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We define several new complexity classes of search problems, “between” the classes FP and
FNP. These new classes are contained, along with factoring, and the class PLS, in the class
TFNP of search problems in FNP that always have a witness. A problem in each of these new
classes is defined in terms of an implicitly given, exponentially large graph. The existence of
the solution sought is established via a simple graph-theoretic argument with an inefficiently
constructive proof; for example, PLS can be thought of as corresponding to the lemma “every
dag has a sink.” The new classes are based on lemmata such as “every graph has an even
number of odd-degree nodes.” They contain several important problems for which no polyno-
mial time algorithm is presently known, including the computational versions of Sperner’s
lemma, Brouwer’s fixpoint theorem, Chévalley’s theorem, and the Borsuk—Ulam theorem, the
linear complementarity problem for P-matrices, finding a mixed equilibrium in a non-zero
sum game, finding a second Hamilton circuit in a Hamiltonian cubic graph, a second
Hamiltonian decomposition in a quartic graph, and others. Some of these problems are shown
to be complete.  © 1994 Academic Press, Inc.

1. INTRODUCTION

The classes FNP and FP of search problems (problems in which an output more
elaborate than “yes” or “no” is sought) are traditionally studied in terms of their
surrogates NP and P. There are certain aspects of the issue, however, that cannot
be easily captured by recognition problems. Consider for example the class TFNP
defined in [MP]. TFNP (for total multivalued functions with polynomial-time
verification) contains all search problems for which a witness always exists,
independently of the input. Obviously, FP< TFNP < FNP, and no proof of a
proper inclusion is in sight. Is TFNP = FP? Is it true, that is, that it is easy to find
a solution when you know that there is always one? A positive answer would imply,
among other things, that P =NP n coNP, that there is some kind of polynomial
pivoting rule for simplex, and that there are polynomial-time algorithms for
factoring, as well as for finding Brouwer fixpoints (despite the lower bounds in
[HV]). Naturally, a negative answer would have even more important consequences.
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Even a qualified negative answer, such as the existence of an FNP-complete
problem in TFNP, would imply that NP = coNP.

As with any conundrum in complexity, it would be nice to isolate problems that
are TFNP-complete and thus capture this interesting computational phenomenon.
However, it appears unlikely that such problems exist. The reason is that, along
with NP n coNP, RP, ZPP, BPP, and so many other complexity classes, TFBP is
a semantic class." By this informal notion we mean that a syntactic object (in our
case, a nondeterministic Turing machine with output) defines a search problem in
TENP iff it satisfies a property quantified over all inputs (in the case of TENP, the
property states that the machine has at least one conclusive computation of all
inputs). Such properties (like polynomial-time termination) can be handled only if
they are properties of single computations. Semantic classes seem to have no
complete problems. We are thus led to the following question: Are there important,
syntactically definable, subclasses of TFNP? ZPP does not qualify, as it is a
semantic class.

Every natural member of a semantic class is equipped with a mathematical proof
that it belongs to that class. One idea is to group together problems in TENP in
terms of “proof styles.” Factoring and discrete logarithms have too specialized,
algebraic proofs (but see the open problems section). Another proof style. employed
in the case of linear programming before Khachian’s algorithm, and in the case of
other combinatorial optimization problems, is duality (essentially. the ability to
recognize optimality). Obviously, all optimization problems with duality are in
TENP, but there has been little success in formalizing duality in a syntactic way.
Yet another proof style may be the “probabilistic method in combinaterics™ [Sp],
usually implying not only existence, but abundance, and thus membership in RP
(see Section 5 for a brief discussion of an exception, the local lemma).

In [JPY] we defined a broad and natural subclass of TENP. namely PLS (for
polynomial local search). A problem A4 in PLS is defined in terms of two polyno-
mial algorithms N and c. For each input x, S(x)= 27! is the set of all solutions
(nodes of the dag alluded to above), where p is a polynomial. The two polynomial
algorithms compute, for each input x and node se S(x). the cost ¢fx, s) and the
(polynomially bounded in cardinality) set of neighbors N(x, s). We wish to find a
solution such that no neighbor has better cost. Thus, totality for functions in PLS
is established by invoking the following “lemma:”

Every finite directed acyclic graph has a sink.

