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Introduction

Themodynamically isolated systems
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t → +∞

no mechanical energy

no heat flux

n flux

Ω
no mechanical energy

no heat flux

n flux

Ω

v|∂Ω = 0

v|∂Ω = 0

jq • n|∂Ω = 0

jq • n|∂Ω = 0

Example: fluid in a closed vessel, no interaction with surroundings
Expected behaviour: unconditional asymptotic stability of the rest state
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Introduction

Thermodynamically open systems
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flux
mechanical energy

flux
mechanical energy

flux
mechanical energy

θ|∂Ω = Θ

θ|∂Ω = Θ
Ω

tn

heat flux

Ω

tn

heat flux

θ|∂Ω = Θ
Ω

tn

heat flux

t → +∞
jq • n|∂Ω 6= 0

jq • n|∂Ω 6= 0

jq • n|∂Ω 6= 0

disturbance to the reference flow

reference flow is recovered

v • n|∂Ω = 0
v • t|∂Ω 6= 0

v • t|∂Ω 6= 0

v • n|∂Ω = 0

v • n|∂Ω = 0

v • t|∂Ω 6= 0 disturbance vanishes

is introduced

self-sustaining process
new flow structure appears

Example: any system with external forcing (Rayleigh–Bénard convection, Taylor–Couette flow)
Expected behaviour: conditional asymptotic stability of the non-equilibrium steady state
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Introduction

Key question

Can we show that such a behaviour is implied by the corresponding
governing equations?

Is it possible to use some thermodynamical concepts?
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Introduction

Concept of stability – clarification

We have two solutions s1 and s2 starting from (slightly) different initial
conditions. Is it true that s1 − s2 → 0 as t → +∞?

t

y(t) = ŷ + ỹ

steady state ŷ

perturbation
ỹ

V́ıt Pr̊uša (Charles University) Stability analysis Workshop EXPRO 2020 5 / 47



Introduction

Concept of stability – clarification

We are not interested in the question or “continuous dependence of
thermodynamical processes upon initial state and supply terms”, in the
sense of C. M. Dafermos. The second law of thermodynamics and stability.
Arch. Ration. Mech. Anal., 70(2):167–179, 1979.

The typical result regarding “continuous dependence of thermodynamical processes upon initial state and supply terms” is just
the following:

The Gronwall inequality thus gives an estimate

∫
Ω
η(u|v) dx ≤ e

C′t
∫

Ω
η(u0|v0) dx,

where u0 , v0 are the initial data. This is the way uniqueness is proved for Lipschitz solutions, but also stability:
if u0 and v0 are close to each other, then so are u(t) and v(t). Mind however that the distance between u(t)
and v(t) may increase unboundedly as t → +∞. We speak of finite-time stability.

D. Serre and A. F. Vasseur. About the relative entropy method for hyperbolic systems of conservation laws. In A panorama of
mathematics: Pure and applied, volume 658 of Contemporary Mathematics, pages 237–248. American Mathematical Society,
2016
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Introduction

Stability – Lyapunov functional

V (xeq + x̃)

xeq

U(xeq)

xeq + x̃

nonlinear (finite amplitude) stability, basin of attraction
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Introduction

Micro-macro model for non-isothermal flows of dilute
polymeric fluids
For ρs, θs, ϕ and v solve:

dρs

dt
+ ρsdivx v = 0

ρs
dv

dt
= divx T + ρsb

∂ϕ

∂t
+ divx

(
vϕ−

kBθs

2ζ
∇xϕ

)
+ divq

(
(∇x v)qϕ−

2F

ζ
ϕ−

2kBθs

ζ
∇qϕ

)
= 0

ρscV,s
dθs

dt
= −θs

∂pth,s

∂θs
divx v + divx (κ∇xθs) + λ (divx v)2 + 2νD : D− 2kBθsnpdivx v

+

[∫
D

(
∇q

θs

θref
Uη

)
⊗ qϕ dq

]
: D +

2

ζ

∫
D

(
∇qUe

)
• ∇q

(
Ue +

θs

θref
Uη

)
dq −

2kBθs

ζ

∫
D

[
∆qUe

]
ϕ dq

Spring force F potentials Ue and Uη :

