttn, = 00, then limy, o g, = 0.
Remark. The result holds with A, =1 and 0 < ,, < 1.
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Theorem 16. If Q(t), G(t) and T'(t) are linear operator-functions
from [0,00) — H, where H is a Hilbert space, and

{Q = -T()Q + G(t),
Q(0) = Qo

where (Th,h) > (t)||h||?, e(t) >0, then, with
t
a(t) := eJo ()45 one has:

IR < a™'(®) [Qoll +a~' (1) /Ota(S)HG(S)HdS-
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Selected Proofs.

U = ®(t,u),

Flu)=0 @), u(0) = up.

(2)

Theorem 17. If
1) (F'®,F) < —c1||F||?, Yu € H, ¢; = const >0
2) [[@f] < eof F,
3) r <R,
where
C2
rTi= a”FgH FOZF(U()),

then (%) and (xx) hold, where

(o) fu(t) —u(oo)| < re™™, [[F(u(®))]| < [[Folle™".
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Proof. Let g(t) := ||F(u(t))].
Then
99 = (F'®,F) < —c19%.
Thus
g(t) < g(0)e™ " = || Fplle™",

lafl < 1@ < col| Folle™".
So, with 1 := Z||Fpl|, r < R, one gets:
[u(t) — u(oo)| < re=f,

Ju(t) - u(0)] < r < R.
Theorem 17 is proved. O
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a) @=—[F ()] 'F=c =1, c;=m, |m|F| <R

b) & = —[F'(up)] 'F = ¢co =
—((F"(u) — F’(Uo)+F’(UO))[F’(Uo)J‘1F,F) <
—||F||* + mMyR| F|?,
c1=1—mMyR, co=m, m|Fo|/(1—-mMzR)<R.
If R = 5hr then | 4m? Mo Fy| < 1.

) ®=-T'A*F = ¢; =1, co = m*My, |m*M||Fy|| < R.

d) d=—-AF = c1 = m_2, Cco = Ml, m2M1HF0H < R.
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Linear lll-posed Problems.

W =—ut T AT, T=AA
u(0) =wug
0 <e(t) O, / eds = oo.

t
u=uge "+ / ef(tfs)Ta_(sl)Ty ds
0
t
Lemma 1. lim [ e "9h(s)ds = h(co) (if Fh(0).)

t—oo Jg

Lemma 2. lim T 'Ty =y ify L N(T) = N(A).
E—

Otherwise the limit is y — Py(1)y.
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Stopping rules 1.

Assume ||fs — f|| < 0. Then

lus(ts) — yll < lus(ts) — ults)|| + lults) =yl
lm lu(ts) -yl =0

ts—00

s
Justts) — )| < | [ e T4 (fs - )]
s 0
T 24/e(ts)

1)
Rule 1: If lim
00 \/e(ts)

then lim |lus(ts) — y|| = 0.
6—0

=0 and lim t5s = oo,
6—0
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New discrepancy principle.

Theorem. Assume that A is a bounded linear operator in a Hilbert
space H, equation Au = f is solvable, y is its minimal-norm
solution, ||fs — f|| <6, and ||fs5]| > C9, where C' > 1 is a
constant. Then equation |[Aus. — fs5]|| = C0 (x) is solvable for e
for any fixed 0 > 0, where us . is any element satisfying inequality
Flus,) <m+(C? =1 = )62, F(u) = [|A(u) — fl[* + ellull?,
m = m(d,¢€) :=inf,F(u), b= const >0, and C*> > 1+0b.

If € = €(0) solves (x), and us := us(s), then lims o [[us — yl| = 0.

The point: One does not need the exact minimizer of the VR
functional: an approximate minimizer can be used in the
discrepancy principle if it gives to the functional value sufficiently
close to the infimum.
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Nonlinear operator equations with monotone operators.

U= —A;é) [F(u) +a(t)u — f], u(0) = up.
z:=F(u) + a(t)u — f,

,é':—z—i—du:—z—l—ga(u—‘/)—l—dv.
a

F(V)+aV—f=0. ||| :== g, u—V :=h, al|lh|] < g.
) a )
g<-—g(1- U) + clal, ¢ =maxzg>ol||V]|.
tllglo Vi) =y
We prove:
lm g =0,  limise? = 0.
t—o00 a
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Global convergence theorem.