The dag for invoking the lemma is the graph whose adjacency lists are the N(x. 5),
with arcs leading to nodes with no better ¢ omitted. In other words, we can view
N and ¢ as an implicit syntactic way for specifying an exponentially large dag. Class
PLS contains a host of problems that are not known to be in FP (the difficulty is,
of course, that the dag may have exponential depth). Several important problems

! Stuart Kurtz proposed to me the term non-categorical for the same thing.
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are now known to be PLS-complete, including finding a local optimum in the
Lin—Kernighan heuristic for the TSP and finding a stable configuration in Hopfield
neural nets [JPY, PSY, Kr].

Are there other important examples of “unifying proof styles” of totality, defining
new syntactic subclasses of TENP? In this paper we identify several such classes, and
a host of natural, important problems contained in them; some of them are complete.
As usual, these classes first manifested themselves through a number of important
computational problems which refused to be categorized in terms of existing com-
plexity classes. Perhaps the most important among them is the computational ver-
sion of Brouwer’s fixpoint theorem, stating that any continuous function f from the
d-dimensional simplex to itself has a fixpoint. Computing Brouwer fixpoints (within
accuracy ¢) is a central computational problem in optimization and mathematical
economics (see [SS] for a detailed discussion). We call this problem BROUWER
(see Section 2 for a careful definition.) Ideally, we would like an algorithm for
BROUWER that is polynomial in d and —loge. Unfortunately, it was shown in
[HV, HPV] that any algorithm that treats f as an oracle must be in the worst case
exponential in both parameters. The assumption in this result is rather unsatisfying
(despite the fact that every one of the many algorithms that have been proposed for
this important problem is indeed an oracle algorithm). Naturally, in the absence of
this assumption the problem is in TFNP; thus no exponential lower bound is
forthcoming. In this paper we derive convincing evidence of a different sort for the
difficulty of Brouwer’s problem by showing that BROUWER is complete in a rich
new complexity class.

Like PLS, each of our new complexity classes can be seen as based on a
graph-theoretic “lemma.” Perhaps the most basic one is the parity argument:

Any finite graph has an even number of odd-degree nodes.

There is an interesting problem in graph theory that evokes the parity argument,
namely Smith’s theorem [Th]. Any graph with odd degrees has an even number of
Hamilton cycles through edge xy. The proof constructs a graph I” whose nodes are
all Hamilton paths starting from node x and not continuing with node y. There is
an edge between two paths iff they differ in only one edge (that is, one Hamilton
path is a “rotation” of the other). It is easy to see that, since all degrees of G are
odd, the odd-degree nodes of I” are precisely the Hamilton paths starting from x
and ending at y—and these can be extended to a Hamilton cycle through xy. The
computational problem SMITH is this: Given a graph G with odd degrees, and a
Hamilton cycle, find another one. It is in TFNP, and it is not known to be in FP.
It is a prime specimen of our class PPA (for polynomial parity argument), defined
in Section 3.

To feel the difficulty of turning an existence proof based on the parity argument
to an efficient algorithm, imagine the following situation: Everybody remembers all
games of chess they have played in their life. You have played an odd number of
games, and you must find a fellow odd player (known to exist by the parity
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argument). Depth-first search can solve this problem, but it is too memory-consum-
ing. Here is a solution: We require that each player has paired up his/her past
games so that game 2i — 1 is the “mate” of game 2i. The algorithm is this: Ask your
last opponent if he is odd; if so, you are done. If not, you ask the address of his
playmate in the game that is the mate, in his game history, of the game with you,
and visit her. If she is odd you are done, but otherwise you ask for the address of
her opponent in the game that is the mate (in her history) of her game with the
previous player. And so on. You may come back to yourself many times (in which
case you disregard your own parity), but the algorithm is guaranteed to terminate
at another odd player. Alas, this algorithm may take time proportional to the
number of all games of chess ever played!

Note that the “chessplayer algorithm™ above must converge because of a trivial
graph-theoretic fact, the “even leaves argument,” which is in fact a special case of
the parity argument:

All graphs of degree two or less have an even number of leaves.

