11. cviceni — Goniometrické substituce + lepeni
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady

Najdéte primitivni funkce

1 glw) = !
C 9\ = 2sinz —cosx + 5

Reseni:
Funkce g je spojita na (—oo,00), ma tam tedy PF.

_ 1
3y?+2y+2°

Intervaly: (ag,Br) = (—7 + 2km,m + 2kw), (a,b) = (—o00,00). Navic p(ag, k) =
(—o0,00) C (a,b).

Pouzijeme substituci y = tan § = ¢(z). Funkce f(y) =

Zasubstituujeme

/ ! d —>/ 2 d / ! dy € L arctan 241
X = ———— = ——= arctan
28inz — cosz + 5 Ay —1+2+5+5y2 7 3212y+2 0" 5 /5
c 1 3tg3 +1
— r) = — arctan ———.
/g() V5 V5

x € (—m + 2km, 7 + 2km)

Tedy
1 3tgf 41
G(r) = —= arctan ——=2—— + ¢y, x € (—m+ 2km, w + 2k
@)= 2o, ( )
V bodech 7 + 2k7 je potieba funkci slepit. Limity:
1i 1 " 3tg% +1 n ™ n
im — arctan —=—— 4 ¢ = —— + ¢,
a—(nt+2rk)— /B V5 g 2v/5 F
1i 1 " 3tg% + 1 n T n
im — arctan —=—— 4+ ¢cpy1 = ———= + Cp11-
z—(n+2rk)+ /5 NG bl 2v/5 it
tedy
s
Ckt+1 = \ﬁ + ¢k
Odtud L
s
Cr, = ﬁ + ¢, ke Z.

Protoze G i g jsou spojité na (—oo, 00), mizeme pouZzit lemma o lepeni.

Zaver: Sta
1 g3 wk
—= arctan + X 4o, z € (—7+ 27k, 7+ 27k)
G(x):{&+l)ﬂ+ NG NG o
v o r=7+27
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1
2. g(z) = 2 —sinzx

Regeni:

Funkce ¢ je spojita na (—oo,00), ma tam tedy PF.
Pouzijeme substituci y = tan § = ¢(z). Funkce f(y) = m

Intervaly: (og,Bk) = (—7 + 2km,m + 2km), (a,b) = (—o00,00). Navic p(ag,fr) =
(—00,00) C (a,b).

Zasubstituujeme
1 2 1 1 4
[ S S Y S Y § S
2 —sinz y?+1 92 y2—y+1 3/, 1
y<+1 <y 2> + 1
e
2 2yl
= — arctan
V3 V3
c 2 2tg% —
— Tr) = —= arctan
/g( ) 3 V3
x € (—m+ 2km, ™ + 2km)
Tedy
2 2tgZ —1
G(r) = —= arctan ——=2—— + ¢y, r € (—m+ 2km, w + 2k
@)= Lo, ( )
V bodech 7w + 2k7 je potfeba funkci slepit. Limity:
I tan B2 T
im — arctan ———=—— + ¢ = —= + Cg,
r—(m+2mk)— \/§ \/3 k \/g k
I tan 2 B2 1, +
im — arctan ———— 4+ ¢y = — Chi1-
- (m+2mk)+ \/3 V3 SV I
tedy
27 n
Cht1 = —F—=+¢
k+1 \/g k
Odtud ok
0
cx = —= + co, kelZ.
k \/3 0
ProtoZze G i g jsou spojité na (—oo, 00), miZzeme pouZzit lemma o lepeni.
Zaver:
2 2tg 51 2 )
) = arctan —2— +kr 2+ T € (=7 + 2km; 7 + 2k7)
%+kw%+00 T =1+ 2km
1
3. =
9(x) 1+sinz

Regeni: Podminky: sinz # —1, tedy x # —5 + 2km.
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Funkee g je spojitd na (—3 + 2km, 3T + 2k), ma tam tedy PF.