F =def ∇q

[
Ue

(
1

2

∣∣∣∣∣ q

qref

∣∣∣∣∣
2)

+
θs

θref
Uη

(
1

2

∣∣∣∣∣ q

qref

∣∣∣∣∣
2)]

Cauchy stress tensor T:

T =def −pth,sI + λ (divx v) I + 2νD− 2kBθsnpI +

∫
D

F ⊗ qϕ dq pth,s =def

cV,s (γ − 1) ρsθs

1− bρs
− p∞

M. Dostaĺık, J. Málek, V. Pr̊uša, and E. Süli. A simple construction of a thermodynamically consistent mathematical model for
non-isothermal flows of dilute compressible polymeric fluids. Fluids, 5(3):133, 2020
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Introduction

Lyapunov functional – easier said than done
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Thermodynamically isolated systems

Themodynamically isolated systems
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t → +∞

no mechanical energy

no heat flux

n flux

Ω
no mechanical energy

no heat flux

n flux

Ω

v|∂Ω = 0

v|∂Ω = 0

jq • n|∂Ω = 0

jq • n|∂Ω = 0

Example: fluid in a closed vessel, no interaction with surroundings
Expected behaviour: unconditional asymptotic stability of the rest state
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Thermodynamically isolated systems

Die Energie der Welt ist konstant; die Entropie der Welt strebt einem
Maximum zu!

R. Clausius. Ueber verschiedene für die Anwendung bequeme Formen der Hauptgleichungen der mechanischen Wärmetheorie.
Annalen der Physik und Chemie, 125(7):353–400, 1865

Pierre Duhem. Traité d’Énergetique ou Thermodynamique Générale. Paris, 1911; Bernard D. Coleman. On the stability of
equilibrium states of general fluids. Arch. Ration. Mech. Anal., 36(1):1–32, 1970; Morton E. Gurtin. Thermodynamics and the
energy criterion for stability. Arch. Ration. Mech. Anal., 52:93–103, 1973; Morton E. Gurtin. Thermodynamics and stability.
Arch. Ration. Mech. Anal., 59(1):63–96, 1975
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Thermodynamically isolated systems

Lyapunov-type functional – isolated systems

Candidate for Lyapunov-type functional:

Vmeq =def − S︸︷︷︸
entropy

+λ1

(
Etot − Êtot

)

︸ ︷︷ ︸
constant energy

+λ2

∫

Ω
(ρs − ρ̂s) dv

︸ ︷︷ ︸
constant mass

+ λ3

∫

Ω
(np − n̂p) dv

︸ ︷︷ ︸
constant number of polymers

Identification of Lagrange multipliers (spatially homogeneous steady state): λ1 = 1
θ̂

Functional Vmeq decreases along trajectories:

dVmeq

dt
=

d

dt


− S︸︷︷︸

entropy

+λ1

(
Etot − Êtot

)
︸ ︷︷ ︸

constant energy

+λ2

∫
Ω

(ρs − ρ̂s) dv︸ ︷︷ ︸
constant mass

+λ3

∫
Ω

(
np − n̂p

)
dv︸ ︷︷ ︸

constant number of polymers


= −

dS

dt

= −
∫

Ω
ξ dv ≤ 0
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Thermodynamically isolated systems

