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G- terms

I.et A- . . algebra
Example :Gssymln) permutation group

then tlx
, .
. n ) c- (lo II) is called a G = ( ( 1,23)> ssymB)

G- term if t is a G-term if
⇐Hass ) = tlxzxsx)⇐ t (✗

„
☒
n ) = t ( Fn) , - - - , ✗Mini)

= t (+3%+2)for all +c- G .

Eodepeuds on theLet us write A- ⇐ Ea
group action

if A has a G-term .



Exempel
• Cyclic terms Cn = ( (1,2, - n)>

[B" "2]

pr.ie#t--Ecp-Vp> IAI
t ( ✗^ , % , -→ ✗n) = tlxz ,

- -
✗
n#
)

⇐
A- ☐ Taylor

• cyclic loop conditions 6=6>

e.g.tl ¥+5) =t-s)
-

f- = ( 1231345)
fj

→

in .

Poe/D)[BSV '
21 ]

→ classification of smooth
Classification Eeg )

digraphsD up topp- interpretation



EG for minians / PCS Ps

Eia = { flx, _ - ✗n) = flx,", _ -, ✗„m) ) / MEG } is of heght 1-

⇒ µ ⇐ Eo also well -defuied for
miniaus M (set of operations 1-

"

→B )
Closed under minds

Example
(PCSPIIA ,B) sdved by BLP⇐

•) Symmetrie terms
✓ Pol VA ,B) ⇐ Espen, MEIN

G! Symln) [BBKO '19]

°) black -Symmetrie terms | PCSPCIA , B)
sdved by BLP+AP-

Bn = Sym ( n) × Symln +1) Pah HA
,B) ¥ Ein forinf.MY

"

[6GW ¥20]
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Interpretability
Let us write

Ea S E.
+,
⇒ KA algebra A- ⇐ {* ⇒ 1- ⇐ Es

Ein
.

HM minion M - E, ⇒ M - Eo

Question : Can we classify all conditions E.a
up to interpretability S ?

t .

Es trivial ⇒ G has a fix point i

V1 : A- f- Eo Ti
"

la , - - -✗n )
= ✗i is

a G - term .



Interpretability
• If GSHS Symln) ⇒ Eios EH
• If G -- ✗

" Ha ⇒ Eo - [+,
• surjevtivehom .

(hp ) :( H,)
→ (Gn) ⇒ Eos {+,

E- . 1- (qq.SI#tl--z--s--s--)--ssly.yz):--t(yeyzyeyz) )

Cc,
- term Cz - term

• Direct products
( if Gan Heym then Gxblnslntm)Eon S { an EH

If t ( ×, . -✗n ) ⇒ sla - -
✗nys . - ym)

: - tlx
,
- - xn)

G- term IS 6×1-1 - term



•

wreathproduutfor.GS
Sym (n ) let 611-1 S Symln ✗ m)

H S Signs (m) be the wreeth product

then Eav Et)
- Eau

we need

Example composition

If t ( % ,
×, xD C

}
- term

{
•
✓EH < EGSH

he

then
+ (

+ (× . ×> ⇒7) is ↳ IG - term I
t ( ✗

„
✗
g-
✗s )

1- ( ✗zxg ✗g) „ doubly Cycle
"
→- Used in [Aßzs]
as Criterion for

fin . tracteble PCSPS



Partial class ifications

• cyclic terms folsiäl
'
18]

✓[
↳Ecn - pin Eins Ecm# radar) 1rad (m)

p prime

• Cyclic Loop Conditions (BSV '21]

Ire joins of ,prime
'
(LC

E- . [ (4,6, 7)
~ {(2,2, 7) ✓ £43,7)

- { lz
, 7)

✓£43,7)
"{

2,7)

Ein
. _ne)
s {Im . -1mn)

⇐ 7mi Inj : red(g) 1rad Im;)



New results (KK '
2A]

p
-

groups : If G is a p
-

group
then Eos Eicp .

