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Introduction

The notion of w-monotone assignment, considered in this
talk, is implicit in several constructions. This concept is
very simple and natural, and at the same time strength
considerably some topological structures. The use of these
monotone assignments keep a nice relation with the use
of elementary submodels.

We will proceed as follows:

» Firstly, we are ging to deal with monotone w-stability, a
concept which result to be useful to study retractonal
skeletons in general and in function spaces.

» Secondly, we will use w-monotone assignments pro-
vide a proof of the characterizations of Corson and
Valdivia compact spaces by some special retractional
skeletons.
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monotone assignments

We start with the definition.

Definition

A function ¢ : [X]=¥ — [Y]=¥ is w-moneotone if satisfy:
1. A C B e [X]=¥ imply ¢(A) C ¢(B);
2. if {An}nes C [X]=¥ is increasing, then

P(Uncw An) = Uncy, 9(An).

» A function ¢ : [X]=* — [Y]=* is w-monotone if and
only if ¢(A) = Upepa)< ¢(F) for all A € [X]=.

» w-monotone assignements are preserved under
several estandard operations like composition.
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Let H be a set. An n-ary functionon Hisan f : H* - H
if n > 0, and a an element of H if n = 0. f is a finitary
function if it is n-ary for some n € w.

For a fnitary map f on H and A C H we set

{f} if f is O-ary.

Given a set C C H and a fnitary map f on H we sat that
C is closed under F whenever f « C C C. For a family F of
finitary functions on H and A C H, the closure of A under
F is the smallest set, with respect to inclusion, such that
A C C C H and C is closed under all functions from F.
Note that there is a least C, namely

FrA— {f(A”) if f is n-ary for n > 0.

C=(|{D:BcDc Aand D is closed under F}.
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Corollary

If ¢ : [X]= — [X]=¥ is w-monotone, then the assignment
A — ¢(A) is w-monootne.
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Given a set F of Skolem functions on a set H, containing
one for each formula, the closure of A C H under F is an
elementary submodel of H. Since Skolem functions are
finitary and there are countably many formulas, we get.

Theorem

Let  be a cardinal. If R € [H(A)]=¥ then we can find an w-
monotone function M : [H(0)]<* — [H()]=¥ such that M(A)
is an elementary submodel of H(§) and R C M(A) for each
A € [H(O)]=~.

In the practice, the set R from the above corollary will be
the set of all relevant objects in a given context and 6 will
be a large enough cardinal. A function M as in Corollary
4 wil be referenced as an w-monotone assignmet of suitable
elementary submodels.



Monotonically w-stable spaces

Definition
A space X is monotonically w-stable if there exists an w-

monotone assignment A : [Cp(X)]=¥ — [P(X)]=* such that
N(A) is a network for A for all A € [X]=¥.



Monotonically w-stable spaces

Definition
A space X is monotonically w-stable if there exists an w-

monotone assignment A : [Cp(X)]=¥ — [P(X)]=* such that
N(A) is a network for A for all A € [X]=¥.

Theorem
If X is countably compact the X is monotonically w-stable.



Monotonically w-stable spaces

Definition

A space X is monotonically w-stable if there exists an w-
monotone assignment A : [Cp(X)]=¥ — [P(X)]=* such that
N(A) is a network for A for all A € [X]=¥.

Theorem
If X is countably compact the X is monotonically w-stable.

Proof. Fix a countable base By for the real line R. Let A —
M(A) be an w-monotone assignmet of suitable elementary
submodels and for each A € [Cp(X)]=¥ let

N(A) = M(A) N P(X).



Monotonically w-stable spaces

Definition

A space X is monotonically w-stable if there exists an w-
monotone assignment A : [Cp(X)]=¥ — [P(X)]=* such that
N(A) is a network for A for all A € [X]=¥.

Theorem
If X is countably compact the X is monotonically w-stable.

Proof. Fix a countable base By for the real line R. Let A —
M(A) be an w-monotone assignmet of suitable elementary
submodels and for each A € [Cp(X)]=¥ let

N(A) = M(A) N P(X).

