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Urcete primitivni funkci k danym funkeim:

1. (a)

3 1
f(z) = _EW

Reseni: PouZijeme rekurentni vzorec

T 2n —1

I = I,.
a 2n(1+x2)”+ 2n "

Tedyn=1a

1 x 21
2 / G122 "o+~ 2 1

Protoze I € arctan r, mame
/ 3 1 c 3 x n 1 "
—— 5 =——| ———5- + -arctanx | .
16 (22 +1)2 16 \2(1+22) 2

1
Ho) = @ ie
ReSeni: Vysledny zlomek méame pifmo ve tvaru rozkladu na parcialni zlomky,
budeme tedy pifimo pocitat integral. Provedeme jej pfevedenim jmenovatele na
¢tverec a goniometrickou substituci.

/ 1 q / 1 q 16 1 q
——= dr = _— A = — _—  dx
(2% + 2 +1)2 (& +3)2 + 312 9 J (B2 +1]?

Prevedeme na ¢tverec

1 1 16 1
[ermr e e e o

a pouzijeme linearni substituci 2%1 =y. Pak % dr = dy a dostaneme

16 1 16 V3 1
9 ) [(2E)2 412 dr = 9 ) 2 [y2+12 dy.
75 Yy

Pouzijeme rekurentni vzorec jako v predchozim prikladé:

16/\/31 d c 8 < Y +1acta >
_ - — — ar 11
9 ) 2P +12 Y T 33\ 201 +y?) " 2 Y
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Vratime substituci

8 1 8 2ol 1 2z + 1
Yy C V3 z
+ — arctan — / z)dz = + — arctan
33 (2(1+y2) 2 y> /(@) 3v/3 2(1 22412 2 V3
A+ (=)
1 2x+1 n 4 . 2x +1
= - arctan
Sltaz+a?  3V3 V3
zeR
72
©) 10 = aia, v ap
Reseni:
Hledejme rozklad ve tvaru
x2 Ax + B Cx+ D

(22 + 2z + 2)2 _J:2+2:z+2+(a:2+2a:+2)2

Prenasobenim jmenovatelem a roznasobenim dostaneme
2? = (Az + B)(2* + 22+ 2) + (Cz + D)

22 = Az® 4+ 242% + 2Ax + Bx®> + 2Bz + 2B+ Cx + D
odkud vyplyvé, ze A=0, B=1, C = —2 a D = —2. Hledany rozklad mé tvar

2 B 1 2z + 2
(22422 +2)2 22+22+2 (224 2z +2)2
Plati, Ze
1 1 c
/x2—|—2$+2 v /(:c+1)2+1 @ = arctan(z + 1)
a

/ 2z + 2 c 1
— S — rT = ——
(22 + 22 4 2)? 2+ 2z + 2

odkud mame, ze

/ $—2 da £ arctan(z + 1) 4+ L
(22 4+2z +2)2 x? 4+ 2z + 2
reR
1
d =—
@) 10 = 7y
Reseni:

Zlomek jiz méame pripraven ve tvaru vhodném k integraci. PouZijeme rekurentni
VZOorec.

Mame .
I, = arctanx

T n 2n —1
2n(1 + a2)n 2n

Ins1 = I,.
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Tedy

7 T +2-1—1 T +1 ¢
= = —arctan x.
T2 (1422 T 201 T 2(1442) ' 2
Dale
I T +2-2—II T +3 T +1 ¢
— = - —_— — ar n
ST 021 +22)2 2.2 2T Al+a2)? T 4\2(1ta2) 20T
Zaver:
/ 1 3 ; +3 x +1 x n
5 — — arctanx - — C
(x2+1)3 8 8(z2+1) 4(22+1)2
rzeR
22+ 3z —2

() f@) = G o 12
Regeni: Rozklad na parcialni zlomky hledame ve tvaru

22+ 3z —2 B A n Bx + C Dx+ FE
T — T4 +x+ - T4 +x+ T4 +x+
1)(z2 1)2 1 2 1 2 1)2

Prenasobenim jmenovatelem dostaneme vztah

432 -2=A*+2+1)*+ Bz +CO)2®> + 2+ 1)(z — 1) + (Dz + E)(z — 1)
Roznésobenim pravé strany mame

