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1 Meromorphic functions

Recall 1.1. Recall the following notions:
e Rz, 2z the real and imaginary parts of z € C,

e The Riemannian sphere S = C U {oc}, S ~ S? is compact, the stereographic projection (from the point
(0,0,1)) ¢ : S — S? is given by

2z 2y 22+ -1
22+ y? 4 U a2y 41022+ 41

1—c'1—¢

ot +in) = ) 6t = 000, o ae) = (1212 )

e Neighbourhoods of co: P(co,e) = {z € C: [z]| > 1}, U(o0,e) = P(00,¢) U {oc},

o lim f(z) = lir%f (1), if at least one of the limits exists; = 0.
zZ—r

=00, =
2—$00 o

1
0

Definition 1.2. We say that a function f is holomorphic in a set F' C C if there is an open set G, F C G C C
such that f is holomorphic in G. In particular, it is holomorphic at zy € C if it is holomorphic on some
neighbourhood of zj.

Definition 1.3. Function f has a removable singularity /pole/essential singularity at oo if f (%) has a removable
singularity /pole/essential singularity at 0. f is holomorphic at oo if f (%) is holomorphic at 0. Let G C S be
open. Then f is holomorphic on G if f is holomorphic at any and all zgp € G. Denote H(G) the set of all
functions holomorphic on G.

Example 1.4. H(S) is the set of all constant functions (continuous bounded on C). So H(G) is only interesting
for G C'S, WLOG G C C: for G C S\ {20}, 20 € C use the transformation ¢(z) L

T z—=z0"

Definition 1.5. Let G C S be open. Function f on G is called meromorphic if at all points of G the function
f is either holomorphic or has a pole. Denote M(G) the set of all meromorphic functions on G.

Remark 1.6. (i) H(G) C M(G).

(ii) Denote Py = {z € G: f has a pole at z}. Then P; has no limit points in G.

(iii) If f = oo on Py, then f: G — S is continuous. ALWAYS ASSUME: f = oo on Py for f € M(G).
Example 1.7. —7— € M(C),e!/* ¢ M(C); the Gamma function I'(s) = [~ 2*"'e~*dx € M(C),Rs > 0,

sin(mz)
note that I'(n + 1) = n!,n € Np; Riemann! zeta function ((z) € M(C), for Rz > 1 holds ((z) = > o0, n~* =
I, primel_%~

Example 1.8. M(S) is the set of rational functions.
Proof. Rational functions are clearly meromorphic. Let f € M(S). S is compact and Py has no limit points, so

Py must be finite. Assume Py NC = {21,...,2,}. There is h € H(C) such that f(2) = h(z) + > i_, P; (#)

for some polynomials P; (note that —.— has a removable singularity at o) and h(z) = Y, arz", a, € C has
essential singularity at infinity if and only if aj # O for infinitely many k. So h is a polynomial. O

Remark 1.9. M(G) is interesting for G C S. Using the same transformation as in Example 1.4, we can without
loss of generality assume G C C.

Example 1.10. If G C C is a domain, f,g € H(G), g is not identically zero, then % € M(G). The inverse is
also true (will be shown later, not true for G = S).

Proposition 1.11. Let G C S be open and M C G have no limit points in G. Then
(i) G\ M is open;
(ii) if K C G is compact in G, then K N M 1is finite, in particular if G =S, then M is finite;

(iii) M is at most countable, if M is infinite, then O # der M C OG, where der M is the set of the limit points
of M;
() if G C C is a domain, then G\ M is also a domain.

LGeorg Friedrich Bernhard Riemann (17 September 1826, Breselenz, Kingdom of Hanover — 20 July 1866, Selasca, Kingdom of
Ttaly)
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Proof. (i) Take z € G\ M. If for each neighbourhood U of z held U N M # ), then z would be a limit
point of M. Thus there is a neighbourhood U of z which does not intersect M. By passing to a smaller
neighbourhood we can get a neighbourhood V such that V¢ G and VN M = (.

(ii) If K N M was infinite, by compactness we would get that K " M C M has a limit point in K.

(iii) Let G €S, WLOG G C C. There are K,, compact in G such that G = |J K,,. Then M = |J M N K,

n=1

n=1
M N K, is finite and so M is countable. If M is infinite, by compactness of S, M has a limit point, but
this limit point is not contained in any K C G compact.

(iv) Curves are compact, and thus have finite intersection with M. Given a curve connecting two points in G,
we can modify it on sufficiently small neighbourhoods of each point of intersection with M so that we get
a curve with the same endpoints in G\ M.

O
Lemma 1.12. Let G C C be open. Then there are compacts K, ,n € N such that
(i) 6= U K
n=1
(i) Kp CInt Kppyq;
(i) for any compact K C G there is ng € N such that K C K,,,.
Proof. Set K, = {z € G: dist(2,C\ G) > L} nTU(0,n). O

Theorem 1.13 (Uniqueness of meromorphic functions). Let G C C be a domain, f € M(G) not identically
zero. Then Ny ={z € G: f(z) = 0} has no limit points in G.

Proof. We know this for holomorphic functions. Set Gy = G\ Py. Then G| is also a domain by Proposition 1.11
and f € H(Go), f #0 on Go. Then Ny C Gy and has no limit points in Gy, nor in Pj. O

Theorem 1.14 (Residue theorem). Let G C C be open, ¢ be a closed curve in G and Into C G (recall
Inte = {z € C\ (p): Ind,z # 0}). Let M be a finite set in G\ () and f € H(G\ M). Then fwf =
2mi Y e ressf - Indy s.

Remark 1.15. Residue theorem holds true even if instead of finiteness of M we assume that M C G\ {p)
has no limit points in G. Indeed, we have My = M N Intp is finite, because (p) U Int¢ is compact, and
Go :— G\ (M \ Mpy) is open, f is holomorphic on Gy \ My = G\ M and by Residue theorem for Gy and M, we
get that fw f=2miy cppressf -Indys=2mi) ) ressf - Indys.

2 Logarithmic integrals

Let ¢ : [a,b] — C be a (regular) curve and let f be a nonzero holomorphic function on (). Then

, b g b ! z
5%/f_1 PeW) ypyae= L [PUEO) o L[ de L

I:— = - -
2ri J,  fe(t)) 2mi Jpop 2 2mi

F 2w )y Fle) ¥

where ¢ is a branch of logarithm of fo . If ¢ is in addition closed, then I = Ind o, 0 = i(@(b) —0(a)), where
6 is branch of argument of f o ¢.

Theorem 2.1 (Argument principle). Let G C C be a domain, ¢ a closed curve in G and f € M(G). Let
Int C G and (p) NNy =0 = ()N Ps. Then

1/P‘§/ Z nf(s)lndq,s— Z pf(s)Indws, (PA)

27
s€lnt ¢ s€lnt ¢
£(3)=0 Fs)=o0

where ny(s) is the multiplicity of the zero point s of f and py(s) is the multiplicity of the pole s of f. Denote
the right hand side of the equality (PA) as > (f, ).
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Proof. By Residue theorem (1.14) we have

L[ f
SL5- el

s€lnt ¢

seNyUPy
If s € Ny U Py, then on P(s) = P(s,r) holds
f'(z)  pep(z—s)Pt+--- p 1+HOT
f(z)  cz—sP+---  z—s 1+HOT’

where by HOT we mean higher order terms. Thus res;(f'/f) = p = ny(s),s € Ny or analogously res (f'/f) =
—ps(s),s € Py. O

Lemma 2.2. Let 1,93 : [a,b] = C be closed curves and s € C\({p1)U{p2)). AssumeVt € [a,b]: |p1(t) — p2(t)] <
|o1(t) — s|. Then Ind,, s =Ind,, s.
Proof. For t € [a,b] we have [(1(t) —s) — (v2(t) — 9)| < |p1(t) —s] = |1 —¢(t)] < 1 for ¢(¢t) = gfgg:j

¥ is a closed curve, (¢) C U(1,1) and so 0 = Indy 0 = 5 fab % We calculate ¢/ = 39/2(“’1?;3:‘?)/12(%_5) =

©5 ©1(p2—s) v ¢h #1
WES — ﬁ and 7= @235 — wlis. Put together we get

R A S A _1/” ¢l
a P1—S

C2mi f, v 2mi ), po—s  2mi

= Ind,, s — Ind,, s.

O

Theorem 2.3 (Rouché?). Let G C C be an open domain, f1,fo € M(G) and ¢ be a closed curve in G such
that Int o C G. Assume that |f1(z) — f2(2)] < |f1(2)] < 00 for any z € (p). Then > (f1,¢) =D (f2,¢).

Proof. Set ¢; :— fjo@, j =1,2. Then Ind,, 0 = 5= f(pjf% (22) > (fj,%). By Lemma 2.2 for s = 0, we have

Ind,, 0 = Ind,, 0. O

Corollary 2.4. Let fi, fo be holomorphic on U(zg,7) and |f1(z) — f2(2)| < |fi(2)|,z € OU(zp,r). Then
Yy =3, where &; = ZseU(ZO,r) nfj(s).

f3(s)=0
Proof. Use the closed curve ¢(t) = zo + et € [0, 27]. O
Example 2.5. Let p(z) = a,2" + -+ + ap,n € N,a,, # 0. Then p has just n roots (including multiplicities) in
C.
Proof. By Corollary for fi(z) = a,z™ and f3(z) = p(z) and big enough U(0, ). O

Recall 2.6. Let z € C, p € N and f be a function holomorphic on some neighbourhood of z. We say that z is
a zero point of f of order p, if f(z) = f'(z) =---= f®P~D(z) =0 and f®)(z) #£0.

Notation 2.7. Let f be a holomorphic function at zg € C. We say that f(zy9) = wo p-times, p € N if z; is
a zero point of f — wg of order p. The following statements are equivalent:

(i) f(z0) = wo p times,

(i) f(20) = wo, f'(20) = -~ = fP7V(20) = 0, fP)(20) # 0,

(i) f(z) =wo + >5=, k(2 — 20)* on a neighbourhood of 2, ¢, # 0.

We say that f(z0) = oo p-times, if zg is a zero point of f(%) of order p, i.e. f has a pole of order p at zg. We
say that f(oo0) = wg p-times if f(%) attains the value wq p-times at 0.

Theorem 2.8 (On multiple values). Let zg,wg € S, f be holomorphic on P(zy) and f(z9) = wy p-times for
some p € N. Let g > 0. Then there are € > 0 and 6 € (0,8y) such that Yw € P(wq,€) there are exactly p
different points z1, ..., 2z, € P(29,0) with f(z;) =w, j =1,...,p. In addition, f(z;) = w only once.

Proof. WLOG zg = wog = 0. Then zy = 01is a zero point of f of order p. Choose § € (0, dg) such that f # 0, f' # 0
on P(0,20). Set € = minj,|—s |f| > 0. Let w € P(0,¢), use Rouché’s theorem (2.3) for fi = f, fo = f —w and
o(t) = dett t € [0,2m]. We know |f1 — f2| = |w| < & < |f1] on (). Since in U(0,8) f = f1 has the only zero
point of order p at 0 and (f —w)’ = f/ # 01in P(0,4), fo = f —w has exactly p simple zero points in P(0,§). O

2Euggne Rouché (18 August 1832, Sommieres, Gard, France — 19 August 1910, Lunel, Hérault)
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Corollary 2.9. Let G CS be a domain, f € M(G) not constant on G. Then f: G — S is an open mapping.