2
(1+
(=

Pouzijeme substituci y = tan § = p(x). Funkee f(y) =

y)?-
Intervaly: (ag,Br) = (=5 + 2km, 7 + 2k7), (a,b) = 1,00). Navic p(ak,fr) =

(—1,00) C (a,b).

Intervaly podruhé: (G, Br) = (m+2km, 3E+2k7), (a,b) = (—oo, —1). Navic ¢(ay, B) =
(—o0,—1) C (a,b).

Zasubstituujeme

/dx_>/2 1d_/ 2 d_/ng21
1 +sinz Prlir 2 VT iy 1Y T 2 T T

2+1
/ 1
% —
tan + tan Z + 1

z € (=% + 2km, m + 2km), (7 + 2km, 3T + 2km)
Tedy

—2@ +cp, x € (=5 + 2kn, 7+ 2kn),

G(z) =
_2@ +di, =€ (m+ 2km, %’r + 2km).

V bodech 7w + 2k7 je potfeba funkci slepit. Limity:

1
li -2 =0
*}(ﬂ'g]ﬂﬂ')f tan % +1 +Ck +Ck
. 1
lim —2———— +d, =0+d

o= (r+2km)+  tang + 1

tedy
C — dk

Protoze G 1 g jsou spojité na (-5 + 2k, 3{ + 2k7), miiZeme pouZit lemma o lepeni.
Zaver:
2y b @ € (<F + 2km, 7+ 2km),
G(z) = { ¢k, r=m+ 2km,
—2gmrrr T o @ € (7 + 2km, o+ 2km).

Pozn.: V bodech —7/2+ 2km nelepime, puvodni funkce g tam neni definovana, tedy tam
nemiize mit PF.
sin? x

4. g(x) =

Reseni:

1+sin?zx

Funkce g je spojita na (—oo,00), ma tam tedy PF.
y2
W+ 2y%+1)”
Intervaly: (o, Br) = (=5 + km, 5 + knm), (a,b) = (—o00,00). Navic p(ag,Br) =
(_007 OO) - ((l, b)

PouZijeme substituci y = tanx = p(z). Funkce f(y) =
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Zasubstituujeme

sin“ x 2+1 1 / y?
T — . dy = d
/1+51n x / 5421 y?+1 Y (1+y?)(2y%2 +1) Y

1 C 1
= dy — | ———dy = arctany — — arctan V2
/ 1+ y2 Yy / 2y2 1 Yy ) \@ Yy

re (=5 +kn, G+ km)
Tedy

E+k‘7r)

1
G(z) = arctan(tanz) — — arctan(v/2 tanz) + ¢, = (_g + km, .

V2

V bodech § + k7 je potteba funkci slepit. Limity:

1 V2—-1\n7
lim arctan(tanx) — — arctan \/§tanx + ¢ = —
(T 4mk)— ( ) V2 ( )+ e ( > 2
li tan(tan ) L vt (V2tanz) + +
im arctan(tanz) — —= arctan anx c = — c
—(Z+mk)+ V2 k1 kt1-
tedy
ve-l1)
c = T+ Ck.
k+1 NG k
Odtud

2-1
CLp = (f\/i >k7T+CQ, kelZ.

Protoze G i g jsou spojité na (—oo, 00), mizeme pouzit lemma o lepeni.

ZAaver:

- L V2-1 - '
Gla :{arctantanx ﬂarctan\/ﬁtana:—i-kﬂ 7 =+ co, a:e( 7F/2+k7r,7r/2+27r)

22 4 Y2l 4 g, =T +4kr
1
5. =
9(x) (1 —cos?z)(1 + cos? x)
Reseni:

Podminky: cosz # £1, z # 0 + k.

Funkce g je spojita na (0 + km, w + k7), ma tam tedy PF.

