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1 Introduction and Motivation

Multistage stochastic programs and stochastic dynamic programming problems with discrete time parameter deal
essentially with the same types of problems — the dynamic and stochastic decision processes. They were initiated
approximately in the same period: In 1955-1965, the basic ideas, problem formulations and solution concepts
were elaborated and, at the same time, the first applications were successfully solved. However, they did follow
an independent development: They have been included in Mathematical Subject Classifications under different
numbers and were considered mostly competitive. Recognition of similarities and complementary features has
been rare. See the illustrative chart and comments in Section 2; we refer to recent monographs [7], [25], [31], [32],
[39] for full quotations. Since the contemporary rapid increase of computer efficiency as well the recent development
of tractable computational approaches enable efficient solutions of complex dynamic stochastic problems, there is
a call for comparisons of these approaches and there are instance of their combinations [41].

In this article we shall discuss similarities and differences of multistage stochastic programs (MSP) with
recourse and stochastic dynamic programs (SDP) with discrete time parameter and with a fixed finite horizon.
The main distinction is in the decision concept, in different structures used in their formulation and, consequently,
also in different solution methods. On the contrary to the multistage stochastic programs, most of the motivation for
the research on dynamic programming models come from a class of operations research and engineering applications
where it is the decision rule that is primarily of interest and the horizon is very long, e.g. inventory control [2];
hence the insistence on finding a rule that depends on the observed state and not on the information we may infer
about the underlying stochastic phenomena. An appropriate definition of state is then the central point of dynamic
programming formulations (see e.g. [4], [27] or [32] for basic concepts in dynamic programming) whereas in the
context of multistage stochastic programs states usually do not appear.

Sections 2 and 3 present briefly the multistage stochastic programs and stochastic dynamic programs with
discrete time, respectively. The emphasis lies in careful listening assumptions needed to formulate and solve these
problems. Illustrative examples are given in Section 4 and the conclusions formulated in Section 5.

2 Multistage Stochastic Programs
2.1 Basic formulations

In the general T-stage stochastic program we think of a stochastic data process w = (wi,...,wr_1) or w =
(w1,-..,wr) and of a decision process € = (x1,...,xr). The x;’s are real ns-vectors, while the random elements
we may be of quite general nature; mostly, they are real random vectors as well. The realizations of w are called also
trajectories or scenarios. We denote by P the probability distribution of w and by (2 its support and we assume:

Basic assumption. The probability distribution P of w is known and independent of the decision x.

We refer to [42], [45] for a possible modeling of partial information, to [12] for a review on applications of
stochastic programming under incomplete information and to [42] for a discussion of problems with probability
distributions dependent on decisions.
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The sequence of decisions and observations is
T1,W1,T2,W2, ..., TT—1,WT—1, LT (1)

The decision process is nonanticipative in the sense that decisions taken at any stage of the process do
not depend on future realizations of the data process or on future decisions whereas the past information as
well as the the probabilistic specification (2, F, P) of the process w are exploited. This requirement can be
mathematically expressed as follows: Denote F; 1 C F the o-field generated by the observations of the part
Wt = (wy,...,w;1) of the stochastic data process that precedes stage t. The dependence of the t-th stage
decision x; only on these past observations means that x; is F;_;-adapted or, in other words, that x; is measurable
with respect to F;—1. In each stage ¢, the decision is limited by explicit constraints that may depend on the
previous decisions x!~! := (xy,...,2;_1) and on past observations of w!~!. Thus the decision at stage t is
x; = z(xt 1, wt ), or more precisely, ¢; = xi(z! 1, w1, P).

The outcome attributed to the sequence (1) is quantified by a function fo(x,w). The aim is to minimize the
expected value Efo(x,w) under both deterministic constraints x; € X; V¢ (X; given sets in R™), fi;(x1) <0,i=
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1,...,my, and constraints
fu(zt,wt™ N <0,i=1,....my, t=2,...,T

that may depend on previous decisions and observations; here, f; V¢, are real functions.

In the sequel we shall suppose that all functions are measurable with respect to w and all expectations exist
(this is certainly fulfilled if © is a finite set). Relations containing random elements are assumed to hold with
probability 1. To simplify this exposition we shall assume in addition that all infima are attained; hence we shall
write min instead of inf. This assumption implies that the sets defined by the t-stage constraints, t =1,...,T,

mteXt:fti(mt_lamt;wt_l) SO) i:]-)"'vmt (2)

t—1

are nonempty for all histories z'~!, w?~!. The first-stage constraints do not depend on the random element.

The corresponding T-stage stochastic program reads:

minimize Efo(x, (21, w1), ..., zr(@? 1wl ™) w) (3)
subject to x; € X, t=1,...,T and

fri(ey) <0,i=1,...,m1, fulxw'™)<0,i=1,...,m t=2,...,T (4)

Realizations of wr, i.e., those behind the horizon, do not affect the decision process, but they may contribute to
the overall observed costs. Thus the decision process may be affected by the probability distribution of wr.

Various schemes were considered to reduce the T-stage stochastic program (3)—(4) to a sequence of similar
t-stage programs, t < T'. If wr is not considered, the objective functions are then defined recursively as

br(@h, W = fol@,w), del@’, ) = By min e (@00, 122, T -1 (5)

and ¢y (x1) = E,,, ming, (21,2, w;). The minimization is carried over the respective t-stage constraints (2) and
the symbol E, |, denotes the expectation with respect to w conditioned by w'.