Proof. Let Q C G be open, wg € f(€2). Then there is a zp € Q and p € N such that f(z9) = wo p-times. Choose
dp > 0 such that U(zg,dp) C Q. By the Theorem there are ¢ > 0,8 € (0,d¢) such that P(wg,e) C f(P(z0,9)),

so U(wg,e) C f(U(z0,9)) C f(2). O
Remark 2.10. The Corollary is true for H(G).

Corollary 2.11. Let f be holomorphic at zo € C. Then f'(z9) # 0 <= there is U(z) neighbourhood of zo
such that f|y (., is one-to-one.

Proof. = : Let f’(z9) # 0. Then f(z9) = wo just once. Choose dy > 0 such that f # wy on P(zg,d0). By
Theorem 2.8, choose € > 0,d € (0, dp), due to continuity choose §; < ¢ such that f(U(20,d1)) C U(wpg,e). Then
flU(z0,5,) 18 one-to-one.

<= : Let f/(20) = 0 and f be not constant on any neighbourhood of zy. Then f(zy) = wy at least twice.
By previous Theorem, f is not one-to-one on any neighbourhood of zj. O

Example 2.12. <= is not true in R: f(z) = 23 is smooth one-to-one, but f/(0) = 0, f~!(z) = ¥z is not
smooth.

Theorem 2.13 (On holomorphic inverse). Let G C C be open and f : G — C be a conformal (i.e. one-to-one
holomorphic) function on G. Then f'#0 on G, Q :— f(G) is open and f~': Q — G is onto and holomorphic.
In addition, (f=1)" = s f ———1 on .

Remark 2.14. The statement is not true in R.

Proof. WLOG G C C is a domain, otherwise consider connected components of G. By Corollary 2.9, f is an
open mapping, so 2 is in fact open and f~! is continuous. Let zyp € G and wy = f(zp). By Corollary 2.11,

_1 w)—f Y (w, — :
we have f'(zp) # 0 and (Z 5 = Zlirxgo TRy = wlg?m (u)}_—io(ﬂ) = (f71)(wp), where the equality of the
limits follows from the Theorem on limit of composition: f~!(w) — f~!(wyg) for w — we and f~1(w) # f~1(wo)
for w # wy. O

Theorem 2.15 (Hurwitz®). Let G C C be a domain, f, € H(G), fn f on G and f £ 0. Let zg € G and
f(z0) =0. Then there are {z,} C G and {fx,} such that z, — zy and fi, (z,) =0.

Proof. Choose 6 > 0 such that U(zp,d) € G and f # 0 on P(z9,0). For n € N put p, — nT—l and ¢ (%)
Z0 + pne',t € [0,2n]. Of course, 7, :— ming, y|f| > 0. For a given n, there is k, € N such that Vz €
(pn): [, (2) — f(2)] <m0 < |f(2)]- By Rouche s theorem (2.3), there is z, € U(zo, pn) such that fi (z,) =0.
We can choose {k,} to be increasing. O

Remark 2.16. The statement does not hold in R. The assumption f # 0 is necessary. Indeed, take f,(z) =
loc

Z=0o0nC.

loc
Corollary 2.17. Let G C C be a domain, f, be conformal functions on G and f, = f on G. Then f is either
conformal or constant on G.

Proof. For contradiction assume there is wy € C such that f(2') = wy = f(2”) for some 2/,2"” € C, but
f # wo. WLOG wg = 0. Choose § > 0 such that U(z N U(z” §) = 0. By the Hurwitz theorem, there are
{z,} CU(,0) and {fx: } C {fn} such that z;, — 2’ and fys (2;,) = 0. By the Hurwitz theorem again, there
are {z;,} C U(2",0) and {fx} C {fas } such that 2" — 2" and frr () = 0. Every fr has at least two zero
points, which is a contradiction. O

3 The Mittag-Leffler theorem

Recall 3.1. Let f € M(C). We know:

(i) P has no limit points in C. Hence Py is either finite or Py = {s;: j € N} and s; — oo.

ak)k_’_

(z—s

(ii) Let s € Py. Then the principal part of Laurent expansion of f around s is of the form H,(z) =
2L = Ps(i), where a_j # 0 and P; is a polynomial, Ps(0) =0 and P # 0.

z—S

3 Adolf Hurwitz (26 March 1859, Hildesheim, Kingdom of Hanover — 18 November 1919, Ziirich, Switzerland)
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Question 3.2. Let P C C have no limit points in C. Is there f € M(C) such that Py = P? Can we prescribe
the principal part for f at points of P? YES! YES! For finite P this is obvious.

Theorem 3.3 (Mittag-Leffler?). Let (s;) € CV be one-to-one, s; — oo and |s1] < |sa| < --+,s0 = 0. Let
Py, Py, ... be a sequence of polynomials such that P;j(0) = 0,5 > 0. Then the function

r@ (L) + i (7 (-5)-o0).

for some polynomials Q; satisfies

(i) the series converges locally uniformly on C, i.e. on any compact K C C the series converges uniformly if
we omit finitely many terms which have poles in K;

(i1) f € M(C) and f has poles at sg, $1,. .., while at s; the function f has its principal part equal to P; (i) ;

(iii) if g € M(C) satisfies (i), then there is h € H(C) such that g = f + h on C.

Proof. Let k € N. Then Hy(z) :— Pk( L k) € H(U(0,|sk]), so Hi(z) = S°° ck2m |z] < |sk|. There is

z—s n=0"n

nk € N such that Qx(2) :— Yot k2" satisfies

1 s
H(2) — Qul)] < e o] < B2 (2)
Let K C C be compact. Choose ky € N such that K C U(0,|sk,|/2). If k& > ko, (£) holds true on K,
which implies (i). (ii) is obviously valid. (iii) follows from the fact that g — f € M(C) which has all isolated
singularities removable. O

Remark 3.4. The Mittag-Leffler theorem is a generalization of the decomposition of rational functions (=
M(S)) into simple partial functions.

22—k2> sin(mz)
1,k € N. Then f(z) = 2+ > 72, (ﬁ + 2 ) + h(z) for some h € H(C). In exercises it will be shown that

Example 3.5. 7cot(nz) = £ + 3,2, 25,2 € C\Z. f(2) 7<8(2) has simple poles at integers, resiyf =
1
z z+k

h=0.

Theorem 3.6. Let Q C C be open, A C Q have no limit points in Q, m : A — N and fora € A P, =

Z;n:(f) (chg)j. Then there exists meromorphic function f whose principal part at each point a € A is equal to

P,. f has no other poles in Q.

Proof. The theorem was formulated and proved as part of the exercises. O

4 Zero points of holomorphic functions

Recall 4.1. Let G C C be a domain, f € H(G) and f # 0. Then Ny :— {z € C: f(z) = 0} has no limit points
in G (uniqueness theorem for holomorphic functions).

Question 4.2. Let N C G have no limit points in G. Is there f € H(G) such that Ny = N?

4.1 The case N =)

Proposition 4.3. Let f be nonzero holomorphic function on a simply connected domain G C C . Then there
is L € H(G) such that f = el on G.

Proof. Since G is simply connected and f’/f € H(G), by Cauchy’s® theorem there is Ly € H(G) such that
b= f'/f. On G we have (fe=Lo) = e~Lo(f' — Lyf) = 0 on G, hence fe~ Lo = e¢ for some ¢ € C. Put
L = L() —|— C. D

Remark 4.4. Nonzero <= f # 0 on G, simply connected means G is a domain and S\ G is connected, e.g.
C, convex, star-like.

4Magnus Gustaf “Gosta” Mittag-Leffler (16 March 1846, Stockholm — 7 July 1927, Djursholm)
5 Augustin-Louis Cauchy (21 August 1789, Paris — 23 May 1857, Sceaux, France)
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4.2 The case |[N| <w

The polynomial f(z) = II7_, (z — z;) has zero points just at points zj, ..., z, with corresponding multiplicities.
If g € H(C) has some roots with the same multiplicities as f, then there is L € H(C) such that g = fe’ on C -
use the previous Proposition for g/ f.

4.3 The case |[N|=w

Let (2;) € CN, z; — oo. The naive approach of setting f(z) = 192, (2 — z;) does not work, simply because were
the product convergent, one would have z — z; — 1, which is nonsense. Better approach would be to consider

f(z)= zkH;?';l (1 - i) for some k € N. What can be said about convergence of this infinite product?

zj

Theorem 4.5. Let M be a set (in C), u; : M — C,j € N be bounded functions and suppose that Z;’;l lu; ]
converges uniformly on M. Then P, = II7_;(1 + u;) converge uniformly to a function f : M — C and it
hqlds true that f = 132, (1 + ug(;)) for any permutation @ on N. If 20 € M, then f(z) = 0 if and only if
Jjo € N: u,, (20) = —1.

Proof. Denote P = II}_; (1 + |u;]). Then (1) P; < exp (Z?Zl |uj|)7 which follows from the fact that 1 +x <

e?,x >0, and (2) |P, — 1| < P¥ — 1. This we prove by induction on n. The case n =1 is obvious. Assume (2)
holds for n € N. Then P,y1 — 1= P,(1 4+ upt1) — 1= (Pp — 1)(1 + upt1) + tny1, and so we conclude by

|Pryr =1 < (P = D+ [unia]) + |una| = Py — 1.

Since Y77, |u;| is bounded on M, 3ng € N such that 3>7° " |u;| < 1. By (1) P, is bounded and by (2)
P, is bounded, so there is C' > 0 such that |P,| < C,n € N.

Let ¢ € (0,3). Choose ng € N such that (3) Do, [unl < € on M. Pick 7 € So and put Q, =
72, (1 + ur(j)),m € N. Let n > ng and m € N be such that {7 (1),...,7(m)} 2 {1,...,n}. Then

(2
Qum =Pl =Pu | T] (+use) -1 <IPal| JI (+]uen]) -1 < Clef=1)<2Ce.  (4)

w(j)>n w(j)>n
j<m j<m

Consider m = Id. Then P,,, = Q. By (4) P, = f and for n > ng we have |P, — P,,,| < 2¢|P,,|, and so
|Pn| > |Ppy| — |Pn — Poy| > (1 —2¢) | Py, |. For n — oo we get |f| > (1 — 2¢) |P,,|. Hence f(zo) = 0 if and only
if Py, (20) =0. From (4) @, =2 f on M. O

loc
Corollary 4.6. Let G C C be open, f, € H(G), fn 0 on any component of G. Assume (1) 307 | |1 — ful =

loc
on G. Then f =T[[,2, fn = on G, f € H(G) and the infinite product does not depend on the order of the
functions f,,. Moreover, (N) ng(s) = ro ns(s),s € G (ng(s) =0 if f(s) #0).

