14. cviceni — Urcity integral 2
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady

Spoctéte Newtonovy integraly:

. / RN

Reseni:

Rozkladem na parcialni zlomky dostaneme

/OO z da:—l/oo L + _4+ 3 dx
s - -2)(z-3) " 2, z-1 -2 z-3

Po integraci

16

(x—l)(:v—3)3ro_ 1317

1 > _1
= 3 [ln’1‘—1|741n|$*2|+31H‘$*3|]4 = ) |:1n (x —2)4

0
o [ e
oo 20 —1

Reseni:

4

0 0
/ z dx:/ z dx
Ceo @3 —1 oo (=1D)(22 4+ 2+ 1)

Po rozkladu na parcidlni zlomky

1 /0 1 x—1 1 /% 1 120 4+1—-1-2
== — dr = - - = dx
3)r—1 224+2+1 3)r—1 2 22+4+x+1

1 CE | 1 2z+1 1 3

_3/_003:—1_2x2+x+1+2(x+%)2+i

Po integraci

1 1 2
3 [ln|x—1]—21nx2+x—|—1]—|—\/§arctan ’

0
1 -1 2 1
= - lln|x| +v/3arctan zt

3 V0?2 +x+ 1] V3

2T
= —V3.
9

T sinz
3. —d
/0 cosz+1 "

ReSeni: Zvolime substituci ¢ = cos x.

1 1
-1 1 T T T
——~ dt= | ———dt=[arctant]! :7_<_7):7_

/1 211 /1t2+1 larctan t]- 1 1 5

V3 T V3 -7
—0+3'6—<0+3'>
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oo el‘

4. —_—d
/OO e2r — 3e* + 3 *
Resent:

Substituce t = e*. Pak

/001dt—/001dt— [2arctan2t_3 h
o t*—3t+3 0 (t—%)2+% V3 VER I
2 /m ™ 5
_ﬁ(§_(_§))_ﬁ
5. / sin? z cos® z dz
0

Reseni:

Nejprve upravme na
s s 1
/ sin’ z cos? z dzx = / - sin2(2x) dz
0 0o 4

Po substituci ¢ = 2z mame

27 2 2
1., 1 1 1 5
— t)dt = —(1 — 2t dt = | — [t — = 2t = —
/0 3 sin“(t) /0 16( cos(2t)) [16 < 5 sin( )>}0 5

T
1
6. / v cosz — cosd zdz
0

ResSeni: Protoze jsme na (0 ”

» 4

s s s
1 1 1
/ \/cosx—cos3xdx:/ \/cosx\/l—cos%cda::/ Veosz|sinz| dz
0 0 0
s
Z .
= veoszsinz dz
0

V32 C[e2]t 2 R
N )

) , miiZzeme psat

Substituce ¢t = cos x:

1
7. / 22e " dx
1

Reseni:

Aplikujeme per partes

1
= [—56267%]171 + [—2ze™]

-1

171 + [_267‘%]171

5
:—6_1+€—26_1—26—26_1+2€:€—*
e

1 1 .
/ whet dn = [_w%ﬂ}l—l _/_ —2zetdr = [—xQG_x]1_1 + [_2{[16’_:6]1_1 _/ N
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1
8. / arccos’ z dzx
0

Regeni:
Substituce x = cost, pak dz = —sintdt a
7, .
t“sintdt
0
Dvakrét per partes:
5, , = % , = .
t“sintdt = [t cost]o2 — —2tcostdt = [t cost]o2 + [2tsint]; — 2sintdt
0 0 0
= [tQCost]g + [2tsint)§ + [2cost]g =0—0+7—0+0—-2=m —2

1
9. / x arcsin z dx
0

Reseni: Substituce z = sint, dz = costdt:

2 21 1
/ tsintcostdt:/ t—sin(2t) dt = /
0 0o 2 4 Jo

us

* ot sin(2¢) dt

Substituce u = 2t, du = 2dt
1 / T
- usinu du
0

Per partes

slucosulf+ ¢ [ cosudu = L-ucosulf + Slinulf = ¢

—|—UCOSU — coSsuduU = —|—UucCosu —|S1IN U = =T
© "8/ 8 078 078

1
10. / 221 — 22dx
0

Resent:
Substituce x = sint, dx = costdt:

3 31
/ sin?t cos® t dt = / ~ sin?(2t) dt
0 o 4

Substituce u = 2t, du = 2dt:

) sotonan= [ 350 - amean = g6 (u- untan) |

1
1
11./,/954r Az
0 X

Kalkulus 1, 2025/26, Kristyna Kuncovéa



Reseni:
Substituce t = \/iié, pak r = tQ a dr = (t;ff)Q dt:

/Oo LY
va (1)
Rozklad na parcialni zlomky

1/001 PN S S P T [ ST T L
== =2 |Inl|t — n - -
2 st—1 " (t—12 t+1 (t+1)2° 2 1 11

1[1 it — 1] 1 1 r 1 \/§—1 1 1
Z n _ _ — _
2 t+1) t—1 t+1] 4 \f+1 V2—-1 V241

1 V241
2<ln\f_ 2[)

Podminky véty o substituci: f(x) = QCT‘H, w(t) = ﬁ Interval (o, ) = (V/2,00),
(a,b) = (0,1). Plati w((«a, 8)) = (a,b) a navic w’ = ﬁ # 0 na celém (a, ).

(Plyne z: obrazku https://www.geogebra.org/calculator/cb3k7uxu)

12./ Ljz=2 4,
Y

Reseni:
_ _A42
Substituce: ¢ = /2= Z, T = ft 527 de = == ?2)2 dt.

(11— t%)? At N [ 42
[ Carrtaapt=) aromd=) CENGE T

Rozkladem na parcidlni zlomky

> 1 1 1 1
- + + + dt
/1 8(V2t+1)  8(var+1)° 8(V2t—1) §(var—1)°
Po integraci

B EEPNY ST S SRS S U
8v2 8v2 8V2V2t+1  8vV2V2t—1],
:[11|ft—1y 1111 r

8V2 V241 8V2V2t+1  8V2V2t-1]

In [v2t + 1] +

1 yﬂ—l\ I
82 !f+1\ CV2+1 V2-1
! (lnﬂ+l+2\/§>

T2\l Va-1
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Podminky véty o substituci: f(z) = %/%2, w(t) = —4242 Tpterval (o, B) = (1, 00),

z2 1-¢2
(a,b) = (4,00). Plati w((«, 5)) = (a,b) a navic w’ = ﬁ # 0 na celém (a, ).
(Plyne z:
—4t2+2  —AP4+4 -2 —2
t) = = =4 -
wit) = T3 — 1o i

coZ uz lze nalrtnout: https://www.geogebra.org/calculator/cb3k7uxu)

dx

4 1
13. / :
o cosT+2sinx+3
Reseni:

Protoze funkce je 2w periodickd, miZeme psat

4 dz 3 dz
. do = - dz
o cosz+2sinz+3 _x cosz+2sinz 4 3

Coz rozepiSeme na

3 da ™ dz 3w dx
. dz = - dz + - dz
_x Cosx +2sinx + 3 _pcosz+2sinx + 3 r CosST +2sinw + 3

Na intervalech (—m, ) a (7, 37) pak miZeme substituovat ¢ = tan §. Po aplikaci vzorci

dostaneme
& d 0 2 e 2
/ a:. dx = / —dt = / —dt
_rcosz+2sinx + 3 oo 28244t 44 oo 28244t 4+ 4
x
1
= /;OO m dt = [arctan(t + 1)]3000 =T

Na intervalu (7, 37) dostaneme stejny vysledek, celkem tedy méame

3m
d
/ :E, dz = 27.
_p COsT + 2sinx + 3

Podminky véty o substituci: f(t) = m, w(r) = tan 3. Interval (o, ) = (—m, ),
(a,b) = (—o0,00). Plati w((«,3)) = (a,b) a navic w’ = @ # 0 na celém («, ).

Pro interval (—m, 37) analogicky.

14. /g d
0 l—l—tga;

Reseni:

Substituujeme za t = tanz. Dostaneme

o 1 © L1 t-1 © I1 2 11
—— _dt = - = t= - - + = dt
o (14+t)(1+1¢?) o 1+t 2(1+1¢?) o 14+t 414t 2(1+1¢t?)
o0

1 1 1
= [2 In|l1+t¢— Zln(t2 +1)+ 2arctaunt}

_ [11 (1+1¢)?