To relate an optimal solution of the T-stage problem to those minimizing the ¢-stage objective functions v,
certain boundedness assumptions concerning sets defined by the t-stage constraint and convexity of fy as a function
of &, have to be fulfilled; see [35]. Then not only the canonical projections of the optimal solution &7 of the T-stage
problem are optimal solutions of the t-stage problems, ¢t < T', but also the optimal solutions of the ¢-stage problems
can be extended to an optimal solution of the T-stage problem. For instance, if &; € argmin); (1) over the
first-stage constraints @1 € X7 and fi;(¢1) < 0,i =1,...,my, then the next component of the optimal solution,
&2(21,w1) is obtained by solving ming, ¥2(&1,x2,w1) over the second-stage constraints, etc. By introducing a
fictious decision 741 which does not influence the value of the objective function fy these results may be extended
also to problems which include wr.

Under additional assumptions, e.g., for

T
fo(z,w) = fio(x1) + tho(fl?t*l,fﬂt,th) (6)

t=2
the scheme (5) can be written as a sequence of nested two-stage stochastic programs of the following type:
minimize Efo(il?, w) = flo(iBl) + Ew1 ¢1 (2171, wl) (7)

subject to
1 € X1 and fu(il?l) <0,t=1,...,mq,

where for ¢t =2,...,T, for given x1,...,x;—1 and observed realizations of wi,...,ws_1,
¢Gi—1(x1, ..., Xi—1,w1,-..,wi—1) denotes the optimal value of the stochastic program

minimize fio (¢, w' ") + By o1 {de(@ ™ @, 0" wy) } subject to (2). (8)
Here, ¢ = 0 or it is an explicitly given function of x1,...,2&7,w1,...,wr if the contribution of wr is considered.

The two terms in the definition of functions ¢; 1 may be interpreted as the costs attributed to the decision x; at
stage t augmented for the expected minimal future costs.

It is important to realize that the stages do not necessarily refer to time periods, they correspond to steps in
the decision process. The main emphasis is on the first-stage decisions which consist of all decisions that have to
be selected before a further information is revealed whereas the second-stage decisions are allowed to adapt to this
information, etc. In some applications the importance of the best first-stage decisions is evident: The examples
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are the decision about the capacity of a new water reservoir, about an initial contract or allocation of funds or the
initial charge decision for the metal melting process.

The formulation (7)—(8) resembles the backward recursion common in stochastic dynamic programming
problems, see Section 3. In spite of this formal similarity the form (7)—(8) does not enter the numerical procedures
for solving such stochastic programs. As the model formulation in stochastic programming and the algorithmic so-
lution are separated there exist a large variety of stochastic programming models of various mathematical properties
and with problem specific numerical approaches.

The dynamic decision process is approximated by optimal solutions obtained by repeated solution of similar
stochastic programs which are rolled forward in time, i.e., by solving the problem repeatedly starting always with
the new state of the system attained by application of the obtained optimal first-stage decision and using updated
and/or shifted data trajectories. To enable a future continuation of such forward decision process behind the horizon
one has to treat the end-effect in an appropriate way: to add constraints for the last stage, e.g., on the water level
in the reservoirs, to include the expected value of the achieved state of the system into the objective function, to
penalize the value of the expected outstanding debt, or to extend the problem for an additional “steady” stage and
related constraints, cf. [19].

Characterization of decision rules (or recourse decisions) for stochastic programs was studied for instance
in [16], [44]. The well-known properties of solutions of deterministic linear programs imply that in the two-stage
stochastic linear programs with random right-hand sides by (w;) the decision rule s (x1,w; ) is continuous piecewise
linear in by(w;). This result can be extended also to random transition matrices By and bounds ua, I, it holds
true also when the only random coefficients are c2(wq) in the second-stage objective function. However, optimal
piecewise linear decision rules need not exist even for three-stage stochastic linear programs with random, inter-
stage independent right-hand sides; for an example see [44]. An exception are problems with discrete probability
distributions. Under special assumptions which guarantee existence of a fixed optimal basis even an optimal linear
decision rule can be obtained, cf. [18]. These results are further discussed and extended to nonlinear recourse
problems in [16]. Existence of continuous decision rules can be proved for convex multistage stochastic programs
under additional assumptions about the properties of the problem and for a special class of “laminary” probability
distributions, cf. [34]; discrete probability distributions with an arbitrary dependence structure and probability
distributions which fulfil assumption of interstage independence belong into this class.

A special case of (7)—(8) is the following multistage stochastic linear program with recourse where all functions
f (with arbitrary indices) in the above scheme are linear in the decision variables:

minimize ¢ x; + E,, é1(x1,w) ©)

subject to
Az =by, I1 <z < uy,

where the functions ¢;—1,t =2,...,T, are defined recursively as
dr1 (' w ) = min [er(@" ™) T @ + By ¢e(®' ™y, 0 wr)] (10)
subject to

t—1
Z Bt.,-(wt_l) x, + At(wt_l) Ty = bt(wt_l), lt(wt_l) S Tt S ut(wt_l)
T=1

and ¢ =0 or a given function of  and w.

Here, the A,’s are (m,n;) matrices and the remaining vectors and matrices are of consistent dimensions.
For the first stage, the values of all elements in by, ¢;, A1,l;,u; are known. Again, the main decision variable is
x; that corresponds to the first stage.

According to our assumption, an optimal solution of (10) exists for all ¢ and all considered histories !~!, w!=1
— the case of the relatively complete recourse.

For purposes of applications one approximates the true probability distribution P of w by a discrete probability
distribution concentrated on a finite number of atoms, called scenarios.