1—&—y2
1+2y2°

Intervaly: (ag, Br) = (0+km, m+ k), (a,b) = (—o0,00). Navic p(ag, Bi) = (—o0,00) C
(a,b).

Pouzijeme substituci y = cot x = ¢(z). Funkce f(y) = —
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Zasubstituujeme

2

14y /1 11
/1+2y2 Y 2 o1 o2 Y

c 1 1
= ——y— arctan(v/2
5Y 2\/5 (V2y)

1
— = —= cota: — arctan(v/2 cot z
[ 9t 5 arctan(v2cot )

| emtran e | =t
(1 —cos?z)(1 + cos? x) 1+y )1+y2 Y

€ (0+ km, 7 + km)
Tedy

1
G(z) = —=cotz — arctan(v/2 cot ) + ¢, x € (0+km,m+ km)

1
2 2v/2
Funkce se pti této substituci nelepi.

1+sinz
6. g(x) =

Reseni: Zdroj piikladu: https://matematika.cuni.cz/ikalkulus.html

2+ cosz

Funkce g je spojita na (—oo,00), ma tam tedy PF.

2(14y)?
(y2+1)(y2+3)

Intervaly: (ag, k) = (=7 + 2km,m + 2k7), (a,b) = (—o00,00). Navic p(ag,fr) =
(—O0,00) - (CL, b)

Zasubstituujeme

1+ si 2(1 + y)? 2 2 2
/ +sinx dx:/ (1+y) dy:/ L 2
2+ cosx (y2 4+ 1)(y2 + 3) 3+y2 1+y2 3492

2 Yy 2 2
—— arctan == + log(1 + —log(3 +
7 7 g(1+y~) —log(3 +y°)

Pouzijeme substituci y = tan § = ¢(z). Funkce f(y) =

[1Q

[\
—
—
+
<
no
S~—

c 2 tg 5 1+ (tg
— r) = — arctan + lo
/g( ) 7 NI
x € (—m + 2km, m + 2km)
Tedy

2 tg & 1+ (tg2)?
G(z) = — arctan& + log M + ¢k, x € (=7 + 2km, 7 + 2km)

V3 V3 3+ (tg3)%)

V bodech 7w + 2k7 je potieba funkci slepit. Limity:

. 2 tg (1+ (tg3)?) ™
lim —arctan—2+lo 22 = —— 4y,
z—(m+2mk)— \/§ \/g & (3 + (tg %)2) g \/3 ‘
tg 5 (1+ (tg %)2) m
lim arctan + lo +c = —— 4 Cri1.
s (n+2mk)+ \f V3 s 3+ (tg3)?) s V3 e

Kalkulus 1, 2025/26, Kristyna Kuncovéa 5


https://matematika.cuni.cz/ikalkulus.html

tedy
2w

Cht+1 = % + ¢k
Odtud -
7r
¢ —= T o, ke Z.
k = \/g 0

Protoze G i g jsou spojité na (—oo, c0), mizeme pouzit lemma o lepeni.
Zaver:

2 te 3 M ‘

Glz) = \/garctan Ve + log G+ 2)?) +k:7rf +co x € (—m+2km;7 + 2k7)
VTR e T =m+2kn
.92 2
sin“x — cos” x

sin? x 4 4 cos? x

Reseni: Zdroj pitkladu: https://matematika.cuni.cz/ikalkulus.html
Funkce g je spojita na (—oo,00), ma tam tedy PF.

PouZijeme substituci y = tanx = p(z). Funkce f(y) = m.

Intervaly: (ow,Br) = (=% + km, § + kn), (a,b) = (—o0,00). Navic ¢(ag,fr) =
(—00,00) C (a,b).