Therefore, the path started by the algorithm must end somewhere. To illustrate the
even leaves argument, imagine the special case of SMITH in which the graph is
cubic (see Fig. 1). It is easy to find a second Hamilton cycle by the following (alas,
exponential in the worst case!) algorithm: Delete an edge of the given cycle, fix an
endpoint of the resulting path, and start “rotating” from the other endpoint. Since
the graph is cubic, rotations are unique. There is no danger of “cycling” (repeating
Hamilton paths), because cycling would mean that rotations are not unique. And
there is no way for the process to end, other than in another Hamilton cycle
through the deleted edge (see Fig. 1).

It appears that the even leaves argument is much more specialized than the more
general parity argument. As it turns out, the “chessplayer algorithm” above can be
formalized to show that the class based on the even leaves argument coincides with
that based on the general parity argument (Theorem 1).

Fi6. 1. Smiths theorem in the case of a cubic graph.
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ner's lemma states that any admissible coloring of any triangulation of the unit
e as a trichromatic triangle (in fact, by the parity argument, an odd number
m ). Consider a triangulation of the unit triangle 012, say the standard nxn
alation (Fig. 2, ignore for the moment the long triangles to the left). A
ng of all vertices with colors 0, 1, 2 is admissible if each vertex of the big
le obtains its own name, and no vertex on edge ij of the original triangle
sins color 3—i— j. A trichromatic triangle is found by extending the triangula-
2s shown in Fig. 2. Note an external 01 edge has been added. In fact, it is
he only external 01 edge. If we cross it, we end up in a triangle that is bound
we colors 0 and 1. So, it has another 01 edge, which we cross. The process
ot exit the boundary (that was the only 01 edge) and cannot fold upon itself
angle cannot have three 01 edges). It must end in a trichromatic triangle.
QE.D.
ote a subtle difference from the application of the pure even-leaf argument in
vic case of Smith’s theorem: In the present case we do have a sense of
” on the path from the standard starting position to the tricromatic
suggested by the orientation of the bichromatic triangle in hand. Edges
ared 01 are traversed in the direction that leaves the color 0 to the right. As a
ilt, the implicit graph here is directed, but any leaf (a sink or a source other than
iginal one) is sought. The class of such problems is called PPAD (for “poly-
mial parity argument in a directed graph”). In contrast, in Smith’s problem and
er problems in PPA, if we start in the middle of a path we have no clue which
the two directions is the right one (see Fig. 1). This is the major difference
ween PMPA and PPAD. We do not know whether PPA = PPAD. As a general
le. problems in PPA that have a topological-geometric flavor seem to crowd into
PAD. whereas those of a more generic combinatorial or algebraic nature do not
=m to be in PPAD.

e simple proof of Sperner’s theorem explained above can be used as the basis
proof of Brouwer’s fixpoint theorem (this proof is sketched in Section 3). It
erefore not surprising that the computational problems BROUWER and
R are closely related.

FiG. 2. Sperner’s lemma in two dimensions.
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There are many more problems that we consider in this paper; many of them
were first identified in our joint work with Nimrod Megiddo [MP7]. One of them,
NASH, asks for a mixed equilibrium in a bimatrix game. This is arguably one of
the few most important problems for which no polynomial algorithm is known
(and no proof of NP-completeness seems possible). Another, SECOND
HAMILTON DECOMPOSITION, asks for a second way to decompose a graph
into two disjoint Hamilton cycles (its existence follows from a complicated parity
argument, see [Th] and Theorem 12 below). A third, related problem is
ANOTHER HAMILTON PATH: Given a Hamilton path in a graph (directed or
not), find either another one or one in the complement (the total number of
Hamilton paths in a graph and its complement is even!).

