11. cvicéeni — Cylindrické a sférické souradnice
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady

Zdroje prikladd a TeSenti:
http://mat.fsv.cvut.cz/Sibrava/Vyuka/vic_int.pdf
https://math.fme.vutbr.cz/download.aspx?id_file=602492416
https://fix.prf.jcu.cz/ eisner/lock/UMB-566-materialy/matematika-sbirka-II
I-Krivkovy_integral.pdf
https://homel.vsb.cz/ boul0/archiv/ip2.pdf
https://is.muni.cz/el/1433/jaro2009/MB102/7448541/skripta4.pdf
https://math.fel.cvut.cz/en/people/habala/teaching/veci-ma2/ma2r4.pdf
http://www.matematika-lucerna.cz/matalyza/resene-matika3.pdf

1. Za pomoci substituci spoctéte integraly

@ [ 2P kde M= {[op] €R51 S0 <207 442 < 1)
M
Reseni: Valcové soufadnice.
x(r,a, z) := 1 cosa

y(r,a, z) :=r sina,

z2(rya,z) ==z

Navic z € (1,2), r € (0,1), a € (—m, 7).

Fubinka a v&ta o substituci.

1 2
/ / / r? cos? a + 1% sin a)rdzdadr—/ / / 3 dzdadr
- 0 1
1 1
/ / 173 dadr—/ 23 dr
0 0
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(b) Spoététe objem mnoziny M, kde M := {[z,y,2] ER3}; -1 <z < 1,2 > 0,9%>+22 <
1}
Reseni: Prohéazené valcové souradnice.
x(rya,z) =
y(r,a, z) :=r cosa

z(r,a, z) :=r sinq,

Navic z € (—1,1), r € (0,1), a € (0, 7).

Fubinka a v&ta o substituci.

1 T 1 1 T 1
/// szdadr:// 2Tdozd7“:/27rrdr
0 0 —1 0 -7 0
{Qﬁrzr
= =TT
2 0

(c) / 1dA, kde M := {[z,y, 2] € R% 2% + > + 22 < 1}
M

Regeni: Sférické souradnice.
x(r,B,7) :=r cos~y cosf3,
y(r,B,7) :==r cos~y sinf3,
z(r,B,7y) :==r sinvy
1>r>0,
—T < B <,

9 ST
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Fubinka a véta o substituci:

Wl

5 Tl ) 3 ™ r3 1 3 1
/ /r cosvdrdﬁdfy:/ / cos 7y 5 dﬂd’y:/ g-cos'y-27rd'y
-5 /-7 J0 —5 /-7 0 -
4

2w
5l

sing)2e = —

1
(d) /MmdA s kde M = {[SIT,y,Z] ER?),]. S $2+y2+22 S 4,2 S 0}
Reseni: Sférické souradnice.
x(r, B,7) :=r cos~y cosf3,
y(r, B,7) := 1 cosvy sinf3,
z(r, B,7y) :==r sin~y

kde r € (1,2), 8 € (—=m,m), v € (=5,0).
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Fubinka a v&ta o substituci:

0 ™ 2 1 0 ™ 2
/ / / 731"2 cosydrdfdy = / / / r~*cosydrdBdy
-5 J-mJ1 (T ) -5 J-mJ1

0 g ,r.—3 2
= / / cos 7y [—] dgdy
o =314

0 ™7
:/g/ﬂﬁcosydﬁd’y

(e) / Va2 +y2 +22dN  kde M = {[z,y,2] € R% 2y, 2 > 0;2% +y* + 27 <1}
M
Reseni: Sférické souradnice.

x(r, B,7y) :=r cos~y cos [,
y(r,B,7) :=r cos~y sinf,
2(r, 8,7) =1 siny

kde r € (0,1), € (0,5), v € (0,%).
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Fubinka a véta o substituci:

/ / /\FT cosydrdfdy = / / /r cosydrdgdy

(f) Spoctéte objem t&lesa, M = {[x,y, 2] € R3; 22 + 4y

ReSeni: Zobecnéné sférické souradnice.

x(r, B,7) :=r cos~y cos

+ 22 < 4}

B,

1
y(r, B,7) = 37 cosy sin 3,

z(r, B,7y) :=r sinvy

kdeT‘E(O,Q),BE(— )’76( 2)2)
Fubinka a véta o substituci (pozor na Jakobian):

/”/—w/ —r?cosydrdfdy = /
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®) [ 2dh kde M = (fny,3] €R%a? 412 <2 <122 0)
M
Reseni: Jde o kuzel. Valcové souradnice.

x(r,a, z) == 1 cosa
y(r,a, z) :=r sinq,

z(rya,z) ==z

Po dosazeni do rovnic dostavame

Tedy z € (0,1), r € (0,2), a € (—m, ).
Fubinka a véta o substituci.