Zasubstituujeme

/sin%v—cos%: q _}/ y? —1 d 5 1 2 1 q
:E = — [ —
sin?z + 4 cosz D@+ 4) Y 3112 312
c 5 retan 2 "
= —arctan = — — arctan
6 2 3 Y
) t 2
—>/g(33) ggarctan i —garctan(tanx)
re (=5 +km, 5 +km)
Tedy
) t 2
G(z) = G arctan a;“ﬁ -3 arctan(tan ) + c, T € (—g + k, % + k)

V bodech § + k7 je potteba funkci slepit. Limity:

lim §arctan tanz 2arctan(tan x)+cp = K Cr
S (Smk)— 6 2 3 12
lim §arctan tanz garctam(tan x) + Cpr1 = Ty Cht1
—(Z+7k)+ 6 2 3 12
tedy
T
e + k.
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Odtud -
CkZEk—f-C(), k € Z.

Protoze G i g jsou spojité na (—oo, 00), miZzeme pouzit lemma o lepeni.

Zavér:
Glz) = Sarctan 282 — Zarctan(tana) + cp, @ € (=5 +km, 5 + km)
15 + gk + co, r=75+kn
1
8. g(z)= ———
9(z) sinz + 2

ReSeni: Zdroj prikladu: Petr Holicky, Ondfej F.K. Kalenda : Metody feSeni vybranych
tloh z matematické analyzy pro 2. - 4. semestr
Funkce g je spojita na (—oo,00), ma tam tedy PF.
Pouzijeme substituci y = tan § = (x). Funkee f(y) = m

Intervaly: (ag, k) = (=7 + 2km,m + 2k7), (a,b) = (—o00,00). Navic p(ag,fr) =
(—o0,00) C (a,d).

Zasubstituujeme
—  dre—= | ———— dy = — arct 2 1
/sina:+2 . /y2+y+1 Y \/garcan(\/gy_i_\/g)

— /g(a:) c2 arctan <2 tan = + 1)
V3 V32 V3
x € (—m + 2km, 7 + 2km)
Tedy
2

2 1
G(x) = 73 arctan <\/3 tang + \/§> + ¢, r € (—m + 2km, 7 + 2km)

V bodech 7 + 2k7 je potieba funkci slepit. Limity:

. T 1 T
lim —— arctan tan — + > +cx = — + ¢,

2
s (r+2mk)— /3 <\/§ 2 V3 V3

2 2 x 1 T
lim —arctan | —=tan— + — | +¢ = —— 4+ Cpa1-
oo (r+2mk)+ /3 <\/§ 23 > SV I

tedy
2
Ck+1 = % + ck.
Odtud -
T
Cp = ﬁ =+ cp, keZ.

ProtoZze G i g jsou spojité na (—oo, 00), miZzeme pouZzit lemma o lepeni.
ZAaver:

2 2 w1 2 B .

Gla) = \/garctan(\/gtanz + \/§> +k:7r\/§+co x € (—m + 2km;m + 2km)

%+kﬂ%+% r=m+2km
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Zkouskové priklady
Nékteré z nésledujicich prikladd i s FeSenim jsou od prof. Picka: https://www2.karli
n.mff.cuni.cz/"pick/

1
3 —sinz)(2 —sinx)

9. g(x) = (
ReSeni:
Funkce g je spojita na (—oo,00), ma tam tedy PF.
_ y?>+1
T By 2u+3) (¥R -y 1)
Intervaly: (ag, k) = (—m + 2km,m + 2k7), (a,b) = (—00,00). Navic p(ag,fr) =
(_007 OO) - (CL, b)

Pouzijeme substituci y = tan § = ¢(z). Funkce f(y)

Zasubstituujeme

y*+1

/ 1 q _)/ 1 2 d
3— 2 - 2 2 241
(3 —sinz)(2 — sinx) (3_ y ) (2_ ngrl) y? +

y?+1
= 2 2 dy
By* =2y +3)(y* —y+1)
Rozlozime na parcialni zlomky ve tvaru

v+ 1 Ay+ B Cy+D

By =2y +3)(y* —y+1) 3 -2+3 y-y+1

Po roznasobeni dostaneme
v’ +1=(Ay+ B)(y* —y+1)+ (Cy + D)(3y*> — 2y + 3).