2?4+32—2 = A—C—FE+4+2Ax— Bx—Dx+FEz+3A2*+ Da? +2Ax3+Ca+ Ax* + Ba*

odkud porovnanim koeficientti dostaneme, Ze

9’ 9’0 9’ 3’7 3

Hledany rozklad méa tedy tvar

?4+3x-2 2 1 2 x+2 1 z+8
(x—1)(22+2+1)2 9z—-1 922+z+1 3 (22+x+1)2

Jednotlivé zlomky budeme integrovat zvlast. Plati, Ze

2 1 2
/ dmg§1n|m—1|

9x —1
2 2 1 2 1 1 1
/x+ dx:/x_‘_ daz/dxg
9/ 2242x+1 9) 22+x+1 3) 2242x+1
c 1. ., 2 2 + 1
= ——In(z*+2x+1)— arctan
g ) "33 Ve

a nakonec

1/ 438 (m_l/‘ 20 + 1 (h+5/ 1 "
3) (@24+x+1)2 7 6) (224 +1)2 2) (@2+x+1)2

I
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(Druhy integral poc¢itame pievedenim jmenovatele na kanonicky tvar (z+ %)2 —|—% =
372 +1 : 2041 _
1[( 2+1)2 4 1] a substituct 3\‘"[ =y.)
c-1 1 5 24l 10 o 9ril
= — - arctan
6 22+x+1 6224+x2+1 33 V3

Dohromady dostaneme po dpravé

/ 22 + 3z — 2 gp G 1 sr+2 8 2x+1+11n (x—1)2
(z—1D(z2+x+1)2 " 322+2+1 33 V3 9 22+ax+1

x € (—00,1), v € (1,00).
2
e +1
f =
0 1) = Gy
Reseni: Jmenovatel lze rozlozit na sou¢in kvadratickych trojélent

(' +22+ 1) = (2® +2+1)*(2* — 2+ 1)?
Z toho vyplyva, Ze rozklad na parcialni zlomky hledame ve tvaru

w41  Az+B Cz+D Kz + L Mz + N
(x+224+1)2 224+2+1 (@24+x+1)2 22—z+1 (22 -2+ 1)2

Napiiklad metodou neurcitych koeficientii dostaneme, Ze

4 4
Integraci jednotlivych zlomkt dostaneme po tpravach
1 x+1 1 r+1 1 9
—-———dx = arctan +-In(z*+z+1
/4x2+:c+1 43 V3 8 ( )
/1 r+1 d 1 " 2a:+1+ 1 z-1
—————5 dz = ——=arctan —
4 (22 +2x+1)? 6v/3 V3 12224+ 2z +1
1 z-1 c 1 2¢r—1 1 9
——-—————dr=——=arctan —— — =1 — 1
/ 17—+ x 4\/§arcan 7 5 n(z—z+1)
/ 1 rz—1 c 1 2r —1 1 z+1

19}

1Q

dx = arctan

i@ 1) 93 3 s+l

Sectenim a dpravami dostaneme, Ze

2 +1
x4—|—a:2 2d:v
c 2x+1 13 20 —1 1. 22+42+1 1 2342
= arctan arctan + —1In

_'_7
12\/§ V3 36\/§ V3 8 "x2—x+1 6xt+2x2+1

rzeR
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1
(g) f(z) = m
ReSeni: Plati, ze
2?4+ 1= (x+1)(z*—2+1)

Rozklad tedy musime hledat ve tvaru

1 A B Cx+ D Exz+ F

(23 +1)2 _$+1+(:U—|—1)2+1‘2—9:+1 (22 — 2z + 1)?

Pfenasobenim jmenovatelem dostaneme

l=A(@+1)(2® -2+ 1)* + B(z® — v + 1)
+(Cz+D)(x+1)22? —z+ 1)+ (Bx+ F)(2* —x +1)?

Roznésobenim pravé strany mame
| = A+ B+D+F—Ax—2Bx+Ca+Dx+2F v+ FEx+Ax*+3Ba* 4+ Ca? + Fr* 4+ 2Ex* +