2.2 Scenario-based stochastic linear programs

Without loss of generality we shall work now with problems (9)—(10) in which By, =0 for 7 < ¢t — 1 and we shall
assume that the distribution of w is concentrated on a finite number of scenarios. Accordingly, the supports Q; of
marginal probability distributions of the components w; V¢t and the supports of conditional probability distributions
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of w; conditioned by past realizations of wy,...w;—; are finite sets. The associated conditional probabilities are
called the arc probabilities. A special common arrangement of the data process is the scenario tree in which each
value of w! corresponds to one node k41 at the stage t + 1 and each node has a unique ancestor, a(k1) — the
value of the corresponding w’~! assigned to one of nodes at the stage t. The root of the tree, node indexed by 1,
is ancestor of all nodes ko = 2,..., K5 at the second stage, etc. In some cases, it is expedient to use sets D(k;)
of descendants of k; which consist of those nodes k;y; which can descend from k; with a nonzero probability. To
each k; one assigns the ¢-th stage decision vector xy,. This allows to rewrite the T'-stage scenario-based stochastic
linear program with additive recourse in the following arborescent form:

Minimize
Ko K3 Kr
¢z + Z pk2ckT2mk2 + Z pkgc,jgmkg +...+ Z kackTkaT (11)
ko=2 k3=Ks+1 kr=Kr_1+1
subject to
A1$1 = b1
By, r1 + A, Tp, = by,, ke = 2,...,K5
Bk3:l:a(k3) + AR, T, = by, ks= Ko+1,...,K;3
BkTwa(kT) +Apr Thr = b, kr= Kr_1+1,....Kp
lktSm‘ktSuk“ kt=Ki 1 +1,... Ky, t=1,...,T. (12)

The problem is based on the used scenarios, i.e., on Ky — K1 sequences of possible realizations of coefficients
(ek,, Ak, , Bk, , bk, , Lk, , ur,) in the objective function (11), in recourse matrices, transition matrices and right-hand
sides in the constraints for all stages, and on the path probabilities pg, > 0V k&, Zi?:lﬂ_ﬁ-l pe, =1,t=2,...,T,
of partial sequences of these coefficients, hence, probabilities of realizations of w?~! Vt.

Probabilities p? of scenarios w? of w, i.e., the path probabilities assigned to the terminal nodes, are obtained
by multiplication of the (conditional) arc or transition probabilities related with the corresponding sequences of
realizations. Nonanticipativity constraints are included here in an implicit form whereas decomposition of (11)—(12)
along scenarios requires that the nonanticipativity constraints are spelled out in an explicit way.

The size of the linear program (11)—(12) can be very large and usefulness of special numerical techniques is
obvious. Its special structure suggests exploitation of decomposition techniques, both with respect to stages (cf.
[7], [17] for adaptation of the Benders decomposition algorithm or [31] for basis decomposition methods) and along
scenarios. In the last case, the nonanticipativity constraints are spelled out explicitly and are subsequently relaxed
within an augmented Lagrangian type method. This idea can be applied also to nonlinear multistage stochastic
programs, see e.g. [36] for the progressive hedging algorithm or [29] for the diagonal quadratic approximation
method. A further possibility is to use interior-point-based methods along with their parallel implementation, for
instance [10], [38]. The stochastic extension of the MPS input format [6] allows unified description, storing of
multistage stochastic problems and data. Nevertheless, exploiting the properties and the structure of the solved
problems is the key to effective algorithms. An example are multistage stochastic programs with network structure,
cf. [30] who report numerical results from an application from the insurance industry with 9 stages, with up to
16392 scenarios, where the arborescent form will have a half million constraints and 1.3 million variables.

As a consequence of these achievements, it is possible to solve numerically large scale linearly constrained
convex stochastic programs based on scenarios, e.g., (11)—(12) with the linear objective function (11) replaced by

Ko K3 Kt
F@)+ Y phofis (@) + D Prsfis(@rs) +- o+ D Ph frr (@r)
ko=2 ks=Ks+1 kr=Kr_1+1
where fi, k =1,..., Kr are convex functions (compare with (6)), and with (12) replaced by constraints displaying

a full or partial path dependence.

Besides the formulation of goals and constraints and identification of the driving random process w, building
a scenario-based multistage stochastic program requires specification of the horizon, stages and generation of the
input in the form of scenario tree. We refer to [15] for methods of generating scenario trees and to [14] for discussion
related with the choice of the horizon and stages. For purposes of the present paper, we mostly assume that the
horizon is finite and both the horizon and stages have been already fixed. We note only that the rapid increase of
the size of the solved stochastic programs along with an increasing number of stages calls for a compromise as to
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modeling of dynamic features (e.g., the number of stages) and the representation of the underlying random process
(e.g., the number of scenarios).

In real-life applications, it seems to be the modeling part of the problem and a meaningful generation
of scenarios which have become the most demanding task. Whereas the interstage independence, i.e., mutual
independence of wy, . ..,wy is neither essential for formulation of scenario-based stochastic program (11)—(12) nor
for its solution by linear programming techniques, it plays an important role whenever bounds and stopping rules
are to be constructed in course of iterative or sample based procedures. This means that such algorithms known
for two-stage stochastic programs with fixed complete recourse, e.g. [21], [28], can be generalized to algorithms
for multistage stochastic programs with scenario independent recourse matrices A; and mutually independent
Wi,...,wr, see e.g. [24]. Possibility of their generalization to problems with dependent components of w is limited
to problems with a special stochastic specification (e.g., multinormal right-hand sides).