Regulaer groups : Gssym /G) with glh) = g. h

as

• if 1<=6--1-1 ( abstract) ⇒ { ⇐ ~ { G v {+,froups
WIÄN

reg . action !
"

• Corollary : If G regulär & niepotent

then Eo = ✓ Eicp
PHGI

p
-

To do : Fully dassify regulär
- groups .

ssymln) -
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Deciding Maltsev conditions
Question (Valeriote) :Decide (E )
what isthecaupelexityINPUT : Finite A- =/A.fi, #n )
d- Beide / Eo) ?QUESTION : Does A- ⇐ [ ?

Er auf Ideenpotent 1-

a) mlyxxk.nl#y)=YExP-c ⑤
e) wly.x.mx) > .-

=w(× . .#4)Ty c-xp-c ⑤ local -

°) flare a)= flrare) ⑤ ⑤
global

a) semileltice Expo C-✗D-C

e) tlx, - -✗ n) = tk-z.sn/-s) ⑤ ⑤

e) mlyxx)
>MHH >ml#y) -_ y ?



"Local - global for Eg [B
#MMN /09 ]

( Laim A- - flxykf.ly) ⇒
✓a :(a„a) EA

" 3- fälle# : falera) - fachen)

Proof Sketch × y falxy) falyx) fdlfel-4) falyx))
h
,
Az C C C)

d. = felbsbr) ( k¢1 C C c )

dz - f-e- (bzb) bei bz du dz e

b
, bei dz de e

:
: :

☐

(E) Ösg,/ ! ;)
decidabecin

-

dankt) :*)
⇒ Decider ( {c) canbesdued

- in Olah) -11-1
")



n - local-global property
E- HI ideutities function symb.fi/fz--fe

in variables ×
,
. -
✗
µ ,

m many different miners

A- algebra Fs A
"

then A- ¥. E if 3- fifi, . -if! which satisfy E
for (x,×, . . * ) E f .

Def . E has the n- local -global propeity if
A- : A % {

Är all 1ft n
⇒ 1- Ec E
for all 1ft <An . /mtt)

In this case Decide (E) soevable in O(ar • IAI )



Theorem ( KK ' 217

G. = G. × - ✗G-nssymlG.ir - - ich) for n--1-

regulär
proof as for Ee ,.⇒ Eo has b-local-global property

DECIDE (Eo ) EP

Question :

Corollaryn ( KK
'
21] can we geuaralize

this resuet to

DECIDE (E <s) ) EP Eat, sit . Eo l .
-

g.
for cyclic loop terms . Ey l .-g.



Failure of local -global

Theorem (Kt
'

21 ]
Example : Fan

Let GS Symln ) sit .
•) G = Sym (n) n > 3

•) Ea non- trivial

•) JGEG :
g
-

_ ÄHH .- (b) °) G = An n=3

•) G = Dzn n Odd
Then Eo does not have

the E- Local -global property .

°) ① = Symlnlxsymlnt) n>2

for any
k c- IN . Eo has not local -global

propeety .



Constructions Esymß) has not 1- local
-global property

let g
= (1) 123) <87=-222 <

g
>? / 1,2,Ä

Transversal
1-
↳ 123 113 322 -

-

13 2 112 233 - -

A- = ( { 914×41233 v22 ; fo.fi )
•) fi ternany , ideupoteut
for EET : • .fi Symmetrie
° ) fi ( { i } ✗ gilt ) ) = l c- Zz- everywhere except

{ i } ✗ { 12333
•) f:( { 1 - i } xgelt)) = O E Zz i

.

°) film , xz ,
×} ) = ✗1++2++3 'f ✗ IE Zz some for

evuy t
c- Kalt

.and symmetrie elsewheie
#



Open questions

•) What is the Complexity of Decide ( Egmont ?
- Is Decider ( {

symin)) c-
NP ?

- Is there
any MI E

with Decider (E) ¢ NP ?

•) Are there h! conditions E - E
'

such that

E has l : g . propeity but E
' not ?

D For E htca-mdit.am : Is

Deicide ( E ) ; Deeidöd
"" (E) ?



Thantyu !


