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Introduction

In this talk we will deal with another monotone structures,
c-skeletons and g-skeletons, which also are useful to de-
tect Corson compact spaces inside function spaces.

Let us recall the following.
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Definition

A function ¢ : [X]=¥ — [Y]=“ is w-moneotone if satisfy:
1. A C B e [X]=¥ imply ¢(A) C ¢(B);
2. if {An}nes C [X]=¥ is increasing, then

P(Uncw An) = Uncy, #(An).



Retractional skeletons

I' will denote an up-directed o-closed poset.

Definition
An r-skeleton in a space X is a family of retractions {rs}ser,
satisfying the following conditions:

1.

rs(X) has a countable network for each s € I'.

2. s<timpliesrs=rsors=riors.
3.
4. Given sg < s1 < --- in I, if t = sup,,,, Sn, then

For every x € X, x = limger rs(x).

re(x) = limp_ o 15, (X) for every x € X.

Theorem
A compact space is Valdivia (Corson) if and only if it admits
a commutative (full) r-skeleton.



Definition
Given a space X say that {(Fs, Bs)}ser C CL(X) x [7(X)]=%
is a c-skeleton on X if:

1. for each s € I', Bs is a base for a topology 75 on X and
there exist a Tychonoff space Zs and a continuous
map gs : (X, 7s) — Zs which separates the points of F;

2. ifs,t e’ and s <t, then Fg C Fy;

3. X = User Fs:

4. the assignment s — Bs is w-monotone.

In addition, if X = (Js Fs. then we say that the c-skeleton
is full.



c-skeletons

Theorem
If X is countably compact and has a (full) c-skeleton, then
X has a (full) r-skeleton.

Proof. By appliying a closure argument we can find an up-
directed and o-complete partially ordered set ¥ such that
gu(X) = gu(Fuy) for each M € X.

Fy C X
J,gM [Py l
<—
ZM anr (X, TM)

Note that gy [F, is a homeomorphism onto its image. Then
v = (gm Ir,) ' o gm : X — Fy is a retraction.

Then {ry}mecx is an r-skeleton in X.



g-skeletons

In order to get a Cp-dual concept to c-skeleton, we intro-
duce the following notion.

Definition
Let X be a space. Consider a family {(gs, Ds)}ser, where
gs : X — X5 is an R-quotient map and Ds is a countable
subset of X for each s € I'. We say that {(gs, Ds)}ser is a
g-skeleton on X if:

1. the set gs(Ds) is dense in Xg;

2. if s,t € I" and s < t, then there exists a continuous

onto map prs : Xy — Xs such that gs = pts o qr;
3. the assignment s — Ds is w-monotone;

4. Cp(X) = User a5(Cp(Xs)).
The g-skeleton is full whenever Cp(X) = s g5(Cp(Xs))-




Duality results

Theorem
If X has a (full) c-skeleton, then C,(X) has a (full) g-skeleton.

Proof.

Let {(Fs, Bs)}ser be a c-skeleton in X and set B = | J{Bs}ser-
For each W € W(B) fix dw € W. For each s € I" we set
Xs = ﬂ'Fs(Cp(X)), ds = TF; : Cp<X) — Xs and Dg = {dN NS
W(Bs)}. Then {(gs, Ds)}ser is a g-skeleton in Cp(X).

*
™ Fs

Cp(X) —————— Cp(Fs)

| |

X D JON

O

YWW(B) consists of all sets {f € Cp(X) : V(i < n)(f(B: C Ui))}, where
B; € B and U; € Bg.



Duality results

Theorem
If X has a (full) g-skeleton, then Cy,(X) has a (full) c-skeleton.

Proof.

Let {(gs, Ds)}ser be a g-skeleton in X. Fix s € . The set
Fs = q;(Cp(Xs)) is closed in Cp(X). Besides, let Bs = B(Ds)
the family of all canonical open sets with support in Ds. It
can ve verified that {(Fs, Bs)}scr is a c-skeleton on Cp(X).

Cp(X) % Cplgs(X)

L]

—— q5(X)



Generating g-skeletons

Theorem

If X has a (strong) full r-skeleton, then X has a (full) q-
skeleton.

Proof.

Let {rs}ser be a strong (full) r-skelton in X. Consider the
set ¥ = [CL(X)]=¥. Construct assignments F — sr and
F — Dy such that rs.(Dr) is dense in rs, (X).

F——sr

Let gr = rs, for each F € ¥. Then {(qr,Dr)} rex is a (full)
g-skeleton in X. O

Corollary
If X has a strong r-skeleton, then X has a _full c-skeleton.



Generating g-skeletons

Theorem
Every monotonically w-stable space has a full q-skeleton.

Proof.
Construct an w-monotone map A : [Cp(X)]=¥ — [Cp(X)]=¥
such that A(A) is a dense in AZ(A)(CP(AA(A) X))).

Cp(X) 2 Cp(An(X))

| .

Given A € I', themap ga = Am is an R-quotient map. Let
A — Dj be an w-monotone assignment such that ga(Da)
is dense in ga(X). Then {(qa,Da)}acr is a full g-skeleton

in X. O



Strong r-skeletons

An r-skeleton {rs}ser in a space X is said to be strong if
whenever sg € I' and F is closed in X", for some n € N,
there exists s € I' such that sp < sand rl}(F) C F.

Theorem
IfX is has a strong r-skeleton and is monotonically w-monolithic
(monotonically w-stable), then X is Sokolov.

Theorem

A space X has a strong r-skeleton if and only if C,(X) has
a strong r-skeleton.

Theorem
If X is has a strong r-skeleton and is monotonically w-monolithic,
then X is a Lindeléf D-space.
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Thank You!