3 Multistage Stochastic Programs and Dynamic Programming
3.1 Basic connections

To show the connections between multistage stochastic programs and stochastic dynamic programs, let us consider
again the sequence (1) assuming that the next stage of the considered process is entirely determined by the
state, decision and random data occurring in the current stage. In particular, we make the following assumptions
concerning the dynamics of the system:

Assumption 1. For every staget =1,...,T

Ty = (St,dt) with St4+1 = Ft(st,dt,wt) and r1 = (Sl,dl) given, (13)

where s; € Sy, di € Dy, wi € Qp and Fy(+, -, -) is a mapping from S; x Dy x Q; onto Si1.
The variable s; (resp. d;) is called the state (resp. decision) at stage t. Similarly, S; (resp. D;) is the state
space (resp. decision space) at stage t. Let d' := (dy,ds,...,d;) be a sequence of decisions (called also policy)

controlling the considered process. We restrict ourselves on Markovian (memoryless) policies, i.e. we assume that
dy = G(s¢), Vt.

A further simplification can be obtained by assuming mutual independence of wy’s, called in multistage
stochastic programs the interstage independence assumption.

Assumption 2. The random variables wi,...,ws,...,wr are mutually independent.

For the sake of computational tractability we restrict the class of objective functions as follows:

Assumption 3. The objective function (3) is separable with respect to the stage index ¢. In particular,
we assume that fo(x,w) is additive, i.e.

folxi, ®a(x1,w01), .., er(2’ 1 0T, w) = fio(si,di) + Y filse, di,wi) (14)

IIMH

The “Markovian” property for generating the sequences of states by (13) of Assumption 1 along with mutual
independence of w; (interstage independence by Assumption 2) yields the following important implication:

Prob [8t+1 = 8|81, ceey Sty dl, AN ,dt] = Prob [8t+1 = 8|St, dt] = pt(st, S; dt) (15)

and the form of objective function (3) follows from Assumption 3:

T
By fo(m1,@a(m1,w1), .., or(@" ™0 ™), w) = ci(s1;d1) + Y Eucr(si;dy) (16)
t=2

where Cl(Sl;dl) = flg(sl,dl) + Ewlfl(sl,dl,wl) and ct(st;dt) = Ewtﬁ(st,dt,wt) for t = 2, .. .,T.

The following technical assumption leads to an essential simplification for notations, analysis and solution of
stochastic dynamic programming problems.
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Assumption 4. Fort=1,...,T, the sets Sy = S and the sets D; = D are finite. Moreover, the full
information is available about the state s; at any stage ¢ and all expectations exist.

The collection of transition probabilities p;(s, s'; d) along with the initial (possibly degenerated) distribution
and the decision rule d” = (dy(sy),...,dr(st)) fully describes the “probabilistic” development of the considered
process without any reference to the transition function F' in (13). Since the objective function is assumed to be
separable, under Assumptions 1,2,3,4 the considered multistage stochastic control problem can be rewritten in
the form referred often as a classical Discrete Time Markov Decision Process or Discrete Time Stochastic Dynamic
Program:

Given the probabilities p;(s, s';d) (where s,s' € S and d € D) find a sequence of decisions
dT = (dy(s1),...,dr(s7)) (where d; € D) that minimizes E, 25:1 ce(se; dy).

T
Under the above assumptions the real valued functions Vi(s) := ngiTn E, | ¢;(sr;d;)|st =s| can be
T=t
calculated for t =1,...,T — 1 by the following “backward recursion”
Vils) = miptels:d) + gejspt(s, §'5d) - Vi ()} (17)

with Vr(sr) = 0. (See e.g. [3], [4], [22]). Hence, for a given initial state s; of the system, Vi (s;) is the optimal
value of the objective function E,, Zle ce(sg;dy).

The analysis can be easily extended for compact decision space D. In case that the state space S is countably
infinite, the analysis used for finite state models can be extended under some additional assumptions. Unfortunately,
for the general state space an exact analysis of the above discrete time stochastic dynamic programs is complicated;
for details see e.g. [5] or [22] for an exact measure theoretic analysis of models with general state space.

Solution of the optimization problems (17) can be hard or easy depending on the application. However,
implementation of the “backward recursion” requires storing the values of the functions V() and of the optimal
decisions for all states of the system; therefore for many applications the number of states is prohibitively large.
This “curse of dimensionality” in dynamic programming is partly due to the dimension of the state space and
makes storing values and decisions for all states impossible. To limit the number of states, one may aggregate
the states, decompose the dynamic program into smaller related dynamic programs, etc. See [27] for references.
Another possibility is to solve an approximate problem using properties of Markov Decision Chains which results
in a numerically tractable method; see the next subsection.

3.2 Discrete Time Stochastic Dynamic Programs

Let us consider at stages t = 1,2, ... a nonhomogeneous Markov chain with finite state space S = {1,..., N}. If the
process is found to be in state i € S then a decision k = 1,2,..., K must be selected. Selecting decision k in state
i state j is reached in the next stage with (stage independent) probability p(i, j; k) and an immediate cost ¢(i, j; k)
(not depending on the current stage) is incurred; ¢(i; k) = Ejvzl p(i,7;k) c(i,j; k) is the expected cost incurred in
state i € S if decision k is selected. Such decision process is called a discrete time Markov decision process. The
data p(i, j; k), c(i; k) are assumed to be known to the decision maker.

Policy IT controlling the process is a rule prescribing the decision to be taken after each transition in any state
of the chain. We restrict on Markov (memoryless) policies, i.e. decision rules taking into account only the number
of transitions ¢ and the current state s; € S of the chain. A policy which takes at all times the same decision rule
is called stationary. We write IT = (7!, 72,...) where 7!, the decision rule at stage ¢, is an N-vector whose i-th
component is the decision at the t-th transition when the chain is in state ¢. Stationary policy II is identified by
IT ~ ().