We also discuss certain problems related to Brouwer’s fixpoint theorem. Problem
KAKUTANI, a generalization of BROUWER, asks for a fixpoint of an upper semi-
continuous correspondence, roughly, a continuous mapping from the unit triangle to
convex regions of the unit triangle. We also introduce two important computational
problems from mathematical economics, namely, computing equilibrium prices in
certain appropriate economic models that guarantee the existence of equilibria.
Existence is proved by Kakutani’s theorem, which is in turn based on Brouwers,
which uses Sperner’s lemma, and so on, down to the parity argument. We also
introduce perhaps the major open algorithmic question in an important subfield of
optimization: Our problem P-LCP defined in Section 2 asks for the solution of a
linear complementarity problem or a negative minor of the matrix; one of the two
must exist. Finally, we show that a classical result in number theory, Chévalley’s
theorem, has the parity argument at its root and the corresponding computational
problem is thus in PPA. In fact, so are the computational problems associated with
several interesting graph-theoretic applications of Chévalley’s theorem. For none of
these applications (one due to [AFK ] and one new in this paper) is there a known
polynomial-time algorithm.

In Section 2 we introduce the basic complexity classes discussed in this paper
and show some interesting inclusions and collapses. We also point out a rather
unexpected fact: If we insist that the algorithm return not any other leaf of the
graph, but the particular leaf at the other end of the path (recall the discussion of
Smith’s and Sperner’s theorems above) the problems become much harder: The
resulting class is PSPACE! In Section 3 we introduce the various problems and
show why they are in the classes discussed. In Section 4 we prove that BROUWER
is PPAD-complete and so are several other problems. Finally, in Section 5 we
introduce and briefly discuss certain other interesting classes of problems, based on
“inefficiently constructive existence proofs” of different varieties. These new sub-
classes are related to the probabilistic method [Sp], the local lemma [Sp], and the
pigeonhole principle. We also point out some of the many problems left open by
our work.
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2. CoMmPLEXITY CLASSES

= % x 2* be a polynomial-time computable, polynomially balanced rela-
a2t is, {(x, y)eR} e P, and (x, y)e R implies |y| <|x|* for some integer k).
rch problem associated with R is this: Given input xe 2'*, return a ye 2'*
2t (x, y)eR, if such a y exists, and return the string “no” otherwise. The
* all such search problems is called FNP. We denote by FP the subclass of
ontaining all those search problems that can be solved in polynomial time.
'is the subclass of FNP containing all problems such that for all x there is
th R(x, y). It is clear that FP < TFNP = FNP, and it is open whether these
ons are strict.

oblem in TFNP can be described by a polynomial-time machine that decides
wever, given such a description of a problem in TFNP, there is no way to
acther R is indeed total (the problem is obviously undecidable). A similar
already exists in the case of FNP, since it is undecidable whether a given
ne halts after polynomially many steps. The problem here, however, is much
svere and can be easily taken care of by “standardization,” for example, by
sting our machines to incorporate a polynomial clock. In other words, there
scursive enumeration of the problems in FNP, whereas such an enumeration
‘known to exist for TENP. The difficulty is quite familiar: It is already present
= language classes RP, ZPP, BPP, NP ncoNP, etc. Such classes, whose
ition is given in terms of a non-recursive enumeration of machines, can be
nally called semantic (all others are thus symractic). It is well known that
atic classes tend not to have complete problems [Si].

e definition of our classes is similar in spirit with that of PLS: A problem in
is described in terms of an algorithm which implicitly defines an exponentially
- graph. In the case of PLS, the graph was a partial order, defined by a directed
% and a cost function. In our case, the graph is cyclic, sometimes directed,
=times undirected, usually (but not always) of bounded degree.

& start by defining PPA. A problem A in PPA is defined in terms of a polyno-
-time deterministic Ruring machine M. Let x be an input for 4. The configura-
space C(x) is 217001 the set of all strings of length at most p(|x|), where p
_polynomial. Given a configuration ce C(x), M outputs in time O(p(n)) a set
c. ¢) of at most two configurations. Note that we do not require that ¢’ e M(x, ¢)
= M(x, ¢'); symmetry is guaranteed syntactically by the following definition: We
that two configurations c, ¢’ are neighbors, written [c, ¢'] € G(x), if ce M(x, ¢')
¢ € M(x, ¢). Obviously, G(x) is a symmetric graph of degree at most two. In
dications, we expect M(x,c) to be empty often, thereby rendering many
Sigurations ¢ irrelevant. M is such that M(x,0--.0)={1--.1}, and
0eM(x,1---1), so that 0---0 is always a leaf (the standard leaf). This is not
emantic restriction, since M can be standardized so that it is syntactically
sranteed to behave in the required way. Problem A associated with M is the
owing search problem: “Given x, find a leaf of G(x) other than 0-.-0.” PPA is
= class of all problems A defined as above.
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PPA, as defined above, embodies the “even leaves argument,” and not the full
“parity argument.” It may thus appear that it fails to include problems such as
“Given an odd-degree graph and a Hamilton cycle, find another” (the generaliza-
tion of Fig. 1 to arbitrary odd-degree graphs). Suppose that we define PPA’ to be
the class with the same definition, only that |M(x, ¢)| is bounded by a polynomial
in |x|, as opposed to two. That is, we allow the degree of G(x) to be polynomially
large. We are seeking any odd-degree node.

