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Outline of the talk

@ Motivation

© Linear/nonlinear TPFA schemes

© Study of the nonlinear schemes



Large time behaviour : from the continuous to the discrete
level
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Focus on anisotropic Fokker-Planck equations

Ou+V-J=0, J=A(-Vu—uVV), in Q xRy

J-n=00onTVN xR, b
u=u? on TP xR,
FN
u(-,0) =ug > 0. N Q
Examples D

@ Semiconductor models, corrosion models
wy A =T

w coupling with a Poisson equation for V'

@ Porous media flow

w A bounded, symmetric and uniformly elliptic
Al V]2 < A(z)v - v < AM|v|?
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Focus on anisotropic Fokker-Planck equations
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Structural properties

{atu +divI =0, J=—-A(Vu+uVV),

u(-,0) = up > 0 + boundary conditions

@ Existence and uniqueness of a nonnegative solution.
@ Mass conservation if I'P = .
e Existence of a thermal/Gibbs equilibrium :
u>® = pe”V (= J =0)
w if D =),

Uo
p= Jo —7» SO that /u‘x’: /uo.
Jae Q Q

= if TP £ () and the boundary data u” satisfy a
compatibility assumption

uP = pe*V on 'V,



Study of the large time behaviour : the entropy method

Definition of a relative entropy
® € C%(R,R) a convex function, ®(1) = ®'(1) =0

Eg(t) = /Qu°°<I> (%) dz

Dissipation of the relative entropy

%E@(i) = —Iq>(t), with I@(t) > 0.

Relation between entropy and dissipation

To(t) > vEo(t) — %Eq)(t) < _vEs(t)

so that| FEg(t) < e "' Eg(0).
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Study of the large time behaviour : the entropy method

Oy +divd =0,
u u™ = peV.
J=—-AuVlog —
uOO
The entropy dissipation Eg(t) = [ u™® (%)
u

thq)(t)z/ch’ (u%) Byu



Study of the large time behaviour : the entropy method

Oy +divd =0,
J=—AuViog —
uOO

The entropy dissipation Eq>(t):/u o (—
Q
4 pa(t) = /cp’(l)au
dt* ue)
— [ 3.ve (~
/Q v (u‘”)
—/AuVlog%-V@’ (%)
0 u U

/AuVlog— ve' () zo.




Study of the large time behaviour : the entropy method

E¢=/u°°q>(”) Iq>:/AuVlogu-V<I>/(u)

u

Examples of entropies

@ Boltzmann-Gibbs entropy : ®;(s) = slogs — s+ 1,

. : sP —ps
o Tsallies entropies : ®,(s) = Tt 1, pe(1,2]
p_
4 o u\P2]% .
Ip(: I‘:I)p) Z Amg QU \Y (ﬁ) = Iyp.

Relations entropy/dissipation fp > vk,
o I'” £ () and p € (1,2] : Poincaré inequality.
o '’ = and p =1 : Log-Sobolev inequality,
o I'” = () and p € (1,2] : Beckner inequality,



Adaptation to the discrete level of the entropy method

Isotropic case and “nice” mesh

e “standard” linear finite volume schemes (TPFA)

U C.-H., HERDA, 19
U FiLBET, HERDA, ’17

Anisotropic case and/or almost-general mesh

@ “advanced” nonlinear finite volume schemes

A
T

Q Cancks, GUICHARD, '17
Q Cancks, C.-H., KRELL, ’ 18
Q Cancks, C.-H., HERDA, KRELL, ’20
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© Linear/nonlinear TPFA schemes



TPFA schemes for the Fokker-Planck equation

From the equation... (A =1)

{Gtu—i—V-J:O, J=—-Vu—-uVV,

u(+,0) = up > 0 + Neumann boundary conditions

... to the scheme

n+1 n
u — U
n-+1
m Y F =0
oegint
‘FK,O' %/J'IIK,U L
o

@ 7T : control volumes, K € T
o £:edges, €&
e P : points, (vx)KeT

© At : time step + orthogonality property



Linear numerical fluxes
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Linear numerical fluxes
Fro R /(—Vu —uVV) - ng,
g

UK — UL
m,————~ | —Vu-ng,
dy o

Generic form o = K|L € &M

Fro =Ts (B(VL — Vie)ux — B(Vie — VL)uL), P

with B(0) =1, B(z) >0 and B(z) — B(—z) = —z Vz € R

Classical examples

Bup(s) =145, DBel(s)=1- 2 Bgy(s) =



Nonlinear numerical fluxes

Fro & / (=Vu—uVV) ng,




Nonlinear numerical fluxes

]-"KJ%/—UV(logu—l—V)-nK,U




Nonlinear numerical fluxes
fK,U%/—uV(logu-l-V)-nK,a
o

Generic form o = K|L € £

FKo = Tolo <loguK + Vi —loguy, — VL), Ty =

with @, = r(ug,ur)

Examples of r functions

r+y
2 )

r—y

r(z,y) = r(z,y)

- logz — logy



Preservation of the thermal equilibrium

@ At the continuous level : u™ = pe™V = J = 0.

o At the discrete level : u3¥ = pe V& = Fr, =07

Linear fluxes
Fro =To (B(VL — Vie)ux — B(Vie — VL)uL),

with B(0) =1, B(z) > 0and B(z) — B(—z) = —z Vx € R

= YES iff B = By,

Nonlinear fluxes

FKo = Tolls (log urg + Vi — loguy, — VL>,



Structural properties
Linear fluxes

@ Linear system whose matrix is an M-matrix.
w Existence and uniqueness of a solution to the scheme.
w Positivity of the numerical solution.