Let P(7) be the N x N matrix whose ij-th element equals p(i, j;7¢) and let PT(IT) = P(z')... P(xT) (for
convenience we set PY(IT) = I, the identity matrix). Similarly, c(7?) denotes the N x 1 vector whose i-th element
equals c(i;7t). If Il ~ () (i.e. if II is stationary) then PT(IT) = (P(r))?.

In what follows we denote by v” (I) the vector of total expected costs (i.e. the sum of expected costs) incurred
in the T next transitions; its i-th element v} (II), i = 1,..., N, equals the total expected costs incurred provided
the chain starts in state i € S and policy II is followed. Obviously

T
oT(I) =) P M) e(a')  with  lim %UT(H) = g(10) (18)

T—o0
t=1
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provided the limit exists (the i-th element of g(II), denoted g¢;(II), is the long run average expected costs if the
Markov chain starts in state i). Observe that for a stationary policy Il ~ () we get T (II) = EtT:l(P(n))tflc(n).

In contrast to multistage stochastic programs, there are no principle difficulties in the study of stochastic
dynamic programs with long or even infinite time horizon. To study such models we recall some facts from Markov
chain theory (cf. e.g. [26]). It is well known that the following matrices exist:

n—1
P* = lim L kz P (the Cesaro steady state limit), Z = (I — P + P*)~! (the fundamental matrix of P).
=0

If P has one recurrent class then the rows of P* are identical and equal to the stationary probability distribution
(row) vector p* = [p},...,pN] (i.e. the row of P*) of the considered discrete-time Markov chain. Moreover, if P is
also aperiodic (i.e. if one is the only eigenvalue of P with the modulus equal to one) then lim,,_,, P" = P*.

In what follows we make the following simplifying assumption.

Assumption 5. P(r) has a single class of recurrent states for any .

In virtue of the above facts for T' tending to infinity we have for a stationary policy II ~ (7)

T

g() = g(x) = lim = (P(r))""e(m) = P*(m)e(m). (19)

t=1

where the rows of P*(r) are identical, and so are also the elements of g().
Policy II is called average optimal if

1 - 1
lim sup —v” (II) < lim sup —v® (II) for every policy II. (20)

T—oc0 T—o0

The following facts are well-known to the researchers in dynamic programming;:

(i) For every m there exists an N x 1 vector w(w) (unique up to additive constant) such that
g(m) + w(r) = ¢(r) + P(r) w(n). (21)

Moreover, under condition P*(7) w(w) = 0, the constant vector g(7) (given by (19)) along with
w(mw) = Z(r) (I — P*(r)) ¢(w) are the unique vectors fulfilling (21).

(ii) There exists 7, unique vector § = g(#) and vector w = w(#) (unique up to an additive constant) such that
for every decision vector 7

g+w=c(®)+ P(@)w < c(r) + P(r) w. (22)

Moreover, under condition P*(#)@w = 0, @ is the unique solution fulfilling (22).

(iii) For an arbitrary policy II = (#t) it holds
T
oI () = T§+w — PT(I)w + Z P o(nt)  where () = ¢(n) — § + P(m)w —w.  (23)
t=1

Hence stationary policy II ~ (#) fulfilling condition (22) must be average optimal policy, and a (nonstationary)
policy IT = (nt) is average optimal if and only if limy_, o 71 ZtT:l PHID) o(nt) = 0.

Up to now we have mostly assumed that the time horizon is rolling forward. The only exception is the
“backward dynamic programming recursion” (17) mentioned in Section 3. In what follows we show that results
analogous to (23) can be also obtained in case of a rolling backward horizon. To this end, fix the number of stages
T and rewrite (18) for t =1,...,T as

T
vy = S PN e(n™) = e(nt) + P(at)Vy") (1) where v"(IT) = 0. (24)

Observe that the i-th element of VT(Q(H), denoted VT(T)t(H)(z), is the total expected cost obtained at stages

t,t+1,...,T on condition that the process was in state i at stage ¢ and policy II is followed.
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Denoting n =T — t, from (24) we can conclude that

VD) = e(x™=") + P(" "V, (1) < min [e(r) + P(m)V, 1) (1) (25)
s
(observe that since in each state the decision can be selected independently, the above (componentwise) vectorial
minimum exists; 7 is the decision vector whose i-th element is the decision selected in state i.)
In virtue of these facts we can write the “backward recursion” of dynamic programming for finding minimum
values of v?(II) over all policies I = (nt), denoted by V4, as follows

V1 = min [c(ﬂ) + P(m)V| = citn) + P(7n)V,, (26)

where Vj (not necessarily equal to zero) is given.
Obviously, in virtue of (23) n~1V,, must converge to the constant vector § of average minimal costs, i.e.
lim n 'V, =g and |V, —ng| is bounded.
n—o00
Unfortunately, policies calculated from (26) can be nonstationary and quite irregular even for large n, but it can
be shown (cf. [1]) that under the assumption that all P(7) are aperiodic
lim (V,, — ng) = + const. (27)
n— 00
where const. (N x 1 vector with equal elements) depends on “initial condition” Vo. .
(From (27) follows immediately that limp—eo(Vit1 — V) = § and it can be shown that (V;,11(i) is the i-th
element of Vj,11)

A

max [V () = Vo ()| =B min [Vasa () = Va0)] = by (28)

are the upper and lower bounds on § that converge monotoneously to the values of ¢ and the convergence is
geometric. From this we can conclude that for any naturals m > n

(m—n)b"e< Vy =V, < (m—n)b"e (29)

(e is reserved for a unit column vector of appropriate dimension).
This simple fact (called the “turnpike planning theorem”, cf. [40]) can be extremely useful for calculating
the values of the maximum total expected return for a large horizon T.

