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nverse troce operaor  (+ funchions with hon- (r\*tqer derivative )

. A
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Moreoer, 3 Te WS ™ P (a0) = W), hnaar, vowndad and T (Tew) = A
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ke, < <8) (Wpuzen) + shanly | Il R
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Lost example : -AM o+ oom) = £ pn o

=0 on dasL
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Lemmar F e WEED st 4 rve Wt (D) S = V- ble)nr

Define moppling M- WEED - WY D) ;o e, wWhete mam = £-blEw) 8,

Fixed point: =0 ow OSL.
A widkee Semgides Nemytskii > M 18 contiouous
¢ € luliy + ¢ Wil

oulz é&S VRl ~ Ubew) ) fwl <
bdd

2Ny ¢ L)
4 compadingss © U (e} bouaded i W s ALY precompadt i Wls s

alauu) vw = 23 (bew") - blow™ o
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3. NONLINEAR ELLPTIC EQUATIONS - MONCTONE OPERATOR THEORY

2.4 Motivation
Find N (QS loul®) Boe e (™0 1
MeW (@), n=ie ORDSL () Qiven

0) minivum sty (due o Eonuexiy - will ke proven \ater)

by Euler- Lagrange €20 Pew) . oSwwl’ s S \lous 200"
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> W —p o e one
\\ p
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5 QF g B0 - 10 e U8 L eom o) + (-v) oul® (4 (Quegn®) + (1-1) o) .9 dclx
£ 0

L
g Tl DS“1 wul® w9y dkdx = p&S loul” Tou v
= 0¢ p SLQ wwlF ou. 9y A ee Wi
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5 0= g 5wty ¥ e Wy ey
formally = - Sdiv Gen™ow) ¥ 5 0= -div (%00 ge 0 Q
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Definition: Lex € R™> ®" be a maEpng - We say that
oy .
L. & s monotone  <=> ¥ xye R (E(‘Q‘EU:]))'\X*%) B

1. E s stacly monotone & ’H\\ﬁeR”, Xy LEO-EW): (-4) >0

Example:  E(0):= (&~ \xll\v% x . §z0
E s STriCHU) monorong .

Proof. (6-%\3(\1\?;’%)( - (6+\gl“‘]?% y - x- Y)
= S'& (50 Lex r g™ (£xs oty &k G-y
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A
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Weak formulGhion.
Let A and R be Comthiodory 3 GeR e Q) such that

LA E) | € @ (A 1P W Y « o

Co (M €10 ) w6 )

"

180§
Pelton) | Mo W) | qe LT(R) | e Q) (enough £e (w3t -
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Exercise M2 > Show tat i§ ME AR g Mo Gfe Snoth and M is a weck Salubion,
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Assumetion  ( Coercivity) -
70, el ¥ MeR $5eRY for aa xeST: AbE).§ + BOwg) .z & l§1-pL0)

Assumpiion(monotoncity of ¥ha leading ‘erm):
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® vl Y
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Now, we have
e - div AloM) + B, o) = § W x (o)
M = Mo on L% (o™

MAO) = Ko W o

A® ae Camaindo doty
LA g + B u@) | € ¢ (% (P4 181 .. Growth

AuE). € + Blug) i 2 ¢ 1E€1° - ol B T P Sl T B Loertivity

Ao Aand B ore monotone as whole opesortor

LA is monotone (wrr. §) and B is Mnear wirk. €

5 A i iy monotone (wet. §)

Theorem . Let Qe ey JNE sa¥isky growth + U:)?_fd\f\m and \¢+ ot least on of.
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SEMIGROUP THEORY 1S.5. 2019
\nfrodmction. Exponentiol funckion, \inas operotor.