@ Mass conservation when T'P = ).

@ Discrete entropy method

» Uniform bounds on the discrete solution.
w Exponential decay towards the associate steady-state.



Structural properties

Linear fluxes

o Linear system whose matrix is an M-matrix.
w Existence and uniqueness of a solution to the scheme.
w Positivity of the numerical solution.

@ Mass conservation when T'P = {).

@ Discrete entropy method

» Uniform bounds on the discrete solution.
w Exponential decay towards the associate steady-state.

Nonlinear fluxes
@ Nonlinear system of equations at each time step
@ Mass conservation when T'P = ().

@ All the properties (existence, positivity, bounds, large time)
will be obtained as a consequence of the entropy method.
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© Study of the nonlinear schemes



Nonlinear schemes for the FP equation (I'? = ()

un+1 _ uK .
mKKT + Z ]:IT?; =0,
oegint
Ftl = o r(uptt uth) (log w4+ Vi — logut T — VL).
’ | ————

41
ant

\

Hypotheses on r

@ 7 increasing with respect to both variables
o r(z,x) =z and r(z,y) = r(y,x)
r(Az, Ay) = Ar(z,y)

r—Yy
— = @< <
e E— r(z,y) < max(z,y)



Entropy-entropy dissipation property

Discrete relative ®-entropy Eg = / uoofﬁ(i)
Q

=) mKU%O‘I)(TIg)
K

KeT

Discrete dissipation Ip = / uV log — Vo' ( )
Q u

[&.°] o0 o0
segint L K UL Uk

L= Y roty(log -1 —log K ) (@/(CL) — /(X))

Discrete entropy-entropy dissipation property

n+1 n
ID{’—i_J_|_]1”‘f‘1<0 Vn > 0.
At e = -




First consequences

@ Decay of the relative ®-entropy : Ef < IE%.

@ Uniform bounds :

’LLO u™ ul
m = min(1, min —) < UK < max(1, maX—K)
KeT u§ ug KeT u§

obtained with ®(z) = (x — M)* and ®(z) = (x — m)~.



First consequences

@ Decay of the relative ®-entropy : Ef < E%.

@ Uniform bounds :

’LLO u™ UO
m = min(1, min —) < UK < max(1, max l) =
KeT ufy ug KeT ufy

obtained with ®(z) = (x — M)* and ®(z) = (x — m)~.
@ Control of the entropy dissipation :

N
> oAttt <E.
n=0

@ Existence of a positive solution to the scheme

via a Leray-Schauder’s fixed point theorem.



Towards the exponential decay : the continuous level

E1:/§2u<>°<1>1(1;;):/9u10g /u—/
2
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Q u> Q u>
Log-Sobolev inequality 4 probability measure
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Towards the exponential decay : the continuous level

E1:/§2u<>°<1>1(1;;):/9u10g /u—/
2
Ilz/u‘VIOgu‘ = /u“'vw/“
Q u> Q u>
Log-Sobolev inequality 4 probability measure

/leOg d,LLSCLs/ |Vf]2d,u.
||f”L2(Q dp) Q

u

d df=4/—
fQuooa:an f s

Application with dy =

E, <Crsh




Towards the exponential decay : the discrete level

n

n e} un n u
1= Z m(K)uK%(u%i) = Z m(K)ug logu%

KeT K KeT K
n 2
K
ne S (g, uf) (log ~log oo)
oe&int
ul U
T=4 Te min(ug, ug’ —L K
> womintito) (|1 - )
ocegint
Step 1 In <1




Discrete Log-Sobolev inequality

Q EYMARD, GALLOUET, HERBIN, '00
O BESSEMOULIN-CHATARD, JUNGEL, '14

Theorem
o (7,£,P) a mesh of Q, with a regularity ( >0

o (ux)wer given with pxc > 0and »  m(K)ux =1

o KeT
® (7 = sup ug
KeT

Then, for all (fx)ke7 with fir > 0, one has
> mgfi log —=—E—— “SB V= > 1l — ful?

KET Z mL LML Uegznt
LeT




Discrete Log—SoboIev inequality ; application

> mgfi log —=—E—— “SB V= > 1l ful?
KET Z mL LML Uegznt
LeT

o (u})ker and (ug) verify :
ugr >0and ug >0 VK eT,

g myuy = E mru® = MY, M* = maxu®.
KeT
KeT KeT

U u%
e With (fK— K) and pux = —& we get
\/ ug® M1
KeT

Z my Uy log LS\/ Z To

KeT gegint

n n 2
Ug  [Uup

oo o
Up ur,




Final result

Step 0

Step 1

Step 2

Theorem

Byt — B}
At

7 <IY

+I <0 Vn>0.

1~
E? < —I7 | so that
v

ET < (14 vAt)™"ES.

For any k > 0, if At <k, one has

E} <e 7K} V¥n >0,

with 7 = log(1 + vk)/k.




Conclusion
TPFA schemes

o Exponential decay of E}} for p € [1,2] if P =9.
o Exponential decay of E? for p € (1,2] if I % (

10°
—o— (z+y)/2
(y—x)/ log(y/x)
v (Va+Vm)*/4 "
—+— max(z,y) 10~
o =« = trsexp(—(x*+1/4)t)
%
= - 10—8
I
L 10—12
T T T T T T 10-1¢

@ What happens for a general velocity field ? for a general
steady-state ?



Conclusion
DDFV schemes (anisotropic case + general meshes)

@ Discrete Log-Sobolev inequality adapted to the DDFV
reconstruction.

@ Exponential decay of the discrete Boltzmann entropy.
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