Micro-macro model for non-isothermal flows of dilute
polymeric fluids

v = v̂ + ṽ ρs = ρ̂s + ρ̃s θs = θ̂s + θ̃s ϕ = ϕ̂+ ϕ̃

Vmeq =

∫

Ω

1

2
ρs |v |2 dv +

∫

Ω
ρscV,sθ̂s

[
θs

θ̂s

− 1− ln

(
θs

θ̂s

)]
dv

+

∫

Ω
cV,s(γ − 1)θ̂s

[
ρs ln

(
ρs

ρ̂s

1− bρ̂s

1− bρs

)
− ρs − ρ̂s

1− bρ̂s

]
dv

+ kBθ̂s

∫

Ω

(∫

D
M

np,θ̂s

[
ϕ

M
np,θ̂s

ln

(
ϕ

M
np,θ̂s

)
− ϕ

M
np,θ̂s

+ 1

]
dq

)
dv

+ kBθ̂s

∫

Ω
n̂p

[
np

n̂p
ln

(
np

n̂p

)
− np

n̂p
+ 1

]
dv

M. Dostaĺık, J. Málek, V. Pr̊uša, and E. Süli. A simple construction of a thermodynamically consistent mathematical model for
non-isothermal flows of dilute compressible polymeric fluids. Fluids, 5(3):133, 2020
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Thermodynamically isolated systems

Same calculation can be done whenever one knows the entropy production
and the specific Helmholtz free energy.

Each material is (in a given class of processes) characterised by:

1. Energy storage ability. (Give a formula for the specific internal
energy e or for the specific Helmholtz free energy ψ.)

2. Entropy production ability. (Give a formula for entropy production ξ.)

The constitutive relations between tensorial and vectorial quantities follow
form the specification of the two scalar quantities.

K. R. Rajagopal and A. R. Srinivasa. On thermomechanical restrictions of continua. Proc. R. Soc. Lond., Ser. A, Math. Phys.
Eng. Sci., 460(2042):631–651, 2004

J. Málek and V. Pr̊uša. Derivation of equations for continuum mechanics and thermodynamics of fluids. In Y. Giga and
A. Novotný, editors, Handbook of Mathematical Analysis in Mechanics of Viscous Fluids, pages 3–72. Springer, 2018
M. Dostaĺık, V. Pr̊uša, and T. Sǩrivan. On diffusive variants of some classical viscoelastic rate-type models. AIP Conference
Proceedings, 2107(1):020002, 2019
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Thermodynamically open systems

Thermodynamically open systems
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flux
mechanical energy

flux
mechanical energy

flux
mechanical energy

θ|∂Ω = Θ

θ|∂Ω = Θ
Ω

tn

heat flux

Ω

tn

heat flux

θ|∂Ω = Θ
Ω

tn

heat flux

t → +∞
jq • n|∂Ω 6= 0

jq • n|∂Ω 6= 0

jq • n|∂Ω 6= 0

disturbance to the reference flow

reference flow is recovered

v • n|∂Ω = 0
v • t|∂Ω 6= 0

v • t|∂Ω 6= 0

v • n|∂Ω = 0

v • n|∂Ω = 0

v • t|∂Ω 6= 0 disturbance vanishes

is introduced

self-sustaining process
new flow structure appears

Entropy in nondecreasing function – NO
Energy is constant – NO
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Thermodynamically open systems

Fluxes through boundary

We have fluxes through the boundary. We have no control on fluxes.
Everything is lost. Really?
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Thermodynamically open systems

Lyapunov-type functional – heuristics

x̂eq x̂neq

x̃neq

x̃eq

x̂neq + x̃neq = x̂eq + x̃eq

x

Veq( x̃eq‖ x̂eq)

Affine correction.

Vneq( x̃neq‖ x̂neq) =def Veq(x̂neq + x̃neq)− Veq(x̂neq)− dVeq

dx

∣∣∣∣
x=x̂neq

x̃neq

J. L. Ericksen. A thermo-kinetic view of elastic stability theory. Int. J. Solids Struct., 2(4):573–580, 1966
M. Buĺıček, J. Málek, and V. Pr̊uša. Thermodynamics and stability of non-equilibrium steady states in open systems. Entropy,
21(7), 2019
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Thermodynamically open systems

Lyapunov-type functional

Lyapunov-type functional for thermodynamically open systems:

Vneq

(
W̃
∥∥∥ Ŵ

)
=def −

{
S
θ̂
(W̃

∥∥∥ Ŵ )− E(W̃
∥∥∥ Ŵ )

