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Goal of the talk

Introduce a method that allows to

@ prove convergence to an equilibrium
@ estimate the rate of convergence

for various evolutionary problems.
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Goal of the talk

Introduce a method that allows to

@ prove convergence to an equilibrium
@ estimate the rate of convergence

for various evolutionary problems.
The method is based on

@ existence of a Lyapunov function and
@ the tojasiewicz inequality
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Definition

Let V be a Banach space. We say that a C' function E: V — R
satisfies the Lojasiewicz inequality on a neighborhood B of p € V, if
36€(0,3],C>0stVYueB

|E(u) — E(p)I'" < CIE'(u)||v. (L)

v
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Definition

Let V be a Banach space. We say that a C' function E: V — R
satisfies the Lojasiewicz inequality on a neighborhood B of p € V, if
36€(0,3],C>0stVYueB

|E(u) — E(p)I'" < CIE'(u)||v. (L)

v

@ 0 ...tojasiewicz exponent (important constant)
@ C...unimportant constant
@ interesting case: E'(¢) =0
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Definition
Let V be a Banach space. We say that a C' function E: V — R

satisfies the Lojasiewicz inequality on a neighborhood B of € V, if
30€(0,3],C>0st.VueB

|E(u) — E(9)|'™? < C||E' ()| v (L1)

v

Examples

o E(u)= |ulPinE"...0 =3,
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Definition
Let V be a Banach space. We say that a C' function E: V — R

satisfies the Lojasiewicz inequality on a neighborhood B of € V, if
30€(0,3],C>0st.VueB

|E(u) — E(9)|'™? < C||E' ()| v (L1)

v

Examples
® E(u)=|ullPinR"...0 =1,
@ E(u) quadratic form ...0 = .
..~ E(u) not too flat around ¢

o E(U1,U2)=|U1|p...¢9:%.
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Definition
Let V be a Banach space. We say that a C' function E: V — R

satisfies the Lojasiewicz inequality on a neighborhood B of € V, if
30€(0,3],C>0st.VueB

|E(u) — E(9)|'™? < C||E' ()| v (L1)

v

Examples
® E(u)=|ullPinR"...0 =1,
@ E(u) quadratic form ...0 = .
..~ E(u) not too flat around ¢
© E(uy,tp) = [wfP...0 = 1.
@ Every analytic function in R" satisfies (LI).
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Assumptions

@ u:[0,+00) — Vis a global solution to our differential equation
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@ u:[0,4+00) — Vis a global solution to our differential equation

@ u has relatively compact range, i.e. {u(t) : t > 0} is relatively
compact
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Assumptions

@ u:[0,4+00) — Vis a global solution to our differential equation

@ u has relatively compact range, i.e. {u(t) : t > 0} is relatively
compact

@ pecw(u)={yeV: 3t ~+oo st u(ty) = ¢}
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Gradient systems in R”

U+ VE(U) =0 (GS)

Theorem (Lojasiewicz '63; Haraux, Jendoubi ’01)
If E satisfies (LI) with 0, then t ”T u(t) = .
—+00

Ce ifo =
Ct+1) 72 ifo <

1
Moreover, |u(t)—el| < { 2
2

Counterexample (Palis, De Mello ’82) if E is exponentially flat

... not a unique limit point

Tomas Bérta Damped wave equations 6/18 23.9.2020 6/18



Gradient-like systems in R"

u+F(u)=0 (GLS)
gradient-like system = system with a strict Lyapunov function

JE:R"—-R  Fu)#0 = (F(u),E'(u)) >0.

Theorem (Lageman '97; Haraux, Jendoubi '01)
If E satisfies (LI) and (AC), then t ”T u(t) = o.
—+00

Ce—¢t ifo =1,
Moreover, if (C) lu(t)—e] < e B
Clt+1) ™= ifg<}.
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Gradient-like systems in R"

u+F(u)=0 (GLS)
gradient-like system = system with a strict Lyapunov function
JE:R"—-R  Fu)#0 = (F(u),E'(u)) >0.

Theorem (Lageman '97; Haraux, Jendoubi '01)
If E satisfies (LI) and (AC), then t ”T u(t) = o.
— 400

, Ce ¢ ifo =1,

Moreover, if (C) lu(t)—¢| < {C(t+ 1)7$ 6 < %
(F(u), E'(u)) > al[F(u)[[[|E"(u)] (AC)
|F(u)|| > C|IE'(u)]| (C)
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Abstract wave equation

u+g(u)+E(u)=0 (AWE)
@ V — H < V' Hilbert spaces

@ E ¢ C'(V,R), Lojasiewicz inequality ... potential,
@ g:V—V, (g(v),v)y=>0...damping
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Abstract wave equation

i+ g(U)+ E'(u)=0 (AWE)

@ V — H < V' Hilbert spaces
@ E ¢ C'(V,R), Lojasiewicz inequality ... potential,
@ g: V-V, (g(V),v)y>0...damping

Example 1.
ug + g(ut) — Au+ f(u,x) =0,

° H=1L3(Q), V=H(Q),
© E(u) = [o IVu(x)|P — F(u(x), x)dx, F(u,x) = [¢' f(s, x)ds.
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Abstract wave equation

i+ g(i)+ E'(u)=0 (AWE)

@ V — H < V' Hilbert spaces
@ E c C'(V,R), kojasiewicz inequality ... potential,
@ g: V-V, (g(V),v)y=>0...dmping

