
Sada 5

Př́ıklad 1. Spočtěte následuj́ıćı limity za znalosti limn→∞(1 + 1
n
)n = e:

(a) limn→∞(1− 1
n
)n,

(b) limn→∞(1− 1
100+2n

)n,

(c) limn→∞(1 + 1
n2 )

n,

(d) limn→∞(49/50 + 1
7n
)n.

Př́ıklad 2. Limita posloupnosti zkoušková obt́ıžnost:

(a) lim
n→∞

2n 3√n3+n2−n 3√8n+1
n
√

2n2+1

(b) lim
n→∞

(√
n2 +

√
n+ 1−

√
n2 + 2

√
n+ 3

)
n√n+nn

⌊
√
n+2⌋

(c) lim
n→∞

(
3
√
2n+ a− 3

√
2n+ b

)
· 3
√

(n+ 1)(3n+ 2), a, b ∈ R, a > 0, b > 0

(d) lim
n→∞

(n2+1)100−(n+2)200+400n199

1+2+...+n99

Př́ıklad 3. Limita posloupnosti zkoušková obt́ıžnost:

(a) lim
n→∞

⌊ 3√n3+1⌋−⌊ 3√n3−1⌋
n√1+2n+...+nn

(b) lim
n→∞

⌊ 4
√
n4 + 4n3 − n⌋

(c) lim
n→∞

√
n+sin2 n−

√
n−cos2 n√

n+1−
√
n−1

(d) lim
n→∞

(n+7)50−(n2+1)25√
n100+n99−1−

√
n100+2n99+1

(e) lim
n→∞

( 3
√

n4 + 3
√
n− 3

√
n4)(⌊ 3

√
n+ 1⌋+ ⌊2 3

√
n− 1⌋+ . . .+ ⌊n · 3

√
n+ (−1)n+1⌋)

(f) lim
n→∞

n
√
n n
√

(n+1)n+nn+1

⌊
√
n⌋+⌊2

√
n⌋+...+⌊n

√
n⌋

(g) lim
n→∞

√
n2+n− 4√n4+n3

√
n2+3n− 3√n3+2n

Př́ıklad 4 (Pro echt fajnšmekry - Hausdorffova mı́ra úsečky). Uvažujme rovinu R2. Označme S
úsečku spojuj́ıćı bod (0, 0) a bod (1, 0). Označme B(x, r) = {y ∈ R2 : |x− y| ≤ r} (kruh se
středem v x a poloměrem r). Pro k, n ∈ N položme

Hk
1/n(S) = inf

{
N∑
i=1

(2ri)
k : S ⊆

N⋃
i=1

B(xi, ri), xi ∈ R2, 2ri <
1

n
,N ∈ N

}
.

Spočtěte H1(S) = limn→∞ H1
1/n(S) a H2(S) = limn→∞H2

1/n(S).
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Sada 5 - výsledky

Př́ıklad 1

(a) 1
e
,

(b) 1√
e
,

(c) 1,

(d) 0.

Př́ıklad 2

(a) 1
3

(b) −1
2

(c) (a− b) · 6− 2
3

(d) -159000

Př́ıklad 3

(a) 0,

(b) 0,

(c) 1/2,

(d) −700,

(e) 1/6,

(f) 2,

Př́ıklad 4 H1(S) = 1 (délka úsečky S) a H2(S) = 0 (”obsah”úsečky S)
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Sada 5 - řešeńı

Použit́ı Heineho věty

Tvrzeńı 5 (Heineho věta). Necht’ I ⊆ R je interval, x ∈ I, f : I → R. Pak následuj́ıćı tvrzeńı
jsou ekvivalentńı:

(i) f je spojitá v bodě x,

(ii) pro každou posloupnost (xn)
∞
n=1 ⊂ I splňuj́ıćı limn→∞ xn = x plat́ı limn→∞ f(xn) = f(x).

Chceme spoč́ıtat limitu limn→∞
√
xn. Nejdř́ıve spočteme x = limn→∞ xn. Aby p̊uvodńı limita

dávála smysl, muśı platit x ≥ 0. Použijeme implikaci (i) =⇒ (ii) pro f(x) =
√
x posloupnost

(xn). Dostáváme

lim
n→∞

√
xn = lim

n→∞
f(xn) = f(x) = f( lim

n→∞
xn) =

√
lim
n→∞

xn.

Př́ıklad 2 a.

lim
n→∞

2n 3
√
n3 + n2 − n 3

√
8n + 1

n
√
2n2 + 1

= lim
n→∞

2n
(

3
√
n3 + n2 − n 3

√
1 + 1

8n

)
2n n

√
1 + 1

2n2

= lim
n→∞

3
√
n3 + n2 − n 3

√
1 + 1

8n

n

√
1 + 1

2n2

·
3
√
(n3 + n2)2 + 3

√
n3 + n2 · n 3

√
1 + 1

8n
+ n2 3

√
(1 + 1

8n
)2

3

√
(n3 + n2)2 + 3

√
n3 + n2 · n 3

√
1 + 1

8n
+ n2 3

√
(1 + 1

8n
)2

=

= lim
n→∞

n3 + n2 − n3 + n3

8n

n

√
1 + 1

2n2 · n2 ·
(

3

√(
1 + 1

n

)2
+ 3

√
1 + 1

n
· 3

√
1 + 1

8n
+ 3

√
(1 + 1

8n
)2
) =

= lim
n→∞

1 + n
8n

n

√
1 + 1

2n2 ·
(

3

√(
1 + 1

n

)2
+ 3

√
1 + 1

n
· 3

√
1 + 1

8n
+ 3

√
(1 + 1

8n
)2
) AL

=
1

3

Posledńı rovnost jsme źıskali d́ıky opakovénu použit́ı věty o dvou strážńıćıch na výrazy

cn =
n

√
1 +

1

2n2 ,

dn =
3

√(
1 +

1

n

)2

+
3

√
1 +

1

n
· 3

√
1 +

1

8n
+

3

√
(1 +

1

8n
)2.