4 Illustrative Examples

In this section, we shall illustrate by examples some of the items discussed Sections 2 and 3.

4.1 The flower-girl problem

The flower-girl problem introduced in [9] and studied also in [12], [14] is a simple multistage stochastic program.
The flower-girl sells roses at price ¢ and has to buy them at cost p before she starts selling. Flowers left over at
the end of the day can be stored and sold the next day, when she starts selling the old roses. The roses cannot
be carried over more than one additional day at the end of which they are thrown away. The demand is random,
w; denotes the demand on the t-th day. Whereas z; has to be bought without any knowledge of the realization of
the random demand, the flower-girl can adapt the subsequent orders x;, t > 1 to the demand observed during the
previous days. Her goal is to maximize the total expected profit.

The horizon is related to the number of days for which the flower-girl continues selling roses without any
break (and also to the fact that our formulation treats only one-period carry over). Assume first, that the flower-girl
sells roses only during the weekend, orders the amount z; on Friday evening, observes the demand w; on Saturday,
stores the unsold roses (without any additional cost) and, possibly, buys z2(w;) new roses. The demand w2 on
Sunday determines the amount of unsold roses to be thrown away. Denote so(w;) the stock left for the subsequent
day and z(w;,ws) the amount of unsold roses at the end of the second day.

All decision variables are nonnegative and subject to constraints

Ty — sa(w1) < wi, T2(w1) + s2(w1) — z(wi,wa) < wo.
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If the demand wq,w> is known in advance, the objective function is (¢ — p)(z1 + x2(w1)) — cz(w1,w2) and one of
optimal solutions is to buy #1 = w; and z2 = w» roses which gives the maximal profit of (¢ — p)(w1 + w2)-

Consider now a scenario-based version of this 3-stage problem. The scenario tree consists of K branches
corresponding to the considered realizations wig, k = 1,..., K, of the demand w; on the first day, their probabilities
are pg, k = 1,..., K. Possible realizations of demand ws, for the second day may be conditional on wy;. We
denote D(w1y,) the set of descendants of wyy, and p(k, o) their (conditional) probabilities. The problem is

K

maximize (¢ — p)z1 + Zpk[(c —p)z2(wik) — ¢ Z p(k,0)z(wk, wake)]
k=1 UGD(&)lk)

subject to
= s2(wip) <wig, k=1,..., K
T (wik) + s2(wik) — 2(wi,woke) < Wake, 0 € D(wig), k=1,..., K
and nonnegativity constraints. The total number of scenarios (w1, waks) equals the number of all descendants of
Wik, k= ].,...,K.

The generalization to T-stage problem is obvious; we index by t all decision variables related with the stage
t, i.e., the amount of roses ordered (), stored (s) and thrown away (z) at the end of the (¢ — 1)st day. We obtain:

T-1 T
maximize (¢ — p)z1 + E{(c — p) Z ze(wih) — cz 2wt}

subject to
1+ 81 — S2(w1) — 22(w1) <wy

(W) + 5 (W) = s (W) — 2 (W) Swp, =2, T =1
se(w' ™) =z (W) <wy, t=1,...,T =1

with s7(w) = 0 and nonnegativity of all variables. In case that the initial supply s; = 0, one gets z2(w;) = 0.
The main decision variables (controls) are z; for ¢ = 1,...,T — 1, the state of the system is described by s; for
t=1,...,T —1 and by zp (which is at the same time the only decision variable at the last stage). The number
of stages equals one plus the number of days for which the flower-girl sells roses without any break. The scenario
based formulation of the T-stage problem can be written in the arborescent form or in scenario split form with
explicit nonanticipativity constraints.

Imagine now that the flower-girl wants to earn as much as possible during the two months of her high school
vacations; such 63 stages problem may be solvable thanks to its simple form. Still some other possibilities should
be examined. Her problem may be rolled forward in time with a substantially shorter horizon, say, with T' = 8
which covers a whole week. This means that the flower-girl decides as if she plans to maximize her profit over each
one-week period and solves the problem every day with a known (possibly non-zero) initial supply of roses and
with a new scenario tree spanning over the next 7' — 1 days. Another possibility is aggregation of stages. With a
long horizon and random parameters only on the right-hand sides of constraints, one may apply the idea of [19]
designed for problems with an infinite horizon: One chooses a tractable horizon T and adds one stage which takes
into account the remaining stages t > T'.

For the simplest three stage case with independent wy,w- it is possible to derive the decision rules explicitly
(cf. [12]). We rewrite the problem in the nested form (7)—(8):

max[(c — p)ar + Huy, ¢1(1,w1)] (30)
where

d1(w,w1) = maxfgy (s) - 52 > 21 —wi] (31)
with

q1(82) = ;121%%[(0 —p)xa + B,y d2(x2, S2,ws)]. (32)
Finally,

P2 (2, 82,w2) = m>aé<[—cz 12> Ty + 8y —we] = —c(xo + 82 — wa) . (33)
zz
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Hence, the optimal decision rule for the 3rd stage as obtained by solving (33) is z* = (z2 + 52 —w2)T. To get the
optimal recourse 2, notice that except of the amount of stock ss, the stochastic program (32) has the form of the
newsboy problem. The optimal recourse z3 is then

w5 (x1,wr,82) = [u1o(P) — 2] " (34)

where u1_o(P;) is the (1 — «) quantile of the marginal distribution P> of ws for @ = p/c. Monotonicity of ¢; (with
Ty = [u1—q(P2) — s2]t) implies that the optimal value of sy in (31) is s5(z1,w1) = (x1 —w1)™. Substituting to
(32) and (31) results in