1 i z 1 T 2717 1 71'23 1
// /zrdrdadz:// z[ ] dadz:// —dadz=/7rz3dz
o J-=Jo 0 Jn 0 0o Jox 2 0
R
— 1 0_

<

NER™
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0.8
0.6
0.4

02

(h) / Va2 +y2d)\, kde M = {[z,y,2] e R* 22 +y? <2 <1}
M
Reseni: Parabolicky kuZel. Valcové souFadnice.

x(r,a, z) == 1 cos
y(r,a, z) == r sinq,

z(ryo, z) ==z
Po dosazeni do rovnic dostavame
0<r’<z<1

Tedy z € (0,1), 7 € (0,/2), a € (—m, 7).

-12 a1 08 -06 -04 02 0 0.2 04 06 08

Fubinka a v&ta o substituci.

1 pr vz 1 pr r3 Vz 1 pr Z%
/ / / r-rdrdadz:/ / [—] dadz:/ / — dadz
0o J-=Jo o J= L3 1o 0o J-x 3

1
_/1 z% 2 223 _47r
0

2r—dz = —

3 3| 5| 15
0
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(i) / 2dA | kde M = {[z,y,2] € R%;0 < z < 4 — 2,/22 + 42}

Rj\ééeni: Otoceny kuzel. Valcové soutadnice.
x(r,a, z) := 1 cosa
y(r,a, z) :=r sina,
z2(rya,z) ==z

Po dosazeni do rovnic dostavame

0<z2<4—-2vVr2=4-2r
Tedy z € (0,4 —2r), 7 € (0,2), a € (—m,m).

Fubinka a véta o substituci.

4—2r

T 2 A2 T2 7,2
/ / / r-zdzdrda:/ / r[—] dr da
—m JO 0 - JO 2 0

r(4 —2r)*drda
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§) / (% +9%)zd\, kde M = {[z,y, 2] € R} 1 < 2?4y 422 < 4,22 +9> < 22,2 > 0}
M

Reseni: KuZel v kouli. Sférické souradnice.

x(r, B,7) :=r cosvy cosf3,
y(r,B,7) :=r cos~y sinf,
z(r, B,7y) :==r sin~y

Po dosazeni do rovnic dostavame

1<r?<4,
2 cos? v < r? sin? v,
0 < rsinvy.
Neboli
1<r <2,
tan? v<1,
0 <sin~.
Tedy r € (1,2), B € (—m,m) ay € (0, 7).
2

o 'c' i T a,

3F= P F M

|— ’ / O W ’ \

" X Y
2r / 4

) { i }

[ f i p i |

|_ ?' 15 *‘1 0.5 AT 0.5 .'i 15 :i
i \ ' f ]

|' Y\ -0.5 ]

b . >

r— | [ 3 =
0 L‘~L_

-2 R P
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Fubinka a véta o substituci.

™

T 2 % ™ 2 I
/ //(r20052'y)rsin'y rQCOSfyd’ydrdB:/ // 5 cos® ysiny dydrdj
- J1 JO —mJ1 0
i 2 1 I
—/ /r5 [—00547] drdg
1 4 0
s 2 1 4
= S -=4+1)drd
Lhra () e

16 ),

3 i 612
“g.16 ) Th
-

1 ™
— | 634d
) BV
_ 8
16

(x) /M<x4 Fyh)zdA,

kde M = {[z,y,2] € R3; 22 + 9% < 1,2 > 0,22 +y? + 22 < 4}
Regeni: Valec v kouli. Vélcové souradnice.

x(rya,z) ==1 cosa
y(r,a, z) :=r sina,

z(r,a,z) ==z

Po dosazeni do rovnic dostavame

Tedy z € (0,vV4 —1r2), r € (0,1), a € (—m, 7).
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0.5

Fubinka a véta o substituci.

Tl pV4A—T2
/ / / (r cos* o 4 rt sin? @) zr dz dr do
-mJO JO

™ rl 52 Va—r?
= / / (r* cos* a + rtsin® a)r [—] drda
o 2

0
1 ™ 1
=3 / / (r* cos a + rtsin® a)r(4 — r?) dr da
—mJO

1

™ 1
=5 / / (cos* a + sin* a) (4r® — ") dr da
- JO

1 ™ 2 6 872
=5 /_ﬂ(cos40z+sin4oz) [% - %]1 da
13 (™
= — (cos a + sin? a) da
a8 ) .
13 (M1 1
-5 . Z(l + cos 2a)? + Z(l — cos 2a)? do
13 T
= m/ 2(cos* a + 1) da
: -
13 /7r
=—— [ (cosda+3)da
148 ) .
13 [sinda 3 T
1-48 | 4 ‘.
13
i
13

_3—271'
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1) /M A,

kde M = {[z,y,2] € R%: & + 1 4 22 < 22}
ResSeni: Posunuty elipsoid. Nerovnici lze vyjadrit jako

2 2

%+§+(z—z)2§1

Zobecnéné sférické souradnice.