}

S
θ̂

( W̃
∥∥∥ Ŵ ) =def S

θ̂

(
Ŵ + W̃

)
− S

θ̂

(
Ŵ
)
− DW S

θ̂
(W )

∣∣∣
W =Ŵ

[
W̃
]

E( W̃
∥∥∥ Ŵ ) =def Etot

(
Ŵ + W̃

)
− Etot

(
Ŵ
)
− DW Etot (W )|W =Ŵ

[
W̃
]

S
θ̂

(W ) =def

∫
Ω
ρθ̂η(W ) dv

Etot (W ) =def

∫
Ω
ρe(W ) dv
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Thermodynamically open systems

Disclaimer

Let us assume that there exists a classical solution to the corresponding
governing equations.
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Thermodynamically open systems Elastic turbulence

Elastic turbulence

A. Groisman and V. Steinberg. Elastic turbulence in a polymer solution flow. Nature, 405(6782):53–55, 2000
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Thermodynamically open systems Elastic turbulence

Elastic turbulence

A. Groisman and V. Steinberg. Elastic turbulence in a polymer solution flow. Nature, 405(6782):53–55, 2000
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Thermodynamically open systems Elastic turbulence

Stability of flows of Giesekus fluid

Mechanical variables:

div v = 0

ρ
dv
dt

= div T
O

Bκp(t)
= − 1

Wi

[
αB2

κp(t)
+ (1− 2α)Bκp(t)

− (1− α)I
]

Cauchy stress tensor T:

T = mI +
2

Re
Dδ + Ξ

(
Bκp(t)

)
δ

Upper convected derivative, L = ∇v :

O

A =def
dA
dt
− LA− AL>

dA
dt

=def
∂A
∂t

+ (v • ∇) A
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Thermodynamically open systems Elastic turbulence

Specific Helmholtz free energy and entropy production

Specific Helmholtz free energy ψ:

ψ =def −cVθ

(
ln

(
θ

θref

)
− 1

)
+

µ

2ρ

(
Tr Bκp(t)

− 3− ln det Bκp(t)

)

Entropy production ξ = ζ
θ :

ζ =def 2νD : D

+
µ2

2ν1
Tr
[
αB2

κp(t)
+ (1− 3α)Bκp(t)

+ (1− α)B−1
κp(t)

+ (3α− 2)I
]

+ κ
|∇θ|2
θ
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Thermodynamically open systems Elastic turbulence

Giesekus fluid – Lyapunov functional

Pair
[
v̂ , B̂κp(t)

]
is a steady solution to the governing equations, we want to

show that perturbation vanishes
[
ṽ , B̃κp(t)

]
.

v = v̂ + ṽ

B̂κp(t)
= B̂κp(t)

+ B̃κp(t)

Lyapunov functional (energetic part only):

V
(
W̃
∥∥∥ Ŵ

)
=def

1

2

∫

Ω
ρ |ṽ |2 dv

+
Ξ

2

∫

Ω

[
− ln det

(
I + B̂κp(t)

−1
B̃κp(t)

)
+ Tr

(
B̂κp(t)

−1
B̃κp(t)

)]
dv

M. Dostaĺık, V. Pr̊uša, and K. Tůma. Finite amplitude stability of internal steady flows of the Giesekus viscoelastic rate-type
fluid. Entropy, 21(12), 2019
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Thermodynamically open systems Elastic turbulence

Giesekus fluid – time derivative of Lyapunov functional

Time derivative of Lyapunov functional:

dVneq

dt

(
W̃
∥∥∥ Ŵ

)
= −

∫

Ω

2

Re
D̃ : D̃ dv −

∫

Ω
Ξ B̃κp(t)

: D̃ dv

−
∫

Ω
D̂ṽ • ṽ dv

−
∫

Ω

Ξ

2
Tr
[
B̂κp(t)

−1
B̃κp(t)

B̂κp(t)

−1
(ṽ • ∇) B̂κp(t)

]
dv

+

∫

Ω

Ξ

2
B̂κp(t)

−1
:
(

L̃B̃κp(t)
+ B̃κp(t)