Remark 4.7. The series in (N) contains only finitely many non-zero terms for any s € G.

loc
Proof. (N): Let s € G. There is a neighbourhood U of s such that f, = 1 on U. Choose ng € N such that
fn #0on U for n > ng. By the theorem, we get [[>2, 4 fn #0on U. Since f =[[2, fon - T2, 41 fn» We
get ng(s) = >.1% ny, (s). The rest follows easily from the theorem. O

HW: Under the assumptions of the corollary, prove that fT, =5 fT’/L on G'\ Ny.

n=1
Example 4.8. sin(rz) =7z [[;; (1 - ;—2) (Euler")

Back to our problem. Weierstra8”: (1 — z)e™°8(1=2) on |2| < 1 and —log(1 — z) = Y>> %

n=1

Lemma 4.9 (Weierstra$ factors). Let £(z) = (1—2), Em(z) = (1—z)exp (z+ -+ + %), z€C,meN. Then
11— Em(2)] < |2 for |2 < 1.
6Leonhard Euler (15 April 1707, Basel, Swiss Confederacy — 18 September 1783, Saint Petersburg, Russian Empire)

"Karl Theodor Wilhelm WeierstraB(31 October 1815, Ennigerloh, Kingdom of Prussia — 19 February 1897, Berlin, Kingdom of
Prussia)
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Proof.

m

& (2) = exp <z++zm> (—1+(1=2)1+z+ - +2"")) = —2"exp <z+ +> :-szbkz

where by = 1 and by > 0 (exp(---) = €* - /2. zm’/m all Taylor series have positive coefficients). Hence
1—En(z) = f[o 2 Em(w) dw = Soregcrzt L o = S > 0. If 2 € B(0,1) \ {0}, then

OOCkZ chkflf (1) =1.
-1z 2

1—
Zrn+1

O

Theorem 4.10 (Weierstral factorization in C). Let k € Ny and 0 # z; — oco. Then there are {m;}32, € Nj

such that -
_ Lk £
z) ==z Hé’mj (zj) (W)
Jj=1

converges locally uniformly on C, f € H(C) and f has at 0 a zero point of multiplicity k and "non-zero” zero
points just at z1,22,... and their multiplicities correspond to the number of their occurrences in {z;}. We can
always take m; = j—1,j € N. If g € H(C) has the same zero points as [ including multiplicities, then g = fe®
for some L € H(C).

Proof. By Corollary 4.6, we know (W) :§ on C if Z 2|1 = Em, (2/2))] :; on C. By Lemma 4.9 that is true if
(&) 252 |7

J
Z

then
Zj

m;+1 loc
z

= on C. Let » > 0 and |z| < r. Choose jo € N such that ﬁ<§,j2j0. Ifm; =j—-1,

S%aijo, so (&) = on {|z| <7} -

Remark 4.11. If Y%, ﬁ < 00, one can take m; = 0. If 3577, \z# < o0, one can take m; = 1, etc.

Theorem 4.12 (Weierstrafl factorization in a general open set). Let G C S be open, N C G have no limit
points in G, n: N — N. Then there is f € H(G) such that Ny = N and n¢(s) = n(s),s € Ny.

Remark 4.13. #H(S) = {constant functions}.

Proof. Without loss of generality co € G\ N. Then K :— S\ G = C\ G is compact. For N finite the claim is
obvious. Assume |N| = w. Enumerate the points of N as {s1, s2,...} in such a way that any s € N occurs in
the enumeration n(s) times. For any n € N take ¢, € K such that |s, — t,,| = dist(s,, K). Then |s, —t,| — 0:
Assume there is € > 0, {n;}32, € N¥ such that [s,, —t,,| > ¢, i.e. dist(s,,,K) > e. If so is a limit point of
{sn, }, then dist(seo, K) > € implying s, € G which is a contradiction.

n=1

d — dist(L, K') > 0 and pick ng € N such that |s, —t,| < d/2, n > ng. For any z € L we have |z —t,| > d and

loc
Put f(z) =[], &, (%), z € G. The infinite product = on G. In fact, let L be compact in G. Denote

thus e’} e’} +1 [e’s} +1
Sp—t L 49 Sp—tn|" d/2\"
En [ ——) -1 < n_m < = <
> n(z_tn) > =2 o
n=no n=no n=no

Hence the sum Y > (€, (%) — 1‘ converges uniformly on L and by Theorem 4.5 the infinite product f(z)

converges uniformly on L. O

Theorem 4.14. If G C C is open and f € M(G) then there are g,h € H(G) such that f = { on G.

Proof. Let Py be the set of poles of f. By Weierstrafl factorization (4.12) we construct h € H(G) such that
Ny = Py and nj, = py on Py. Put g = fh. Then g € H(G), because g has removable singularities at the points
of Pf. O]

Remark 4.15 (Algebraic). Recall that Z is an integral domain, Q is the field of fractions of Z. If G C C is
open, then H(G) is an associative commutative ring, if G is a domain, then H(G) is an integral domain and its
field of fractions is M(G).

Example 4.16. For any nontrivial domain () # G C C there is f € H(G) which cannot be extended holomor-
phically to any bigger domain (Exercises).
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5 The space H(G)

Recall 5.1. The space C'(K): Let K be a compact (topological) space, then C(K) = {f : K — C; f continuous}

endowed with the |-|| _ is a Banach® space, f, e f << fu.=finK.

The Arzela®-Ascolil® theorem: Let F C C(K) be equibounded (3M > 0 Vf € F: |f| < M) and equicon-
tinuous (Ve > 036 > 0Vf € FVr,y € K:d(z,y) <6 = |f(z) — f(y)] < ). Then every (f,) € F" has
a uniformly convergent subsequence. Note that F C C(K) is equibounded if and only if it is bounded in the
sense of Banach spaces. One possible reformulation is that F is compact in C(K) if and only if it is equibounded
and equicontinuous.

5.1 The space C(G)

Let G C C be open we consider the space C(G) = {f : G — C; f is continuous} with the topology given by

fn — A f <= I :{ fonG. For f € C(G) and K C G compact we denote || f||, = sup|f|. Clearly |-||x is
K

a seminorm on C(G).

Fact 5.2. Let f,, f € C(G) and K,,, C G be compacta such that U:j:1 Ky =G and Ky, CInt Ky yq. Then
the following conditions are equivalent.

loc
(i) fn=f onG.
(ii) VK C G compact : || fn — fllx — 0.
(iii) Ym € Nt ||fn — fllx., "= 0.

1fn = Flk,

————m s q metric on C(G).
T )

x 1
() o(fu, f) = 0, where o(fn, f) = Z o
Proof. (i) <= (ii) = (iii) are obvious.
(i) = (ii): Let K C G be compact. Then K C K, for some mg € N and || f, — fll < | fn — f”KmO'
(iii) <= (iv) is left as an exercise to the reader. O

Remark 5.3. (C(G),o0) is a complete metric space and H(G) is a closed subspace. The metric o is not
canonical. ¢ depends on the choice of K,,’s and normalization method. The topology on C(G) is given by the
system of seminorms |-|| - for all K C G compact.

Theorem 5.4 (Montel'!). Let G C C be open and (f,,) € H(G)N be locally equibounded (i.e. VK C G compact
(frlr) is equibounded). Then there is (fn,) which converges locally uniformly on G.

Proof. Let zg € G,r > 0,U(20,2r) C G and ¢(t) = 2z + 2re’, t € [0,2n]. Let 21,20 € U(zo,7). Then by the
Cauchy formula we get f,,(zj) = 5= £u(2) 4. There is M > 0 such that Vn € N: |frl < M on (). We have

27 © z2—2zj

1 2712 — 2M
( )dz'<wMM:|zl—22,
2T r

2 — 2 2— 29 r2

1

‘fn(zl) fn ZQ 2

where in the inequality we have used that

1 1

21— 22

(z — 21)(z — 29)

<l —22|.

= 7’2

zZ— z1 zZ — Z9

Hence (f,) are equicontinuous on U(zp,7). So by the Arzela-Ascoli theorem there is (f,,) which is = on
U(zo,7).

Let us cover G by discs U; = U(zj,7;),j € N such that U(z;,r;) C G (for this we use separability of C).
Then we use a diagonal choice argument. First we choose (f,1) € (fn) such that f,» = on Uy, then we choose

(faz) € (fnr) such that fpr = on U, and so on. Then (fnr) converges uniformly on any U; meaning the
sequence converges locally uniformly on G. O

8Stefan Banach (30 March 1892, Krakéw, — 31 August 1945, Lviv, Ukrainian SSR)

9Cesare Arzela (6 March 1847, Santo Stefano di Magra, La Spezia, Italy — 15 March 1912, Santo Stefano di Magra, Italy)
10Giulio Ascoli (20 January 1843, Trieste — 12 July 1896, Milan)

1 Paul Antoine Aristide Montel (29 April 1876, Nice, France — 22 January 1975, Paris, France)
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Definition 5.5. Let E be a (complex) linear space and P be a system of seminorms on E. Then (E, P) is called
a locally convez space (LCS). In (E, P) we define convergence as f,, - f <= Vp € P: p(f, — f) = 0 (i.e. the
weakest topology such that all p € P are continuous). F C E is bounded <= Vp € P: p(F) is bounded. The
dual space E* is defined in the standard fashion.

Remark 5.6. The space C(G) is Fréchet, so is 7—[( ) (which is closed in C(G)). The topology on C(G) is
generated by seminorms {||-|| : K € G compact}. U C C (G) is a neighbourhood of f <= 3K C G compact
e > 0: U D Uke(f) ={9 € C(G): |f—gllx <e} (<= isobvious, = : In € N, K;,..., K, compacta,
€1,...,6n > 0 such that U D Uk, ¢,, take K = [J K, € = ming;).

5.2 Compacta

Let X = R™ (C™). Then F C X is compact if and only if F' is closed and bounded. Let X = H(G). Then, in
the sense of LCS, F' C H(G) is bounded if and only if F' is locally equibounded on G. By Montel’s theorem
(which states that 7 C H(G) is compact iff F is bounded and closed in the sense of LCS) we get F' is compact
in H(G). Thus the above characterization holds true even in H(G). But in C(G) it fails (HW).

Our next aim is to describe the dual space H*(G) = (H(G))*.

5.3 Hahn-Banach theorem

Before we continue, let us quickly mention the Hahn-Banach theorem. In what follows we will consider F €
{H(G),C(G): G C C open}. For more detailed information on the Hahn-Banach theorem in the setting of
general locally convex spaces see for example the lecture Functional Analysis 1

Lemma 5.7. Let L : E — C be linear. Then L is continuous if and only if there are K C G compact and
M > 0 such that |L(f)| < M ||f|lx, f € E.