For aeR, e has sevecol de®initions:

-]

o)
Imporkant pmper’oﬁ: £060) = ¥ R-(xﬂﬁ\ = Sg(x\-F(Laﬁ 'Y tontinuity) (&)
For AcR™ o watvix of for A o bounded linear operator  we can define
e = éo % . fhanks to the foct that the sedes s convergent
bl BAN & F MR oM TR
5 K=o K k=0 4 -
Our qood IS 4o S'hadu) equations of type ”1 W) = Ank) t 20 }()‘)
MY = M,

where moe X - o reod Bapach space and A DAYCX =X s a linar
(possibly unbounded ) operator ; whida s independant of © DA i lineac subspaceofX,
We study existence and MNOULALSS of o Solution wm: Low) = X.
For boundad. operator, M) = i What £ N 5 wioounded ?
Reminder:
Dekinifion: A kowac opesator |- X=X is boundad. whenayes
AMz0 ¥xeX & NIxl§ ¢ M Axly.
lemma: Let L be Waeaw opesator Han Hau following (s eomivodent:

A. Lis boundaed
2. L & continuous
3. L s confinwons at 0, " " "
d 2o 2
Examples. A a:W"™ =2 i bounded, I Aamlly ‘-—-(?-" i=al, 5&%&\(“&&1\“,)

1.8 WA W (s wnbounded .
Lontmdickion. & bounded, IMz0 s+ Lamllyy ¢ Mkl ¥ me W'
For swe 3 me W™ s+, amd W,
Note: tn (1), opefator A ods fron X to X, e tor A=a | Y Banadh
space X must include smooth funckions for A to be oundad.
Instead: we studyy () for  unboundact opefutors.



Semigno
No‘faﬁon: wx) ALXX 1S Uar boundad opermtory (s o Ranach SQace

“L“{u\ = m ILX“)(
Ixly=1

Unboundwd opesortor s $an couple (A D), where Hw domain of A
DCCX {§ awospace | A: M =X 5 hneac.
Defintion: Thw funchion Sl :Toee) = R(X) & called & semiooup i§F
1.8(0) is identity, S@)x=x ¥ xeX
L. S(E) SK) = S(4as) YHs=20
It moreover .Sty x> x as 20+ YxeX, we calt SW o Co- Semigoup.
Remacks Due to  poopectyy (€) & exponentiol, o G- RMIGIOUD S a suitable
candidate for qenaralizedl expongfiial vio relocion S = ¢
Strongee assumption 3. A S -Tlyyy = 0 a3 +=0+  (moiform  wokduity)
implies SOz for somi lieor Confiounous operator A,
lemma 4. Let S(O be o Co- Semigroup N X, Theq
A Anza w20 34 [ SE ey & M.e®t yizo
L £ 50X {8 onhintous Mapping from loe=) fo X ¥xeX Gived.
Pooof: 1. we claim Hhat IM=z4 570 sA. IS ) heqy €M ¥ te 1o
I noty Wy A Qtay ko= ot ST \\Slkn\ll;em &5
Bt due to 3. From dafinihion of the SeMatoup 1« SEM X=x ¥ xeX = ISka)wly isbod.
FA: ISta) lypy & bounded #neM  (Uniform boundedngss pandiple)  ¥xeX ¥nem
Set =3 WM (& WN=e®®), fer every €20 | FneN, F€e[0l): t= nd+€,
15 gy = 1 U8 SELSE gy € 1 S(6) Ky 1560 by € MY M= €20 M.
’l.@.onﬁnu(h/)‘ N O+ we have from 2. of dat. ek k=0, {
Continuityy from Hw nowt: \lm St x = \\\Elfgw SLEY Sy X i-*‘%ﬁx
From Hhae left LmLoca h<£)
Jien | Ste=h) ¥ Staxl\ﬁ > hm I S(e- m(x St)x) Ny ¢ lim I SCE-) gy N x-S

hWoo+

| Ste- ) “:Lm < MY 0 Me”Y a5 hoo

by- Sy =0  dua to 2.



Definition, (Generator of o setiopoup). An wilboundidh gperator (A DAY) s Called
o ogrefmtor of o Semigfowp Ste) EE

o Sx- .
D) = A xex: pon, . ‘ﬂt\x exists i X )
Remack. A s limae (S©eged) and  DAYCK (s liwar swotpace .

