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Introduction and examples

Multi-species systems

Examples:
@ Animal populations: observing, predicting, harvesting
@ Fluid mixtures: heliox (diving, asthma), biofilm reactors, air pollution
@ Cell dynamics: tumor growth, ion transport through membranes

@ Electrolysis: lithium-ion batteries, production of hydrogen from water

Nature is generally composed of multi-species systems! )

Modeling: flux of ith species depends on density gradient of jth species —
cross-diffusion equations
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Introduction and examples

What are cross-diffusion systems?
Oruj — div (ZAU(U)VUJ'> =fi(u) InQ, t>0,i=1,...,n
j=1

@ Systems of quasilinear parabolic equations
@ Initial and (no-flux) boundary conditions

What makes these systems special?

@ Adding (cross-) diffusion, constant equilibria may become unstable
even if equilibria of associated ODE system linearly stable

@ May lead to physically desired pattern formation (Turing 1952)

@ Uphill diffusion: diffusion flux in higher concentration area

o Segregation: if u;j(0)u;(0) = 0 then u;(t)uj(t) =0fort >0, i #j
(Bertsch et al. 1985)

@ Blow-up in finite time: u;(0) Holder continuous but 3 T* > 0:
ui(T*) not Holder continuous (Stara-John 1995)

Aim: develop mathematical theory only for systems from applications
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Introduction and examples

[l Multicomponent gas mixtures

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=u®, no-flux b.c.

@ Volume fractions of gas components vy, up, u3 =1 — 13 — o
@ Diffusion matrix: 6(u) = dida(1 — ug — w2) + do(drur + dau)

_ 1 (da+(do— d2)un (do — di)un
Ale) = ) ( (do — do)ua  d +(do — dl)U2>

Application: Patients with airway obstruction
inhale Heliox to speed up diffusion

@ Proposed by Maxwell 1866/Stefan 1871
@ Duncan-Toor 1962: Fick's law (J; ~ Vu;) not

sufficient, include cross-diffusion terms
Derivation: Boudin-Grec-Salvarani 2015

A(u) not symm., generally not pos. definite
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Introduction and examples

[J Segregating populations

Oru — div(A(v)Vu) = f(u) in Q, t >0,

u(0) = u® no-flux b.c.

@ u = (u1,u) and u; models population density of ith species

o Diffusion matrix: (a; > 0)

Alu) = aio + aiuy + aipuz
ax1 U

@ Suggested by Shigesada-Kawasaki-
Teramoto 1979 to model segregation

@ Lotka-Volterra functions:
fi(u) = (bio — bjrur — bjpuo)u;

@ Diffusion matrix is not symmetric,
generally not positive definite
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Difficulties and state of the art

Oru — div(A(u)Vu) = f(u) in Q, t >0, wu(0)=1u’, no-flux b.c.
Mathematical difficulties:
@ Matrix A(u) may be neither symmetric nor positive definite
@ Generally no maximum principle: How to prove bounds for u;?
@ Generally no regularity theory
State of the art:
@ LadyZenskaya et al. 1968: growth conditions on nonlinearities needed
@ Many results for small cross diffusion (Kim 1984, Deuring 1987,...)
@ Alt-Luckhaus 1983: global solutions if Onsager matrix unif. pos. def.
@ Kawashima-Shizuta 1988: hyperbolic-parabolic systems, entropies
@ Amann 1990: parabolic in the sense of Petrovskii = 3! local classical
solution; bounds in W1P(Q), p > d = 3 global weak solution
@ Burger et al. 2010: global bounded weak solutions for special model

Novelty of approach: degeneracies allowed, global L* solutions
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Gradient-flow or entropy structure

Main assumption
Oru — div(A(u)Vu) = f(u) possesses formal gradient-flow structure

deu — div <BV§I_5/(U)> = f(u),

where Onsager matrix B is pos. semi-definite, H(u) = [, h(u)dx entropy

Equivalent formulation: dH(u)/du ~ H'(u) =
Oru(w) — div(B(w)Vw) = f(u(w)), B(w
Consequences:
O His Lyapunov functional if f =0:

/E)tu h /VW BVwdx <0

: w (entropy variable)
)=

Au(w))H" (u(w)) ™

© L™ bounds for u: Let i : D — R™ (D C R") be invertible =
u(x,t) = (h)"Y(w(x,t)) € D (no maximum principle needed!)
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Introduction and examples

Gradient-flow and thermodynamic structure

Arui(w) — div <ZBU ij) =fi(u(w)), i=1,...,n—1
Gradient-flow structure: write equations as
n—1
oH oH
at”’_d“’(ZB’fvauj) 0, w;= m
@ Entropy H = [, h(u)dx
o Gradient flow: 0;u = —K[u*|gradH|, on differential manifold, where

K[u*]w = —div(BVw) Onsager operator
Thermodynamic structure:

@ Mathematical entropy density h = —s physical entropy density

@ Entropy variable = chemical potential w; = dh/0u;

@ Onsager reciprocal relations: B is symmetric

e Entropy production: —% = [ Vw : BVwdx > 0
— expresses second law of thermodynamics
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Introduction and examples
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Boundedness-by-entropy method
Otu ) —div(B(w)Vw) = f(u(w)) in Q, u(0) = u°, no-flux b.c.
dx+/Vu H'(u )A(u)vudx:/ F(u) - W (u)dx

Q

Assumptlons.

© 3 convex entropy h € C?(D;[0,00)), h' invertible on D C R”
© “Degenerate” positive definiteness: for all u € D,

1

T " 2m;— 2

' (u)A(u)z > ' o>z

()A(w)z > c§, I
© A continuous on D, 3C > 0:Vu e D: f(u)-h(u) < C(1+ h(u))

Theorem (A.J. 2015)

Let the above assumptions hold, let D C R" be bounded, fQ h(uo) < 00,
u?(x) € D. Then 3 global weak solution such that u(x,t) € D and

u€ L2 (0,00, H{(R)), 0Oru € L} (0,00, HY(Q))

= estimate for |[Vu/"|?
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Boundedness-by-entropy method

|deas of proof

Theorem (A.J. 2015)

Let the above assumptions hold, let D C R" be bounded, [, h(u®) < oo,
u?(x) € D. Then 3 global weak solution such that u(x,t) € D and
u € L§ (0,00 H(Q)), 0Ocu € L7.(0,00; HY(Q)')

loc

@ Regularized equations: given wk=1 € L>(Q), set uk = (H)~1(wk):
T_l(uk - uk_l) — div(B(w*)Vwk) + "e((—A)"w +w)" = f(u")

@ Uniform estimate from entropy inequality: use test function h'(u*)

/;Zh(uk)dx/Qh(uk—l)dx+ClT;/Q|VU;’7i’2dX+€7‘HWk|ilm(Q)

< czf/(1+ h(u*))dx
Q
@ Existence of regularized system: Lax-Milgram, Leray-Schauder

@ Limit (e,7) — 0: compactness from Aubin-Lions lemma
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Boundedness-by-entropy method

Aubin-Lions lemmas

Uniform estimates: set u()(-, t) = u(w¥), t € ((k — 1)7, k7]
)™ 20, 7oy + 7T () = (e = 1) 2 7oy < €

Lemma (Discrete Aubin-Lions; Simon 1987)

Let X < B compact and B — Y continuous, 1 < p < oo, and
||U(T)||LP(0,T;X) <C, ii% /Llno Hu(T)(t) — u(T)(t — M@ 1vy) =0

Then (u(7)) is relatively compact in LP(0, T; B).