Proof. <=: By continuity of |||l -
= : Since U :— L7!({z € C: |2| < 1}) is a neighbourhood of 0 in E, there are K C G compact and € > 0

suchthatUDUKE—{féE | fll < e} Let f € E. First, if || f||, > 0 then ‘L(Hfllk >’<11mply1ng

|L( ) < 2| fllx. Put M = 2. Second, if || f||x =0, then Vn € N: |[nf|| =0, so [L(nf)| <1 <= |L(f)| <
Lo O

Theorem 5.8 (Hahn'2-Banach). Let A be a linear subspace of E. Then

(i) If L € A*, then there is L € E* such that L|4 = L

(i) If A is closed and b € E'\ A, then there is L € E* such that L(b) =1 and L|4 = 0.
(iii) A= E if and only if VLE E*: L=00on A = L=0 on E.

Proof. (i): Use the lemma and the algebraic version of Hahn-Banach theorem.
(ii) and (iii): can be proved in the same way as for Banach spaces. O

5.4 The dual space H*(G)

In this section we consider E* = {L : E — C continuous and linear}. First we consider the case G = D where
D={zeC: |z|] < 1}.

Theorem 5.9 (Dual of the unit disc). Let L : H(D) — C be linear. Then L € H*(D) if and only if there is
a unique (b,) € CN such that limsup /|b,| < 1 and

n—oo
=Y anby for f(z) =) anz" € H(D) (W)
n=0 n=0
In addition, b, = L(z™),n € N.
Proof. = : Let L € H*(D), f € H(D), f(z) =Y prpanz", z € D and —————— > 1. Then

limsup V/|an|

n— oo

L(f)y=1L (z — i anz"> = i anL(z — 2") = ianbn,
n=0 n=0

n=0

12Hans Hahn (27 September 1879, Vienna, Austria-Hungary — 24 July 1934, Vienna, Austria)
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where b, = L(z — 2™). In the following we will often omit the ”z +—” part of notation.
We show 7 :— limsup {/|b,| < 1. For contradiction assume that » > 1. If » > 1, then consider a,, = 1,n € Ny

n—oo
for which Y7 janby, is divergent. If r = 1, there is a subsequence {b,, } such that 0 # "{/|b,,| — 1. Then
putting a; =1 / by, for j = ny and a; = 0 otherwise, we get that > °  a,b, is divergent (the function f is well
defined since [y 7 anz™| < C'lz| 4+ 302 Jan2z"| < Clz| +23 07 |z| ). Thus, a contradiction.
<= : Let L satisfy (%). Pick ¢ > 0. We want find ¢ > 0 and K C G compact satisfying Vf €
HG): fllg <6 = |L(f)] < e. Find R < 1 and ng € N such that Vn > ng: {/|b,] < R. Pick

R < R < 1. Find C > 1 satisfying v/ |bn| < CR,Tl e N. Put K = U(O,R/) and 6 = W For
n=0

f(z) =300 panz™ € H(D), || f|l x < & we then use Cauchy’s inequality to get

> Cauchy e

Nl = by, §Z|an|max{1,C”O}R" < Z (R)™™ sup |f(2)| | max{1,C™ }R"
n=0 n=0 |z|=R
. o0 R n
<Iflecm Y (7)<
n=0
O

Now we will try to find an integral form of L. For this we will use the following notation.

Notation 5.10. Let A C S. Function f is holomorphic on A if f is holomorphic on an open superset of A. Let
f1, fo be holomorphic on A. We say that f; ~ fo if there are open sets Uy,Us C S such that A C Uy NUs, fi
resp. fz is holomorphic on Uy resp. Us and f; = fo on Uy NUs. Denote H(A) = {[f]: f is holomorphic on A},
where [f] is an equivalence class for ~. As usual, we often don’t distinguish between [f] and f.
Theorem 5.11 (Dual of the unit disc, integral form). H*(D) ~ Ho(S\ D). In particular, L € H*(D) if and
only if

N € Ho(S\D): L 2m/f z)dz, f € H(D). (L)

In this case we moreover have

A(n+1) 1
L(z»—)z”):&,neNo and ANw)=L|z— ——|,|w|>1.
(n+1)! w—z
Proof. = : Let (b,) € CY satisfying r :— limsup {/|b,| < 1 be as in the previous theorem. Define A\(z) =
n— oo
0o AP (o0 2D
Yoo zn+17 |z| > r. Of course, A\ € H(S\ U(0,7)), Moo) = 0 and b, = (n+1() ) = (A(l/(rl)jrl)l @ n e No.

Here A (oc) is defined as (A(1/2))™ (0). Let B € (r.1),(t) = Re'",t € [0,27]. Let f € H(D) and f(z) =
Yol anz", z € D. Then

3 bn = 1 S n—m—1
27i / U Qm/ (Z Unz > (7;0 Zn+1> dz = %/pn;_()anbmz dz
1 n—m—1 _ - o
Z anbmfm/ z dz = Z anbn = L(f)’
n,m=0 ® n=0

where in the second to last equality we use the fact that fyJ 2"=m=1dz = 27id,,, (Kronecker!? delta).
(n+1) (o0
We have that A € Ho(S\ D) :— {u € H(S\D): u(oo) = 0}. Moreover, (&) holds and L(z") = /\(Tl()!)’
n €Ny and)\(w):L(

), |w| > 1 because

w—=z
1 1 1 e 1 =2 = b,
w—z wl—2Z2 :anJrl’ 2D = L(mz) :L<Zw"+1> :Zw’”l.
w n=0 n=0 n=0
< Is left to the reader as an exercise. O

The next case we shall discuss is the case when G = (J]_, D, where D; = U(zj,7;), Dj N Dy = 0 for j # k.
Let L € H*(G). For 1 < j <nput L;(f) = L(f), where f = f on D; and f=0o0n Dy k+jfor fe H(D;).
Then

=Y " Li(fIp,). f € H(G). (1)

j=1

13Leopold Kronecker (7 December 1823, Liegnitz, Province of Silesia, Prussia — 29 December 1891, Berlin, German Empire)
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By the first case there are 7; < r; and \; € Ho(S\ U(z;,7;)) such that

1 ; -
Lj(f) = 727” / f(Z))\](Z) dZ, f € H(D]),@J(t) = Zj + Rjen,t S [0,27T],Rj c (Tj,’f'j). (2)
In additi have L;(z7) = () No. If f € H(G), then L(f) =P sor 1
n addition we have L;j(z") = 57557, n € No. If f € H(G), then L(f) == Tf f

Using the fact that f%_ f(2)\e(2)dz =0 for k # j (f-\x € H(D;), Cauchy) we get (3 ) o fF

where T' = {¢1,...,¢,} and A = 377 | A;. We have (4) L(2") = %,n € Np. The conclusion is that
H*(G) =~ Ho(S\ G). Indeed, L € H*(@G) if and only if there is a unique A € Ho(S \ G) such that (3) and (4)
hold.

Before continuing to the case of a general open set GG, let us mention one application of the previous case.

Theorem 5.12 (Special Runge!?). Let G C C be a finite union of pairwise disjoint open discs. Then for each
loc
f € H(G) there are polynomials P,,n € N such that P, = f on G.

Proof. Let P = span{(z — 2"): n € N} be the space of complex polynomials. Then P C H(G). Let L € H*(G)
and L =0 on P. We know there is A € Ho(S\ G) such that (3) is valid. By (4) A(™(c0) = 0,n € No. By the
uniqueness theorem we get A =0, so L = 0 on H(G). By the Hahn-Banach theorem then P = H(G). O

Example 5.13 (Birkhoff). There is a universal entire function, i.e. f € H(C) such that {7, f: v € C} = H(C),
where 7, f(2) = f(z — 7).

loc loc
Example 5.14. There are polynomials P,,n € N such that P, = 0 in {Rz < 0} and P, = in {fz >
1}. By Runge, there are polynomials P, such that |[P,| < 1 on U(-n?,n2+ 1) and |P, -1 < L on

Un+2,n+2-2).

Example 5.15. Let M = {f € H(D): lim f(re®) doesn't exist for any 6 € R}. If f € M, then f cannot
r—1—
be extended holomorphically (not even continuously) to a bigger domain. By Runge’s Theorem M # ) and it
is known that H(D) \ M is of first category (HW).
We end this section by giving the description of H*(G) for a general G C C .

Theorem 5.16 (Description of H*(G)). Let G C C be open. Then H*(G) ~ Ho(S\ G). Precisely:
Let L € H*(G). Then there are compact K C G and X\ € Ho(S\ K) such that

2m/f 2)dz, f € H(G),

where T is a cycle in G\ K such that K CIntT' C G and Indr zg = 1 for zp € Int T.
In addition, A is uniquely determined as an element of Ho(S \ G) by the properties

1) (oo
(a) A (k+1()' = Lz~ 2%),k € Ny,

*) (4
(b) )\T(O) L(ZH(Z zO)k+1)fOTZOE(C\G kENO
Before proving the theorem, we need to do some preparatory work.

Theorem 5.17 (Cauchy’s formula for compacta). Let G C C be open and K C G be compact. Then there is
a cycle T in G such that K CIntT and Va € IntT': Indra = 1. In addition we have that for all f € H(G) holds

. _ f(z)
(1) /Ff—O and (2) VaeIntI‘.f(a)—2m Fz—ad
Proof. (1) and (2) follow from the properties of I" and Residue theorem for cycles, but we will prove them
directly.

Let 0 < § < %dist(K, 0G)if G CC. If G=C,set § =1. For myn € N let Qy, n be the closed square
with edges parallel to the axes which have the length of § and md + ind is the lower left corner. Denote
Q" ={Qmmn: QmnoNK # 0} and U = Int|JQ*. Of course, K C U C [JQ* € G. We understand 9Q,,, ,, as
a positively oriented piecewise linear curve. Let I' be the cycle given by the edges of I'1,..., 'y of squares of
Q*, where we omit the edges which appear twice in the opposite direction. Of course, U = |JQ* \ (T').

MCarl David Tolmé Runge (30 August 1856, Bremen, German Confederation — 3 January 1927, Gottingen, Weimar Republic)
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Let f € H(G). Then
k
def - - o
WERL R e .

by Cauchy’s theorem. I' can be viewed as a cycle. In fact, we prove the edges I'y, ...,y form finitely many
closed simple piecewise linear curves. For 1 < j < k put I'; = [a;, b;]. We’ll show that T" has the property (&):
Every c € C is the starting point of some edge of I' as many times as it is the ending point of some such edge.

Take a polynomial P such that P(c) =1, P(a) =0if a # c and [a,b] € T, P(b) =0if b # c and [a,b] € T
(existence as HW). By (&) we have

k

k k
o/rp'jzl/rjp’jzlp(bj)ZP(aj),

j=1
but 25:1 P(b;) is the number of edges ending at ¢ and Z§:1 P(a;) is the number of edges starting at c.
Let L be the longest simple piecewise linear curve consisting of edges of I' which begin with I'y, i.e.

dot . . .
o L=[ci,co,...,c1] = [c1,ca] + [e2,¢3] + -+ + [a—1, a1l

o I'y =[c1, ¢, [¢jo1,¢5] €T for 3<j <,
o cj #cyfor j £k,
e [ is maximal.