Theorem A (gropeties of Ojawarocmﬁ - Lot WD) be a geasator of SK)
0 Co-Stmigroud in X.  Than:

A, xeD(A) => S xe D) ¥t=zo0

1. XeDIRY = ASOIX = SHYAR = d%SLQx Y120 (in £=04)
&
g we X Az0 = o= 0 S@xas ehuy | Aleys SEBxsG
Proof.  AfL.XeDA), £ =20 given

Sl et

. SEISWR-% T 1. SHOSEm-SIEN Sls) X=X
B e = ooliy

pseI T o 2 e Stelim = -
S0+ S So0k S ) S 50n S SE) Ax
=2 A x = S(E) Ax

= FJSWK = SKVAX  ¥E20  from e nont
For €20 from . \eft:

iy S XSO _ v ay = By Sleh) Ktﬁ&"‘_\_’i ~ SRt = ©
h= 0 = a0 ~h

Y VA
Younded Ax Ay,
3 SWxE -k, = Sl OStS(s') xds - fS(s) X ds BUiE ROCY * 2
S*Slsemxds - 3786 v ds
S S@ xds - 3786 xas

{YM‘ S&) woks = 05“ SG) x dy

"

]

Co W2 (Ao SEx k)
- y Ll Y A
lin % (S 1) = k%&%\ JSEexds - § $s0xds) = SEX - SO) x = Skyx-x
Remok: it k) = S 18 o dassicol sdudion 4o % M) = ALY | MOY= Mo, ik
’Ml‘l. ‘#\ .
ﬁut@ B ﬁSUc\Mu = SWAL = ASK e = Aulk. Ha

Definihon (cloed operaton). We Sy Haat an unbounded GResaior (A diAY) s closed
HE MnedA) |, b2, Aln =00 = MedA) and ki =17,

Remark: mnbondidagss & Ooxdmgs s fatutodl for dervative cpemtors | e.q-
A RO R L) D W, e (D€ WCT ) al) =) ia (LT,

R a0 2l I V@) o wE)eW N T X Ru = o).

~
L~

(



Thioem 2 (dansity and clogedness of o %U\Aro&oa: Ler (MDM) be o gurarator
o & G-wmioroup S I X, Than D) s denge 1 X and (A DAY & closed
Proof. density. For anyy XeX and tz0 x*ebu\) (T4 3)  ond
X N 3‘;( Q%% o?tS(svxols = SE)x=x% )
Uosedngss. Lt YneDCA) | Y=k | Axy =Y.
We want do show dhat  xed(A) AX= W
Claim: s+ SGsYx &5 €. \ndeed, %S(a X = SOAX land & is onhnuous int)

h
Newton - Leibniz - SthYan -~ SO) % = Qgh & SE6) xmds = o) S AXn dS | NS

2@ x -x) = %\ DYhS(s\ Y ds v =0y
Al = S(OWUA =y
Remark: b\ﬁ dosedngss of A+ T4,3. - (simple L& A tontinuous)

AlSS@xds) = SOx-x = oytg(s\ Nowiels <= 50 () xds
By teorem 1, CADG@Y) otarmtor oF SIK) = ¥ peeD(R) MU =SW, asdution 4o\).
For (ADA)) given | tan we §ind o Co-Semiqroup ) st A geagrades Sk 2
Lemma 2{ uniopandss of o senigrou): Lek S S e senigrowps with e same
gaumtor. Then S@=Sk) ¥ k7o
Poof- Define gy = SCT-Y Sy x ,  XedDW) and T>0 Sived.
Ye Cllomd X) by confinuity of §§ ¥ +-t =20
Yo = ﬁ"‘k (8129 Sty ) = =~ Sigas) ASWY = SA-t) ASW)x=0 § te(o)
= % teloT) MU = e M 10) = SITMIX = YT = S X ¥ xe DA
DER) is dense i X (T2) and 120 odbtony = §Wy=S@) §£=0.
Definition (fesolvent) © Ler (A DAY be unbounded  oReroroT. We duding
fesolient set PIAY = ANe Ry AT-A: DA) - X & Ona-to-one ¥, and onto |
resevent  ROAA) = (AE-AY" 2 X - D(A) |\ AeplA).
lithess o0 « Gonganr %

Rematk: (MDY towd = AI-A DA =Y walinuous = RO\VA) € ROO



Lemma 2 ( propecties of rosoluent operartors) - Let (ADA)) be o qenerator &f
O ComSeMaEMD Sik) ) \et Sty lggy £ Me . 1+ holds:
A RMA) X= A RIVAY R -x ¥ ve X