Problem: nonlinear estimate and time difference involving h

Theorem (Nonlinear Aubin-Lions lemma, X. Chen-A.J.-Liu 2014)

Let (u(7)) be piecewise constant in time, k € N, s > 1, and
) a0, oy 7168 = 6 = 7) 3 gy < €

Then exists subsequence u(™) — u strongly in L>*(0, T; L%%)

Remark: Alt-Luckhaus 1983: s = 1; also see Maitre 2003, Moussa 2016

-
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Boundedness-by-entropy method
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Examples revisited

0 Maxwell-Stefan models

Oru —div(A(u)Vu) =0 inQ, t>0
A(u) _ 1 <d2—|—(do—d2)u1 (d()—dl)ul >
5(“) (dO - d2)U2 di + (do — d]_)u2
e Entropy: H(u) = [qh(u)dx, u€ D ={u:u; >0, uy +up < 1} C R?
h(u) = ul(log u — 1)+ w(logur — 1)+ (1 — g — wr)(log(l — g — wp) — 1)

@ Entropy production
+C/Z|Vf| dx < Co(1+ H)

@ Entropy variables: w = h'(u) € R? or u = (h')~}(w)
Oh u; B e%i

= log —, i=—————¢D
ou; & u3 i 14 ewt 4 ew2

Wi =

Boundedness-by-entropy theorem: 3 global-in-time weak solution
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Examples revisited

[l Population model

Oru —div(A(u)Vu) = f(u) in Q, t >0, u(0)=ug, no-flux b.c.
Alu) = (310 + aiiur + anpuw aa > L a5 >0
axu ago + az1u1 + axnu
@ Entropy: h(u) = asjui(logup — 1) + appun(log up — 1), D = (0, 00)?
@ Entropy production:
dH 2

— + CZ/ (a,-o]Vﬁ\z + a,-,-\Vu,-]z)dx < Cr

dt ~ Ja

@ Entropy variables: w; = 0h/0u; = log u; = u; = exp(w;) >0

Boundedness-by-entropy method not applicable but technique applies
Theorem (L. Chen-A.J. 2004)

Let ajj > 0. Then 3 weak solution u such that u; > 0 and
ui € L2(0, T; HY(Q)), druj € LI(0, T; WH9I(Q)), q=2(d +1)
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Examples revisited

[1 Population model: generalizations

Aij(U) = (aio +ajpu + -+ a;,,u,,)é,-j + ajju;

@ Entropy: H(u) = [ h(u)dx = [ 7 miui(log uj — 1)
o Key assumptlon. mjaj; = jaj; (detailed balance), m; > 0

Detailed balance < (7;) reversible measure of Markov chain for (aj)
& B = A(u)h"(u)~! symmetric = entropy H(u(t)) decreases V't
Theorem (X. Chen-Daus-A.J. 2018)

Let ajj > 0 and detailed balance hold. Then 3 nonnegative weak solution
Vui € L2(0, T; HX(Q)), i=1,...,n

A,-J-(u) = (a,'o + a,-luf + -+ a,-,,u,s,)é,-j -+ a,-J-uf, s>0

@ Global existence under detailed balance and aj;; > ;—} i Aij
(Desvillettes et aI 2015 AJ 2015, X. Chen-Daus-A.J. 2018)
o Entropy: H(u fQ "_, muidx, production contains a;|Vu;|?
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Further topics

[l Uniqueness of weak solutions

@ Alt-Luckhaus 1983: linear elliptic operator, d;u; € L1

o Gajewski 1994: elliptic Onsager operator monotone in special sense
@ X. Chen-A.J. 2019: renormalized-strong uniqueness for SKT model
@ Berendsen et al. 2020: weak-strong uniqueness for special system

Oruj = div <2Au VUJ> Ajj(u) = p(u0)dij + ajuig(uo)
n j=1
ug = Z aju;, initial & no-flux boundary conditions
i=1
— uj: species’ concentrations, ug: solvent concentration
Theorem (X. Chen-A.J. 2018)

Let p(s) > 0, p(s) + sq(s) > 0. Then uniqueness in class of functions
p(uo) 2V uj, |q(uo)|Y?Vu; € L2, druj € L2(0, T; HY(Q)).