Then the assignment A — N(A) is w-monotone. Given
A € [Cp(X)]=¥, we shall prove that NV(A) is a network for A.
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Proof (continuation)

» Assume that x € U = (\cpf ' (By) where F € [A]<¥
and By € By for each f € F.

» For each y € X\ U, fix fy € F C A and By € Bg so that
Jy € [an§Byany \ Byl.
» For each y € X \ U, select g, € AN [y, x; By, By, \ By].

» Set U = {g,'(By) : y € P\ U} and note that x ¢ JU.
Choose V C [U]<“ such that X ¢ UU|JV and note that
Ve MA).

» Therefore N =X \JV e N(A)and xe N C U. O



Retractional skeletons

I’ will always denote an up-directed o-closed poset.



Retractional skeletons

I’ will always denote an up-directed o-closed poset.

Definition
An r-skeleton in a space X is a family of retractions {rs}scr,
satisfying the following conditions:



Retractional skeletons

I’ will always denote an up-directed o-closed poset.

Definition
An r-skeleton in a space X is a family of retractions {rs}ser,
satisfying the following conditions:

1. rs(X) has a countable network for each s € I'.



Retractional skeletons

I’ will always denote an up-directed o-closed poset.

Definition
An r-skeleton in a space X is a family of retractions {rs}ser,
satisfying the following conditions:

1. rs(X) has a countable network for each s € I'.
2. s<timpliesrs=rsors=riors.



Retractional skeletons

I’ will always denote an up-directed o-closed poset.

Definition
An r-skeleton in a space X is a family of retractions {rs}ser,
satisfying the following conditions:

1. rs(X) has a countable network for each s € I'.
2. s<timpliesrs=rsors=riors.
3. For every x € X, x = limger rs(x).



Retractional skeletons

I’ will always denote an up-directed o-closed poset.

Definition
An r-skeleton in a space X is a family of retractions {rs}ser,
satisfying the following conditions:

1.

rs(X) has a countable network for each s € T'.

2. s<timpliesrs=rsors=riors.
3.
4. Given sg < s1 < --- in I, if t = sup,,,, Sn, then

For every x € X, x = limger rs(x).

re(x) = limp_ o 15, (X) for every x € X.



Retractional skeletons

I’ will always denote an up-directed o-closed poset.

Definition
An r-skeleton in a space X is a family of retractions {rs}ser,
satisfying the following conditions:

1. rs(X) has a countable network for each s € I'.
2. s<timpliesrs=rsors=riors.

3. For every x € X, x = limger rs(x).
4

. Given sgp < s1 < --- in T, if t = sup, ., Sn, then
re(x) = limp_ o 15, (X) for every x € X.

» We call . 1s(X) the set induced by {rs}ser-



Retractional skeletons

I’ will always denote an up-directed o-closed poset.

Definition
An r-skeleton in a space X is a family of retractions {rs}ser,
satisfying the following conditions:

1. rs(X) has a countable network for each s € I'.
2. s<timpliesrs=rsors=riors.

3. For every x € X, x = limger rs(x).
4

. Given sgp < s1 < --- in T, if t = sup, ., Sn, then
re(x) = limp_ o 15, (X) for every x € X.

» We call . 1s(X) the set induced by {rs}ser-

» The family {rs}scr is a weak r-skeleton in X if it only
satisfies conditions 1,2 and 4.



Closed invariant sets

Lemma

Let X be monotonically w-stable and let Y be induced by a
weak r-skeleton {rs}ser inX. If n € w, F C Y and sp € T,
then there exist t € T and D € [F]=¥ such that so < t and
Tt (F) c D.

Proof. Let A/ be a monotonically stable operator in X. For
each s € I' fix a countable dense subset As of 3 (Cp(15(X))).
Let M be a suitable elementary submodel. Set

t=sup(I'nM),D=FnNMand A=CpX)NM.

Clearly so < t. It is enough to show that r]*(F) C D.
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» Assume that ri(x) ¢ D for some x € F and choose
U € 7(x,X) such that ry(x) e U ¢ X \ D.