1. RVAY AX = ARINA) x ~ % ¥ XeD(A)
SORINAY R = R A% = (A ROGAI R A) ® ¥ xeX | RIVA) R = R AROA)
LY ATw: heg® | ROV = STEMSOx AR | IRAAN i € Koo -
Boof- A ARMVA)Y X = LAADIATIROWAYX = ARMAAI X = X
BoHs: (AT-A) UI-A) (RGA) - R A X
= OT-A) (MRA) =~ ARAA) +T = T) % = (- A) (AT- RIRAA) X = (N
RHS: (AT-AIWT-A) (u-N) R@A) ROVAY = (=AY (AT-R) M E-R) R RINA) Y= (- N)X
LS (PI-A) (\T-R)RIVA) R(MA) = T
Rus: (pI-A) (AT-AY RA) RINAY = (uI-A) (ARMA) = MREA) + T)R(AA)
- R (I-NRMA) (4T ROA)
s LO-p+p)T-ATROA) = T

WS gl oy (ADWY)) @ SW = €°"51&y on. oy (RdRY) | A = A=Wk DAY =DIA),
RLWVAY = ROwusd) = wwe w=o.

p L= e same

Then SO lgey ¢M, A>0 | derote Rx= § €*S@x ok (wel-depined)

NRXN <« 5 ™ Mixl dt = S = Rewy | Wigy ¢ 5

ﬁ)ﬁ €D (10\3 : th=>0 and xeX\:

St Rx -Ry = S ™ LSesn) x-Sy ok
*hS’ e

Steywdk = S Sy x d
s (Ve swywak = "M xd ) - ?Q Ste) x ok
- (@) § e"tw\xo& R NG

Lin 4 (St Rx-Bx) = lim (

Wo O = <20+

h
lim &7 % §"eM g

ho0s

5 kil el

= X = ARx- ARx =QI-AYRx | xeX AT-A (s

) A -1 -
For xed), ARy = A @Sy aL) - 05 % Slmougly =Ry« N

and
= Ai‘.&; AR X =¥ ono
ek,

= Rl et os RALNT =) % , xe D(A)
b 3

eDIA)



N0 was orbittary = P2 (00)  and R DEsRL 2 RINAY.

Definition  (semigroup of contfackons): We sy that St i§ contraction SEMIO OWp
K NSOVl <1 ¥ iz0
Theorem 3 (Hille~Yostida (for contrackons): For (ADAY) an wnbounded opefortor,
fhe folowingy 1§ equivalent -
A 3 Co- RMigroup of ContractionS Grrleated \@1 (A1 DIRY)
2. (ADMN is closed, DA S dease In X (0,99) € LAY Ok IR(VA) gy €
Proof. A =72." olreach) proven by Tz (closed | danse) and L (cesoluent)
WL.=>4"  Yosida's appoyimation: Ap = nARMA) , e N

£An

Stadeqy - Anx=y AX as N0 SWY = lim e (An €X00)

Step 1. Properties o} A

A= n A REA) ot AROA-NT € OO | pecause RnA) € () ¥n
INRMAY X = X Ny = KRG Axlly € TRINA) gy WAy € WAy =0 o5 noe
S nROA) X =) ¥ xeD®) | DE) donse in X AlnRnAl£4 = ¥xeX

AaX = R ARG X = nRMMA) AX = Ax ¥ xedDOD

Step 2. Appoximaton e the semigroup SK) by S ).

Sale) 2 e i = i %‘ An e ) (A e LKD)

A -nt T+ 0L RinA) ar L R(n,
e n < Q L e"ﬂ ; e"ﬂ (n A\

N R(n A o oo '3 (oA X
lle Ny = W2, (23 L T Z ma wm ¢ "

€A

= 1S Iy ¢ €™ e <y S Salt) ofe c,omrmchons

Mep A Exisknce of tha ot

Let xeD(A) and t>0.

Snbe) x-Sl 1= o872 DS (6-8Y SriBY X Bids =, 872 T 40P s

0

(t-YA A (E-5) A sn
M Reve o el N e &%) dls

L R(nA) Q(W\rm = R(mlm ROMVAY = AnAm=AmAn = AnSmlk) = Sm® An ¥ t?O\

rt SYAmM SA
S‘ £ LAV\ R Hm‘ﬂ) ds
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