Since we have (&), there is j € {1,...,l — 2} such that [¢;,¢;] € I'. Then L' = [¢j,¢jy1,...,¢,¢4] is a closed
simple piecewise linear curve. The proper subsystem IV, which we get from I" by omitting edges of L’ has again
the property (&). We proceed in the same way for I and finish after finitely many steps. Thus we can treat T’
as a cycle. _ B

Finally let f € H(G) and a € U = Int(|J @*). Let a € Int Q for some @ € Q*. Then

L[ f) 1 fz) fa), if Quman=Q (by Cauchy)
oni Fz—adzQ%Q*zm/a@,n,”z—adzQW%{O, Qun £ 0 — o

Let a € 0Q for some Q € Q*, but a ¢ (I'). We take points (a;) € (Int Q)Y such that a; — a. Then

RN ORI R 6

21 Jr 2z —a 2mi Jr 2z — a;

dz = f(a;) = f(a),

where the left convergence follows from the continuity of the integral with respect to a;. So we have f(a) =
= I 12) 45, Now we show U = IntT. Let a € C\ (U uU({)). Then a € C\ JQ*. As previously, we show

zZ—a

Indra =0. If a € U, then by the calculation above we get Indr a = 1. O

Lemma 5.18 (“Fubini'®”). Let K1, Ky C C be compact, L; € C(K;)*,j=1,2 and F € C(K; x Ks). Then
Li(z = Lo(w— F(z,w))) = Lo (w — Ly (2 = F(z,w))). (&)

Sketch of proof. Obviously (£.) holds for functions of the form F(z,w) = f(z)g(w) for f € C(K1), g € C(K>).
Now we can use the Stone-Weierstrafl theorem which implies that

span{(z,w) — f(2)g(w): f € C(K1),g € C(Ka)} = C(K; x K3).
O

Lemma 5.19 (Hole filling). Let G C C be open and K C G compact. There is a compact K1 such that
K C K; C G and each component of S\ K1 contains some component of S\ G.

Proof. Take n € N such that K1 = {z € G: dist(z,C\ G) > 1} nU(0,n) D K. We have S\ K; =
U.pesva U (20, 1). Let V be a component of S\ K;. There is a point 29 € S\ G such that U(z, <) C V.
If W is a component of S\ G containing zp, then W C V. O

15Guido Fubini (19 January 1879, Venice — 6 June 1943, New York)
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Proof of theorem 5.16. Let L € H*(G). We show there is a compact K C G and L; € C(K)* such that
L(f) = L1(f|k), f € H(G). From Lemma 5.7 we know that there are compact K C G and M € (0, c0) such
that Vf € H(G): |L(f)| < M| f||x. By the Hahn-Banach theorem (5.8) we can extend L as L; € C(G) such

that L = El\H(G) and ’Zl(f)’ <M | fllg,f€C(G). For each f € C(K) we define

Ly(f) = L1(f), where f € C(G) and f|x = f.

The definition is correct, because by Tietze theorem Vf € C(K) 3f € C(G): ﬂK = fandif fi, fo € C(G), fi=
f2 on K, we have |Ly(f1) — L1(f2)| < M||f1 — fallx = 0. Note that by the Riesz representation, for each
L, € C*(K) there is a unique complex Borel measure y on K such that Li(f) = [, fdu, f € C(K).

By the Cauchy theorem for compacta (5.17), there is a cycle I in G such that K C IntT" C G, Va €
IntI': Indra =1 and for each f € H(G) holds f(z) = 5L [, {U(i“) dw, z € K. Denote

z

Ly(g) = %/g(w) dw,g € C((I')) and F(z,w)= f(iu) e C(K x (I)).
i Jr w—z
Of course, Ly € C((T'")* and f(z) = La(w — F(z,w)),z € K.
For a given f € H(G), L(f) = Li(f|x) = Li(z = La(F(z,)) “Z" Ly(w — Li(F(-,w))), hence L(f) =
7 [p f(w)A(w) dw where A(w) = L1(z — —-), w € C\ K. We want to show that A € H,(S\ K) satisfies (a),
(b).

(a): Let U(oo,e) = {z € C: |2| > 1} U {oo} €S\ K. in particular, Vz € K: |z| < 1. For u € P(0,¢) we

have
Ly _ u _ = k k+1| 3 = k+1 k
)\(u>—L1(z»—>1uz)—lq(;z»—)kg_ozu —E u T Ly (z > 2Y),

k=0

hence A(oco0) =0, Vk € Ny: % = Ly(z ~ z*). The sum on the right hand side converges for small enough

¢ since there is R > 0 such that K C U(0, R) and
|L1(z — zk)’ < M|z~ zkHK =M (maxz|k> = MRF.
zeK

(b): Let U(wo,e) € C\ K. Then Yw € U(wg,e): Mw) = Ly ().

Ve K 1 1 1 1 (w — wp)*
z . = = — — —
w—2z (w—wgy)— (21 —wp) z—wp 1 — Y= prd (z — wp)k+1
which implies
> (U) — wo)k = > 1
Mz2) = —Li (Zl =2 oyt ) = 2w e I (2o e )
k=0 0 k=0 0

Hence %:le ZHW),ICENQ.

Let A1, A2 € Ho(S\ G) satisfy (a), (b). Then there is a compact K C G such that A, A2 € Ho(S\ K). By
Lemma 5.19, without loss of generality assume that each component V of S\ K intersects S\ G. We will show
A1 =X on S\ K. Let V be any component of S\ K. Then there is zg € VN (S\ G) # (. By (a), (b) we have

)\gk)(zo) = )\ék)(zo), k € Ny. By the uniqueness theorem A; = A2 on the domain V. So A\; = Ay on S\ K. O

6 Runge’s theorem

Notation 6.1. Let F C Sand m: E — NU {oo}. We call m(e) the multiplicity of e € E. We say that (E,m)
has a limit point e € S if e is a limit point of E or (e € E and m(e) = c0).
Denote by F(E,m) the smallest system of functions which contains:

(i) z— L ifec ENC,m(e) < oo,
(i) z»—)ﬁ,kéNif@GEﬂC,m(e):oo,

(iii) z — 2* k € Ny if oo € E, m(c0) = .
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Theorem 6.2 (Runge, modern formulation). Let G C C be open, E C S\ G and m : E — NU{oo}. If (E,m)
has a limit point in every component of S\ G, then span F(E,m) = H(G).

Proof. We will use the Hahn-Banach theorem (5.8). Let L € H*(G) and L = 0 on F(E, m). We need to show
L =0on H(G). Let A € Ho(S\ G) represent L in the sense of previous chapter. If e € ENC,m(e) < oo,

then A(e) = —L(:+) = 0. If e € ENC,m(e) = oo, then )‘(2(8) =—-L (ﬁ) =0,k € Ng. If o € E and
m(oo) = oo, then % = L(2*) =0,k € Ng. We show A =0 in Ho(S\ G). There is a compact set K C G

such that (i) A € Ho(S\ K) and (ii) every component of S\ K contains some component of S\ G. Let V be any
component of S\ K. Then V is a domain and by (ii) V' contains a limit point e of (E,m). By the uniqueness
theorem we get A =0 on V (either zero points of A have a limit point or at some point A has all coefficients in
its sum representation equal zero) and so on S\ K. O

Theorem 6.3 (Runge, classical formulation). Let G C C be open, and let f € H(G).

loc

(a) Then there are rational functions R,, n € N with poles outside G such that R,, = f on G.

loc
(b) If, in addition, S\ G is connected, there are polynomials P,,n € N such that P, = f on G.

Proof. (a): Let E C S\ G contain at least one point of every component of S\ G. Put m = oo on E. Then
span F(F,m) is a dense subset of rational functions with poles outside of G.
(b): Let E = {oo}, put m(co) = co. Then F(E,m) = {z+ 2¥: k € Ng}. Hence polynomials are dense. []

Theorem 6.4 (Cauchy, for simply connected domains). Let G C C be open and S\ G be connected. If f € H(G)
and ¢ s a closed regular curve in G, then fw f=0.

loc
Proof. By Runge’s theorem (6.3), there are polynomials P, such that P, = f on G. Then fw P, — fw f, but
the former integrand has a primitive function and thus the integral is zero. O

Theorem 6.5 (Cauchy, for cycles). Let G C C be open and I' be a cycle in G (i.e. (I') € G). Then [.f =10
for each f € H(G) if and only if Int T C G.
Proof. = : If zg € C\ G, then f(z) = —1— € H(G) and the condition implies that Indp 2o = 5= frf=o.

zZ—2Zz0

<= Let f € H(G). Then by Runge’s theorem (6.3), there are rational functions R,, with poles outside of

loc
G such that R,, = f. Then fF R, — fF f. We prove the former integrals are zero.
Let I' = {¢1,...,¢r}, where ¢; are closed regular curves in G. Then

m

k
/ R, = Z/ R, Residue thm Z 27 Z ressRy, - Indy,, s = 2mi Z ressR, - Indr s = 0.
r ®j

j=1 j=1 R (s)=00 R, (s)=00

In the computation we have used the Residue theorem for star-like domains in C and the fact that Indr s = 0
for s ¢ G. O

Theorem 6.6 (Runge, for compacta). Let K be a compact in C and let S C S\ K contain at least one point
of any component of S\ K. Let f € H(K). Then there are rational functions R, with poles in S such that
R,= fonK.

For the proof we will use the technique known as pushing poles.

Recall 6.7. Each rational function R can be uniquely expressed in the following form:

— J m
R(Z)—E E m+co+01z+-”+cmz 5
k=1 j=1

where the first summand is the principal part of Laurent expansion around the pole z; and the rest is the
principal part of Laurent expansion around the pole co, n,m € Ny, 2z € C and Aﬁk #0,Cp, # 0. Then z is
a pole of the function R of multiplicity of ni and oo is a pole of R of multiplicity m.

A rational function is a polynomial if and only if R has a pole at most at co.

Notation 6.8. Let K be a compact in C, U C S and U N K = (. Define the function space B(K,U) =
{R|k: R rational function with poles in U}. Here, the closure is taken with respect to the topology of C'(K).

Theorem 6.9 (Pushing poles). Let K be a compact in C, U C S be a domain, KNU =0 and 2o € U. If R is
a rational function with poles in U, then R € B(K,{z0}).
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7 CHARACTERIZATION OF SIMPLE CONNECTEDNESS [NMMA410] COMPLEX ANALYSIS

Remark 6.10. By the theorem we have B(K,U) = B(K, zy) (= B(K,{z0})). This follows from the fact that
any rational function with poles in U can be approximated by rational functions with a pole at just zg.

Proof. Pt V={£ € U: (z — Z—ig) € B(K,z) if £ € C;(2 — z) € B(K,z9) if { = co}. B(K,U) is a closed
subalgebra of C(K) (HW).

First we show that B(K,zo) = B(K,V). Indeed, if £ € V, then ﬁ € B(K, zy) for £ € C. Since B(K, z)
is an algebra, ﬁ € B(K, z) for £ € C, k € N. Also 2* € B(K, z) for £ = co. Then each rational R with
poles in V is contained in B(K, zp). Hence B(K,V) C B(K, zp). Since zg € V, we have B(K, z9) C B(K,V).