Theorem. If F' is a monotone, continuously Fréchet differentiable
operator in H, equation F(y) = f has a solution, y is its (unique)
minimal-norm solution, and a(t) > 0 is a monotonically decaying
function such that

id

lim a(t) =0, lim =0, — < 1/2,
t—o00 t—oco a
then
i) =

The convergence is global: it holds for any initial element wuyg.
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Nonlinear operator equations with monotone

operators/earlier version.

U= —A;é) [F(u) + a(t)u], u(0) = wup.

Assume that a(t) > 0 decays monotonically to zero as t — oo,
la|/a < 1/2, and |a|/a® < 1.
Let F'(v) + a(t)v = 0. This eq. is uniquely solvable, and we prove:

ol < lwll, 1ol < llylllal/a,  [[v(t) = yl[ =0,
as t — oo.
We want to prove that u(t) exists on [0, 00) and ||u(t) — y|| — 0
as t — oo.

It is sufficient to prove ||w(t)|| — 0 as t — oo, where
w = u(t) — v(t).

Alexander G. Ramm DSM for solving operator equations



One has:
W=~ — ALy [F(u) — F(v) + a(t)w].

Let g = g(t) := ||w]||. Then one derives the inequality:

g < —94‘&924—61M
B a(t) a(t)’
Choose y = ﬁ ¢ = const > 0, and check conditions of the basic
lemma.
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These inequalities are satisfied if 4 = ca™!(t) and a := a(t) is
chosen so that
cg(0)a™(0) < 1,

o o i

a 1.9 a

t —X < 1.
(1) +coc”a"(t) + a() =
Clearly, there are many a(t) which satisfy the above inequalities. If
a(t) satisfies these inequalities, then
a(t)

9<—
c

ci1C

and
lim u(t) =y.

t—00
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In the earlier papers | took ;1 = =<, = const > 0, and checked

a(t)?
the conditions of the earlier lemma. First condition:
Co A A
— < 1-1/2) = ——.
a(t) — 2a(t)( /2) 4a(t)

This holds if A = 4cy.
Second condition:
. < a

cilal/a < o
The scaling transformation: a — va allows one to satisfy the
above inequality. Here v > 0 is a constant.
Third condition: g(0)u(0) < 1 holds if v is sufficiently large.
We have proved that ||w|| < a(t)/A. Thus ||u(t) —y|| — 0 as
t — o0.
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Nonlinear operator equations without monotonicity

assumptions.

Theorem. If A := F'(y) # 0, then for the problem

{u = —T_ \(A"F +e(u—2)),
u(0) = uo,

conclusions (x) hold, where z is suitably chosen.
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Proof.

My
HK||§792, u—z=u—y+y—=z

=T (A*Aw 4 ew + A*K +e(y — 2))
= —w—-T'A'K — Ty — 2)

W= —w—T "A'K — T T, |v]| < 1;
fv:y—z iff;«éO.

3
co9g

e(t)
ell T To)| < elloll,
ell T (A" A = A AT o],

(T - T+ TN T

99 < —g* +

1
< 2MoMyglloll; 20 M) = .

Alexander G. Ramm DSM for solving operator equations



2 . .
cog A Lo 1l 1
—59 +eljvll; o =5 S -
9=739 (t) el n t w 24
Co A1
1 < —— —; A= 8c¢.
) ct) - 2yE 4 0
e(t) 1
2) ellel < Vo2 5 8l Ve <1
A
3) g(0 <1
) 90
If £(0) > 8g(0)co, then condition 3) holds.
If lv]| < —3—, then 2) holds.
8A4/£(0)
Theorem is proved. O
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Getting rid of the inversion of the derivative operator.

Fu)=0 (1) [[F'(w] " I<m, F(y)=0.
Theorem. Let

If ug and Qo are properly chosen then (x) holds, and
limy,o0 [|Q(t) — A7L|] = 0.

Here, as earlier, T := A*A, A := F'(u), A= F'(y).
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Proof. "> ¢ > 0, € = const. Thus

t
Q@) < Qolle™st + et / =5 My ds

M1
< || Qoll + — := co.

u—y:w,\le:g( ); F(u) = P(y) = Aw + K,

A=Fy) K] < 22g2,

2
i = —w+w— Q(F(u) - F(y)) = —w+ Aw — QK,
A=T-QA.
M.
gg < _g2+(Aw7w)+01937 = 602 27
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Lemma.

Lemma:
[(Aw, w)| < gllwl?, 0<g<1.