Example 2.
U+au+u=0,

e H=V=R",
° E(u) = Ju2.
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Lyapunov function

i+ g(i)+ E'(u)=0 (AWE)

1 .
E(u,v) = §||v||2 + E(u) is a Lyapunov function

%S(U(t)a V(1)) = E'(u)v +{v, V)
( +
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(AWE) with linear damping

E(u,v) = 3lIvIP + E(u)

U+au+ E'(u)y=0

(AWE)
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(AWE) with linear damping

U+ ai+E'(u) =0 (AWE)

E(u,v) = 3IIVIP + E(u) + | E'(u)ll]v]
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(AWE) with linear damping

U+ ai+E'(u) =0 (AWE)

E(u,v) = GlIVIP + E(u) +<| E'(W)]|Iv]
is a strict Lyapunov function satisfying (AC)
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(AWE) with linear damping

U+au+ E'(u)y=0 (AWE)
E(u,v) = GlIVIP + E(u) +<| E'(W)]|Iv]
is a strict Lyapunov function satisfying (AC)

Theorem (Haraux, Jendoubi '01)
If E satisfies (LI), thent ”T u(t) = .
—+o00

Ce=¢t ifo =3,
Moreover, |u(t)—e| < __0_ 1
C(t+1) ™2 iff < 3.
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smaller than linear damping = no angle condition

i+ g(i)+ E'(u)=0 (AWE)

small damping = no angle condition = worse decay estimates
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smaller than linear damping = no angle condition

i+ g(i)+ E'(u)=0 (AWE)

small damping = no angle condition = worse decay estimates
One needs a better Lyapunov function

E(u,v) = E(u) + %||v||2 +eG(E'(u), V)
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smaller than linear damping = no angle condition

u+9g(u)+E(u)=0 (AWE)
small damping = no angle condition = worse decay estimates
One needs a better Lyapunov function

E(u,v) = E(u) + %||v||2 +eG(E'(u), V)

Chergui '08 in R” If E satisfies (LI) with 6, g(v) = ||v||*V, a < %

then
—(a+1)(1—0)

1
lu(t) — ¢l < C(t+ 1) Erei-o1
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Further results for (AWE)

Ben Hassen, Haraux ’13: similar result in Hilbert spaces,
a(v) ~ [lv]|*v.
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Further results for (AWE)

Ben Hassen, Haraux ’13: similar result in Hilbert spaces,
a(v) ~ [lv]|*v.

B. and Fasangova '16, B. ’16 the same estimate for more general g
@ g(v) > Cfor|v| > Kand
@ g(v) > c|v|*vior lv] <e
@ or (g(v),v) > cllv[[**+? for ||v]| < ¢
@ or (g(u,v),v) > cllv[|**? for ||v|| < e
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Integrodifferential equations

Zacher ’09: convergence to equilibrium for an IDE in R"
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Integrodifferential equations
Zacher ’09: convergence to equilibrium for an IDE in R"

Yassine *17: decay for exponentially decaying kernels for

t
ug — Au+ f(x,u) + / k(s)Au(t—s)ds=g
0
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Integrodifferential equations

Zacher ’09: convergence to equilibrium for an IDE in R"
Yassine '17: decay for exponentially decaying kernels for

t
up — Au+ f(x,u) + / k(s)Au(t—s)ds=g
0
B. (preprint): decay for polynomially decaying kernels for

t
u— E'(u) +/0 k(s)Au(t —s)ds=g
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Optimality of decay estimates

OPTIMAL if

@ (AC) holds and

@ “the reverse inequality in (LI) holds”
OPTIMAL for (AWE) with linear damping
NOT OPTIMAL for “small damping”

Haraux *11: non-optimality for & + 4|0 + |u|®u =0
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@ “the reverse inequality in (LI) holds”

OPTIMAL for (AWE) with linear damping
NOT OPTIMAL for “small damping”
Haraux *11: non-optimality for & + 4|0 + |u|®u =0

For E(uy, t) = | |P we have ||E'|| ~ E'~5, OK
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Optimality of decay estimates

OPTIMAL if
@ (AC) holds and
@ “the reverse inequality in (LI) holds”
OPTIMAL for (AWE) with linear damping
NOT OPTIMAL for “small damping”
Haraux ’11: non-optimality for & + ||*U + [u[’u =0
For E(us, tp) = |us|P we have ||E'|| ~ E'~5, OK

For E(uy, up) = |ug|P + |u2|9, p > g we have

Q=

CE(u)'"a > | E'(u)]| > cE(u)' "5
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Fast and slow solutions

At

U+al+pBu=0, o >0 u=ceM +ce!

@ either complex roots with the same real part
oscilations, all solutions have the same speed of convergence
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U+al+pBu=0, o >0 u=ceM +ce!

@ either complex roots with the same real part
oscilations, all solutions have the same speed of convergence

@ or real roots with different real parts
no oscilations, two speeds of convergence

Haraux & co. '11,’14,°17
U+ o+ uffu=0, a >0

SIMILAR SITUATION
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Fast and slow solutions

At

U+al+pBu=0, o >0 u=ceM +ce!

@ either complex roots with the same real part
oscilations, all solutions have the same speed of convergence

@ or real roots with different real parts
no oscilations, two speeds of convergence

Haraux & co. '11,’14,°17
U+ o+ uffu=0, a >0

SIMILAR SITUATION

B. 2018
E(U1,U2,...,Un) = |U1‘p1 + -+ ’Un’pn

up to n speeds of convergence.
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THANK YOU FOR YOUR ATTENTION!
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