+Ax® —2Ba® + D3 + Ex® — Axz* + Bz* + Cx* + Dz + Az® + C2°

odkud sestavime porovnénim koeficientii soustavu rovnic

A+B+D+F

= —-A-2B+C+D+E+2F
= A+3B+C+F+2FE
A-2B+D+FE

= —-A+B+C+D

= A+C

I R I = N N
I

jejiz feseni je

a hledany rozklad tedy méa tvar

1 201 +1 1 1 2x—3 1 z-1
(@3 +1)2 9z+1 9(x+1)2 922—x+1 3(22—x+1)2

Budeme integrovat zvlast jednotlivé zlomky. Plati, Ze

2 1 c 2
z dz € 21 1
/9x+1 = glhnfe+1|

/11(1952_11

9(x+1)2 9z +1
/1 20 =3 d$:/12x—1 dx—/21 dz
922 —x+1 922 —x+1 922 -z +1
91

9

4
In(z? —z+1) - arctan

9v/3 V3
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a nakonec
1 r—1 1 20 — 1 1 1
- de= [ =—227% Q- [=Z— = dz=
/3(3:2—1‘4—1)2 . /6(1‘2—:U—|—1)2 . /6($2—x+1)2 .

1 1 /1 1 q
- —  dxz
622 —x+1 6 (22 —x+1)?

Zbyly integral vypocteme pomoci substituce y = 29\5/_51 :
1 1 o 2 20—-1 1 (2z—1)
- dr & L aret it
/6(x2—:p+1)2 T B T e Y R a1
Dame-li jednotlivé vysledky dohromady, dostavame
1 cl.  (z+1)? 1 2 20 -1 1 x+1
e dr = -1 — t — =
/($3+1)2 PO a1 e+ 33T TR T st
L, (z+1)? N 2 . 2m—1+1 T
=—In arctan =
9 22—2+1 33 V3 3x3+1
x € (—o0,1), z € (1,00).
9
x
(h) f(z) =

(210 4 225 4 2)2°
Reseni:

Provedme substituci t = x°.

/ 2 dHl/tdtl %

(210 4 225 + 2)2 5) #2+2t+22  10) t+1)2+1
1 2t +2—2 1 2t + 2 1 1

N
10/ ((t4+1)2+1) 10/ ((t+1)2+1) 5 ((t+1)241)

Na oba integraly pouzijeme substituci u = (¢ + 1)? + 1. Dostaneme

1/dug 11, 1 1 1 1 L1 1
u? 10u 10(t+1)2+1 1082 +2t+2 10 210 + 225 4 2

0 _

Druhy integral

1 1 t+1
— ——arctan(t +1) - ————
T an(t + 1) 0GF12+1
1 5 1 2°+1
— —— arct -
1o aretan(@” +1) = 555 1o
Dohromady
c 1 242 1 s
%\/f(x)dx:—mwmw—loarctan<x +1)
rz€eR
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Zkouskové priklady

Priklady i s feSenim mame od doc. Rokyty https://www2.karlin.mff.cuni.cz/ rok
yta/vyuka.html

2 () f() zt + 323 + 1022 + 122 + 13
. (a xT) =
(1+z)(x? + 2+ 3)?
Regeni: Rozlozime na parcialni zlomky:

dx

/x4+3x3+10x2+12x+13 _/ L, 1 Lzl
(1+2)(z2+ 2 +3)2 S+l 224+ 2+3 0 (224 +3)2

Jednotlivé integraly:

1
/$+1dmglog|x—|—1|

/ 1 q / 1 q c 2 ¢ 2z 41
———dr = xr = arctan ——
2 +z+3 (z+3)2+ 14 V11 V11
z+1 1 2z +1 1 1
——dr =2 | ———5do+ - | ———5d
/(x2+x+3)2 . 2/($2+1‘+3)2 $+2/($2+x+3)2 .

_%le/ 1 dz
(2 +z+3)  2) ((x+3)2+1)?

3 L L6 1 4
= —--———--- —_— —— x
(2 +2+4+3) 2 121 2 2
:c—&-% 1
m +
4
Posledni integréal vyfesime substituci a rekurentnim vzorcem. Pak
r+1 1 r—95 2 2z 4+ 1
. _dr=— ———— 4+ — /Tl arct
/ @213 T @Prats) 12Y M T
Zaver:
/ zt + 323 + 1022 + 122 + 13
x
(1+z)(2? + z + 3)?
C 2 20+ 1 1 r—9 2 20+ 1
=log|x + 1| + arctan 4+ —+————+ —+1larctan
3 | V11 V11 11 (224+2+3) 121 V11
r—5 24 20+ 1

=logle+ 1|+ — - + arctan
gle+ 1+ 3 (x> +x+3)  11/11 Vil

pro x € (—oo,—1), (—1,00).
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