¢1(x1,w1) = (¢ = p)lur—a(P2) — (21 —w1)T]T = cEa[max(uy o (Py); (21 — w1)™) — wa] *. (35)

We conclude that in case of interstage independence and for an arbitrary nonnegative first-stage decision x;, the
second-stage decisions s} (21, w1 ), 25 (21,w; ) are piecewise linear in w; and the 3rd stage decision z* = (x5 +s5—ws)™
is piecewise linear in wy,ws. As to the optimal first-stage decision 1, it is necessary to solve problem (30) with (35)
substituted for ¢y (z1,w;). For discrete probability distributions the piecewise linearity of the recourse decisions
implies that the optimal first-stage decision will occur in one of the breakpoints of the resulting polyhedral objective
function.

Relaxation of distributional assumptions to ws dependent on w; means that the quantile in (34) will depend
on wy so that, in general, the piecewise linearity of the second-stage decisions with respect to w; gets lost. An
exception is the joint normal distribution where the quantiles uj_,(P2|w;) of the conditional distributions of ws
conditioned by the value w; of the demand on the first day are linear in w.

Because of the genesis of the flower-girl problem with the state of the system identified by the number of
roses s¢, t =1,...,T — 1 available for selling on the t-day before a new order is placed and by the number of roses
zr to be thrown away at the end, its scenario-based formulation satisfies the requirement of a finite state space.
(Notice, that the flower-girl problem should be more realistically formulated as an integer stochastic program.)

Under simplifying assumption that the random demands are independent (see Assumption 2) and identically
distributed, the flower-girl problem can be easily formulated as a stochastic dynamic program and can be also
solved by the backward recursion of dynamic programming. Such approach allows for characterization of the
optimal policy for all states of the system and accommodates easily problems with a long horizon.

Let wy, t =1,2,... (random demands on the ¢-th day) be independent such that for all ¢
K
Problw; =k —1]=p; for k=1,....K, Y pr =1
k=1

Since at most K — 1 roses can be sold every day, we can restrict on policies storing at most K — 1 roses on each
day. Of course, the flower-girl starts selling one day old roses if possible.

Recalling that x; (the control variable) denotes the number of fresh roses ordered for the t-th day (¢t =1,2,...)
and that s; is reserved for the state variable (i.e. the stock of one day old roses left from the (¢ — 1)-th day and
s1 = 0) we immediately conclude that for any ¢ > 1

St+1 S Tt, St + x4 S K —1. (36)

Hence for any nonnegative integers ¢, k such that i + k£ < K — 1 the transition probabilities are

it+1
p(i, k; k) = Prob[si+1 = k|sy =, 2, = k] = Z DPm (37)
m=1
p(i,j; k) = Prob[siy1 = jlsi =d,0¢ = k] = pitky1-j forj=1,...,k—1
K
p(i,0;k) = Prob[s;11 =0|sy =i, = k] = Z pm  for k>1
m=i+k+1

and are equal to zero otherwise.

If the order is ; = k on the ¢-th day when the stock left from the day (¢ — 1) equals s; = i roses, this order
price is pk and the expected amount of the money obtained by selling the roses is equal to cz;i]#l (j =1 pj, ie.

the expected profit in notation used for the additive objective function (cf. (14)) with d; = k, sy = i equals

i+k+1
Bufe(si,di,w) = c(ish) =c¢ Y (j—1)p;—pk Vt. (38)

j=1
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Now we are ready to solve the flower-girl problem as a standard stochastic dynamic programming problem.

The “backward dynamic programming recursion” (17) for i = 0,1,..., K — 1 reads:
K—1
Vi) = max |c(i:k)+ 3 pGibVina ()| where Vi(i) =0 (39)
=1,.. =
and can be easily solved for the considered finite state space S = {0,1,..., K — 1} and for a large horizon T.

Obviously, the integrality of decision variables is exploited. Also the turnpike planning theorem (cf. (35)) can be
helpful for problem with a very long time horizon.

However, it is hard to apply the backward recursion in more complicated problems as to the dimensionality
of the state vector and/or in presence of numerous state and control constraints. In the context of the flower-girl
problem, think about a whole set of traded flowers with various carry-over constraints, inclusion of a limited store
space or of a substitution effect in the (random) demand.

4.2 Maintenance problem

Consider an equipment consisting of n substantial components. The attribute of each component to the equipment
operating is expressed by a vector a; (j = 1,...,n) of dimension m < n considered as the j-th column of the
matrix A (an m X n matrix). The equipment can operate according to several modes specified by m-vectors
b(k) depending on value of the mode parameter k (k = 1,...,K). A feasible state of the equipment operating

according to the k-th mode is given by the column vector (of dimension n) denoted s = [s(!),...,s(™]T such that
E?Zl a]-s(j) = b(k), sl(fn)n < sl < sgﬁ%x with given sgi)n, sgﬁ%x (j =1,...,n), written equivalently as
As = b(k), Smin < 8 < Smax- (40)

We are looking for a feasible state for which the incurred costs given by ¢'s are minimized.

In virtue of the above conditions we may consider only a finite number of feasible state vectors s, the basic
solutions of the linear programs (40).