0
00

+ Larctant il
— arctan = —
2 , 1

4 . t2+1
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Podminky véty o substituci: f(t) = m, w(r) = tanz. Interval (o, B) = (0, 5),
(a,b) = (0,00). Plati w((«, 5)) = (a,b) a navic w’ = # 0 na celém (o, 8).

(3052 T

Zkouskové priklady

doc. Rokyty: https://www2.karlin.mff.cuni.cz/ rokyta/vyuka/index.html
prof. Spurného: https://www2.karlin.mff.cuni.cz/"spurny/pages/ma2.php#

15 /’T 2+ coszx
" J_x3+sinz +cosx

Reseni: Substituujeme y = tan 5, pak dostaneme

* y>+3 < y+1 —y+1
2 dy = 2 + 5 dy
e (DY +y+2) ¥ty +2 Y+l

1 2y+1 1 1 1 2 1

/002 v+y+2 2 y¥P+y+2 2 241 y241
1 2541 1 1 1 2y 1
= - 4 . + d
/_002 ry+2 2 iR+l 2 1 21
1 1 2u+1 1 o
= |=log(y® + y + 2) + — arctan — Zlog(y? +1 —i—arctan]
[2 g(y” +y+2) 7 Vi 5 log(y” +1) yioo
1. (WP+y+2) 1 2y + 1 r’
= |=log —-———> + — arctan + arctan
[2 e T 7 |
(1+7)
=7 — .
VT
16 / V2xr +1
1:+2

Reseni: Substituujeme y = +/2z + 1. Pak dy = \/ﬁ dz, z = %(y2 —1). Dostaneme

/ V2x + 1 LVor+1 \/255—1—1

(x+2)? 0 (m+2)2'm (y? +3 dy
V3oy 12 B y % P V3
/1 P13 (P13 dy—[garctan\/g—w—\/garctanf 1
_2@_%’7_<”_1>_1W+1_¢§
3 4 3 36 2 36 2 3

00 6337
17. d
/_oo (e +2)2(e + 1)2 "
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ReSeni: Substituce y = e, dy = e* dz. Pak
2

/oo eZac . et de s o] y 4
oo (€7 +2)2(e" + 1)2 y + 2)2(y +1)2 Y

/ [ 1
y+2 et g

—4 1 o
r+4log (y+2)— —— —4log(y+1)

+ 2 y+1 0
2 1 1%
[ og W2 } — 3 4log2
y+2 y+1 y+1],
1
2 4
1&(3{/ verr g,
o Wz+1)(Vr+1)
Reseni: Funkce g(z) = % je spojita na [0,1], tedy existuje Riemanniv

integral a rovna se Newtonovu.

Dale tedy poc¢itame Newtontiv integral. Substituce y = /x, dy = f dx. Dostaneme

1 (2 3 1
y° + 2y)dy / 2 y+2
T _dy =4 ty—24-————d
/0(y2+1)(y+1) Y vy W+ Dy+1) "7

6 — 2y 2

/4y + 4y — 8+( +

) ) T

1
—2y 6 2
= | 4 +4y—8+ + +
/0 ¥?+1)  (W*+1) (y+1)

dy
493 1
- (y +2y* — 8y — log(y* + 1) + 6 arctany + 2log |y + 1|)

3 0
14 3T

=——+log2+ —
3+0g + 5

1 e
19. / dx
0 er + Ve 4 et 41

ReSeni: Substituce y = e*, dy = e* dz. Dostaneme

e
1
dy
[ y+VyrP+y+1
Aplikujeme Eulerovu substituci
VyPt+y+l=s—y
v 4+ y+1=s>—2sy+ 9>
_ 52 -1
Y71 + 2z
2(s*+s+1)
dy=———-——-d
(RN FINT S P
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Pak

ds

/€+W 2(5 + s+ 1 /6+\/m 2 3 3

V3+1 s 2s+1  (1+2s)2
3 1 et+VeZtetl
2

V341 s(1+2s)?

21lo 8—710 2s+1)+ — -
[ g g( ) 125 s

3
= log(e—|—\/62+e+1)—§log(2(e+ e2+e+1)+1)
1
14+2(e+vVe?+e+1)

3
2
(210g \f+1)—§log( (\f+1)+1)+; HQ(IM)

_.|_
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