Set f € Cp(re(X)) st f(re(x)) =0and f(DNr (X)) C {1}.
» From ry = limgernp s we deduce
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(Cp(X)) c |J raCp(rs(X))) = |J AscA
sel'nM seI'nM

v

N (A) is a network for 4, i.e. for r}(Cp(r¢(X))) and ry.
Set N € N(A)" such that x € N C (r)~}(U).

» N is w-monotone, N € N(E)" for some E € [Cp(X) N
M]<“ and so N € M.

v



Proof (continuation)

>

Assume that r(x) ¢ D for some x € F and choose
U € 7(x,X) such that ry(x) e U ¢ X \ D.

Set f € Cp(re(X)) st f(re(x)) =0and f(DNr (X)) C {1}.
From r; = limgernam s Wwe deduce

(Cp(X)) c |J raCp(rs(X))) = |J AscA
sel'nM seI'nM

N (A) is a network for 4, i.e. for r}(Cp(r¢(X))) and ry.
Set N € N(A)" such that x € N C (r)~}(U).

N is w-monotone, N € N(E)" for some E € [Cp(X) N
M]<“ and so N € M.

Pick y € (FNN)NM and s € M such that rl'(y) = y.

We then have that y = r(y) € UN D, a contradiction.
O
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Some consequences

Corollary

Let X be monotonically w-stable and let Y be induced by a
weak r-skeleton {rs}ser in X. Then:

1. t((Y) < w.
2. x = limger rs(x) foreach x € Y.

Proof.

1. Set AC Y and x € A. Choose sg € I so that rg,(x) = x.
Find D € [A]=* and s € T such that sy < s and rs(A) C D.
This implies that x = rs(x) € rs(A) C D.

2. Fix x € Y and a neighborhood U of X. Choose an
open set V satisfying x ¢ V.Cc Vc U. Set F; = VNY
and F, = (X\U)NY. Find s € T such that rs(F;)) C F;
for i = 1,2. Choose t € T" such that s < t. If ry(x) ¢ U,
then r¢(x) € Fy and so rs(x) = rs(r¢(x)) € Fa, which is not
possible. O
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We say that an r-skeleton {rs}ser in X is full if X = (J . rs(X),
and commutative if rs o ry = r; o rs whenever s,t € I

Lemma

Let Y be induced by an r-skeleton {rs}scr in a compact X.

Then there is a family of retractions {ra}acp(y) in X such
that for every A € P(Y) we have:

L. {rB Ir,(x)}Befaj<w is anr-skeleton onry(X) and induces
ra(X)ny;

2. ACraX)andd(ra(X)NnY) < |A| + w;
3. rgorag =ra0rg =rg whenever B C A;
4. If A =, Aa Jor some increasing family {Aq}a<.
then ra(x) = limy<~ ra, (x) for every x € X.
If in adddition the r-skeleton {rs}scr is commutative, then
we also cangetrgory =ra o rg for every A,B € P(Y).
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Let A - M(A) be an w-monotone assignmet of suitable
elementary submodels. For each A € [Y]<“ set
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Proof.

For each s € I' fix a countable dense subset Ds of rs(X).
Let A - M(A) be an w-monotone assignmet of suitable
elementary submodels. For each A € [Y]<“ set

sa=sup(l'NM(A)), Da=YNM(A)and ry =rs,.

Note that A C ra(X) = D4 for each A € [Y]=v.

Now, choose an arbitrary A C Y. Let 'y = [A]=% and Dy =
U Ber, DB- It happens that {rg [BA} Ber, is an r-skeleton on
D, and induces the set UBErA rs(X) = UBeFA Dg=DyNY.
Consider the retraction ra : X — Da which assign to each
x € X the only point in D N Nper, r5 ' (re(x)). Note that
ra(x) =limper, ra(ra(x)) = limper, re(x) for every x € X.
This finish the construction. O
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Theorem

Let Y be dense in a compact X. If Y is induced by a com-
mutative or full r-skeleton on X, then'Y is a X-subset of X.

Proof.