Now we will prove that V is closed in U. Let £, € V,n € N, &, — & € U. We need to show that & € V.
Without loss of generality assume that &, € C,n € N. First, let £ € C. Then put 6 = dist(&y, K) > 0. Choose

no € N such that dist(§n, K) > 6/2 for n> ng. Then —— = ngo for z € K, because
1 1 |6 — ol
_ = n —0
Z_En 2_60 ‘Z—anZ— |—52 |§ 50‘

if n > ng and z € K. Hence % € B(K,z2p),s0& € V.
Second, let &, = oo. Then Einfz =&, (z = ) € B(K,z) since B(K, zp) is an algebra. Take C' > 0

with |z| < C for any z € K. Take ng € N such that |§,| > C for any n > ng. Then ;nfz = z for z € K,
because

—0

Enz ‘ |Z|2 C?
=
én— 2 €n _z| 1€n| = C
for n > ng and z € K. Hence z € B(K, zp) and thus co € V.

The next step is to show that V' is open. Let {; € V. Again, first we assume &, € C. Put ¢ = dist(&y, K) > 0.
Let £ € U(&y,d/2). Then

1 1 1 ()"
z—€& (2—&)—(E—&%) z2—-&1-— Z&) kzszok“
for Z:gg
(€ — &)k <(5/2)kii
(2 G| = 5hL 5ok

for z € K and k € N. Hence = € B(K,&) € B(K,V) = B(K, z) and so U(§,46/2) C V.

Second, we let {g = oo. Take C' > 0 such that |z| < C for any z € K. Let £ € C with [¢] > 2C. Then

zig = —%ﬁ =->r g,f% converges uniformly for z € K because

Sk

Ek—i—l

S
= (20)k+1 - C'2k+1

for z € K and k € Ny. Hence ﬁ € B(K,0) C B(K, zy), so U (&, %) cV.
To finish the proof, we realize that V' = U, because V is a non-empty clopen subset of the domain U. O

Proof of Runge’s theorem for compacta. Let f be a holomorphic function on an open set G O K. Using Runge’s
theorem for open sets (6.3) there are rational functions R,,n € N with poles outside G such that R, = f on
K. Tt is enough to show that R, € B(K,S), because then we have f € B(K, S).

Fix n € N. All poles of R are contained in finitely many components Ci,...,Cy of S\ K. Express

Ry=Qi+4 -+ Qk where @ is a rational function with poles in the domain C;. For each j € {1,...,k} take
55 €8N CJ. By pushing poles we have that Q; € B(K,s;). For a given € > 0 and j € {1,...,k} there is a

rational function @); with a pole at s; such that ‘Qj - @j <e/kon K. Put R, =Q1+ -+ Qk € B(K,S).
(K, S). O

Then ’Rn — ~n

7 Characterization of simple connectedness

Recall 7.1. A domain G C C is called simply connected if S\ C is connected.

We will start by introducing the notion of homotopic loops and proving some of their basic properties. This
will allow us to later give “the right” topological definition of simple connectedness. Without loss of generality
we can assume that all curves are defined on the interval [0, 1] (otherwise we can take a linear reparametrisation).
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7 CHARACTERIZATION OF SIMPLE CONNECTEDNESS [NMMA410] COMPLEX ANALYSIS

Definition 7.2. Let G C C be open. A continuous closed curve ¢ : [0,1] — G is called a loop in G. We say that
two loops , 1) are homotopic (in G) if there is a continuous map H : [0,1]?> — G such that for p4(t) :— H(s,t)
holds ¢ = @, 1 = and ,(0) = (1), s € [0,1];

Remark 7.3. Here ¢ are “continuous deformations” of ¢ onto .
Example 7.4. If G C C is a star-like domain, then every loop in G is homotopic to a constant loop.

Proof. Indeed, let zy € G be such that for each z € G the line segment [z, 2] C G. Let ¢ be a loop in G. Then
¢ is homotopic to the constant loop ¥(t) = 2o, ¢ € [0, 1] because we can take H(s,t) = szo + (1 — s)p(t). O

Fact 7.5. Let Q2 C C be open and let every loop in 2 be homotopic to a constant loop. If G C C is homeomorphic
to 1, then G has this property as well.

Proof. Let h be a homeomorphism of G onto €. Let ¢ be a loop in G. Then ¢ :— h o ¢ is homotopic in  with
a constant loop (with H), and so is ¢ (with H :— h™! o H). O

Let ¢ : [0,1] — C be a loop and zg € C\ {(¢). There are regular closed curves ¢, : [0,1] — C such that
on = . Indeed, using the uniform continuity of ¢, ¢ can be uniformly approximated by piecewise linear
closed curves with vertices on ¢ given by sufficiently fine partition of [0,1]. Define Ind, zp = lim Ind,, 2.

n—oo

By Lemma 2.2, the definition is correct because there is ng € N such that Ind,,, 2o are constant for n > ng
and Ind, zo does not depend on the choice of {¢,}. Alternatively one could use a continuous branch of the
argument of ¢.

Theorem 7.6. Let ¢,v be two loops homotopic in an open set G € C . Then Ind, zg = Indy 29 for any
zp € C \ G.

Proof. First we show that Lemma 2.2 holds for loops as well. Indeed, let loops 1, 2 satisfy the condition from
the lemma. Then there are 1, 2 which are regular, satisfy the assumptions of the Lemma and Indy; zo =
Indg, 2o, j = 1,2. ‘

Let H : [0,1]> — G be continuous mapping such that ¢o = ¢, p1 = 9 and ¢s(0) = ¢s(1),s € [0, 1], where
@s(t) = H(s,t). Put e = dist(zo, H([0,1]?)) > 0 (H([0,1]?) is a compact set). Since H is uniformly continuous,
there is n € N such that for each £k =0,...,n — 1 and ¢ € [0, 1] we have

Wg(t)—@%(t)‘ = ‘H (st) —H(/‘CZ1 t)‘

In particular, px and @r+1 satisfy the assumptions of Lemma 2.2. Hence

Indg, 20 = Ind,, 20 =Ind,, 20 = --- = Ind,, 2.

Theorem 7.7. Let G C C be open. Then the following statements are equivalent:
(SC1) If p is a closed (regular) curve in G, then Int o C G.
(5C2) S\ C is connected.

(SC3) ¥f € H(G) 3 polynomials Po: Py — f on G.
(SC4) VI € H(G): [, =0, where @ is an arbitrary closed regular curve,
(SC5) Vf € H(G) IF e H(G): F' = f on G.

(SC6) Vf € H(G), f #0 on G g € H(G): f =9 on G.

(SCT) Vf € H(G), f #0 on G Fh € H(G): f = h2 on G.

(SC8) Every loop ¢ in G is homotopic in G to a constant loop. (”Every loop in G can be shrinked inside G into
a point”).
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Proof. (SC1) = (SC2): Assume that S\ G is not connected. Then there are disjoint closed sets § # K,L C'S
such that S\ G = K U L. Without loss of generality oo ¢ K. Then K is a compact in the complex plane,
Go — GUK isopen in C (C\ Gy = L) and, by Theorem 5.17 there is a cycle I' in G such that K C IntT" C Gy.
Let 2o € K. Since Indr zg # 0, there is ¢ € I" with Indy, 2o # 0. Of course, zg € (C\ G) N1Int ¢.

(SC2) = (SC3): Proof is the same as for the classical version of Runge’s theorem 6.3.

(SC3) = (SC4): See the proof of Cauchy theorem for simply connected domains 6.4.

(SC4) <= (SC5): We know from Introduction to Complex analysis.
(SC5) = (SC6): See the proof of Proposition 4.3.
(SC6) = (SCT): Put h = e29,

(SC7) = (SC8): Let ¢ be a loop in G. Let Gy be a component of G containing (¢). If Gy = C, then
by Example 7.4, ¢ is homotopic to a constant loop. If Gy € C, then Gy is a non-trivial proper subdomain of
C which also satisfies the condition (SC7). By Riemann’s theorem 8.1, G is homeomorphic to the unit disc,
which satisfies the condition (SC8) by Example 7.4 and so we can conclude using Fact 7.5.

(SC8) = (SC1): Of course, every constant loop ¢ has Int¢) = (). Hence this implication follows from
Theorem 7.6. O

8 The Riemann theorem

In this section we will prove the Riemann theorem. This is probably the most important result proved on this
lecture.

Theorem 8.1 (Riemann). Let @ # G C C be a domain such that Vf € H(G),f #0 on G 3h € H(G): h? = f
on G. Then there is a holomorphic bijection f: G — D.

Remark 8.2.
(i) f71:D D °%° G is conformal.

(ii) The condition we require of G is exactly condition (SC7) from the characterization of simple connectedness
(Theorem 7.7). By this, we finish the proof of said theorem.

Theorem 8.3 (Schwartz!® lemma). Let f € H(D), f(D) C D, and f(0) = 0. Then
(1) [f(Z)| <z, z €D,
(i) [f'(0)] < 1.

If equality occurs in (i) for some z € D\ {0} or in (i), then f is a rotation, i.e. f(z) = Az,z € D for some
A€ Sc.

Proof. Put g(z) = @,z € D\ {0}, g(0) = f'(0). Note that g € H(ID). Let 0 <7 < 1. Then |g(z)| < 1,[z| =r.
By the maximum modulus theorem we get (&) |g(z)| < 2, |z| <r. Let z € D. For r € (1—§,1) for some § small
enough, we have (&) and letting » — 1~ we obtain |g(z )| < 1. If |g(#)| = 1 for some z € D, then by maximum
modulus theorem g is constant on D. O

Lemma 8.4. For a € D put p.(2) = £==. Then

(i) pq is one-to-one and ' = o_q,

(it) pa € H(C\{2}), ¢a(D) =D, o (T) =T, where T = {z € C: |z| =1},
(i) pa(a) = 0,¢(@) = Loz, 9a(0) = 1 [af?
Proof. (i):

zZ—
w =

1—-az

wW— oWz =2 —
w+ a=z(1+aw)

W+«

*T1Yraw (W)

16T aurent-Moise Schwartz (5 March 1915, Paris — 4 July 2002, Paris)
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(ii): If z € T, then using 1 = |z|* = 2z we get

z—« z—« |z — ¢

2 —all|

|90a‘ =

1-az Zz —az
Hence ¢, (T) C T. The same is true for o ! = ¢_4, 50 9o(T) = T. By the fact ¢,(T) = T and maximum
modulus principle, we get ¢_,(D) C D, so ¢, (D) = D.

(ii):
valz) 1 1—-az+(z—a)a

= d ¢ (0)=
oo 2 — 1— |Oé|2 a wa( ) (1 —52)2

=1-]al’.

z=0

O

Theorem 8.5 (Conformal transformations of D). A fucntion f is conformal map of D onto D if and only if
there are 0 € R and o € D such that f(z) = e =% > € D.

1-az?

Proof. <= : Follows from the previous lemma.