L̃>
)
dv

−
∫

Ω

Ξ

2(1− α)Wi
Tr

[(
B̂κp(t)

+ B̃κp(t)

)−1 (
B̃κp(t)

B̂κp(t)

−1)(
B̃κp(t)

B̂κp(t)

−1)>]
dv

−
∫

Ω
α

Ξ

2Wi
Tr
[
B̂κp(t)

−1
B̃κp(t)

2]
dv
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Thermodynamically open systems Elastic turbulence

Distance

V (xeq + x̃)

xeq

U(xeq)

xeq + x̃

Bures–Wasserstein distance, symmetric positive definite matrices:

distP(d),BW (A,B) =def

{
Tr A + Tr B− 2 Tr

[(
A

1
2 BA

1
2

) 1
2

]} 1
2

Another distance, symmetric positive definite matrices:

distP(d), δ2
(A,B) =def

∣∣∣ln
(

A−
1
2 BA−

1
2

)∣∣∣
Rajendra Bhatia, Tanvi Jain, and Yongdo Lim. On the Bures–Wasserstein distance between positive definite matrices. Expo.
Math., 37(2):165–191, 2019
Rajendra Bhatia. Positive definite matrices. Princeton University Press, Princeton, 2015
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Thermodynamically open systems Elastic turbulence

Taylor–Couette flow – problem setting

r

R2

R1

ϕ

Ω1

Ω2

gr̂

gϕ̂

Governing equations have a steady solution [p̂, v̂ , B̂κp(t)
, θ̂]. One (almost)

has an analytical formula for the solution.
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Thermodynamically open systems Elastic turbulence

Taylor–Couette flow – stability bounds for Giesekus fluid

0

0.05

0.1

0.15

0.2

0.25

0.3

0 2 4 6 8 10 12

Wi

Re

C1 < 0, C2 < 0
C1 < 0, C2 ≥ 0
C1 ≥ 0, C2 < 0
C1 ≥ 0, C2 ≥ 0

Unconditional

asymptotic

stability

(a) Shear modulus Ξ = 0.1.

0

0.05

0.1

0.15

0.2

0.25

0.3

0 2 4 6 8 10 12

Wi

Re

C1 < 0, C2 < 0
C1 < 0, C2 ≥ 0
C1 ≥ 0, C2 < 0
C1 ≥ 0, C2 ≥ 0

Unconditional

asymptotic

stability

(b) Shear modulus Ξ = 1.

Figure: Stability bounds for Taylor–Couette flow.

M. Dostaĺık, V. Pr̊uša, and K. Tůma. Finite amplitude stability of internal steady flows of the Giesekus viscoelastic rate-type
fluid. Entropy, 21(12), 2019
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Isolated vessel

spatially
steady temperature field θ̂

homogeneous

v̂ = 0
zero velocity field

t → +∞

Ω

n

Ω

no mechanical energy exchange
v|∂Ω = 0

v, θ

v̂, θ̂

no heat exchange
jq • n|∂Ω = 0
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Thermal bath

spatially
steady temperature field θ̂

homogeneous

v̂ = 0
zero velocity field

spatially
temperature boundary
condition θ|∂Ω = θbdr

homogeneous

t → +∞

Ω

n

Ω

no mechanical energy exchange
v|∂Ω = 0

v, θ

v̂, θ̂

V́ıt Pr̊uša (Charles University) Stability analysis Workshop EXPRO 2020 30 / 47



Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Spatially non-uniform wall temperature

spatially
steady temperature field θ̂

inhomogeneous

v̂ = 0
zero velocity field

spatially
temperature boundary
condition θ|∂Ω = θbdr

inhomogeneous

t → +∞

Ω

n

Ω

v̂, θ̂

v, θ

no mechanical energy exchange
v|∂Ω = 0
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Incompressible Navier–Stokes–Fourier fluid

Mechanical quantities:

div v = 0

ρ
dv
dt

= div T + ρb

Cauchy stress tensor:
T = −pI + 2νD

Temperature evolution equation:

ρcV
dθ

dt
= 2νD : D + div (κ∇θ)

Boundary conditions:

v |∂Ω = 0

θ|∂Ω = θbdr
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Expected result

Notation:

v = v̂ + ṽ

θ = θ̂ + θ̃

Steady state:

v̂ = 0

θ̂ = solution to steady heat equation

Steady state temperature θ̂ solves:

0 = div
(
κ∇θ̂

)

θ̂
∣∣∣
∂Ω

= θbdr

Arbitrary perturbation should decay. If you are not able to explain this,
you are doomed.

V́ıt Pr̊uša (Charles University) Stability analysis Workshop EXPRO 2020 33 / 47



Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Decay of kinetic energy

Evolution equation for the velocity:

ρ
dv
dt

= div (−pI + 2νD)

Evolution equation for the net kinetic energy:

d

dt

∫

Ω

1

2
ρ |v |2 dv = −

∫

Ω
2µD : D dv

James Serrin. On the stability of viscous fluid motions. Arch. Ration. Mech. Anal., 3:1–13, 1959
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Main issues

Temperature evolution equation:

ρcV
dθ

dt
= 2νD : D + div (κ∇θ)

Problem:

We do not know when and where is the kinetic energy dissipated.

We do not know what are the fluxes through the boundary.

If v is small, it is not necessarily true that D is small.

Dissipative heating:

∫ +∞

t=0

(∫

Ω
2µD : D dv

)
dt < +∞

Do not touch the dissipation. Use only its positivity!

Y. Kagei, M. Růžička, and G. Thäter. Natural convection with dissipative heating. Commun. Math. Phys., 214:287–313, 2000
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Main issues

How to measure the distance form the steady state?

ρcV,ref
d

dt

∫

Ω
θ̃2 dv = −

∫

Ω
κref∇θ̃ • ∇θ̃ dv +

∫

Ω
2µD̃ : D̃ θ̃ dv

+

∫

Ω
ρcV,ref

(
ṽ • ∇θ̂

)
θ̃ dv
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Result

Steady state θ̂, perturbation θ̃, m, n ∈ (0, 1), n > m > n
2 :

∫

Ω
ρcV,ref θ̂

[
1

n

(
1 +

θ̃

θ̂

)n

− 1

m

(
1 +

θ̃

θ̂

)m

+
n −m

mn

]
dv

t→+∞−−−−→ 0
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Lemma (Decay of integrable functions)

Let y : [0,+∞) 7→ R+ be a continuous non-negative function such that

∫ +∞

τ=0

y(τ)dτ ≤ C1,

where C1 is a constant. Moreover, let for all s, t ∈ [0,+∞), t > s,

y(t)− y(s) ≤
∫ t

τ=s

f (y(τ))dτ +

∫ t

τ=s

h(τ)dτ

hold, where f is a nondecreasing function from R+ to R+ and h is a non-negative
function such that

∫ +∞
τ=0

h(τ)dτ ≤ C2, where C2 is a constant. Then

lim
t→+∞

y(t) = 0.

Songmu Zheng. Nonlinear evolution equations, volume 133 of Chapman & Hall/CRC Monographs and Surveys in Pure and
Applied Mathematics. Chapman & Hall/CRC, Boca Raton, FL, 2004
P. Krejč́ı and J. Sprekels. Weak stabilization of solutions to PDEs with hysteresis in thermovisco-elastoplasticity. In R. P.
Agarwal, F. Neuman, and J. Vosmansky, editors, Proceedings of Equadiff 9, pages 81–96, Brno, 1998. Masaryk University

V́ıt Pr̊uša (Charles University) Stability analysis Workshop EXPRO 2020 38 / 47



Thermodynamically open systems Vessel with walls kept at non-uniform temperature

We know: ∫ +∞

τ=0
y(τ)dτ ≤ C1

We want:
lim

t→+∞
y(t) = 0

τ

y(τ)

We need:
dy

dt
≤ f (y) + h
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Candidate for Lyapunov functional