Dostaneme

2 +1=(A+3C)y> + (~A+ B—2C +3D)y* + (A— B +3C —2D)y + (B +3D).

Porovnanim koeficientti dostaneme soustavu:

y>: A43C =0,

y>: —A+B-20+3D=1,
. A—B+3C—2D =0,
1: B+3D=1.

Dostavame

Tedy
y? +1 2 1

— _|_ .
By2 —2y+3)(y2—y+1) 32 —2y+3  yi-y+1
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Integrujeme:

l\D

/ 2
3y —2y+3

2
3/ §dy
+3
b
3 1\2 \/g 2
3 +(?)
c ¢ Jy—1
———arc an
V5 Vs
Dale . )
/ At
y oyl (y—3) +1%
1
:/ 1)2 V3 7 4
(v—3) +<7)
+ 29 — 1
= arctan
V3 V3
Tedy
/ v +1 Wl 2 3y—1+ 2 i 1
= —— arctan — arctan
By —2+3)02—y+D " VB NORRVE V3
Po dosazeni y = tan § dostaneme
2 3tanZ —1 2 2tan £ — 1
G(z) = ——= arctan ——2——+—— arctan ———=—— ¢z, T € (—m+2km, m4+2km).
(z) 7 75 7 7 K ( )

V bodech 7w + 2k7 je potfeba funkci slepit. Limity:

1 1
I Ga)=m(—=—-—
a(ﬂligﬂk)f (x) T (\/§ 2\/5) + k)
1 1
li G)=—-7——=— —=) +crr1.
Lo G =m <\/§ 2\/§> o

tedy

1 1
c =21 —=—-——x= ) +c.
e (ﬁ 2\@) ‘

1
— ok te, kel
o W<x/§ 2f> 0

Protoze G i g jsou spojité na (—oo, 00), mizeme pouzit lemma o lepeni.

Odtud

Zaver:
2 3tan%fl 2 2tan%fl 1 1
o) — 75 arctan ——2— + Zoarctan — 22— + 21k <% - 2—\/5> +co, x€ (—m+ 2km, 7w+ 2kn)
€Tr) =
1 _
77(%—2\[>+27rk(\/§ 2\[>—|—co, x =7+ 2km.
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10. g(z) =

cos? x + 2sin? x

Reseni: Funkce g je spojita na (—oo,00), mé tam tedy PF.

e . . 2 1 A R T _dy
Pouzijeme substituci y = tanx. Pak cos*z = g2 ST = 13, dz = Try?

Intervaly (ax,fr) = (—7/2 + kn,w/2 + kx), (a,b) = (—o00,00), Navic p(ag, Br) =
(—o0,0) C (a,b).

Dostaneme
2 1 _
cos” x ==7)) 1 1 1
do— | o= L dy
2 102 1 212 1 2 14+292 1 2
cos®x + 2sin“x = + = +y + 2y +y
Rozlozime na parcialni zlomky:
1 _Ay+B Cy+D

(T+2)(1+92)  1+22 14y

Dostaneme
2 1

1+22 1+y%

Po integraci

2 1 1
dy — | —— dy = 2- — arctan(v/2y) — arctany.
/1+2ygy /1+y2y 7 (V2y) Y

Tedy

G(x) = v2arctan(v2tan z) — arctan(tanz) + c. x € (km —7/2,km + 7/2).

V bodech k7 £+ 7/2 slepime.

Limity:
o lim G(m)—\/i-z—z—i—c
et /2)— T 9 2 ™
T
lim G )= V2 = 4+ 7/24 iy,
z—(km+m/2)+ k—H( ) 2 / k1

Odtud: cpp1 = ¢ + V21 — 7.

Odtud ¢ = k(27 — ) + co, k € Z.