= : Let « € D and f(a) = 0. Then g :— fop_, is a conformal map of D onto D and g(0) = 0. By
the Schwartz lemma (8.3), for z € D we have |g(2)| < |z|, |¢7!(2)| < ||, so |g(2)| = |2|. By Schwartz, g is
a rotation. O

Lemma 8.6 (Schwartz-Pick!"). Let F € H(D), F(D) C D and F(a) = . Then |F'(a)| < 3= |a 5. 1If equality
occurs, then F(z) = p_g(Apa(2)),z € D for some A € T. In particular, |F'(0)] <1 unless F is a rotation.
Here v, are mappings defined in the previous lemma.

Proof. Use the Schwartz lemma (8.3) for the function f :— @goFoyp_, to obtain | f'(0)| < 1 and use Lemma 8.4
to calculate

O = 64(3)- F'@) - 0(0) = Ty ) (1= o) — (o) - 1_';:2 e

If « =0 =g and F is not a rotation, then |F’'(0)] < 1. O

()‘

Proof of the Riemann theorem. Let ) # G C C be a domain with (SC7). Take a point 29 € G. Denote by
the set of all conformal mappings ¢ : G — D. Then we have:

ﬁ) by #:®7

(i) If ¢ € ¥ and (@) # D, then there is ¢ € ¥ such that

F(z0)| > 18 (z0)]

We defer the proof of these properties to the end of this proof.
Put n = sup{|¢/(z0)] : ¥ € X}. Take ¢ € X. Since v is one-to-one, we have 1'(zp) # 0 and hence > 0. By
the definition of 7 there are ¢, € ¥, n € N such that |/, (20)| "= 1. Since t,,,n € N are uniformly bounded,

by the Montel theorem (5.4) there is a subsequence {t,, } such that ., l0:§ f on G. By the Weierstraf} theorem,
f € H(G) and |f'(20)] = n € (0,00). Since f is not constant, the Hurwitz theorem (2.17) implies that f is
one-to-one. Of course, f(G) C D, but by openness of f we have f(G) C D. Hence f € ¥ and by the second
property f(G) = D.

Now we prove the properties (i) and (ii).

(i): Let wg € C\ G. Then by (SC7) there is p € H(G) such that z — wy = p2(2),2 € G. If p(21) = £p(29
then 27 = 29 Indeed, 21 — wy = p?(21) = P?(22) = 29 — Wwp. So ¢ is one-to-one and (x) 0 # w € p(G) =
—w ¢ p(G). Since O # ¢(G) is open, there is 0 ¢ U(a,r) C »(G). By (x), we have U(—a,r) No(G) = 0, i.e.
lp(z) +al >r2€G. Putyp = 30yray 2 € G- Then Y| < % on G, s09 €.

(ii): Pick ¢ € ¥ and a € D\ ¢(G). Consider the map po(2) = =,z € D. Then ¢, o9 € ¥ and
0o 0 # 0 on G. By (SC7) there is g € H(G) such that (1) ¢, 0t = g% on G. Then g is one-to-one, because
9(21) = g(22) = ¥a0¥Y(21) = o 0P(22) => 21 = 2o. Hence g € X.

Denote 3 :— g(z) and put (2) 1 = pgog. Of course, w € Y and ¢(zo) = 0. Denoting s(w) :— w? w € C,
we have by (1) and (2) that (3) ¥ = (p_a 050 ¢@_g)o ¢ = For, where F = ¢_, 050 p_ 5. We have
F € H(D), F(D) C D and F is not a rotation (because F' is not one-to-one). By the Schwartz-Pick lemma (8.6),

we have |F’(0)| < 1. Since ¢’(z9) = F'(0)4 (z0), we have 0 < [¢(20) J’(zo)‘. O

7Georg Alexander Pick (10 August 1859, Vienna, Austria-Hungary — 26 July 1942, Theresienstadt concentration camp,
Czechoslovakia)
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Definition 8.7. Let G C S be open. We say that f : G — S is a conformal map if f is one-to-one meromorphic
on G.

Remark 8.8. For meromorphic functions we always assume that f = oo on the set Py of its poles.

Definition 8.9. Let 2,G C S be open. We say that G and 2 are conformally equivalent (we write G ~ Q) if

there is a conformal map f : G ™% (). This relation is an equivalence (note that conformal mapping onto is
a meromorphic bijection).

Example 8.10. As HW, show that there are just 4 classes of conformally equivalent simply connected domains
in S, namely

(i) 0, (iii) [C] ={S\{z0}: 20 € S},
(i) S, (iv) [D] consists of the rest (Riemann’s theorem).
Proof. No two of these sets are conformally equivalent. This is clear for the empty set. S is compact and

conformally equivalent sets are homeomorphic. By Liouville theorem C ¢ D. To show S\ {z} € [C] use the

transformation z ﬁ O

Remark 8.11. Let G, C C be open. Then a one-to-one map f: G 00 is
e conformal if and only if f and f~! are both holomorphic;
o diffeomorphism if and only if f and f~! are continuously differentiable;
e homeomorphism if and only if f and f~! are both continuous.

We know conformal = diffeomorphism = homeomorphism.

9 Preservation of angles

Definition 9.1. For z € C\ {0} put A(z) = &.

Definition 9.2. Let G C C be open, f : G — C, zp € G and P(zy) C G be such that Vz € P(zy): f(z) # f(z0).
Then we say that f preserves angles (and orientation) at zo if

Vo e R: (B) :— lir(r)1+ e A (f(z0 + 1) — f(20)) € C exists and is independent of .
r—

Example 9.3. f(z) = Z (reflection along the real axis) fails the previous condition, but preserves angles. Hence
the note in the definition regarding orientation.

Example 9.4. Let f be a non-constant holomorphic function in a neighbourhood U (zy) of the point z5. Then
there is p € N such that

B ) . B f(p)(zo)
J(2) = F(z0) + ap(z = 20)" 4+ 12 € Ulzo), with @ = === 20,

Then the limit from the definition can be calculated as follows:

ipO
(B) = lim e—wweﬂ““ ~ W -1 g eR.
r—0+ laprPe? + .| ap|

Conclusion: Such f preserves angles at zg iff f'(z9) # 0; in which case the limit is equal to f/(z0)/|f’(20)|.
Notation 9.5. Let f : R*(C) — R?(C) have the total differential df (zo) at zg € R? = C, i.e.

i £ 20 T 1) = f(20) — df (z0) _

h—0 || 0

Then df (20)h = §L(20)h1+ 5L (20)ha, b = (h1, hy) = by +ihy € R? = C. We have by = (h+h)/2,hy = (h—P)/2i
and

o 0f(z0) = & (% (20) — 1%L (20)),
d, h=20 h+0 h, wh “ Y
If (20) f(z0)h + 0 f(20)h, ere 3f(z0) = % %(zo) +ig—§(zo)

The Cauchy-Riemann theorem states that f’(zo) exists iff df (o) exists and df(z9) = 0; in this case f’(zo) =
df(20)-
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Example 9.6. Let f have the total differential df (z9) at 2o € C and df (z9) # 0. We have df (z0)h = ah+Bh,h €
C with a = 0f(20) # 0 or 8 =0f(20) # 0. Then for § € R we have

o o A (20)(re’) to(r) i df(20)(e”) o+ Be’
B =B o e o)~ TGO  Tat 5

if df (z0)(e') # 0. There are three possible cases:
(i) a=0,8+#0: () depends on 0,
(i) a#0,8=0: (%) =2,
(ifi) o # 0,8 # 0: (2) depends on 8 (HW).

Conclusion: Such f preserves angles at zq iff f/(2o) exists and f/(zo) # 0.

By Examples 9.4 and 9.6 we get

nto

Theorem 9.7. Let G,Q C C be open. Then f: G “5° Q is conformal if and only if f is a diffeomorphism of G
onto Q preserving angles at any point of G.

Example 9.8. f(z) = z|z| preserves angles at 0, f'(0) = 0 = df(0), but f is not holomorphic at any neigh-
bourhood of 0.

9.1 Examples of conformal mappings

onto

Example 9.9. f:S — S is conformal iff

az+b .
f(z)= P for some a, b, ¢, d with ad — bc # 0.

Note that ad — bc = det <Z Z) = 0 implies f is constant or not well-defined.

T < is obvious, = : Since f € M(S), f = g rational. Since f is one-to-one, f has just one simple zero
point and one simple pole. N

onto

Example 9.10. By Theorem 8.5 we know that f : D "= D is conformal iff there are § € R and a € D such
that f(z) = e Z=2 2 € D.

l1-az?

onto

Example 9.11. f:C =" C is conformal iff there are a,b € C,a # 0 such that f(z) =az+b,z € C.
M <= v, = : At oo f has an isolated singularity which is not essential. Actually, lim f(z) = co. Hence
Z— 00

f:S°S and f(o0) = . N

10 Linear fractional transformations

Definition 10.1. We say that f : S — S is a linear fractional transformation if

b
f(z)= Zji_d for some a, b, ¢, d with ad — be # 0. (LFT)

Proposition 10.2. The set My of all LFT’s endowed with composition forms a group, called the Mobius'®
group. The Mdbius group is generated by transformations of the following types:

e translation: z v+ z+b,b € C, e homotheties: z+— rz,r > 0,
e rotation: z — az,|a| =1, e inversions: z > L.

Proof. For A = (Z Z) € C?*2 det A # 0 put fa(z) = “Z+g. Then fg=1d, fa- fa = fAA/,fgl = fa-1.

If ¢ = 0, the second claim is obvious. If ¢ # 0, then
az+b  fez+%d—¢d+b  a A be — ad

-t — ith A = .
cz—d cz+d c+cz—l—d7 W c

flz) =

O

18 August Ferdinand Mébius (17 November 1790, Schulpforta, Electorate of Saxony — 26 September 1868, Leipzig, German
Confederation)
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Definition 10.3. A generalized circle in S = C U {o0} is either a circle in C or a straight line (including the
endpoint oo). Denote by F the family of all generalized circles in S.

Proposition 10.4. Every LFT preserves F. Via stereographic projection, F corresponds to the family of all
circles on the unit sphere S? in R3.

Proof. We will show that every generalized circle is given by an equation of the form azz + Bz + fZ 4+~ = 0 for
some a,y € R, 8 € C. First, consider a circle given by |z — 29| = r for some z5 € C,r € [0,00). Then

|z — 2zl =7
(z—20)(z — 29) = 7*

2Z — 20Z — 270 + 2059 — r° = 0.

Thus we can take a« = 1,8 = —Zp,v7 = |ZO|2 — 72, Second, consider a line given by 2aftz + 2bSz + ¢ = 0 for some
a,b,c € R. Then adding and subtracting aiSz and biRz gives

aRz + bz + iaSz — bRz + aRz + Sz — 1aSz + bRz +¢ =0
(a —ib)(Rz+1iS2) + (a +ib)(Rz —iS2) + ¢ =0

(a—1ib)z+ (a—ib)z+c=0.

Thus we can take « = 0,8 =a — b,y = c.
Replacing z with % yields an equation of the same type. O

Proposition 10.5. Let (21, 22, 23) and (w1, we, ws3) be two triples of different points of S. Then there is a unique
LFT f with f(z;) = w;,1 <j <3.