The above problem is a static one. If we assume some development over time, i.e. that the equipment is

periodically checked and maintained at discrete time points t = 1,...,T, we add time indices to the state variables;
in particular, we consider s; for t = 1,...,T, instead of s. Moreover, we assume that based on the state s; and
the mode of the equipment k; at time ¢t = 1,...,T a decision d; is taken at time ¢.

In addition we assume that the development of the equipment over time is uncertain, but depends on the
current state and the current mode of the equipment and on the selected decisions. In particular, we assume that
based on the current state s¢, current mode k; of the equipment and the decision d; taken at time ¢ two things will
happen:

(i) the equipment will operate at the next time point according to the operating mode £ € {1,..., K} with
given probability p(kt, ¢; (s¢,dt)),

(ii) transition costs ¢(ke, £) will be incurred.

From the above formulation it is clear that such a problem can be formulated in the terms of a classical finite
state Markovian decision problem. In particular, supposing that the equipment starts operating in mode k; = 1,
the trajectory of the system is as follows:

(kv sk dry s ko, Skyidiys sy e Sk, s diys o b, Sky) (41)

with k; = 1. Observe that for the selected operating mode k; = 1, state vector at time point ¢ = 1 fulfills condition
As; = b(1), and similarly if the equipment is operating at time ¢ = 2,...,T in mode k; the state vector s, fulfills
condition Asy, = b(k:).

Since the sequence of operating modes forms a Markov chain governed by transition probabilities p(k, ¢; (s, d)),
following the above decision policy the expected costs incurred are given by:

K K
CTsl + Z p(]-; k2; (sladl))[c(L k2) + cTskz + Z [p(k27 k3; (skz)dkz))
ko=1 k=1

K
[e(ka, ks) + ¢ sy + .o+ > plkr—1, k7 Sk i, ))e(kr—1, kr) + ¢ s, ] ]] (42)
kr_1=1
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For the numerical solution of the initial dynamic programming problem formulation “the principle of op-
timality in dynamic programming” can be used and also problems with long time horizon and state dependent
probabilities can be effectively treated.

Now let us formulate the dynamic maintenance problem as a scenario-based stochastic linear program with
additive recourse given by (11)—(12) under the above conditions (i), (ii) and (40). We can readily see the similarities
and the differences:

Comparing (11) with (42) we can observe that pg, in (11) are replaced by the products of transition proba-
bilities
p(k1, k2; (s1,d1)) ... p(ke—1, ke; (8¢—1,di—1)).
Moreover, the terms
plki, ka; (s1,d1)) - .. p(ke—1, ke; (Se—1,di—1)) - c(ki—1, ki)

reflect both the transition and its costs, and all transition matrices By, occurring in (12) are equal to zero.

The random coefficients appear thus only on the right-hand sides and are driven by the Markov process
whose trajectories correspond to the sequences of indices k; of the considered modes. Assume that the transition
probabilities p(k:, kt+1) may be different at different stages ¢ but they do not depend on s. Then the absence of
matrices B in the constraints means that we are left with a multiperiod two-stage stochastic linear program. Its
scenarios are all possible sequences o = {1,ks,...,kr} of states of the Markov chain occurring with probabilities

pa = p(1> k2; dl)p(kza k3; dkz) . 'p(kT*hkT; dkT—l)'

Let us denote
s(o) the scenario o dependent vector composed of Sg,, - - ., Sk,
h(o) the scenario o dependent vector composed of the right-hand sides b(ks), - .., b(kr),
A the quasidiagonal matrix with 7" — 1 identical diagonal blocks A,
q the vector consisting of 7' — 1 identical subvectors ¢, and
’)/(O') = C(l, kg) + C(kQ, k3) +.. .C(kT_l,kT).
The resulting stochastic program reads:

max |¢' s, + ZPJ (7(0) + @ " s(0))

subject to §

As; =b(1), As(o)=h(o) Vo and the box constrains (40) on all s vectors.

Notice that the objective function can be rewritten in the form (42).

There are various options how to solve such problem — a large scale linear program whose size depends on
the number of scenarios to be included. There are techniques how to reduce the number of scenarios taking into
account precision requirements. On the other hand, the stochastic programming formulation does not include
possibility of probabilities dependent on decisions.

5 Conclusions

The two discussed approaches used for modeling and solution of discrete time dynamic decision problems under
uncertainty are not competitive, they are merely complementary having different favorable and unfavorable features.
Let us summarize:

For dynamic programming, definition of state of the system is essential. The structure of the problem is tied
with the solution method — the backward recursion connected with the principle of optimality. A usual assumption
is a finite number of possible states of the system and the goal is to get an optimal decision rule. This goal together
with the backward recursion puts considerable requirements on the memory. On the other hand, problems with
very distant or infinite horizon and problems with state and decision dependent transition probabilities can be
treated efficiently provided that the structure of the problem fits well the solution method (based on certain
Markov properties, separability of the objective function, etc.), that the dimension of the state vector is not too
big and that the number of constraints is limited.

Multistage stochastic programs do not use the notion of state and their formulation is not connected with
any prescribed solution technique. Therefore, there exists a variety of stochastic programs along with various
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solution procedures. The emphasis is on the first-stage decision, mostly a continuous vector. It is possible to avoid
special requirements on the Markov structure of the problem. Numerous constraints can be included, nevertheless,
integrality of decision variables is a drawback, not an advantage from the computational point of view. The
resulting problems are large mathematical programs, their dimensionality increases rapidly with increasing number
of stages. The probability distribution of random parameters, which is assumed independent on the decisions, is
approximated before or in course of numerical procedures.
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