Convenient measure for the size of perturbation:

Vmeq

(
W̃
∥∥∥ Ŵ

)
=def

∫

Ω
ρcV,ref θ̂

[
θ̃

θ̂
− ln

(
1 +

θ̃

θ̂

)]
dv +

∫

Ω

1

2
ρ |ṽ |2 dv

Time derivative:

d

dt
Vmeq

(
W̃
∥∥∥ Ŵ

)
= −

∫

Ω
κref θ̂∇ ln

(
1 +

θ̃

θ̂

)
• ∇ ln

(
1 +

θ̃

θ̂

)
dv

−
∫

Ω

2µD̃ : D̃

1 + θ̃

θ̂

dv +

∫

Ω
ρcV,ref

(
∇θ̂ • ṽ

)
ln

(
1 +

θ̃

θ̂

)
dv,
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

A. B. Pippard. Elements of classical thermodynamics for
advanced students of physics. Cambridge University Press,
Cambridge, 1964

R. L. Fosdick and K. R. Rajagopal. On the existence of
a manifold for temperature. Arch. Ration. Mech. Anal.,
81(4):317–332, 1983
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Choose a different temperature scale

Alternative temperature scale:

ϑ

ϑref
=def

(
θ

θref

)1−m

Corresponding candidate for Lyapunov functional:

Vϑ,mmeq

(
W̃
∥∥∥ Ŵ

)
=def

∫

Ω
ρcV,ref θ̂

[
θ̃

θ̂
− 1

m

((
1 +

θ̃

θ̂

)m

− 1

)]
dv

+

∫

Ω

1

2
ρ |ṽ |2 dv
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Choose a different temperature scale – formal argument

Pointwise evolution equation, f is a given function:

ρ
dṽ
dt

[
cV,ref θ̂f

(
e
ηdiff
cV,ref

)]
= div

[
κref∇

(
θ̂f

(
e
ηdiff
cV,ref

))]

− κref θ̂f
′′
(
e
ηdiff
cV,ref

)
∇e

ηdiff
cV,ref • ∇e

ηdiff
cV,ref

+ f ′
(
e
ηdiff
cV,ref

)
ζmech

(
Ŵ + W̃

)

+ ρcV,ref

[
f

(
e
ηdiff
cV,ref

)
− f ′

(
e
ηdiff
cV,ref

)
e
ηdiff
cV,ref

]
ṽ • ∇θ̂

ηdiff =def cV,ref ln

(
1 +

θ̃

θ̂

)
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Thermodynamically open systems Vessel with walls kept at non-uniform temperature

Result – unconditional stability

Steady state θ̂, perturbation θ̃, m, n ∈ (0, 1), n > m > n
2 :

∫

Ω
ρcV,ref θ̂

[
1

n

(
1 +

θ̃

θ̂

)n

− 1

m

(
1 +

θ̃

θ̂

)m

+
n −m

mn

]
dv

t→+∞−−−−→ 0

M. Dostaĺık, V. Pr̊uša, and J. Stein. Unconditional finite amplitude stability of a viscoelastic fluid in a mechanically isolated
vessel with spatially non-uniform wall temperature. Math. Comput. Simulat., 2020. In press
M. Dostaĺık, V. Pr̊uša, and K. R. Rajagopal. Unconditional finite amplitude stability of a fluid in a mechanically isolated vessel
with spatially non-uniform wall temperature. Contin. Mech. Thermodyn., 2020. In press
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Conclusion

Conclusion

Thermodynamic framework for stability analysis of open systems.

Description of proximity of two different solutions.

Tested for complex fluid models such as incompressible viscoelastic
rate-type fluids.

SUBSYSTEM

flux
mechanical energy

θ|∂Ω = Θ
Ω

tn

heat flux

jq • n|∂Ω 6= 0

disturbance to the reference flow

v • n|∂Ω = 0
v • t|∂Ω 6= 0

is introduced
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Conclusion

Thank you for your attention.
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Conclusion
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