Pak máme
n
√
1 ≤ cn ≤ n

√
2

lim
n→∞

n
√
1 = lim

n→∞
n
√
2 = 1.

Dále máme

3

√
(1)2 +

3
√
1 · 3

√
1 + 3

√
(1)2 ≤ dn ≤ 3 · 3

√(
1 +

1

n

)2
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lim
n→∞

3

√
(1)2 +

3
√
1 · 3

√
1 + 3

√
(1)2 = lim

n→∞
3 · 3

√(
1 +

1

n

)2

= 3

Př́ıklad 2 b.

lim
n→∞

(√
n2 +

√
n+ 1−

√
n2 + 2

√
n+ 3

)
n
√
n+ nn⌊√
n+ 2

⌋
= lim

n→∞

n2 +
√
n+ 1− (n2 + 2

√
n+ 3)√

n2 +
√
n+ 1 +

√
n2 + 2

√
n+ 3

n
√
n+ nn⌊√
n+ 2

⌋
= lim

n→∞

−
√
n− 2√

n2 +
√
n+ 1 +

√
n2 + 2

√
n+ 3

n
√
n+ nn⌊√
n+ 2

⌋
= lim

n→∞

√
n

n

−1− 2√
n√

1 + 1√
n
+ 1

n
+
√
1 + 2√

n
+ 3

n

n
√
n+ nn⌊√
n+ 2

⌋
AL, spoj.

= −1

2
lim
n→∞

√
n

n

n
√
n+ nn⌊√
n+ 2

⌋ AL
= −1

2
lim
n→∞

√
n⌊√

n+ 2
⌋ lim

n→∞

n
√
nn + n

n
= (∗)

Plat́ı √
n− 1 ≤

⌊√
n
⌋
≤

⌊√
n+ 2

⌋
≤

√
n+ 2,

a tedy √
n√

n+ 2
≤

√
n⌊√

n+ 2
⌋ ≤

√
n√

n− 1
.

Zároveň

lim
n→∞

√
n√

n+ 2
= lim

n→∞

1√
1 + 2

n

AL, spoj.
= 1

a

lim
n→∞

√
n√

n− 1
= lim

n→∞

1

1− 1√
n

AL, RŠ
= 1.

Z Věty o dvou policajtech pak plat́ı limn→∞
√
n

⌊√n+2⌋ = 1. Dále plat́ı

1 =
n
√
nn

n
≤

n
√
nn + n

n
≤

n
√
2nn

n
=

n
√
2

a
lim
n→∞

1 = 1 = lim
n→∞

n
√
2.

Opět použit́ım Věty o dvou policajtech dostáváme

(∗) = −1

2
· 1 · 1 = −1

2

Pravá strana je definována, č́ımž jsme ověřili předpoklady věty o aritmetice limit.
Př́ıklad 2 c.
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lim
n→∞

(
3
√
2n+ a− 3

√
2n+ b

)
· 3
√

(n+ 1)(3n+ 2) =

= lim
n→∞

3
√
(n+ 1)(3n+ 2)

(
3
√
2n+ a− 3

√
2n+ b

)
· (

3
√
2n+ a)2 + 3

√
2n+ a · 3

√
2n+ b+ ( 3

√
2n+ b)2

( 3
√
2n+ a)2 + 3

√
2n+ a · 3

√
2n+ b+ ( 3

√
2n+ b)2

=

= lim
n→∞

((2n+ a)− (2n+ b)) · 3
√
(n+ 1)(3n+ 2)

( 3
√
2n+ a)2 + 3

√
2n+ a · 3

√
2n+ b+ ( 3

√
2n+ b)2

=

= lim
n→∞

(a− b)n
2
3

3

√
(1 + 1

n
)(3 + 2

n
)

(n
2
3 3
√
2 + a

n
)2 + 3

√
2 + a

n
· 3

√
2 + b

n
+ ( 3

√
2 + b

n
)2

VoAL
=

(a− b) · 3
√
3

3 · 2 2
3

= (a− b) · 6−
2
3

Použili jsme vzorec An−Bn = (A−B)(An−1+An−2B+An−3B2+· · ·+A2Bn−3+ABn−2+Bn−1).
Př́ıklad 2 d. Pro k ∈ N označme P≤k(n) polynom proměnné n stupně nejvýše k.

lim
n→∞

(n2 + 1)100 − (n+ 2)200 + 400n199

1 + 2 + . . .+ n99

= lim
n→∞

n200 + 100n198 + P≤196(n)− n200 − 400n199 − 4 ·
(
200
2

)
n198 − P≤197(n) + 400n198

n99(n99+1)
2

= lim
n→∞

n198(100− 79600 +
P≤197(n)

n198 )

n198(1
2
+ 1

n99 )
= lim

n→∞

100− 79600 +
P≤197(n)

n198

1
2
+ 1

n99

AL
= −159000.

Př́ıklad 3
Vzorové řešeńı doc. Johanise.
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https://www2.karlin.mff.cuni.cz/~johanis/2021z/priklady_limity.pdf

