1

Parametrizujeme ako

¢ = (asinacos 5, asin asin 3, a cos @) (1)
3}

8_SD = (acosacos f,acos asin B, —asin ar) (2)

Oy _ - .
5 (—asinasin 5, asin a cos 3, 0) (3)

dp 0
<ag0 ag) =a? (sin2 a cos (3, sin asin 3, cos asin o cos? 8 + cos avsin a sin® B)
a
(4)
= a”sin a (sin a cos 3, sin asin 3, cos ) (5)
dp 0

’ %Xa—gH = a®sin a\/sin2 a cos? B + sin? asin® 3 + cos? a (6)
a®sinaV/sin? o + cos? o = a® sin @ (7)

Pre uhly plati 0 < o < 7w, 0 < f < 27 a pre konstantnu plosni hustotu
mame

ds
U=Gp (8)
s T
2m 2
—Gp/ / a®sin o dads (9)
Va2 sin? o cos? § + a?sin® asin® 8 + (20 — a cos a)?
= Gp / / «sina dadp (10)
Va2sin?a + (2 — acos a)?
= Gpa® / / sina dadp (11)
o Jo /2% —2zacosa+ a2
Substitujeme u = 22 — 2zpa cos a + a?, g—g = 2zpasin o
G a2 27 (z04a)? d G (204a)? d
U= / s 4 ’m/ o (12)
2200, 0 (z0—a)? \/ﬂ 20 (z0—a)? \/ﬂ
2G "
_ Sopam [\/zg — 2zpacosa + a2} (13)
20 0
2G am 2Gpar
g ( (20 +a)* — \/(Zo - “>2> = =2 (20 +al = |20 — al) (14)
<0
4G
U= pa’r ak |zo| > |a|, U = 4Gpar pre |z| < |a| (15)
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Ako prvé zistime hmotnost tohto objektu. Za predpokladu, Ze plosnd hustota
je vo vsetkych miestach rovnaka. Rovnicu kruhového prierezu valca si vieme
prepisat ako

2

2 2
P 0 (o or o = (3 e

Kde § mé vyznam polomeru tejto kruznice.
Zavedieme si parametrizaciu ako

a . a 2 . 2
0= §+rcost,7‘smt, <§+T008t> + (rsint) (17)

Pre parametre plati 0 <r < g, 0 <t < 2. Pre parcidlne derivacie mame
) t+2

a_f = (cost,sint, %;r) (18)

) —arsint
E)_f = (—r sint,rcost, %) (19)

dp 0
( L g&) = é (—(a+ 2rcost), —2rsint, 2z) (20)
dp O
H - SOH \/a2 + dar cost + 4r2 cos?t + 4r?sint + 422 (21)
= 2L 422 4 422 = T\/§ (22)
z

Plochu vypocitame ako

/3 2r o /3 r2]% a2
S = 2/ / rdrdt = 27V 2 [—] = —— 23
o Jo 2], 22 (23)

Odtial mame pre hmotnost m = pZ% 5 f Sturadnice hmotného stredu méame
ako

1 2m
= — / rpdS = — / a + rcost)V/2rdrdt (24)
m Jg ma 2

4 [T [ar? r3cost]? 4 (a3 [* as [
= — —_— dt = — | — dt + — tdt 25
a2 J, {4 T3 L a2 (16/0 +24 o8 > (25)

4 (ma? a
e (?) =3 (26)

2




Dalej
alej .
= —/ypdS— / (rsint)v/2rdrdt (27)

r 4 o o
= 7ra2 i [E sin t} ) dt = —51 [—cost]," =0 (28)

Pre posledni stradnicu mame

1
:_/zpdS— 2/ / \/ —|—rcost +(rsint)2\/§rdrdt (29)
m Jg Ta

Vypocet tohoto integralu nie je trividlny preto si zavedieme siuradnice pre
kuzel ¢’ a mdme pre ne

¢ = (rcost,rsint,r) (30)

kde pre r mdme 0 < r < acost , 5F <t < 7 (volime t tak aby rcost bolo
kladné).

oy’ .
a5 = (cost,sint, 1) (31)
a@i = (—rsint,rcost,0) (32)
Op' 0"\ .
((% X ) = (rcost,—rsint,r) (33)
@—gp,xa—gpl = rVcos? t +sin®t + 1 = rv/2 (34)
or ot

Pre vypocet faziska mame

m/zpdS——// r2V2drdt = 'O\f/”“mt (35)

Tu musime spoéitat integral

/ cos® tdt = sint cos*t — / —2sin®t cos tdt (36)
Subst. sint = u, du = costdt

¢ 2 t
/quu = % = SH; , /0053 tdt = sint (0032 t+ Sl; ) (37)

A ’ )
A mozme pisat

.9 %
7 = —p\/é% [Sint (008225—1- 281; t)} = 16a (38)

m x O
2

3
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Zavedieme suradnice ako

¢ = (rcost,rsint, z) (39)

g—f = (cost,sint,0) (40)

aa—f = (—rsint,rcost,0) (41)
<g—fx%—f> = (0,0, 7 cos®t + rsin®¢) (42)
s ’ . (43)

Ako prvé spocitame polarny moment spodnej podstavy Ipy kedy z = 0 mame
pre parametre 0 <r < R, 0 <t <27

2r  rR 2 a1 R R4
Ipy = p/ / r(r?cos®t + r’sin®t + 0%)drdt = ,0/ [TZ] dt = =2
o Jo 0 0

2
(44)
Pre hornd podstavu méame z = H
szQ ) Y ) 2 rpd4 22l
Ipn =p r(rfcos®t +risin®t + H*)drdt = p —+ dt
o Jo 0 4 2 ],
(45)
R4 R?
= T mpRAH? = mp R (7 + H2) (46)

Ostéva ndm urcit poldrny moment pldsta. Vieme, ze 2% + y?> = R. Teraz je
dolezité uvedomit akt parametrizdciu mame

¢ = (Rcost, Rsint, z) (47)
oy’ .
5 (—Rsint, Rcost,0) (48)
oy’
(8;; X%gp ) = (Rcost, Rsint,0) (50)
z



Ha@ o9l _ (51)

Paramtre st obmedzené 0 <t <2m, 0<z< H

H 2m H3
Ipia = p / / (R* 4+ 2*)R dtdz = 27pR (HRQ + ?) (52)
o Jo
Celkovy polarny moment bude

2H?
I = 1Ipy+ Ipy + Ipia = TpR <R3 + RH? + 2HR* + T) (53)