By induction on the density of Y. Assume that d(Y) =
x > w. Consider the family of retractions {ra}acp(y) as be-
fore.Let {y,}a<x be a dense subspace of Y.For each a < k,
set An = {Yg}p<a and r, =ra,. Given a < k, let ¢, : 1o(X) —
IT= and embedding such that Y N r,(X) = ¢;1(XI7*) for
some set T,,. Select T = ||, , T,. Define ¢ : X — IT as
follows:

_ ¢a+l(ra+l(x)) - gba—i—l(ra(x)) if a > O;
lx)(e@) = {¢0(ro(x)) if o = 0.

Then we can verify that ¢ is an embedding and Y = ¢~ }(ZI7).
L]
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Theorem
A compact space is Valdivia (Corson) if and only if it admits
a commutative (full) r-skeleton.

Proof.

Given a set T, the space IT (XI7) is montonically w-stable
and admits a commutative (full) r-skeleton. It follows that
each Valdivia (Corson) compact space admits a commuta-
tive (full) r-skeleton. O

Theorem
A countably compact space admits a full commutative r-
skeleton iff X can be embedded in XIT for some set T.

Proof.

If X admits a full commutative r-skeleton, then it is easy
to see that X is induced by a commutative r-skleton in 5X.
So X is a Y-subset of 5X and hence X can be embedded
in XIT for some set T. O



Strong r-skeletons

An r-skeleton {rs}scr in a space X is said to be strong if
whenever sg € I' and F is closed in X", for some n € N,
there exists s € I' such that sp < sand rl}(F) C F.



Strong r-skeletons

An r-skeleton {rs}scr in a space X is said to be strong if
whenever sg € I' and F is closed in X", for some n € N,
there exists s € I' such that sp < sand rl}(F) C F.

Theorem

If X is has a strong r-skeleton and is monotonically
w-monolithic, then X is Sokolov.



Strong r-skeletons

An r-skeleton {rs}scr in a space X is said to be strong if
whenever sg € I' and F is closed in X", for some n € N,
there exists s € I' such that sp < sand rl}(F) C F.

Theorem

If X is has a strong r-skeleton and is monotonically
w-monolithic, then X is Sokolov.

Theorem

Let X be a monotonically w-stable space. Then anr-skeleton
on X is strong if and anly if it is_full.



Strong r-skeletons

An r-skeleton {rs}scr in a space X is said to be strong if
whenever sg € I' and F is closed in X", for some n € N,
there exists s € I' such that sp < sand rl}(F) C F.

Theorem
If X is has a strong r-skeleton and is monotonically
w-monolithic, then X is Sokolov.

Theorem
Let X be a monotonically w-stable space. Then anr-skeleton
on X is strong if and anly if it is_full.

Theorem
A space X has a strong r-skeleton if and only if C,(X) has
a strong r-skeleton.
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sequences in X. For a map O : FS(X) — 7(X), an element
x € X% is called an O-sequence if x(n) € O(x [,) for each
n € N. Besides, we say that a set H C X is a W-set in
X if there is a map O : FS(X) — 7(H,X) such that every
O-sequence converges to H.



Strong r-skeletons
A neighborhood assignment for a space (X, 7) is a function
¢ : X — 7 with x € ¢(x) for every x € X. A kernel for ¢ is a
subset D C X such that ¢(D) := ,cp ¢(x) = X. X is said
to be a D-space if every neighborhood assignment ¢ for X
has a closed discrete kernel.

Theorem
If X is has a strong r-skeleton and is monotonically
w-monolithic, then X is a Lindel6f D-space.

Given a space X let FS(X) = [J,,cy X" be the set of all finite
sequences in X. For a map O : FS(X) — 7(X), an element
x € X% is called an O-sequence if x(n) € O(x [,) for each
n € N. Besides, we say that a set H C X is a W-set in
X if there is a map O : FS(X) — 7(H,X) such that every
O-sequence converges to H.

Theorem
Let X be a countably compact with a full r-skeleton {rs}scr.
If H is nonempty and closed in X, then H is a W-set in X.
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