THEOREM 1 (The Chessplayer Algorithm). PPA'= PPA.

Proof. It is obvious that PPA < PPA’. We shall show that, given any problem
A in PPA’, presented by a machine M, we can define an equivalent problem in
PPA. For each node ¢ of G(x) we can compute its neighborhood N(c). If |N(c)| =
k=1, we create new nodes (c, i), i=1, .., [ £/27]. To compute the connectivity of the
new graph, the two neighbors of (c, i) are the two nodes of the form (¢, j), where
the (lexicographically) 2ith or (2i+ 1)th edge out of ¢ is [¢, ¢'], which is also the
2jth or (2j+ 1)th edge out of ¢'. It is clear that the nonstandard leaves of the
new graph coincide with the nonstandard odd-degree nodes of the former, and
that the neighbors of each node of the new graph can be computed in polynomial
time. [§

We can even extend the definition of PPA to cases in which the degree of
the graph is not bounded by a polynomial. Suppose that we have a polynomial
algorithm for deciding, given two nodes ¢, ¢’ € C(x), whether [c, ¢'] € G(x). We call
this the edge recognition algorithm. Naturally, if a graph is presented this way, its
degree may very well be exponential. However, assume that we are also given a
polynomial algorithm that computes a pairing function ¢ between the edges out of
each node. That is, given c, ¢/, where ¢ is an even-degree node and [¢, ¢’'] € G(x),
#le, c’)=c" with ¢'#c¢" and [c,¢"]eG(x), and also ¢(c, c")=c". If ¢ has odd
degree, then for exactly one ¢’ ¢(c,c¢')=c. We are again asking for any
nonstandard odd-degree node.

COROLLARY. Any problem defined in terms of an edge recognition algorithm and
a pairing function is in PPA.

Proof. The nodes of the new graph are the edges of the original, unbounded-
degree one, and the only adjacencies are these: edges [c, ¢'] and [c, ¢”] (considered
as unordered pairs) are adjacent if and only if ¢(c, ') =c". |

Note that there is no syntactic way to tell whether an algorithm indeed computes
a pairing function; however, this does not interfere with the validity of the corollary
above. If ¢ fails to be a pairing function, then simply there will be a nonstandard
leaf in the constructed graph that does not correspond to an odd-degree node of
G(x), and the problem in PPA will fail to be the intended one.
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ac PPAD (the parity argument for directed graphs), we modify the defini-
PA so that M(x, ¢) is an ordered pair of configurations. The graph G(x)
rected: (¢, ¢') e G(x) iff ¢’ is the second component of M(x, c), and ¢ is the
ponent of M(x, ¢’). We are asking for any node (other than 0---0) with
— outdegree = 1. In other words, a correct output is any source or sink
rected graph other than the standard source.

‘context of search problems, a reduction from A to B is defined as a pair
mially computable functions f and g such that, for any input x of problem
or any legal output of problem B on input f(x), g (x, y) is a legal output
dem A on input x. As defined so far, PPA and PPAD are not closed under
ans, if g is not one-to-one on outputs. We must therefore modify our defini-
'_.that PPA is the closure under reductions of the class of search problems
far, and similarly for PPAD.