Assume:
§<—vg9+cag’, 0<y:=1—¢g<1, cg(0) <L
Then

9(0)

1) <ecge Mt g = —2F
g(t) < coe =1 c19(0)

9(0) = [luo — yl.

Theorem is proved. O
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Proof of the Lemma.

A=-QA=TQA- A*A=—TA+ A*(A - A).
t
JAL < [lAofle™t + e~ / €5 My Maycge = ds
0

< Aol + eslluo —yll < g <1,

provided that Ag = I — QoA and |jug — y|| are sufficiently small.
The Lemma is proved. |
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lterative processes.

(1) F(u)=0

there exists y such that F(y) =0, and

() = @(v)|| < Lalju — vl
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Theorem. If
a) (F'®,F) < —ci||F|?,

b) @] < cal|Fl, and

c) <R,
Wheréa2
r= EHFOH and Fy = F(up),
then

[un = yll < re=™ | F(un)l| < [[Folle™™,
where 0 < ¢ < ¢;.
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Proof.

Let Wni1(t) = (wni1)
wn+1(tn) = Up, tn = hn.

Then

C: _ _
lwnt1(t) —yll < fIIFnIIe ert=tn)
< reic}m*cl(t*t”), t > hn,
lunt1 — yll < Junsr — wniall + [[wnrs — yll,

tn+h
i = wna| < [ 10(un) — B (s))ds
t

n

tnth
<L / lun — wnt1(s)|lds
t

n

tn+h
< Lih / | ® (wny1(s)) | ds
t

n

tn+h
< LthQ/ HF(wnJrl(S))Hds
t

n

< Lih*es||F(un)|| < Licah®||Folle™ "™

2 _ch
= Licih“re”“"".
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Thus [|tuns1 — y|| < re” (e 4 Ly h?) < re~chnHD)
provided that
¢ < c1 and h is such that e " + Ly h? < et

[ F (unt1) || < [1F (unt1) — F(wpg1(tnga)) |l

+ | F (wnt1 (tnt1) |13
IF (wng1(tnga)I| < | F (un)[le " < || Fplle™
IF (tunt1) — F(wnt1(tns1))|| < MiLicrh?re=™

= || Folle™ " My Lycoh®.

Thus N . ,
[F (unt2)|| < |[Folle™ " (™™ + M1 Lycah”)
< || Fylle=eh D,
Theorem is proved. O
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Proof of Theorem 15A

Lemma. Let f(t,w), g(t,u) be continuous in the region [0,T") x D

(DCR,T<o0)and f(t,w) < g(t,u) ifw<u,te(0,T),

w,u € D. Assume that g(t,u) is such that the Cauchy problem
u=g(t,u), u(0)=mwuy, wugé€D,

has a unique solution. If

w < f(t,w), w(0)=wy<wuy, wo€D,

then u(t) > w(t) for all t for which u(t) and w(t) are defined.
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Proof of Theorem 15A

Inequality in Theorem 15A can be written as

d(1/p)
dt

> —A(0)(1/) + alt, 1) + B(2),

and
0 <g(to) < 1/u(to).
Thus, 1/u(t) is an upper solution to the Cauchy problem
W= _V(t)w + Oé(t, w) + B(t)v w(t(]) = 9o,

while g(t) is its lower solution. If the above Cauchy problem has at
most one solution, then

0<g(t)<1/u(t)  Vt>t.

Theorem 15A is proved. O
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Results for a numerical experiment from [15].
JEk(t = syu(s)ds = f(t), k(t) = (2r1/2) "1t 15e

Table: Numerical results for d,..; = 0.05, n = 103, ¢ = 1, 10.

DSM VR, VR,
n Niter Huszj”Zlb Niter ‘lu‘fi‘zl‘z Niter ”ul(llj‘lz‘b
10 3 0.1971 1 0.2627 5 0.2117
20 4 0.3359 1 0.4589 5 0.3551
30 4 0.3729 1 0.4969 5 0.3843
40 4 0.3856 1 0.5071 5 0.3864
50 5 0.3158 1 0.4789 6 03141
60 6 0.2892 1 0.4909 6 0.3060
70 7 0.2262 1 0.4792 8 0.2156
80 6 0.2623 1 0.4809 7 0.2600
90 5 0.2856 1 0.4816 7 0.2715
100 7 0.2358 1 0.4826 7 0.3405
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