Idea of proof D Apply H=1(Q2) method to d:up = AQ(up), where
fo z) + zq(z))dz nondecreasing = up unique

Ansgar Jiingel (TU Wien) Cross-diffusion systems asc.tuwien.ac.at/~juengel 18 / 22



Further topics

Uniqueness of weak solutions

Orup = AQ(up), Orui = div(p(uo)Vui + uiq(ug)Vug)

Idea of proof: I Define Gajewski's semimetric

S(u, V):,Z:/ﬂ (h(u,-)+h(v,-)—zh(”';""»dx, h(s) = s(log s — 1)

and compute %S(u(t), v(t)) <0 = S(u(t),v(t)) =0 = u(t) = v(t)

Comments:

@ Test function 0h/du; = log u; requires to regularize h(u)
@ Extension: 0:u = div(A(u)Vu+ D(u)V¢), —A¢ = up — f(x)

@ Relation to relative entropies: Si(u,v) = H(u|v) + H(v|u), where

M) = [ ; (1) = ) = 501 = ) ) o

= dS1(u(t),v(t)) <0
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[ Large-time asymptotics
Oru+ A(u) = f(u), t>0, u(0)=u°
@ Entropy production:
Ot (). H () = (F(), H ()
@ Assume: (f(u),H'(u)) <0 and (A(u), H'(u)) > AH. Then

dH
SrPAHS0 = H(u(t) < H(u®)e

@ Convex Sobolev inequality: (A(u), H'(u)) > AH

Example: population dynamics model (no reactions)

+COZ/ IV/u;?dx <0, H(u):Z/Qw,-u,-(logu;—l)
i=1

Use logarithmic Sobolev inequality:

dH
/ miui(log uj — 1)dx < C5/ IVuiPdx = — + D H <0
Q dt Cs

Ansgar Jingel (TU Wien) Cross-diffusion systems asc.tuwien.ac.at/~juengel 20 / 22



Further topics

0 Maxwell-Stefan-Fourier models

deui +divsi=r, Ji= ZMU u,0)V ,L,/e) M;(u,0)V(1/0)
Jj=

Oe(ugh) +div e =0, Jo = —/<c(19 )VO — Z M;(u,0)V (11;/6)

no-flux boundary cond., wu;(0) =u? /7

@ Variables: u; densities, 6 temperature, ug = Y 7_; u; total density
@ Chemical potentials: p; = 0(log(u;/0) + 1)
° Diffusion matrix: (Mu) symm., >0 M; =0, >" ; M; =0,

Z Miizizj > Z u;(NMz)? for z € R", Tz = proj. on span(1)*
ij=1 i=1

@ Entropy density: h(u) =7 ; ui(log uj — 1) — uglog 0

Theorem (Helmer-A.J. 2020)
Let k(0) ~ cg(1+ 62), r; = 0. Then 3 weak solution with u; >0, 6 >0 J
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Further topics

Summary and perspectives
Oru — div(A(u)Vu) = f(u)
Summary
@ Formal gradient-flow or entropy structure yields estimates
@ Boundedness-by-entropy: L*° solutions, even for degenerate problems
@ Uniqueness of weak solutions for special systems
@ Large-time asymptotics: relate entropy and entropy production
@ Nonstandard degeneracies possible (not of porous-medium type)
Perspectives:
@ Stochastic cross-diffusion eqgs.: Dhariwal-Huber-AJ-Kuehn-Neamtu 2020
@ Maxwell-Stefan-Navier-Stokes-Fourier: Buli¢ek-AJ-Pokorny-Zamponi '20
@ Weak-strong uniqueness?
@ Regularity? Partial Holder regularity: Braukhoff-Raithel-Zamponi 2020

Exciting research field due to combination of mathematics,
thermodynamics, biology — still many open problems! J
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