ON 1. FP= PPAD<= PPAcFNP.

heorem | suggests, these classes are quite robust under certain variants of
=finition. Modifying the definition in other directions can have a devastating
Suppose, for example, that in the definition of PPA we insist that the output
any other leaf, bu the particular other leaf connected to 0---0. This is not
since that leaf is the only one guaranteed to exist. Call this class PPA”,
e corresponding directed class PPAD”.

2. PPA"=PPAD"=FPSPACE.

ch. We shall show that PPA”" > FPSPACE, the other inclusions being
ate. Consider any problem in FPSPACE. It follows from a result by Bennett
that this problem can be solved by a polynomial-space bounded Turing
ne T that is reversible; that is, each configuration is the successor and prede-
r of at most one other configuration. We can thus define the following problem
*A " For each configuration ¢ of T, M(x, ¢) returns the (at most) two con-
stions that are the predecessor and/or successor of ¢ on input x. The standard
s connected to the initial configuration on input x. Thus, the nonstandard leaf
2= same component as the standard one is precisely the halted configuration,
o the desired output. J

sother interesting observation (due to Steve Bloch and Sam Buss) is this:
mne that PPA” is the variant in which |M (x, ¢)| <3; that is, the configuration
& has degree at most three. Naturally, a second leaf is now not guaranteed to
_ It can be shown that PPA” = FNP.

3. THE PROBLEMS

» defining some of the computational problems that we study, we encounter a
plication reminiscent of the “semanticity” issue in classes, but of course, one
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set-theoretic level below. At the problem level, the analog of a semantic class is a
“promise problem,” that is, one whose input domain is restricted in some way.
Since TENP trivially contains a host of uninteresting promise problems, we are
eager to avoid considering such problems. As a result, whenever our inputs need to
be restricted in some way (see the problems BROUWER and SPERNER below),
the input will be supplied with a syntactic proof that it satisfies the restriction. Even
when the input is an algorithm, this is usually easy to do by standardizing the
algorithm so that its output can be checked and, if illegal, replaced by a standard
output.

3.1. Problems in PPAD

SPERNER. We have sketched Sperner’s theorem for two dimensions, and its
proof, in the Introduction (Fig. 2). The corresponding computational problem is
2D SPERNER: Given an integer # (in binary) and an algorithm M for assigning
to each point p=(iy, 5, i3) Wwith i,,i,,i3=>0 and i, +i,+i;=n a color
M(p)e {0, 1,2}, such that i;=0 implies f(p) # j; find three points p, p’p” such that
their pairwise distances are ome, and {f(p), f(p'), f(p")}=1{0,1,2}. (The three
points define a trichromatic triangle). To guarantee that M indeed produces an
admissible color, we equip it with a subroutine which, before halting, examines the
output and, if it is not legal, outputs something standard.

Sperner’s theorem and its proof above can be generalized to three and more
dimensions: Consider the d-dimensional simplex with vertices 0, 1, .., d, and a given
simplicization (the d-dimensional equivalent of the triangulation) of the simplex.
Suppose that all vertices of this simplicization have been assigned colors 0, 1, ..., d
such that, if a vertex v is in the exterior of the simplex, on face i, ..., i, (recall that
a k-dimensional face of the simplex is determined by its X+ 1 vertices), then its
color is among i, .., i;. Then Sperner’s lemma guarantees that there is a
panchromatic simplex in the simplicization (one that contains all colors). The proof
proceeds by an induction on the dimension, with the panchromatic simplex in a
(d—1)-dimensional face serving as the starting point of a path that must lead to a
panchromatic simplex (just as a bichromatic edge started us in two dimensions,
recall Fig. 2).

However, although Sperner’s theorem holds in higher dimensions, there is a
difficulty in generalizing the computational problem 2D SPERNER to three and
more dimensions. The reason is that there is no easy standard simplicization of the
tetrahedron, no simple three-dimensional analog of the triangles in Fig. 2. For
example, I believe that there is no way to divide a regular tetrahedron into
eight identical regular tetrahedra (the reader is encouraged to try). There are
several approaches we can take to handle this problem, each with different
advantages and disadvantages: ;

(1) We could encode the simplicization in the machine that defines the
coloring. This would make the problem unnecessarily complex (and, therefore,
the completeness result in Theorem 14 unnecessarily weak). Syntactic guarantees