Proof. 1f (21, 29,23) € C3, then ¢,, ., .,(2) = 220225 maps (21, 22, 23) to (0,1,00). Otherwise without loss

of generality 23 = oo and we can define ¢, ., -, (2) = 222, Then f = ¢g! . 0 0 ¢z 2,5 I8 the desired

LFT. O

Conclusion: Every generalized circle can be mapped onto every generalized circle by an LFT. In particular,
every circle can be mapped onto every straight line. Also, every open disc can be mapped onto any open
half-space.

Example 10.6. Let H = {z € C: Sz > 0}. f(2) = % is a conformal mapping of the upper half-plane onto
the unit disc.
Example 10.7. Let Q@ =D\ [0,1]. By Riemann’s theorem, there is a conformal map h : ™°D. Find such
an h.

Set, for example, hy : D\ [0,1] = {Rz < —1/2},ha(z) = 15, ho(2) = —(2 4+ 1), ha(z) = 22, ha(2) = 1,

hs(z) = Vz—4, he(z) = 2_7_% and finally put h = hg o hs o hg o hgo hg o hy.

11 Harmonic functions

We study f:C — C. Since C ~R? we have z =z + iy, z = Rz,y = Sz and f = v + iv with u = Rf,v = Sf.
Observation: If G C C is a domain, f,g € H(G) and Rf = Rg on G, then there is ¢ € R such that
Sf=S8g+conG. [
™ It follows from the Cauchy-Riemann conditions: %Z = %, % = —g—Z. a

Question 11.1. What are the real parts of holomorphic functions?
Recall Notation 9.5.
Lemma 11.2. If f € C*(G), G C C open, then 00f = d0f = %Af, where A = 50—; + 8722,

Proof.

- 1/0 .0 g .0 1

Definition 11.3. If G C C is open, we say that u € C?(G) is harmonic if Au=0 on G.
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Example 11.4. If f € H(G), then Rf and §f are harmonic on G.
r

OzaéfziAf: (ARF) +iA(SF)) = ARF) = 0= A(S).

J

Example 11.5. If G C C is a simply connected domain, f € H(G) and f # 0 on G, then log|f| = RF for
some F' € H(G). In particular log |f| is harmonic by the previous example.
~ We know there is a holomorphic branch F of log f, i.e. F is holomorphic and f = e. But |f| = ®F.

Corollary 11.6. If G C C is open, f € H(G), f # 0, then log|f| is harmonic.

Proof. By Example 11.5 log | f| is harmonic on any open ball U in G. Since “being harmonic” is a local property,
this proves the statement. O

Example 11.7. f(z) =log|z|,z € C\ {0} is harmonic on C\ {0}, but f is not the real part of any holomorphic
function on C\ {0}.

T Assume F € H(C\ {0}) and RF = f. On C\ (—00,0], RF = R(log) implies IF = I(log) + ¢ for some
¢ € R. So we have F = log +ic on C\ (—o00,0], but unlike F, log +ic is not continuous at, say, z = —1. J

Theorem 11.8. If G C C is a simply connected domain and u : G — R is harmonic, then there is f € H(G)
such that Rf = u.

Remark 11.9. (i) Every harmonic function is locally (but not necessarily globally) the real part of some
holomorphic function.

(i) If f € H(Q), then f' = 0f = O(f + f), because Of = (0f) = 0. Hence f' = d(f + f) = 20(Rf).

Proof. We have du € H(G), because (du) = +Au = 0. Then there is fy € H(G) such that f; = 20u. Using
the second remark we get 20(Rfo) = fi = 20u, rearranging the terms gives d(Rfp — u) = 0, but Rfy — v is
real and so 2 (Rfo —u) = 0 and %(%fo —u) = 0 on the domain G. Hence u = Rfy + ¢ for some ¢ € R. Put
f=fotec O

Corollary 11.10. Let G C C be open and u: G — R be harmonic. Then u € C*°(G) and u satisfies the mean

value property:
1 2w

— u(zo +re't) dt = u(zp) (MV)
2T 0

whenever U(zp,r) C G.

Proof. Let U(zg,r) € G. Take R € (r,00) such that U(zg, R) C G. Then u = RF for some F' € H(U(zo, R)).
So u € C*(U(zp, R)) and by the Cauchy integral formula,

1 F(2) 1 [ g irett 27 :
F(z) = — dz = — F H—dt = — F ) dt
(20) i L 7 — 2 L= 50 o (20 +re )re” 21 Jo (20 + re') dt,
where p(t) = 2z + re't, t € [0, 27], which implies (MV). O

Theorem 11.11 (The maximum principle). Let G C C be a domain and u : G — R be a continuous function
satisfying the mean value property. If u is not constant, then u does not attain an extremum in G.

Proof. Let us assume that zp € G and, say, u(z) > uwon G. Put M = {z € G: u(z) = u(z9)}. Obviously,
() # M is closed in G. If we show that M is open, then M = G.

Let z; € M and U(z,7) C G. We show that U(z1,7) C M. Assume there is zo € U(z1,7) \ M. By (MV),

u(z0) = u(z1) = 5= 027T u(z1 + pe't) dt < u(z), where p = |21 — 23|. If we show that the last inequality is strict,

we will arrive to a contradiction. It is in fact the case, because u < u(zp) on G and u < u(zp) in a neighbourhood
of z9. O

Corollary 11.12. Let G C C be bounded and open, u € C(G) and u be harmonic on G. Then u attains its
extrema on 0G, i.e. %%n <u< maxu on G. The assumption of harmonicity can be replaced with the (MV)

property.

Proof. Let zy € G and u(z)) = maxgu. Then u is constant on the component G of G containing zy. So u
attains the maximum on the boundary. O
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11.1 The Poisson Integral

Let u : D — R be harmonic, i.e. u is harmonic on U(0,7) fo some r € (1,00). Then there is f € H(ID) such that
u=RfonDand f(2) =Y o anz",|2| <1. For |z| <1,z = re??, we have

( ) §Rf = Rag + Z anrneznG +a ,rnefzne) )

n=1
Hence
o Rag, n=20
u(z) = Z bnr‘"|ei”‘9, where b,, = %an, n>0. (1)
n=-—00 %@, n <0

In addition, we have

1 i 1 > g

- ity ,—imt \n| int —imt _ i(n—m)t _

o | u(e)e ™t dt = / <nzoob r ) et = n;mbn /_ﬂe dt = b, (2)
Putting (2) into (1) we get for z = re?® with » € [0,1) that

1 1 M & , ,
_ |n\ 1t zn(& t) r< 1 |n| in(6—t) it
u(z) = / dt by [ﬂ < E ri™e > u(e") dt.

n=—oo n=—oo

Definition 11.13. We define

(i) the Poisson'® kernel: For 0 <r < 1,0 € R put P.(0) = . rlnlem?;

(ii) the Poisson integral:
[Pu](r / P.(6 — t)u(e) dt (PT)
for0<r<1,0 eR.

Fact 11.14.

1+ ret? 1—r2
PT(G)ﬁ(l—rew)1—1—7“2—27“(:059'

Proof.

1 _ = n S ninG n_—inf\ __

1_2_723 :>28?<1_Z) Z:: +re”"™) =1+ P.(0)
and so

B 2 142\ (421 =2)\ L (1-F4z—2z) 1|z 420

PT(G)_%(l—z> 1_m<1—z)_%<(1—z)(1—z) = l—2—-ZzZ+2Z =R 1—2Rz+ 2> )

O
Theorem 11.15 (Poisson formula). If u is harmonic on D, then u = Pu on D.
Remark 11.16. (i) The Poisson formula is an analogue of the Cauchy integral formula.
(i) P1=1.
Theorem 11.17 (Properties of Poisson integral). Let g € L'(T).
(i) Then Pg is harmonic on D.

(i) If g is continuous at zg € T, then lm Pg(z) = g(z0). In particular, if g € C(T) and we define

z—2z0,2€D
a function u as Pg in D and as g in T, then u is continuous on D and harmonic in D.

(iii) For a.e. § € R holds lir{1 Pg(re??) = g(e?) (Fatou).
r—1—

19Siméon Denis Poisson (21 June 1781, Pithiviers, Kingdom of France — 25 April 1840, Sceaux, Hauts-de-Seine, Kingdom of
France)
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Proof. Without loss of generality assume g is real-valued.
(i): For |z < 1,2z = re'® we have

1 (7 1+ rei@=1) it L [T 14rei@-

—T

We have f € H(D) and Pg = Rf, so Pg is harmonic.

(ii): Without loss of generality assume that g(zp) = 0 (otherwise pass to g — g(zo) and use that P1 = 1). Let
£ > 0 be given and zy = €. Take dy € (0, 7) such that V¢ € (6y — g, 0o + &) : ’g(e“)’ <e. Let zeD,z=re
and |0 — 0| < 6/2. Then

1

T or

6o+d0 i 1 .
/ Po(0— t)g(c) dt +7/ Po(0 — D)gle™) dt = Iy + I,
0 21 Ja

0—3d0

Pg(z)

where A = (—m,7) \ (6o — do, 60 + dp). Of course, P. > 0 and P1 =1, hence |[1| < e.

Next we have ) 5\ 1
Li<— [ P@—t)gle?)|dt <P =) — 2.
) < 5 [ 2o 0lae)]ac < 2 (5) o ol

since for t € Aholds § <0 —#/ <3 (-3 <0y —0< § and § <t— 0y < ) and thus

1—72

)
P.(0 —t) = <P.|l=].
0<F(f—1) 1472 —2rcos(f —t) — " (2)

Take 79 € (0,1) such that |I5| < & for r € (rg,1). Then for all z = re?? with |0 — 6y < §/2 and r € (1o, 1) we
have |Pg| < |I1| 4 |I2] < 2e.
(iii): Left without proof. O

11.2 The Dirichlet problem

Let G C C be open and bounded. Let g € C(OG). The Dirichlet problem (DP) is to find u € C(G) such that
u is harmonic on G and u = g on 0G.

Remark 11.18.

(i) The DP corresponds to many problems in physics, e.g. a charge distribution g on G gives an electric
potential u on G.

(ii) By the maximum principle (DP) has at most one solution. (Given two solutions uy, ug, consider v = u; —ug,
which is harmonic in G and zero on the boundary).

(iii) The Dirichlet problem does not always have a (classical) solution (e.g. for G =D\ {0}, u =0 on T and
u(0) = 1 - Zaremba’s example).

(iv) (DP) has a unique solution on “nice” domains, e.g. Lipschitz domains.

(v) In particular, (DP) has a unique classical solution on any open disc in C. For D this follows directly from
the previous theorem. For a general disc use a transformation of the form z +— rz + b for r > 0,b € C.

Theorem 11.19. Let G C C be open and u : G — R. Then u is harmonic on G if and only if u is continuous
on G and satisfies (MV) from Corollary 11.10.

Proof. = : We know this.

<= Let u € C(Q) satisfy (MV) on G. Let U :— U(z,r) with U C G. Let h be the unique solution of
(DP) on U with the boundary data given by u|sy. Then v :— u— h is continuous on U, satisfies (MV) on U and
v =0 on OU. By the maximal principle, we get that v =0 on U, so u = h on U, so u is harmonic on U. O
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