x(r, B,7) := 2r cos~y cos 3,

y(r, B,7) := 3r cosy sin B,

z(r,B,7) =1+ rsiny
kde r € (Oal)) ﬂ € (_7777-‘-) v E ( 29 2)

Fubinka a véta o substituci (pozor na Jakobian):

z T 1
/ / / 1+rsm’y)6r cosydrdfdy = /2/ /6r cosy + 672 cos~y siny dr dS dvy
5 -
L

—T
21 1 _
=127 3 osv+é—lcos'ys1n'yd7

mm

471
|:COS’)/ +cos*ysmfyil] dgdy

e w\ﬂ
3 >\

1
3 cosy + —cosvsmvdﬁdfy

_T
2

[NIE]

1 1
=127 [— siny + 3 sin? fy] dy

Wl

= 8m
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(m) Spoctéte objem télesa (anuloid - torus) uréeného M := {[z, vy, 2] € R3; (\/22 + 32 —
a)?+22<b’},0<b<a.
Reseni: Donut. Valcové soufadnice.
x(rya,z) ==1 cosa
y(r,a, z) == r sinq,
z2(rya,z) ==z

Po dosazeni do nerovnic dostavame

(\/7“_2—a)2+z2§b2

Tedy z € (—/b% — (r —a)2,\/b® — (r —a)?),r € (a — b,a+b), a € (—m, ).

Fubinka a v&ta o substituci.

a+b b2 (r a) —(r—a)®
/ / / rdzdrda—/ / b—(r—a) drda
- b2 (r a) —m Ja—b b2 (r— U‘)z
= / / 2r\/b? — (r —a)?dr da
-7 Ja—b
Provedeme substituci s = r — a, ds = dr,
g a+b T b
/ / 2r\/b2—(r—a)2drdoz:2/ / (s +a)Vb? —s?dsda
—7 Ja—b —7J—b
T b
:2/ / sV/b2 — 82 4+ a\/b2 — s2dsda

—mJ—b

Prvni ¢ast integréalu je licha v s, tedy integrél je nulovy. Na druhou (sudou) ¢ast

Teorie miry a integralu, 2022/23, Kristyna Kuncova 13



aplikujeme substituci s = bsint.

T b T b
2/ / a\/bz—Sstda:él/ / avVb? — s2dsda
—m7J—-b -7 JO
:4a/ /2 Vb2 — b2sin?t beost dt da

ab? / cos® tdt da
0

/W x
] 3
/

l\.’)\r—l

ab? [ —sin Qt]

b2

(n) Spoététe objem télesa uréeného vztahy M := {[z,v, 2] € R?;
y® < 4y}
ReSeni: Vivianiho okénko. Valcové souradnice.
x(r,a, z) := 1T cosa
y(r,a, z) :=r sina,

z(r,a,z) ==z
Po dosazeni do rovnic dostavame
r? 4+ 22 < 16,

r? < 4rsina
0<r<d4sino

Tedy z € (—V16 —1r2,/16 — r2), r € (0,4sin ), a € (0, 7).

(14 cos2t)dtda

do

24 y?+22 < 16,22+
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o smm—
' B,
il A€ 35 ey
1 1 e
42 B Y
25
H 2 i
15
410 S 1 7
< 4
oS T
1 \-‘- -“’
i .. e H
45 B 35 -3 -25 2 -15 -1 050 05 1 15 2 25 3 35 ? 45
H
4 i
05
1
15
2
-2.5
-3
=35
------- e

Fubinka a véta o substituci.

© pdsina pV16—172 T pdsina
/ / / rdzdrda:/ / 2rv/ 16 — r2dr da
0 0 — 0 0

V16—1r2

o

4sin «
] da

[z

2 s
= ——/ (V16 — 16sin? a)® — 162 da
0

3
2 s
- _g/ (4Vcos? a)3 — 64 da
0
2

s
:——-64/ | cos® a| — 1da
3 0

9 s
:——-64-2/2cos3a—1da
3 0
256 (2
= (1 —sin® ) cosa — 1 da
3 Jo
256 [ . 1, 2
= —— |Sln& — —-S1n”- & — &
3 3 0
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2. Pfifadte rovnici obrazku.

(c) 4 {[z,y,2] e R} 22+ 9> <2< 1}
(d) 6 Ohrani¢eno plochami z =0, z = 3, 22 +3? — 22 = 0 a navic y > 0
(e) 7{[z,y,2] € R} 2% +¢y? +22 < 1;2 >0}
(f) 5 {[z,y,2] € R0 <z <4—2/22+42}
9 {[r,y,2] ER3}1 < a?+9y?2+22<4,2<0}
h) 10 {[z,y, 2] € R3; 2% + 4y + 22 < 4}
(i) 11 {[x,y,2] € R 2?2 +y? + 22 < 2}

Zdroj: https://math.fme.vutbr.cz/download.aspx?id_file=602492416
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