Protoze G i g jsou spojité na (—oo, 00), miZzeme pouZit lemma o lepeni.

Zaver:

Gla) = {ﬂaretan(ﬂtanx) —arctan(tanz) + k(v21 —7) +co x € (kn —7/2; kr +7/2)
V25— 24+ k(V2r—7)+c x=km+m/2
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sinx + cosx
W g(z) = =g

Reseni: Podminky: sinz # —1, tedy z # —5 + 2km.

Funkce g je spojita na intervalech (—% + 2k, 37” + 2k7), ma tam tedy primitivni funkei.

Pouzijeme substituci y = tan § = ¢(z). Funkce f(y) = ﬁ

Intervaly: (ag,Bx) = (=5 + 2km, 7 + 2k7), (a,b) = (—1,00). Navic (o, Br) =
(—1,00) C (a,b).

Intervaly podruhé: (g, Br) = (m+2km, 3T +2km), (a,b) = (—oo, —1). Navic p(ay, By) =
(—o0,—1) C (a,b).

Zasubstituujeme:
2 1—y?
/ sinx + cosz d / 1+22 sz 2 d
e — xr = .
1+sinz 1—1—13;2 1+ 2 Y

WECas T
) 121+ ¢?)

Rozlozime na parcialni zlomky.

2(-y*+2y+1) Ay+B C n D
W+Dy+1)?2  »?+1  y+1 (y+1)*

20—y*+2y+1) = (Ay+ B)(y+ 1)+ C(y* + 1)(y + 1) + D(y* + 1).

Dostaneme
2(—y2 +2y +1) 2(y — 1) 2 2

(y+12(1+y2) 2+1 y+1 (y+1)?

Integrujeme

2(y—1) 2y / 2
2T gy = d 2y
/ 21 Y /y2+1 v 21
= —log(y? + 1) + 2arctan(y),

2
—Z _dy=2log|y+ 1],
/y+1 y gly+1]
2

S dy=—,
/ (y+1)2 y y+1

Tedy dostaneme

2
/g(w) da € - log(y* + 1) + 2arctan(y) + 2log |y + 1| + ——

y+1
2
= —log(1 + tan? %) + 2 arctan(tan g) + 2log | tang + 1]+ tan%i—i—l'
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z € (=% + 2km, m + 2km), (7 + 2km, 3T + 2km)

PoloZzme

.
—log <1+tan2 %) +2arctan(tan%> +210g‘tan% + 1‘ + ﬁ + ¢k,
r € (=5 + 2km, 7+ 2kT),

—log (1—|—tan2 %) +2arctan<tan%> —|—210g’tan% —|—1’ +@+dk,
x € (m+ 2km, 3T + 2km),

\

Limity v bodé = = 7 + 2k

x x T
lim —1lo <1+tan2—>+2arctan<tan—>+210 ‘tan——i—l‘—i—i—i—c
= (m+2km)~ & 2 2 & 2 tan% +1 b
) (tan% + 1)2 T 2
= lim log | —=—~| + 2arctan (tan —) +—F "t
x—(T+2kT) ™ (1 + tan2 %) 2 tan g + 1

= 0+2(3) +0+cx
=7+ Ck

Analogicky

li G(z) =— d
x%(wljgkrr)‘*‘ (l‘) T O

Odtud
dk =27 + Ck
Zaveér
—log (1 + tan? %) + 2arctan (tan %) + 2log ‘ tan 5 + 1‘ + ﬁ + ¢k,
xr € (=5 +2km, 7+ 2km),
G(z) = 7+ ¢, x =7+ 2km,
—log (1 + tan? %) + 2arctan (tan %) + 2log ‘ tan 5 + 1‘ + ﬁ + 27 + ¢k,
x € (m+ 2km, 3T + 2kn).
Poznamka: V bodech z = —7 + 2k7 nelepime, protoze ptivodn{ funkce g tam neni
definovana.
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